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Abstract: In this paper we have proposed an almost unbiased estimator using known value of some
population parameter(s) with known population proportion of an auxiliary variable. A class of estimators is
defined which includes [1], [2] and [3] estimators. Under simple random sampling without replacement
(SRSWOR) scheme the expressions for bias and mean square error (MSE) are derived. Numerical illustrations

are given in support of the present study.
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1. Introduction

It is well known that the precision of the estimates of the population mean or total of
the study variable y can be considering improved by the use of known information on an
auxiliary variable x which is highly correlated with the study variable y. Out of many
methods ratio, product and regression methods of estimation are good illustrations in this
context. Using known values of certain population’s parameters several authors have

proposed improved estimators including [4, 5, 6,7, 8, 9, 10, 11, 12, 13].

In many practical situations, instead of existence of auxiliary variables there exit some

¥ Corresponding author e-mail: sachinkurava999@gmail.com

c 2014 NSP
Natural Sciences Publishing Cor.


mailto:sachinkurava999@gmail.com

NS e

270 — R. Singh, S.B. Gupta and S. Malik: An almost unbiased population parameter(s)

auxiliary attributes ¢ (say), which are highly correlated with the study variable y, such as

1. Amount of milk produced (y) and a particular breed of cow (¢ ).
il. Sex (¢ ) and height of persons (y) and

iil. Amount of yield of wheat crop and a particular variety of wheat (¢ ) etc. (see [14]).

Many more situations can be encountered in practice where the information of the population

mean Y of the study variable y in the presence of auxiliary attributes assumes importance.

For these reasons various authors such as [15, 16, 17, 18, 19] have paid their attention

towards the improved estimation of population mean Y of the study variable y taking into

consideration the point biserial correlation between a variable and an attribute.

N n
Let A=) ¢; and a= Z(Pi denote the total number of units in the population and sample
i=l i=1

. . . A a . o
possessing attribute ¢ respectively, P = N and p =—denote the proportion of units in the

population and sample, respectively, possessing attribute ¢ .

To estimate Y , the usual estimator is given by

Var(y)= ;82 (1)
Define,

y-Y p-P
ey:(y? ) %:%,
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Where,
2 2
£ = 11 CZ_S_Y C2_S_p
1 — N ’ y__2’ p_ 27
n Y P

S
andpp, = Y0_is the point bi-serial correlation coefficient.

S0
Here,

2 1 XN <2 o2 1 XN 2
Sy:—Z(Y1_Y) Sd):—Z((I)l_P)
—1ig o N=Lig
and S L% o; —NPY |,f —(l—lj

v N_1 1=1Y1 i LTINS

In order to have an estimate of the study variable y, assuming the knowledge of the

population proportion P, [1] proposed the following estimator

- P
tnar = }{_]
P 2)

p
tNGP Y(Pj

Following [1] , we propose the following estimator

~ —( K,P+K,K, J

ty =Yy
¥ Kip+K,K, )

The Bias and MSE expressions of the estimator tg, up to the first order of approximation

are, respectively, given by
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_ 2
B(ty )= Y£,C} {% - aVle}

)
2 2 2 2x72
MSE(ty )=Y 1, [C2 +C2(02V? —2V,0K,, ] ©
Also following [2], we propose the following estimator
to = )_/ 2—(E)ﬁexp 2\ (K4P+ Ks)_(K4p+ Ks)
P (K,P+K,)+(K,p+K,) o

The Bias and MSE expressions of the estimator t, up to the first order of approximation are,

respectively, given by

B(t, )= vr,c2| VP _ BB-1) Mr+2)V; g VK,
P9 2 8 P 7 @®)
— 2x72

sl L]

o, A and Pare suitable chosen constants. AlsoK,,K;,K,,K; are either real numbers or
function of known parameters of the auxiliary attributes ¢ such as C_, B,(4), ppand K.
K, is an integer which takes values +1 and -1 for designing the estimators and
_ K,P

K,P+K,K;

K,
> K,P+K,

1

We see that the estimator’s ts1 and ts2 are biased estimators. In some applications bias is
disadvantageous. Following these estimators we have proposed almost unbiased estimator of

Y.
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2. Almost unbiased estimator

- (KP+KK, ) - b _
Suppose, ty, =y ,tg, = y(#} o = y{Z _(gj exp{;{ (K4P+ Ks) (K4P +K; )ﬂ}

Kp+K,K, (K4P+ K5)+(K4P+K5)

Such thattg ,t, ,t, € W, where W denotes the set of all possible estimators for estimating

the population mean Y . By definition, the set W is a linear variety if

2
t, = ZwitSi eW
i=0 (10)

2
Such that, > w, =1 and w; eR (11)

i=0

where, w,(i=0,1,2) denotes the constants used for reducing the bias in the class of
estimators, W denotes the set of those estimators that can be constructed from tg (i =0,1,2)

and R denotes the set of real numbers.

Expressing equation (10) in terms of e’s, we have

— ala+1)Vie;
t,=Y/1+e +w,| ———aVie,—aVee,
—ll; AV,e, AV,Be, AA+2)Vje, AV,e e
+W{—Be¢—B(B2 )e¢+ 226¢+ 2266"’— ( 8) 2% —Be,e, +—t (12)

Subtracting Y from both sides of equation (12) and then taking expectation of both sides, we

get the bias of the estimator t, up to the first order of approximation, as
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_ 2 B - )
B(t,) = Yflwlcﬁ(m _aVK J N Yflwzcz(wzﬁ CBB-1) A(+2)V,
2 p P 2 2 8
—PKs + —WZZK" j (13)

From (12), we have

- AV,e,
t,-Y)=Y|e, —w,aVie, —w,| Be, + 5

(14)

Squaring both sides of (14) and then taking expectation, we get the MSE of the estimator t

up to the first order of approximation, as

-2
MSE(t, )= Yf,[C2 +C2(Q* —20K, | (15)
Which is minimum when

Q=K, (16)

where, Q = w,aV, +W2(B—}L;’2] (17)

Putting the value of Q=K in (15), we have optimum value of estimator as t, (optimum).
Thus the minimum MSE of t is given by

. -2
min MSE(t, )= Y ,C2(1-p?,) (18)

Which is same as that of traditional linear regression estimator.
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from (11) and (17), we have only two equations in three unknowns. It is not possible to find
the unique values for w,'s,1=0, 1, 2. In order to get unique values of w.'s, we shall impose

the linear restriction
> Bty )=0 (19)
where, B( ) denotes the bias in the i estimator.

Equations (11), (17) and (19) can be written in the matrix form as

1 1 1 w,
0 aV, B- -2 w, [=|k (20)
0 B(tSl) B(tsz) Wa 0

Using (20), we get the unique values of w.'s,i=0, 1, 2 as

A [aV,A, -A X, |-X K, A, -X,aV,[aV,A, —A X, ]-aV,K,A,
’ aV, [OLV1A2 _A1X1]
W = X, K,A, i,
aV,[aV,A, —A X, ]
K,A,
“avia, A X]
2
A, :M_avll(p
2
NERAZL BB-1) A(r+2)V; i, + VoKe
2 2 8
AP
K,
XZ
oV,

Use of these w.'s,1=0, 1, 2 remove the bias up to terms of order o(n’l) at (10).

c 2014 NSP
Natural Sciences Publishing Cor.


file:///C:/Users/MALIK/AppData/Roaming/Downloads/www.naturalspublishing.com/Journals.asp

e S

R. Singh, S.B. Gupta and S. Malik: An almost unbiased population parameter(s)

3.Empirical study

For empirical study we use the data sets earlier used by [20] (population 1) and [21]

(population 2) to verify the theoretical results.

Data statistics:

Population N n Y P C, C, P B, ()
Population I 89 20 3.360 | 0.1236 | 0.60400 | 2.19012 | 0.766 | 6.2381
Population IT | 25 10 9.44 0.400 |0.17028 | 1.27478 | -0.387 | 4.3275
Table 3.1: Values of w;,'s,
w,'s, Population 1 Population 2
w, -3.95624 1.124182
W, 5.356173 0.020794
w, -0.39993 -0.14498
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Table 3.2: PRE of different estimators of Y with respect toy

Choice of scalars

wol wi | wo| K, | K, | K| K, | K | @ p | A | Estimator (II’)(I){II::I) (PI(’;‘PEH)
1 0 0 ; 100 100
0 1 0 1 1 0 1 Tk 11.63 1.59
1 1 0 -1 tnep 5.075 1.94
0 0 1 1 0 tio) 12.88 1.59
-1 0 ti 1o 5.43 1.95
1 0 1 1 o 73.59 0.84
1o Lol e, |49 8.25
1 0 0 1 tyo 14.95 8.25
1 0 0 -1 o1 73.48 5.58

wolwi | woll |1 |1 1 |1 |1 |1 |1 |¢ 24198 | 117.61

optimum
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4. Proposed estimators in two phase sampling

In some practical situations when P is not known a priori, the technique of two-phase

sampling is used. Let p'denote the proportion of units possessing attribute ¢ in the first phase

sample of sizen'; p denote the proportion of units possessing attribute ¢ in the second phase

sample of size n'>n and ;denote the mean of the study variable y in the second phase

sample.

In two-phase sampling the estimator t will take the following form

2
Cpa =;hitm €H 1)
2
Such that, ' h; =1 and h; eR (22)
i=0
Where,

- - K '+K K " — 4 K v+K _ K +K
Lo =Y.ty = }{MJ by =Yy Z_KB'J eXp|:y[( 4pv 5) ( 4P S)J}
Kip+KoK, p (K4p +K5)+ (K4p + Ks)
The Bias and MSE expressions of the estimator t,,and t,, up to the first order of

approximation are, respectively, given by

m(m—l)Rff2C§ m(m+1)R12f1C§
+
2 2

B(tld):ﬁ_{

—~m’R*f,C? +mR f.k C?
172%p 1737 p~p (23)

—2
MSE(t, )= [[,C? +m’R,C2 —2mR k £,C] o
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S 9@-DEC; +q(q+1)f2C§

B(t,,)=Y : > +qf,k,C2 +q°f,C2 +£,7R,k C2 +f,yR,qC>
(25)
-2
MSE(t,,)=Y[f,C2 +21,C2] 06)
Where,
— I<]I)
' KP+K,K,
_ K,P
> 2[K,P+K,]
L, =q-7A, (27)
Expressing (21) in terms of e’s, we have
= m(m + 1)Rfei m(m - I)Rfe'i '
ta=Yl+e +w, R mR,e, —-mR,e e, +mRe e, + ST S— +mR e e,
alq-1e; . ala+1)es , .
+W2(—qe(p E— *+qe',+q’e,e,— 5 . —sz(e(p—e(p)+yR2(eye(p —eye(P)—qeye(p

Subtracting Y from both sides of the above equation and then taking expectation of both

sides, we get the bias of the estimator t; up to the first order of approximation, as
B(tyq) = Y[B(t, )+ B(ty,)] (28)
Also,

(tpdl —?) = ?[eo +w, [lee'(p —lee(p]+ Wz(— qe, +qe'(p —sze'(Pﬂ(Rze(P )] 09)
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Squaring both sides of (29) and then taking expectation, we get the MSE of the estimator tpq

up to the first order of approximation, as

MSE(t,,)= Y [f,C +12£,C2 — 2L,k C] (30)
Which is minimum when

L, =K, (31)
Where L, =h,mR, +h,(q—yR,) (32)
Putting the value of L, =K in (30), we have optimum value of estimator as t ,(optimum).

Thus the minimum MSE of t , is given by

. —2
minMSE(t,, )= Y C2(f, ~f.p2,) (33)
which is same as that of traditional linear regression estimator.

from (22) and (32), we have only two equations in three unknowns. It is not possible to find

the unique values for h,'s, 1=0, 1, 2. In order to get unique values of h,'s,we shall impose

the linear restriction

S'h,B(t,)=0 (34)
i=0

where, B(tid) denotes the bias in the i estimator.
Equations (22), (32) and (34) can be written in the matrix form as

1 1 1 h, 1
0 mR, q-7R,|h |=/k,
0 B(tld) B(tZd) h2 O

(35)
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Using (35), we get the unique values of h,'s, i=0, 1, 2 as

h,=1-h,-h,
h = k, _ NlKP(q_'YRz)

1 mR, N,g-mRN,-NR,
h. = KpN,

’ [qu_leNz _leRz]

where,

m(m - DR7f,C2 m(m +DRF,C
N, = +
2 2
_9@-DIC, | a@+DEG,
2

-m’R}f,C} + mR .k C;

N, = +qf,k,C; +q*f,C) +f,yR k C> + 7R ,qC;

Use of these h;'s, 1=0, 1, 2 remove the bias up to terms of order o(n’l) at (21).

5. Empirical Study

For empirical study we use the data sets earlier used by [20] (population 1) and [21]

(population 2) to verify the theoretical results.

Data statistics:

Pop. N | n Y P p' C C Pob n'

y P

Popd | 89 | 23 | 1322 | 0.1304 | 0.13336 | 0.69144 | 2.7005 | 0.408 | 45
Popdl | 25 | 7 | 7.143 0.294 0.308 | 0.36442 | 1.3470 | -0.314 | 13
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Table 5.1: PRE of different estimators of Y with respect toy

Choice of scalars
wol wi | wo| K, | K, | K| K, | K, |m | q | 7 | Estimator (If)’(l)‘llfn (P%}EI)
1 0 0 § 100 100
0 1 0 1 1 0 1 taar 11.13 8.85
1 1 0 -1 tnep 7.48 12.15
0 0 1 1 0 tiao) 26.84 542
-1 0 tiacio) 23.75 5.87
1 0 1 1 gty 82.55 1.23
1 |0 1 -1 toqi 1) 8.56 8.46
1 10 0 1 taq0.1) 22.54 6.57
1 10 0 -1 tao1) 82.56 7.45
wol wi| wo 1 1 1|1 1 1 1 1 tpa 112.55 106.89
optimum
¢ 2014 NSP
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6. Conclusion

In this paper, we have proposed an unbiased estimator t and t  using information on the

auxiliary attribute(s) in case of single phase and double phase sampling respectively.
Expressions for bias and MSE’s of the proposed estimators are derived up to first degree of
approximation. From theoretical discussion and empirical study we conclude that the

proposed estimatorst and t,,under optimum conditions perform better than other estimators

considered in the article.
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Appendix A.

Some members of the proposed family of estimators -

Some members (ratio-type) of the class t,
When w,=0,w, =1, w,=0 a=1,
K, K, | Estimators (K, =1) | Estimators (K, =—1 | PRE’S | PRE’S
K,=1| K,=-1
1 C, | P+C |p-cC 134.99 72.50
L =Y : Ly =Y :
p+Cp p—Cp
L] Ba0) _y[mm(@} _{P_Bz(q))} 11162 | 89.34
R RN ) " B
B0 [ ¢ | @+ T TG, ] [22628 ] 1299
BB @+C, | | T pB(0) -C,
¢, | B _y_PCp B@] | _y_PCP _B.(d)] | 12666 | 77.93
PG 4B @ || T pC, — By (@)
1 Pob | P+p,, |P-p, 207.46 39.13
s = s =
P+Pp P
NP S, NP2 +S, NP2 -S, 18.14 6.86
tlaﬁzy N o t1b6:y N o
NPp+S, NPp-S,
NP F NP2 +f NP2 —f 13.79 10.85
t, =Y th, =Y
17 =Y NPp+f b7 =Y NPp—f
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B.Lo) | K | ,32(4,)1:“( t 52(4)) 2415 | 5.40
B K, || T Bz(d))p
NP1 K, o NPTK, Nk, 1862 | 778
w9 =Y NPP+Kpb o =Y NPp—Kpb
N 1 [NP+1 NP—1 1593 | 9.6
Lo =Y Np+1 Lo =Y m
N C, __NP+CP NP-C 19.79 6.86
L =Y L =Y
Np+C, Np-C,
N Poo t _y—NP"'ppb NP NP-p,, 15.18 9.78
lal2 _NP“‘Ppb Lpp = Np P
N S, O NP+S¢ N NP—S¢ 12.34 10.96
1a13 = Y| Np+S¢ 13 = Y N —S¢
N F [ NP+f] [ NP=f] 12.99 11.54
Gag = y_Np f | (ST Y_m_
N g=1-f __NP+g_ I _g_ 15.81 9.34
ts =Y Lois =Y —
| Np+g | | Np—g |
N K,, | NP+K,, NP-K,, 13.52 11.10
L =Y =5 L =Y
Np+Kpb Np—Kpb
N Pob __np_,_ppb __np_ppb_ 25.13 4.86
L7 =Y ——— L7 =Y
_np+ppb _np_ppb
N S, L nP+p,, | nP-p,, 14.98 8.81
Cas =Y ——— ts =Y
_np+ppb np_ppb
N F [ nP+f nP —f 1338 | 11.20
Lo =Y np+1 1o — Y np—f
¢ 2014 NSP
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N g=1-f | nP+g | nP—g 29.13 3.68
Lo =Y —— Lo =Y
np+g np—g
N K., L nP+Kpb L nP_Kpb 15.87 9.39
b =Y ———— Lot =Y ———
np+K, np-K,,
ZONE :y{ﬁz(@mﬂ . :y{ﬁz(@P—P} 16.80 | 7.63
1a22 1622
NP P [ NP2+P NPZ_P 15.93 9.26
Gy =Y NPp+P L3 =Y NPp—P
N P NP +P | NP-P | 13.23 11.32
SN =y (ST =y
Np+P | Np-P |
N P [ nP+P] [nP=P] 14.51 10.28
taas =Y np+P | Chos =Y np—P |

Appendix B.

Some members (product-type) of the class t,

When w, =0, w, =1, w, =0

K, K, Estimators (K, =1) | Estimators (K, =-1) | PRE’S | PRE’S

K,=1|K,=-1

1 C, - P+Cp - P—Cp 35.54 9.93
ty =Yy P+C Lo =Y =

p
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OIS {pﬂg(ﬂ tldz:y[p_gz(@} 110.12 | 101.54

lc2 —

P+Bz(¢) P_Bz(¢)
p.o) [ o [ JeB@C] | :y_pﬁz(q))—cp 609 | 0.127
1c3 _PBZ(d))JFCp 1d3 _P—Bz(q))_cp
C, |B.(%) o] | :y‘pcp B ] | 9938 | 8252
PGB @) | | | PC, =By ()
1 Puo Ip+p., Ip-p.. 0.00135 | 5.42
Les =Y : tas =Y =
P+ppb P_ppb
NP | s, [NPp+S, NPp-s, 2.53 1.23
L =Y NP2—+S¢ Lae =Y, NP2——S¢
NP f [ NPp+f [ NPp—f 2.03 1.52
th7:yNP2+f t1d7:}’m
B,(0) | K, =y B.Op Ky | | . BP-K,]| 183 | 168
1c8 B2(¢)P+Kpb 1d8 B2(¢)p—Kpb
NP K., [ NPp+K,, [ NPp-K,_, 1.89 1.63
Lo =Y Py tigo =Y P —
NP*+K, NP* -K
N 1 | Np+1 | Np-1 2.37 1.30
too =Y NP b =Y Np 1

12 = 2 =

RO {p+ﬁ2(¢)} t__[p_gz(q,)} 110.12 | 101.54

P+Bz(¢) P_Bz(d))
B.(0) | C, C_Jm@sc ]| Jehw-c,] [ 609 | 0127
1c3 _Psz(d)) N Cp 1d3 y_PB2—(¢) _Cp
C, [BO| _ Tec,+p@] | [pC, @] | 9938 | 8252
e = _PCP B, () 1d4 = y_PCp—_BZ((I))
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N | c, Np+C, INp-C, 2.50 1.23
G =Y, NP +C G =Y, NP—C
B P P
N ppb __ Np + ppb _ Np — ppb 1.79 1.70
Lo =Y NP+p, L =Y NP—p .
L pb pb
N S¢ 3 Np+S¢ B Np—S¢ 2.16 1.44
Loz =Y NP +S gz =Y NP—S
¢ ¢
N f I Np+f | [ Np—f] 1.98 1.56
Laa =Y NP+ f Laa =Y ——f
N g=1'f _—Np+g_ _—Np_g_ 2.34 1.32
ts =Y m Lgs =Y —_g
N K,, C s Np+K,, — Np-K,, 1.93 1.60
let6 =Y NP+Kpb 1d16 NP—Kpb
N ppb _—np+ppb— __np_ppb 1.49 1.96
ter =Y ﬁ L7 =Y ﬁ
L pb | | pb
N S‘b _ np+ppb _ np_ppb 2.65 1.14
Lieis =Y Prp., Liais =Y WPp..
L pb | L pb
N f __np+f __np—f 2.06 1.51
tieio = P+ f tgo =Y 0Pt
120 — Y| 1d20 — Y| T
| nP+g | nP-g
N Kpb _ np+Kpb _ np_Kpb 188 163
teor =Y W g =Y W
pb pb
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BZ((b) P - Bz((l))P"'P B, (d))p—P 2.99 0.97
Lo =Y oo o Lo =Y S o o
Bz (¢)P+P Bz((l))P_P
NP P _| NPp+P _| NPp-P 2.37 1.30
Gy =Y m Gas =Y m
N P R Np+P oLy Np-P 2.11 1.47
1c24 =Y NP + P 1d24 =Y NP_P
N P _ np+P | np—P 2.49 1.23
Los =Y P Las =Y
+P nP—-P
Appendix C.
Some members (product-type) of the class t,
When w, =0, w, =0, w, =1
K, K, Estimators PRE’S
(B=Lr=-1)
1 C _ 12.42
P t21 — y 2_Bexp p—P
P p+P+2C,
1 B,(9) t __(2_3 { p—P | 11.92
n=Y Pl —— an 70
P p+P+2B,(0),
o) | G o P Bo0No-P) 1629
= ——ex
= TP B, 0N+ P)2C, |
C, B.(9) (. p c,(p-P) 12.53
tyy =Yy 2—5exp
P C,(p+P)+28,(6)
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1 P _ 13.86
" t,s =y Z—Bexp —(p P)
P (p+P)+2ppb
NP S, {0 NP(p—P) | 44.46
ty =Yl 2 exp
P | NP(p+P)+2S, |
NP F _ 61.84
t,, =y Z—Eexp —NP(p P)
P | NP(p+P)+2f
B,(%) K,, o P B0 T 40.17
* p Bz(¢)(p+P)+2Kpb_
NP K, (o NP(p—P) 48.09
tyy =y| 2—-exp
P | NP(p+P)+2K,,
N 1 54.10
p._ | Np-P)
2_E
fat0 = y( P p{N(p+P)+2D
N C, t b ] 44.84
2 P p+P +2C
N Poo b ] 56.48
faiz = P p+P +2ppb
N S, j 62.40
fais = { N(p+P)+2S }
N F _ 65.67
t214 :y[z_BeXP{M}J
P | N(p+P)+2f
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N o=1f _ 54.47
ts=Yy Z—Bexp —N(p P)
P | N(p+P)+2¢
N K,, o Np-P) | 6321
206 =Y eXp
P 7| N(p+P)+2K,, |
N Pob _3 2_2 exp n(p—P) 38.59
forr = P n(p+P)+2ppb
N S, D a(p—P) 52.19
ts =Y (DY)
P | n(p+P)+2S,
N F i _ ] 63.74
thi=Y 2_%67@ —n(p P)
_n(p+P)+2f_
N g=1-f B _ ] 35.33
tho =Y Z_BCXP —n(p P)
P _n(p+P)+2g_
N K,, . a(p—P) 54.63
fan = P | n(p+P)+2K,,
Bz(d’) P ) :y Z_Bexp Bz (I)Xp P) 4753
222 P | B,(0)p+P)+2P
NP P p 54.10
=y 2-L
tas =5 PeXp NP(p+P +2P
N P L P | NG 64.43
24 =Y 27 p P N(p+P)+ 2P Np+P +2P
N P ,p 5891
fas =Y _ECXP p+P +2P
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In addition to above estimators a large number of estimators can also be generated from the

proposed estimators just by putting different values of constantsw,'s, h,'s K, K,, K,, K,,
K, o, fand A.
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