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AN ANALYSIS OF HDG METHODS FOR CONVECTION-DOMINATED
DIFFUSION PROBLEMS

GUOSHENG Ful, WEIFENG QIu? AND WUJUN ZHANG?

Abstract. We present the first a priori error analysis of the h-version of the hybridizable discontinuous
Galkerin (HDG) methods applied to convection-dominated diffusion problems. We show that, when
using polynomials of degree no greater than k, the L?-error of the scalar variable converges with order
k + 1/2 on general conforming quasi-uniform simplicial meshes, just as for conventional DG methods.
We also show that the method achieves the optimal L2-convergence order of k 4 1 on special meshes.
Moreover, we discuss a new way of implementing the HDG methods for which the spectral condition
number of the global matrix is independent of the diffusion coefficient. Numerical experiments are
presented which verify our theoretical results.
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1. INTRODUCTION

In this paper, we present the first a priori error analysis of the h-version of the HDG methods for the following
convection-dominated diffusion model problem:

—eAu+ P -Vu=f in {2, (1.1a)
u=g on 02, (1.1b)

where 2 € R? (d = 2,3) is a polyhedral domain, € < |B|1~(0), f € L?(2) and g € H'/2(002). As in [1], we
assume that the velocity field 8 € W1:°°(£2) has neither closed curves nor stationary points, i.e.,

B € WH>°(£2) has no closed curves, B(x)#0 Vx € . (1.2)
This implies that there exists a smooth function v so that
B-Vi(z) > by Va € (2, (1.3)
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for some constant by > 0, see [24] or ([1], Appendix A) for a proof. We also assume that
—V-B(x) >0 Vel (1.4)
which means that the “effective” reaction is non-negative since
B-Vu= V-(Bu) — (V-B)u.

Let us remark that assumption (1.2) ensures the well-posedness of the continuous problem in the pure hyperbolic
limit (e = 0), see Chapter 3 of [27], for details. It is also well-known [25,27] that solutions to the problem (1.1)
may develop layers, whose approximation is the major difficulty of designing high-order, robust numerical
schemes. We refer to [38,39] for a comprehensive information on different numerical techniques for (1.1).

In the last decade, the discontinuous Galerkin methods [11, 23] have been extensively considered for
convection-diffusion equations. For example, see the local discontinuous Galerkin (LDG) methods [8, 12,13,
22, 30], the method of Baumann and Oden [2], the interior-penalty discontinuous Galerkin (IP-DG) meth-
ods [1,40], the multiscale discontinuous Galerkin method [6,31], the mixed-hybrid-discontinuous Galerkin (MH-
DG) method [26], and the HDG methods [16,36,37]. On the other hand, for steady-state problems, the main
disadvantage of conventional DG methods, compared to other methods, is that they require a higher number of
globally-coupled degrees of freedom for the same mesh. In order to address this issue, the HDG methods were
introduced in [19] in the framework of second-order uniformly elliptic problems. The methods are such that the
globally-coupled degrees of freedom are only those of the numerical traces on the mesh skeleton. A similar idea
was used in [26] to obtain the MH-DG method. Hence, the use of the hybridization technique eliminates the
main disadvantage of DG methods to a significant extent.

In [14,20], it was shown that, for the purely diffusive model problem, the numerical approximation of HDG
methods achieves the same order of convergence as that of mixed methods. More precisely, when using polyno-
mials of degree no greater than k, the L2-error for both the scalar and flux approximation converges optimally
with order k 4+ 1, and a postprocessed scalar approximation converges with order k + 2 for k£ > 1. Recently
in [9,10], similar results have been proven for the convection-diffusion equation when the diffusion coefficient is
comparable to the convection coefficient, with variable-degree approximations and nonconforming meshes.

In this work, we focus on the analysis of the convection-dominated case, that is, when ¢ < |B| (o). We
show that for the HDG methods using polynomial degree k > 1 with a suitably chosen stabilization function,
we have, for general meshes, that

un — ul|p2(o) < ChE (dfl/? +e/? 4 hl/z) [l e+ (), (1.5)
and, for meshes (almost) aligned with the direction of 3, that
lun — ul| g2y < ChE (eh_1/2 +e? 4 h) Jul i1 ), (1.6)

where C' is a constant independent of ¢ and h. Note that if ¢ < O(h?), we obtain optimal convergence for
|lun — ullr2(e) in (1.6), which can be considered as an extension of a similar result for the pure hyperbolic
case [15,17]. We also show that, with a suitably chosen stabilization function, the condition number of the
global matrix for the scaled numerial traces is O(h~2), independent of e.

To prove these estimates, we cannot use the approach used in [9, 10] because the constants in the error
estimates in [9,10] may blow up as € approaches 0. For example, the constant 17#** in Theorem 2.1 of [9], is
of order O(e1). In order to obtain an estimate that is robust with respect to €, we need to modify the energy
argument used in [9,10] by using test functions similar to that used in [1,32]. In [32], a weighted test function
was used to obtain the L2-stability of the original DG method [35] for the pure hyperbolic equation. In [1], the
idea was extended to convection-diffusion-reaction equations using the IP-DG method. We also need to use a
new projection to obtain error estimates with less restrictive regularity assumptions.
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Next, we would like to compare our results with those obtained for the IP-DG method in [1]. Our convergence
result for |[up — ul|z2(0) on general meshes is the same as that in [1], while the optimal convergence on special
meshes is new. Also, our method has less globally-coupled degrees of freedom, and our choice of the stabilization
function is determined clearly in the numerical formulation; there is no need to choose it empirically as in the
IP-DG method.

Now, let us compare our results with those for the MH-DG method [26]. The MH-DG method uses a combi-
nation of upwind techniques used in DG methods for hyperbolic problems with conservative discretizations of
mixed methods for elliptic problems. To the best of our knowledge, [26] is the first paper which utilizes hybrid
formulations for the mixed and DG methods to make them compatible. We show that our method is quite
similar to the MH-DG method. Actually, in Appendix A, we show that, using the same approximation spaces as
those of the MH-DG method, the HDG method becomes exactly the same as the MH-DG method by suitably
choosing the stabilization function. The new features of our analysis with respect to that of [26] are that we can
deal with variable velocity field 8 and that we have an estimate of [|uj, —ul|2(s), which is not obtained in [26].
Moreover, we prove that the condition number for the global linear system can be rendered to be independent
of € and of order O(h~2).

A well-known stabilization technique for convection-dominated diffusion problems in the finite element
method literature is residual-based stabilization, see the SUPG [5] and residual-free bubbles [3,4] methods.
The main disadvantages of residual-based stabilization are that they are not locally conservative and that the
performance of the methods relies heavily on a proper choice of the stabilization parameter, which might be
hard to determine or expensive to compute. We refer readers to [29] for a detailed comparison of the hp-version
of the DG methods with the SUPG methods in the pure hyperbolic case, and to [26] for a detailed comparision
of the MH-DG method with the SUPG methods for the convection-diffusion case.

The rest of the paper is organized as follows. In Section 2, we introduce the HDG method and state and
discuss the main theoretical results. In Section 3, we give a characterization of the HDG method, and show
that, after scaling, the condition number of the global matrix is independent of €. In Section 4, we present the
convergence analysis of the HDG method. Finally, in Section 5, we display numerical experiments which verify
our theoretical results.

2. THE HDG METHOD AND MAIN RESULTS

In this section, we present the HDG method and state and discuss our main theoretical results.

2.1. The mesh

Let T3, be a conforming, quasi-uniform simplicial triangulation of {2. Given an element (triangle/tetrahedron)
K € Tj, which we assume to be an open set, 0K denotes the set of its edges in the two dimensional case and of
its faces in the three dimensional case. Elements of 0K will be generally referred to as faces, regardless of the
spatial dimension, and denoted by F'. The set of all (interior) faces of the triangulation will be denoted &, (€).
We distinguish functions defined on the faces of the triangulation (the skeleton) by saying that they are defined
on &), from functions defined on the boundaries of the elements (and therefore having the ability to display two
different values on interior faces) by saying that they are defined on 97},. Hence the spaces L?(€,) and L?(9T3)
have different meanings. For each element K € T}, we set hx = |K|7, and for each of face F, hp := |F|ﬁ,
where | - | denotes the Lebesgue measure in d or d — 1 dimensions. We define h = maxgeg, hi.

Moreover, we also consider special meshes that satisfy the following assumption: there exists a constant C' so
that

max(sup B(x) - n,0) < Chg, VF €K\ Fi VK € T, (2.1)
zeF
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where Fj& is the face of K such that SUD, ¢ it B(x) - n = maxpear sSUP,ep B(x) - n. These meshes have been
introduced in [15] (see also [17]) for the analysis of the original DG method. In Appendix C, we sketch how to
generate a triangulation satisfying assumption (2.1).

2.2. The HDG method

In order to define the HDG method, we first rewrite our model problem (1.1) as the following first-order
system by introducing ¢ = —eVu as a new unknown:

e lg+Vu=0in £, (2.2a)
V-q+B-Vu=fin {2, (2.2b)
u =g on 0f2. (2.2¢)

Let us also define the following finite element spaces:

Vi, = {r € L>(2;R?) : r|x € P.(K;RY) VK €T}, (2.3a)
Wy ={we L*(2) :w|g € P(K) VK €T}, (2.3b)
My, = {,u S L2(€h) : ,u|p S Pk( ) VF € Eh}, (23(3)
Mp(g) ={p € My : (1, &)on = (9,€)on  VE € My}, (2.3d)

where Py (D) is the space of polynomials of total degree not larger than k& > 0 defined on D, and

Emoa= Y / £nds.
Fedq
The HDG method seeks an approximation (g, up, un) € Vi, X Wy, x M}, by requiring that
(Gilqha T)Th - (uha v : r)fj’h + <aha r- n>87h - 0, (24&)
—(gn + Bup, Vw)g, — (V- Bup, w)7, + <(§h + Eu\h) ' >a = (f,w)7,, (2.4b)
(i, >an = (g, Wog, (2.4c)
dn + Bun ) - 2.4
<<qh + ﬁuh) n, u>amm 0, (2.4d)
for all (r,w, ) € Vi, x Wp, x M}, where the numerical trace (qp, + ﬁ/u\h) -n is given by

(ah'i‘EU\h)'nZQh'n‘i‘ﬂ'nah‘i’T(uh_ah) on 9Ty, (2.4e)

and the stabilization function T is piecewise, nonnegative constant defined on 0T}. Here we write (77’0% =
Yker, JxnCdx, and (1, Qo = Y geq, [or 1€ ds. In Section 3, we show that the linear bybtem (2.4) can be
efficiently implemented so that the only global unknowns are related to the numerical trace y,.

The HDG method (2.4) has a unique solution provided that the stabilization function 7 in (2.4e) satisfies the
following assumption:

1
HelfF (7’ - iﬂ(az) . n) >0, VFeoK,VK €Ty, (2.5)

where in each element, the strict inequality holds at least on one face; see Theorem 3.1 of [36], for a proof.
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2.3. Assumptions on the stabilization function

Next, we present our assumptions on the stabilization function 7 verifying the inequality (2.5). We then
construct two examples satisfying them.

To do that, we need to introduce some notation. Let F; be the face of K on which 7 attains its maximum,
and Fj be the face of K on which infzcp (T — % (x) - n) attains its maximum, that is,

) = F K 2.
T(F%) Igg}}({r( ) VK € Tp, (2.6a)
inf — 1B(a:) n | := max inf — 1/B(az) n VK €7, (2.6b)
wer; \| 2 T Peokaer \| 2 i ’
and set
w . F w._ w
X Fegll%i{Fl*{ m(F), ’ Kem, K
v . 1 v . v
T = w%enng <T — 56(33) n) , 7" = min T
We assume that there exists universal positive constants Cy, Cq, Co so that
TH < Cy VK € Tp, (2.8a)
7¥ > Cy min (L, 1> VK €T, (2.8b)
hk
1
i — = n)|> . . .
;Ielg (7’ 26(33) n) > (s I;leagm(:c) n| VF € OK,VK € Ty, (2.8¢)

In order to get an improved estimate, we need to replace (2.8a) by the following, more restrictive assumption
on 7j: assume there exists a positive constant C' so that

T < Chg VK € Ty. (2_9)

We remark this assumption might not be compatible with (2.8¢c) on general meshes, but it can hold for the
meshes that satisfy assumption (2.1).

Now, let us show that it is quite easy to construct 7 satisfying assumptions (2.8) by displaying two of them.
The first example of the stabilization function is

71(F) = max(sup B(x) - n,0), VF € IK,VK € Tj. (2.10)
xzcl

Assumptions (2.8a) and (2.8c) are always satisfied, and assumption (2.8b) holds provided

inf (— -n)>C VK €T
pax inf (—G(z)-n) = € Th,
for some positive constant C; this is true, for example, for piecewise-constant 3. Moreover, assumption (2.9) is
also satisfied if the mesh satisfies (2.1).
The second example is

To(F) = max(sug B(x) - n,0) 4+ min <p0i, 1> , VF e0K,VK €Ty, (2.11)
EAS
where po > 0 is a constant typically chosen to be less than or equal to 1. Assumptions (2.8) are always satisfied
in this case. Moreover, assumption (2.9) is satisfied provided the mesh satisfies (2.1) and we take ¢ < O(h?).
Let us conclude the discussion on 7 by remarking that if we replace max(sup,cp B(x) - m,0) with
Supgcr | B(x) - n| in the definition of 7 in (2.10) and (2.11), assumptions (2.8) will be satisfied, while (2.9)
is no longer true for the special meshes.
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2.4. The main theoretical results

From now on, we use C' to denote a generic constant, which may be dependent on the polynomial degree k,
and/or the velocity field 3. The value C' at different occurrences may differ.
We proceed to state our main theoretical results. We will show convergence estimates in the following norm

) 1/2
b
T

Theorem 2.1. Let (g, u) be the solution to the boundary-value problem (2.2), and let (gp, un, up) be the solution
to the HDG method (2.4) where the stabilization function T satisfies assumptions (2.8). Then, there exists hg,
independent of €, such that when h < hgy, we have

1
r = 5B+l p)

e, w, e = <||6_1/21°||:2rh + w7, +

where || - || p is the standard L?-norm in the domain D.

g = an = wnyu =Tl < G212 (2 4 12) gy + OB 2 ul s,

for all s, € [0,k] and s, € [0, k].

Theorem 2.2. Let (g, u) be the solution to the boundary-value problem (2.2), and let (gp, un, up) be the solution
to the HDG method (2.4) where the stabilization function T satisfies assumptions (2.8) and (2.9). Then, there
exists hg, independent of €, such that when h < hg, we have

”u _ uh”‘J’;L < 061/2h5v+1/2 (61/2 + h1/2> ‘u|HSv+2(‘Ih;Rd) + thsuHrl‘u|st+l(‘J_h)7

for all s, € [0,k] and s, € [0, k].
Remark 2.3. If 7 satisfies assumptions (2.8), k > 1, u € H*1(£2) and € < O(h), we get
lu —unllz, < O 2Julgrr(s,)

by choosing s, = k — 1, s, = k in Theorem 2.1. If € = 0, our method collapses to the original DG method [35].
Since the best L2-error of the DG method for pure convection problems on general meshes is ||u — up||7, <
Ch*1/2 || i1, see [34]; it is reasonable to expect ||u — up ||, to be of order h*+1/2 when e < 1.

Remark 2.4. If 7 satisfies assumptions (2.8) and (2.9), k > 1, u € H**1(2) and € < O(h?), we have
lu—unlly, < CRMHulprsr ),

by choosing s, = k — 1, s,y = k in Theorem 2.2. Note that we can construct 7 satisfing (2.8) and (2.9) provided
that the mesh satisfies (2.1). Hence, our result can be considered as a generalization of the results in [15,17] in
which the authors obtained optimal L2-convergence of the original DG method for convection-reaction equations
on special meshes.

Remark 2.5. Tt is shown in Appendix A that we can recover the MH-DG method [26] from our formulation by
suitably choosing the stabilizaiton function 7 and the approximation spaces V,, Wy, M},. Hence, our results can
be directly applied to the MH-DG method. In particular, we gain the L2-control of u;, and obtained optimal
order of convergence for ||u — uy||5, for special meshes.

3. A CHARACTERIZATION OF THE HDG METHOD

Here, we show how to eliminate, in an elementwise manner, the unknowns g, and uy, from the equations (2.4)
and rewrite the original system solely in terms of the unknown @y, see also [16,36]. In this way, we do not have
to deal with the large linear system generated by (2.4), but with the inversion of a sparser matrix of remarkably
smaller size.
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3.1. The local problems

We begin by showing how to express the unknowns qp and up, in terms of the unknown uy,.
Given A € L?(&,) and f € L?(T}), consider the solution to the set of local problems in each K € T},: find

(qh,uh) S V(K) X W(K),
where V(K) := Py(K;R?%) and W(K) := P;(K), such that
(e 'qn,m) e — (un, V-r) e = = (A7 -m)yp (3.1a)
(V . Qh,’lU)K - (uhvv : (,Bw))K + <Tuh7w>8K = <(T - /6 : n) /\’w>8K + (fv w)K’ (3'1b)

for all (
We denote by q,g , uh the solutlon of the above local problem when we take A\ = 0. Similarly, we denote
(g, up) the solution when f = 0. We can thus write that

(an,un) = (aty ) + (af,uf).
3.2. The global problem

If we now take A := up, we see that (qn,un) is expressed in terms of 4y, (and f). We can thus eliminate those

two unknowns from the equations and solve for %y only. The global problem that determines 4y, is not difficult
to find.
We have that @y, € My (g) must satisfy

ap(Un, p) = bn(n)  Vu € Mp(0),
where
an(\, p) = —(a@y - m, wog, — (1 (up — A), o, ,
bn () := (g} - 1, wWom, + (Tul, wor, .

Indeed, note that the definition of Mj(g) incorporates the boundary condition (2.4c), and that the last
equation is nothing but a rewriting of the transmission condition (2.4d) by observing that

(B-nX\ wor, =0, VYA€ My(g),Vu € Mp(0).

3.3. A characterization of the approximate solution

The above results suggest the following charaterization of the approximate solution of the HDG method. We
leave the proof to the interesed readers as an exercise, see also [16,36].

Theorem 3.1. The approzimate solution of the HDG method satisfies

(ansun) = (a" ui) + (af uf)

Moreover, uy, € My(g) is the solution of
ap, (Up, 1) =bp () Y € My (0). (3.2)
Also, we have that
an (Ap) = (e g ap)7, — (un, V- (Bup)) g, + (B up)om, + (7 (up — A) ,upy — @)os,
D) = (), + (8 nul, o, + (uh,ﬁ vap) — (Vuf.Buf)
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3.4. The conditioning of the HDG method

We note that both examples of stabilization function 7 in (2.10) and (2.11) on a face F' can be very small if
B - n|p and € are very small. In this case, the condition number of the global matrix generated by a; in (3.2)
might blow up as € goes to zero.

In order to make the condition number independent of €, we need a new assumption on 7, namely,

inf <T - 1B(a:) n) > (Cy min <L, 1) VF € OK,VK € Tp. (3.3)
xzcl 2 ]’LF

If we introduce

A :/15)\, p= /15/,6, VA€ Mh(g)vﬂ' € Mh(0)7 (34)

1/2
where Ac|p = (sup |8 - n(x)| + min <L, 1>> , VF €&,
zEF hp

the preferred form for implementation for the HDG method is to find e M, (Aeg) satistying
an (N ) = bw (4 71)
for all 1 € My(0). Here,
n (X,g) = an (A;lx,Aglg) . (3.5)
We have the following theorem concerning the condition number of the scaled global matrix in (3.5).

Theorem 3.2. Let the stabilization function T satisfy assumptions (2.8) and (3.3), and let € < O(h). Let k
be the spectral condition number of the global matriz generated by ay, in (3.5). Then there is hg > 0, which is
independent of € and h, such that when h < hyg,

k< Ch™2.
We present a detailed proof of Theorem 3.2 in Appendix B.

Remark 3.3. Obviously, assumption (3.3) is satisfied by the second stabilization function (2.11) but not by the
first one (2.10) on meshes that aligned with the direction of 8. Theorem 3.2 shows that the condition number
of the global matrix of the HDG method for convection-dominated diffusion problems is the same as that of
HDG methods for elliptic problems in [18].

4. CONVERGENCE ANALYSIS

In this section, we prove Theorems 2.1 and 2.2. We begin by introducing the following bilinear form:
B((qa u, >‘)a ('l", w, ;U')) = (Gilqa r)‘fh - (u7 V. T)Th, + <)" r- n>37h,
- (q + Bu, vw)‘fh + <(q + ﬁ)‘) ‘At T(’LL - )‘)7 w>87h
— (V- Bu,w)z, = (g + BA) - n+7(u—X), p)or,, (4.1)

for all (q,u,\) and (r,w,u) € HY(Tp;RY) x HY(Ty) x L2(€r). It’s easy to see that the HDG method (2.4) can
be recasted in the following compact form: Find (g, un,up) € Vi, x Wi X Mp(g) so that

B((qhvuhvah)’(r’wau)) = (fa w)ﬁ'm (42)

for all (r,w, ) € Vi, x W, x Mp(0).
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4.1. Stability property for the HDG method

It is well known that we have the following result regarding the stability of the convection-dominated diffusion
problem,

el|VullZ2g) + lullZ2i0) < Cllf 7200 (4.3)

provided that 3 satisfies assumption (1.3) and g = 0 on 942, see [1]. On the other hand, by taking (r,w,u) =
(gn, un,up) in (4.2), the standard energy argument only gives the following estimate:

(g, + (7= 58 m) (=)= T ) = 3 (T B) s un, = (£,

Hence, we do not have control of the L?-norm of u;, by the standard energy argument when the velocity field
3 is divergence-free. The main idea of our stability analysis is to achieve the control of the L?-norm of uy by
mimicking the proof of the stability property (4.3) at the discrete level. We shall proceed in the following three
steps.
Step 1. In view of assumption (1.2), we define a function

p=e"V+x, (4.4)
where y is a positive constant to be determined later. Mimicking the proof of stability results carried out for
the continuous problem, we obtain the following lemma.
Lemma 4.1. Let ¢ be given in (4.4) where x > 1+ 2by " [[e™%| Lo () - HV’(/JH%OO(Q). Also, let T satisfy assump-
tion (2.5). Then for all (qn,un, A\n) € Vi, X Wi, x Mp(0), the following inequality holds

B((qha Up,, Ah)7 (qgoa U, )‘90)) > C|H(qh7 U, Ah)mia
where qu, = ©qn, Uy = Qup and Ay = PAp.
Proof. With (g, u,, A,) given above, we have that

B((qhauthh)a (‘Lpaugoa)\go)) = (6_1qhag0qh)r‘]~h +T1 + T2 + T37

where

Ty = — (un, V- (#qn)) 7, + A 9qn - m)oz, — (qn, V(pun))T, + (qn - 1, o(un — An))oT,
Ty = — (Bun, V(eun))s, — (V- Bun, pun)z, + (B - nAn, pun)oT,
T3 = (7(un — An)s p(un — An))oT, -

By integration by parts, we obtain

Ty = — (un, V- (qn))7, + (A 0an - m)oz, — (qn, V(eun))s, + {(gn - n, o(un — An))oT,
— (un, Vo - an)7, — (pun, Van)7, — (@n, V(eun))T, + (@n - m, oun)oT,

— (un, Vo - qn)7,

= (un,e "V - qp)7,

- (5uha v(@uh))(fh, - ((v . ﬁ)uha @Uh)ﬂ'h + <ﬁ ‘AR, @uh>87h
2

=~ (8- Vo, ~ (VL) (7 Beidn, + (8w o,
Th

1>

—_

1 1
- 5 (ﬁ ' V@vu}zz)‘j'h - _<ﬁ s NUp, @uh>87h - 5 ((v : ﬁ) ‘pau%)‘jh + <ﬁ ‘AR, Qouh>87h

26 Ve ), ~ L (V- 8) ), -

[\

S08 (s — M), ol — Mn)o,
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where in the last step, we used (8 - nAn, A\n)og, = 0 due to the fact that A, is single valued on the interior
faces and A\, = 0 on 0f2.
Combining 77, 15 and T3, we have that

B((q’w Uh, >‘h)7 (ngv U, )‘%0)) = (Eilqhv (th)‘fh + (uha eiqu/} . qh)‘Th

2 (8 Vehm e )y, — (- Bun, ow),

+<<T—%B~n)<p(uh—)\h>,uh—)\h> .
OTh

Invoking assumptions (1.3) and (1.4), and ¢ > x, we obtain

1
B ((qha Uh, )‘h) 3 (‘koa Up, ALP)) > (Eilqha (th)g'h + (uha eiwvw . qh)‘Ih + ibo(uha eiwuh)“]’h

+<(7_%/6'n)‘P(uh—/\h)vuh—/\h>
Ty

_ _ 1 _
>x (e 'qn, Qh)frh + (un, e Vi - gn)7, + §bo(uh,e Yup)g,

+X<(T—%ﬁ-n>(uh—)\h),uh—)\h> .
OTh

Using the Cauchy—Schwartz inequality, we have

_ 1r._ _ _
(uhve wV(ﬁ 'qh)Th, < 5 [5 1HV¢H%°°(Q)(6 wqfﬂqh)‘fh +5(e wuhvuh)%’h}

for any § > 0. Taking x > 1+ 2by ' [le ™| (0 - HV@/JH%M(Q) and 0 = by /2, we get

_ by, _
B((qn, un, An), (@, up, Ap)) > € 1K(Qhth)‘Ih + (e Yup, up)7,

9 4
1
+ XH|T _ Eﬂ . n|1/2(Uh - /\h)”%‘Th'

To complete the proof, we simply absorb x, e~ and by into the generic constant C. g

Step 2. We note that the test function (g, uy, Ap) = (©qn, Yun, pAp) in Lemma 4.1 is not in the discrete space
Vi, x Wy, x My (0). To establish a discrete stability property, we shall consider taking the discrete test functions
as a projection of (g, uy, A,) onto the spaces Vi, x Wy, x My, denoted by ITnq,, Ipu,, PaA,. Here Py is the
L2-projection onto Mj,. And IT}, and II;, are the projections from H'(T,;R?) and H'(T%) onto Vj, and W),
respectively satisfying

(IT1q,v)k = (q,v)Kk Vo e Pr1(K), (4.5a)
(IIng -n,p)p ={(q-n,u)r VuePy(F), VF e 0K\Fy, (4.5b)
(Ipu,w)g = (u,w) Vw e Pr_1(K), (4.5¢)
(U, p) e = (us W) Fy s V€ Pe(Fg). (4.5d)

where F§. and F} are defined in (2.6). We have the following optimal approximation property for IT; and ITj,
whose proof was available in ([15], Prop. 2.1).

Lemma 4.2. Assume that g € H*"1(K;R%) for s € [0,k] on an element K € Ty,. Then

Hﬂhq - q”K < Chs+1|q\Hs+1(K;Rd).
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Assume that u € HST1(K) for s € [0,k] on an element K € Ty,. Then
[Ty — ull g < Ch¥ o i),

We also need to estimate the difference between g, v and A and their corresponding projections. Such an
estimate is established in the following lemma. We refer the readers to Lemma 4.2 in [1] for a detailed proof.

Lemma 4.3. Let K € T, and n € C*(K)NWH*1L°(K). Then, for any (v,v) € Py(K;R?) x Py(K) and x € R,

[ITh((1n + x)v) — (n + x)vllx < Chilnllwrnx)llvl x,
1T} ((n + x)v) — (0 + x)v||r < Ch}</2H77HW’“+L°°(K)||"7||K’ VF € 0K,

I ((n+ x)v) = (0 + x)vllx < Chillnllwser i vl x,
T ((n+x)0) = (n+ X)olle < Chil2[nllwesr o llollx, — VF € OK.

Now, we go back to the stability estimate in Lemma 4.1, and divide the left hand side of the inequality into
two terms, namely,

B((Qh,uh, )‘h)’ (‘Lpaugov >‘Lp)) :B((qhvuha )‘h)a (thgoa Hhutpa PM)\go))
+ B((qh,uh, >\h), ((|C| — Hh)QLpa (|d — Hh)ug,, (|d — PM)ALP))

Step 3. We define the union of faces to simplify the presentation:
9T}h == UkeT, Urear\ry I,
87}‘; = UKE‘J’;LF;:(’

where Ff and F} are defined in (2.6). Now, we are ready to derive the discrete stability result for the HDG
method.

Lemma 4.4. Let 7 satisfies assumptions (2.8), then there exists hg, independent of €, so that for any h < ho,
we have the following stability estimate: for all (qp, un, An) € Vi, x Wy, x Mp(0),

sup B((qhauha)‘h)a(rhawha,u/h))
0 (T wh 1) € Vi X Wi 3 My, (0) 11(7hs why 10 )] |l

> C|lf (gn, whs An) |le-

Proof. For any (r,w,u) € HY(Ty;RY) x HY(Ty) x L?(E) with g = 0 on 012, define
or :=r — IIpr, 6w :=w— w0 := p— Pyp.
Using integration by parts and the definition of the projections, we get

B((qn, un, An), (67, 0w, 01)) = (¢ *qn, 07)7, — (un, V - 6r), + (An, 07 - n)o7,

— (qn + Bun, Vow)g, + ((gn + BAn) - m + 7(up — An), dw)or,
— (V- B)un, ow)g, — ((gn + BAn) -+ 7(un — An), dp)om,

= (e_lqh, 5T)g'h + (Vuh, (Sr)qh + </\h — Uup, OT - 'I’L>3‘j~h
+ (V- qp,0w)s, + (8- Vup, dw)y, + (1 — B-n)(un — An), 0w)o,
—((gn + BAr) -+ T(un — An), o) oo,

= (e tqn, 07)3, + (A — up, o7 - n)or: + ((B — PonB) - Vup, dw)g,
+ (7 = B n)(un — An), dw)og; — (B n(un — An), w)az,\o7; »

where Py, is the vectorial piecewise-constant projection.
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Now, we take (7, w, 1) = (gy, Uy, Ay) as in Lemma 4.1. By Cauchy—Schwartz inequality and the approximation
results in Lemma 4.3, we have

(e 'an. 0q,)7, <l aqnll7,lle/?0q, |7,
< Chlle 2 qu|3,

1/2
(An — un)

1
’T—Eﬁn

(An —un, 0qy - M)o7; <

T3 T3
1/2

<o(5)” (n =)

7—’U

1/2
<C (ﬂ)
TV

< C(h* 4 eh)/?

le=*/26qq a7}
oT3

1
T—iﬂ’n

1/2
An—un)|| e 2anls,

T}

1
’T—iﬁn

1/2
An—un)|| e Pqnlls, by (2.8b),

oTs

1
7—5671

((8 = Po.nB) - Vun, dug)y, < Ch||[Vup|g, |[dug|,
< ChllunllF,

(r = B-m)(un = M) ugdor; < |Ir=B-n* =) i =Bl 5u, |

0T o7
1 1/2
<Cl|||r - ila.n (An — up) H|7-—,6-n\1/26u¢H87* by (2.8¢)
T "
1 1/2
<Cr+ 1)) 2 |lr=2Bm Gu—wn)||  [unlls,
T}
1 1/2
<Ch2llr—oBnl Ow—un)|[  funlly, by (28a)
Ty
(8 = M), dughomnom < (18- On =] 6wl o
1 1/2
<C|lr=38-n] (O —un) 16ug oz, \o7; by (2:8¢)
OTR\OT},
1 1/2
<Ch2llr—oBenl Ow—un)||  funlly, -
OTh

Summing the above inequalities all together, we get

B((qn, un, M), (8@, 0ug, 00,)) < ChYZ || (gn, un, A)IZ-

Hence, choosing h sufficiently small, we can ensure that

DO =

B((qhauha )‘h)a (611@»5“@»5)\@)) S B((qhauha )‘h), (qépautpa >\Lp))
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Consequently, we obtain
B((an, un, An), (ITndp, Pty Prrg)) = Cll(an, wn, An)I2-
On the other hand, it is easy to obtain the following estimates
I(IThgy, Prug, PuAp)lll, < Clll(gn, un, An)ll.-
We conclude the proof by combining these two estimates. O

4.2. The error equation

Here, we obtain the equation satisfied by the errors. Note that by Galerkin-orthogonality, we have
B((q —qgh, U — Up,U — ah)v (rvwvﬂ')) =0 V(T‘, w, ,u) € Vh X Wh X Mh(o)a (46)

where (g, u) is the exact solution of equations (2.2).
We define the following quantities that will be used in the analysis:

ey =aqn —Inq, 0q=q—1IIq,
ep i=up — Hpu, ou:=u— Iju,
ep i=uy, — Pyu, ou=u— Pyru.
Recall that IT), and II}, are the projections defined in (4.5), and Py is the L?-projection from L?(€}) onto

My,.
Now, we are ready to present our error equation.

Lemma 4.5. The error equation takes the following form.

B((e},ep,en), (r,w, p)) = (¢ 'dq, 'r):rh +(0q - n,w — p) oy, — (Bou, Vw)g,
= (V- B)bu,w)g, + (B ndu,w)or, + (T6u.w — p)ar;, (4.7)
for all (r,w, p) € Vi, x Wy, x Mp(0).

Proof. We use the Galerkin-orthogonality (4.6) and the definition of the projections to prove the result. For all
(r,w, n) € Vi, x Wy, x My(0), we have

B((e}eh.e), (r,w, p) = B((dq, 6, du), (r,w, 1))
= (e '8q,7)7, — (0u,V -7)73, + (51;, T n)oT,
— (8q + Bou, Vw)g, + ((6q + Bou) - n+ 7(du — du),w — o,
— (V- B)dup, w),
= (e 'oq,7

)7 + (0 - n,w — paz; — (Bu, Vw)g,
— (V- B)du, )y, + (B ndu,w — oz, + (réu,w — 1)o7
= (e 716(],7’)7}, +(6g - n,w — p)ag; — (B0u, Vw)g,
— (V- B)du, w)g, + (B néu, wor, + (r6u,w — o,

where in the last step we used the fact that (3 - nou, wor, =0 for all € Mp(0). O
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4.3. The error analysis

Now, we are ready to prove our main results, Theorems 2.1 and 2.2. In order to prove Theorem 2.1 and
Theorem 2.2. We only need to bound the right hand side of the error equation (4.7) to get the error estimates.
For all (r,w, p) € Vi, x Wy, x Mp(0), we have

(e 'oq,m)g, <l /?8q]z, |l 27,

1 —1/2 1/2
(0g - n,w—por; < ||7—5B-n|  dq T-5B8n| (w—p)
aTs Ty
c\1/2 1 1/2
< (5) e 2 8alom; [T 58m|  w-m|
T v 2
o1
(Bou, Vw)g, = (B — PopB) ou, Vw)
< Chljdullz, [Vw|T,
< Ollsullg, w7,
((V : ﬂ)(suv w)'Th < CH(Squ',L Hw”'fh’
<B -nou, w>ag'h = <(6 - PO,hB) - nou, w>87h,
<Chl|5ulloz, lw]lom,
<Ch'?|6ullom, |wl|,
(rou,w — por: <|IT28ulloz; |72 (w — ) |lo7s
1/2
<C||m2sullo; ||| — 53 n (w—p) by (2.8c)
oT})
1 1/2
<C(r*)?|6ullom; ||| — FB-nl (w—p)
8‘3’;

Adding up these estimates all together, we obtain

R _ e\/2
Bl(eefeet). (row.0) < Ol 6ally, + ()" 1= 26alon; + 6l

v

+ 02 [Sullom, + (7)) 2 ullozy ) (r, w, ..

Note that e;; € M} (0) because €;/|a = 0. Using Lemma 4.4, we immediately get

_ eN/2
<l 20glle, + () e 2gllow; + 13uls,

+ 02|5ullog, + ()2 |Sullor; ).

IR €hr€)
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The approximation properties of the projections gives the following estimates,
le=/28q|l7, < Ce 2h | q| s (7, o)
/
(i)1/2 le=/28q|lo7; < C (%)1 2 h*lalmosr (7, )
16ulls, < Ch* M ulger (g,

W2 (5ullog, < Ch* fulges ()

()2 (I6ullagy < C(r) 2R 2l frova g,
for all s € [0, k]. Now, using assumption (2.8) on 7, we obtain the following estimates,

|e < C(e—l/2hsu+1 + hsv+1/2)|q‘HSv+1(‘Ih;Rd) +Ohsw—i_l/Q‘U|st+1(g'h),

l(e%, €k €i)

for all s, € [0, k] and s, € [0, k]. Using the fact that |q| gk (7, re) = €|u|griri(g,), we get
(e, e el < C (el/%%“ + ehsm/?) |u| frow+2 (g, may + CR T2 U o1 (3,), (4.8)
for all s, € [0, k] and s,, € [0, k]. Moreover, by approximation properties of the projection, we can easily get

]H(aq, Su, 5u)

< Ce'/2psvtl ‘U|HSU+2(‘J'h;Rd) + Chs'w+1/2|u‘st+1(g~h), (4.9)
e

for all s, € [0, k] and sy, € [0, k]. Combining (4.8), (4.9) and using the triangle inequality, we obtain
(g = qn,w — wp,u—ap)|, < C(2h* T + ™ TH2) |u| ey s2(3, may + CR* T2 0| o1 (g,

and

[ — unllz, <II(ef, ek el + 0w,

<C (el/%sﬁl + eh%ﬂ/?) || o2 (7, may + CR T2 U] row 1 (7,

This completes the proof of Theorem 2.1.
For the proof of Theorem 2.2, everything is exactly the same, except that

()2 6ullor; < CR M ulgoss (),
because assumption (2.9) ensures 7% < O(h). Hence we get

lI(es v em)ll, < C(e2h™*t + eh™ V) ul v s, may + CH* FHulgow1(3,)

[ = unllo, < lI(ef, ek ei)lll, + 16w,
< O(Ph 4 eh™ V) u| geura (g, may + OP*H ul gowa (o).

This completes the proof of Theorem 2.2.
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5. NUMERICAL RESULTS

In this section, we present numerical studies using simple model problems in 2D to verify our theoretical
results and display the performance of the HDG methods when the exact solution exibit layers. Our test
problems are similar to those studied in [1]. We fix the domain to be the unit square in all the experiments,
and run simulations of the HDG methods (2.4) with the following three choices of approximation spaces and
stabilization functions:

1. The approximation spaces are
Vi, = {r € L*(2;R?Y) : r|x € P.(K;R?) VK €T3},
Wi ={w € L*(Q) : w|k € Py(K) VYK €T},
My, ={pu € L*(&) : plr € P(F) VF €&},

while the stabilization function is given by

7(F) = max (Sup B(x) - n,()) , VF € 0K,VK € T.
xcF

We denote this choice as P.-HDG1.
2. The approximation spaces are the same as in the previous case, while the stabilization function is given by

7(F) = max (sup B(x) -n,O) + min <O.lhi7 1) , VF € 0K,VK € Ty.
xzcF F
We denote this choice as P-H DG2.
3. The approximation spaces are given as follows:
Vi, = {r € L*(2;RY) : r|g € P.(K;RY) + xPy(K) VK € T1,},
Wi ={w € L*() : w|x € Py(K) VK €T},
My, = {p € L*(&}) : p|r € Pu(F) YF €&},

while the sabilization function is the same as P,-H DG1. We denote this method as P.-H DG3.

We remark that the method Py-HDG3 is exactly the MH-DG method considered in [26] when 3 is piecewise-
constant, which is proven in Appendix A.

5.1. A smooth solution test

We take the velocity field 3 = [1,2]7, and the diffusion coefficient ¢ as 1,1072,107%. The source term f
is chosen so that the exact solution is u(z,y) = sin(27 z)sin(27y). We obtain the computational meshes by
uniform refinement of a mesh that consists of a structured 5 x 5 x 2 triangular elements, where the slanted edges
are pointing in the northeast direction.

Let us remark that when e = 1 and & > 1, we can follow [9] to use superconvergence results to locally
postprocess the solution to get a new approximation of the scalar variable uy, which converges faster than wy,.
Here the definition of u} € Pjy1(K) for each element K € T}, is as follows:

(Vuj, V) = — (€ qn, V)i for all w € Pyy1 (K),
(up, D) = (un, k.

Tables 1 and 2 show the L2-convergence results for u; and uj for the three HDG methods when € = 1. For all
the methods, we observe convergence order of k + 1 for u;, and convergence order of k + 2 for u}, (when k > 1).
Also note that the errors for the postprocessing uj for the three methods are very close to each other.
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TABLE 1. History of convergence for ||u — up||z2(7,) when € = 1.

Degree Mesh e=1
k h™! error order error order error order
HDG1 HDG?2 HDG3
5 1.74e-0 —— 7.60e-1 —— 2.06e-1 ——

10 9.41e-1 0.88 3.33e-1 1.20 1.06e-1 0.97
0 20 4.83e-1 0.96 1.72e-1 0.95 5.29e-2 1.00
40 2.44e-1 0.99 8.71e-2 0.98 2.64e-2 1.00
5 3.75e-1 —— 1.72e-1 —— 4.88e-2 ——
10 1.0le-1 1.89 3.88e-2 2.15 1.26e-2 1.95
1 20 2.59e-2 1.97 9.96e-3 1.96 3.18e-3 1.99
40 6.52e-3 1.99 2.51e-3 1.99 7.96e-4 2.00
5 6.19e-2 —— 2.88e-2 —— 8.60e-3 ——
10 8.26e-3 2.90 3.20e-3 3.16 1.12e-3 2.95
2 20 1.05e-3 2.97 4.09e-4 2.97 1.4le-4 2.99
40 1.33e-4 2.99 5.16e-5 2.99 1.77e-5 3.00
5 8.35-3 —— 3.90e-3 —— 1.2le-3 ——
10 5.53e-4 3.92 2.16e-4 4.18 7.81le-5 3.95
3 20 3.52e-5 3.98 1.37e-5 3.97 4.92e-6 3.99
40 2.21e-6 3.99 8.64e-7 3.99 3.08e-7 4.00

TABLE 2. History of convergence for ||u — uj||12(7,) when € = 1.

Degree Mesh e=1
k h~' error order error order error order
HDG1 HDG2 HDG3
5 2.2be-2 —— 1.70e-2 —— 1.39e-2 ——

10 3.08e-3 2.87 2.14e-3 2.99 1.70e-3 3.04
1 20 3.94e-4 2.96 2.65e-4 3.02 2.08e-4 3.03
40 4.96e-5 2.99 3.28e-5 3.01 2.56e-5 3.02
5 2.49-3 —— 2.13e-3 —— 1.92e-3 ——
10 1.59e-4 3.97 1.35e-4 3.98 1.23e-4 3.97
2 20 9.95e-6 4.00 8.45e-6 4.00 7.7le-6 3.99
40 6.22e-7 4.00 5.28e-7 4.00 4.82e-7 4.00
5 278e-4 —— 243e-4 —— 2.20e-4 ——
10 8.87e-6 4.97 7.68e-6 4.98 6.94e-6 4.99
3 20 2.78e-7 4.99 2.40e-7 5.00 2.17e-7 5.00
40 8.70e-9 5.00 7.50e-9 5.00 6.77e-9 5.00

When e < 1, there is no superconvergence result for the HDG methods. Hence we only show ||u — up||7,
in Table 3 when € = 1072 and € = 107, Again, optimal converge rates are recovered; better than the one
predicted by the theoretical result in Theorem 2.1 which predict the loss of half order of accuracy. Moreover,
our numerical results in Table 3 show that the performance of these three HDG methods are equally good.
Hence, we prefer to use Py-H DG1 and Py-H DG2 rather than Py-H DG3 because Pi-H D(G3 has more degrees
of freedom for the local problems.
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TABLE 3. History of convergence for ||u — up || z2(7,) when e =107 and e = 10~.

Degree Mesh e=10"3 e=10"°
k h™! error order error order error order error order error order error order
HDG1 HDG?2 HDG3 HDG1 HDG?2 HDG3
5 3.16e-1 —— 3.16e-1 —— 3.14e-1 —— 3.18¢-1 —— 3.18e-1 —— 3.18e-1 ——

10 1.71e-1 0.88 1.71le-1 0.88 1.69e-1 0.89 1.74e-1 0.87 1.74e-1 0.87 1.74e-1 0.87
0 20 8.78e-2 0.96 8.78e-2 0.96 8.60e-2 0.98 9.06e-2 0.94 9.06e-2 0.94 9.06e-2 0.94
40 4.37e-2 1.00 4.38e-2 1.00 4.22e-2 1.03 4.63e-2 0.97 4.63e-2 0.97 4.63e-2 0.97
5 T7.84e-2 —— T7.84e-2 —— 7T.75e-2 —— T7.96e-2 —— 7.96e-2 —— 7.96e-2 ——
10 2.00e-2 1.97 2.00e-2 1.97 1.95e-2 1.99 2.04e-2 1.85 2.04e-2 1.85 2.04e-2 1.85
1 20 4.95e-3 2.01 4.95e-3 2.01 4.73e-3 2.05 5.13e-3 1.96 5.13e-3 1.96 5.13e-3 1.96
40 1.21e-3 2.03 1.21e-3 2.03 1.11e-3 2.09 1.28e-3 1.99 1.28e-3 1.99 1.28e-3 1.99
5 1.32-2 —— 1.32-2 —— 1.3le-2 —— 1.35e-2 —— 1.35e-2 —— 1.35e-2 ——
10 1.72e-3 2.95 1.72e-3 2.95 1.68e-3 2.96 1.77e-3 2.93 1.77e-3 2.93 1.77e-3 2.93
2 20 2.14e-4 3.00 2.14e-4 3.00 2.05e-4 3.03 2.24e-4 2.98 2.24e-4 2.98 2.24e-4 2.98
40 2.63e-5 3.02 2.63e-5 3.02 2.45e-5 3.07 2.80e-5 3.00 2.80e-5 3.00 2.80e-5 3.00
5 1.83e3 —— 1.83e-3 —— 1.80e-3 —— 1.87e-3 —— 1.87e-3 —— 1.87e-3 ——
10 1.17e-4 3.97 1.17e-4 3.97 1.13e-4 3.99 1.20e-4 3.95 1.20e-4 3.95 1.20e-4 3.95
3 20 7.23e-6 4.01 7.23e-6 4.01 6.82e-6 4.05 7.56e-6 3.99 7.56e-6 3.99 7.56e-6 3.99
40 4.43e-7 4.03 4.43e-7 4.03 4.0le-7 4.09 4.73e-7 4.00 4.73e-7 4.00 4.73e-7 4.00

5.2. A rotating flow test

We take e = 1075, 3 = [y—1/2,1/2—x]7, and f = 0. The solution u is prescribed along the slip 1/2 x [0,1/2],
as follows:

u(1/2,y) = sin®(27 y) y €10,1/2].

See [31] for a detailed description of this test.

In Figure 1, we plot uj obtained from the three HDG methods for various polynomial degrees in a structured
triangular grid of 128 elements. To better compare the results, we plot in Figure 2 extracted data of wj, along
the horizontal center line y = 1/2. We also plot in Figure 3 a comparison of Py-HDG1 in 8192 elements and
P5-HDG1 in 128 elements. From Figure 1, we find that all the HDG methods produce similar results. Moreover,
it is clear that higher order methods lead to better approximation results and are computationally cheaper than
lower order methods for qualitively similar numerical results.

5.3. An interior layer test

We take B = [1/2,v/3/2]T, f = 0, and the Dirichlet boundary condition as follows:

1 on{y=0,0<z

u=4¢ 1 on{r=0,0<y

<
<y<
0  elsewhere.

1},
1/5},

It is clear that for e small, the exact solution produces an interior layer along 3 direction starting from
(0,1/5), and boundary layers on the right and top right boundary.

In Figures 4 and 5, we plot the computational results in a structured triangular grid of 128 elements for
e = 1072 and € = 107 respectively. In order to better see the performance of the HDG method in capturing
interior layers, in Figures 6, we plot the contour of u; using Py-HDG1 with 0 < k < 3 for ¢ = 1073 in
three consecutive meshes with the coarsest one consists of 200 elements. Again, all the HDG methods produce
quite similar results. Note that, as expected, the piecewise-constant approximations are free of oscillations but
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b b b

FIGURE 1. 3D plot of wuy, for rotating flow test with ¢ = 1076 in 128 elements. Left-right:
HDG1, HDG2, HDG3. Top-bottom: Py—Ps.

extensively smear out the interior layer, while, on the other hand, higher order approximations capture the
interior layer within a few elements but produce oscillations within the layer.

5.4. A boundary layer test

Finally, we take 3 = [1,1], and choose the source term f so that the exact solution

(,y) = s X i Y (1 o 7Tl‘) . e~ e _ g—(1—2)(1—y)/e
= S — 1n — — S1in —— .
LY 2 2 2 1 _ o 1/c
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FIGURE 2. uy along y = 1/2 for P,-HDG3 with 128 elements.

TABLE 4. History of convergence of HDG1 for ||u — uhHLQ@) when € = 1072 and € = 107°.

Degree Mesh € =102 e=10"°6

k h™! error order error order

10 3.6le-2 —— 3.32e-2 ——
20 1.81e-2 0.99 1.67e-2 1.00
0 40 9.06e-3 1.00 8.34e-3 1.00
80 4.52e-3 1.00 4.17e-3 1.00
10 4.22e-3 —— 1.20e-3 ——
20 8.54e-4 2.30 3.00e-4 2.00
1 40 2.13e-4 2.00 7.51e-5 2.00
80 5.30e-5 2.01 1.88e-5 2.00
10 1.48e-3 —— 1.90e-5 ——
20 6.66e-5 4.47 2.37e-6 3.00
2 40 8.19e-6 3.02 2.96e-7 3.00
80 1.03e-6 3.00 3.70e-8 3.00
10 4.10e-4 —— 3.17e-7 ——
20 5.35e-6 6.26 1.99e-8 3.99
3 40 3.56e-7 3.91 1.25e-9 4.00
80 2.27e-8 3.97 7.79e-11 4.00

The solution develops boundary layers along the top and right boundaries for small € (see Fig. 7 for € = 1072
and Fig. 8 for € = 107%). We take an exact solution which is a slight modification of that considered in [1] so
that, away from the boundary layers, our exact solution behaves not like a quadratic polynomial as in [1]. This
modification is useful for us to clearly see the orders of convergence for k = 2, 3.

In Figures 7 and 8, we plot the exact solution and computational results for ¢ = 1072 and ¢ = 1076 in a
structured 200 elements. We find that all the HDG methods produce similar results. The boundary layers are
not resolved since the mesh is too coarse.

In Table 4, we show the convergence of u; in L?-norm for ¢ = 1072,107° in the reduced domain Q=
[0,0.9] x [0,0.9] C £ to exclude the unresolved boundary layers. Just as in the smooth case, the three HDG
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FIGURE 3. A comparison of Py-H DG and Ps-H DG. Left: Py-H DG1 with 8192 elements; right
P3-HDG1 with 128 elements. Top: 3D plot; bottom: 2D contour.

methods produce very similar convergence results. Hence we only show the computed results for Py-H DG1 in
Table 4. We observe optimal L2-convergence rates for uy,.

5.5. The condition number

Now, we present the condition number of the matrix generated by the original bilinear form a;, in (3.2) and
the scaled bilinear form @y in (3.5). We use the same setup as that of the smooth test with two choices of 3.
The first choice of 3 is 3 = [1,2]T. For this choice, assumption (3.3) is satisfied by both example of 7 in (2.10)
and (2.11). Since the condition numbers of all three HDG methods are very similar in our tests, we only present
that for P,-HDG1 in Table 5. Notice that O(h=2) is observed for ¢ = 1,1073,107? for different polynomial
degrees, and that the condition number of the scaled system is similar to that of unscaled system. The second
choice of B is B = [1,1]T. For this choice, assumption (3.3) is satisfied by the second choice of 7 in (2.11), but
not for the choice (2.10) since the mesh is aligned with 3. However, one can easily modify 7 in P-HDG1 and
P,-HDG3 on the aligned faces so that (3.3) holds. We only present the condition numbers for Py-H DG2 in
Table 6. The dependence of the condition number on € seems to be of order O(e~!) for the original system,
and we observe a huge improvement of the condition number after scaling for e = 10~°. Also, we find that the
condition number for the scaled system is of order O(h™2) for € = 1, and of order O(h~!) for e = 1073,107?,
which is not predicted by our theory.
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FIGURE 4. 3D plot of uy, for the interior layer test with e = 1073 in 128 elements. Left-right:
HDG1, HDG2, HDG3. Top-bottom: Py—Ps.
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FIGURE 5. 3D plot of uy for the interior layer test with e = 107 in 128 elements. Left-right:
HDG1, HDG2, HDG3. Top-bottom: Py—Ps.
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FIGURE 6. Contour plot of u; using HDG1 for the interior layer test with ¢ = 1073, Left
to right: three consecutive meshes with the left one consists of a uniform triangulation of
200 elements. Top-bottom: Py—Ps.
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FIGURE 7. 3D plot of the exact solution and u;, for the boundary layer test with ¢ = 1072 in
128 elements. Top center: the exact solution. Left-right: H DG1, HDG2, HDG3. Top-bottom:
Po—Ps.



250 G.FU ET AL.
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FIGURE 8. 3D plot of the exact solution and u;, for the boundary layer test with ¢ = 1076 in
128 elements. Top center: the exact solution. Left-right: H DG1, HDG2, HDG3. Top-bottom:
Po—Ps.
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TaBLE 5. Condition numbers for HDG1 when 8 = [1,2]7.

e Mesh Condition numbers for ap(-, ) Condition numbers for @ (-, )
Rt k=0 k=1 k=2 k=3 k=0 k=1 k=2 k=3

5 1.1le+2 1.42e+2 2.82e+2 3.31e+2 2.49e+2 2.65e+2 5.30e+2 6.29e+2
10 3.37e+2 5.28e+2 1.06e+3 1.24e+2 6.29¢+2 9.83e+2 1.98e+3 2.34e+2
le-0 20 1.37e+3 2.09e+3 4.17e+3 4.89e+2 2.55e+3 3.89¢e+3 7.78e+3 9.21e+2
40  5.50e+3 8.32e+3 1.66e+4 1.95e+2 1.03e+4 1.55e¢+4 3.10e+4 3.67e+2
5 4.86e+1 1.60e+2 3.64e+2 5.00e+2 3.71le+1 1.12e+2 2.44e+2 3.40e+2
10 1.74e+2 5.23e+2 8.79e+2 1.27e+3 1.36e+2 3.75e+2 6.51e+2 8.48e+2
le-3 20 6.48e+2 1.82e+3 2.35e+3 4.06e+3 5.06e+2 1.25e+3 1.17e+3 2.50e+3
40  2.48e+3 6.94e+3 8.76e+3 1.49e+4 1.94e+3 4.44e+43 5.98e+3 8.96e+3
5  4.90e+1 1.69e+2 4.21e+2 5.76e+2 3.73e+1 9.57e+1 2.97e+2 3.80e+2
10 1.74e+2 5.38e+2 1.17e+3 1.52e+3 1.36e+2 4.04e+2 9.11e+2 1.05e+3
le-9 20 6.49e+2 1.94e+3 3.76e+3 4.73e+3 5.05e+2 1.46e+3 2.94e+3 3.40e+3
40 2.50e+3 7.06e+3 1.34e+4 1.65e+4 1.93e+3 5.37e+3 9.45e+3 1.25e+4

TABLE 6. Condition numbers for HDG?2 when 8 = [1,1]7.

e Mesh Condition numbers for ap(-, ) Condition numbers for @ (-, )
' k=0 k=1 k=2 k=3 k=0 k=1 k=2 k=3
5 9.99e+1 1.41e+2 2.82e+2 3.31e+2 1.16e+2 1.96e+2 3.92e+2 4.64e+2
10 3.40e+2 5.34e+2 1.07e+3 1.25e+2 4.35e+2 6.82e+2 1.37e+3 1.61e+2
le-0 20 1.38e+3 2.12e+3 4.23e+3 4.96e+2 1.77e+3 2.7le+3 5.41e+3 6.38e+2
40 5.57e+3 8.44e+3 1.68e+4 1.98e+2 7.12e+3 1.08¢+4 2.15e+4 2.54e+2
5 2.0le+2 6.63e+2 9.06e+2 1.55e+3 2.48e+2 1.81e+3 7.02e+3 9.83e+3
10 4.00e+2 1.41e+3 1.62e+3 3.27e+3 5.63e+2 2.34e+3 7.45e+3 1.16e+4
le-3 20 1.25e+3 4.42e+3 4.98e+3 9.57e+3 1.20e+3 3.99¢+3 9.01e+3 1.66e+4
40  4.69e+3 1.63e+4 1.86e+4 3.12e+4 2.60e+3 7.29e+3 1.32e+4 2.49e+4
5  1.43e+8 4.02e+8 6.04e+8 7.34e+8 2.38e+2 2.07e+3 1.23e+4 2.49e+4
10 1.31e+8 3.84e+8 5.68e+8 7.03e+8 5.35e+2 4.66e+3 2.77e+4 5.60e+4
le-9 20 1.25e+8 3.75e+8 5.51e+8 6.87e+8 1.13e+3 9.84e+3 5.85e+4 1.12e+5
40 1.22e+8 3.70e+8 5.42e+8 6.79e+8 2.32e+3 2.02e+4 1.20e+5 2.30e+5

APPENDIX A. THE RELATION BETWEEN THE HDG METHOD AND THE MH-DG METHOD
IN [26]

In this section, we establish the relation between the HDG method (2.4) and the MH-DG considered in [26].
We first present the MH-DG method for equations (1.1) under the condition that ¢ = 0 and 8 € H(div; 2) is
constant in each element. Then, we show that this method coincides with the HDG method (2.4) when using
the same approximation spaces and choosing the stability function 7 to be (2.10).

The MH-DG method seeks an approximation (qy,, upn, Ap) € Vi, x Wi, My, (0) so that

By, ((qhauha)\h)a(r’wﬁu)) = (fa w)‘Tm (Al)
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for all (r,w,p) € Vi, x Wy x My(0), where W), and M, (0) is defined in (2.3) and Vj, is the so called
Raviart—-Thomas space, slightly larger than V},, defined as follows

Vi = {re L*(%RY) : |k € Py (K;RY) + 2Py(K) VK €T},
and

Bh ((qa u, A)a (ra w, :u)) = (6_1qa r)‘Th - (U, V- T)‘T;L + <)\7 - n)a‘fh
— (g + Bu, Vw)ﬂ'h +{@g-n+p3- n{/\/u}’ w — M>37h7

where
oA if 3-n<0,
par={ 0 EARID

Comparing the bilinear form for the HDG method (4.1) with approximation spaces Vi x Wy, x Mj},(0) and
the stability function 7 in (2.10) and that for the MH-DG method in (A.1), we notice that the only difference
lies in the definition of the numerical flux (g + Buyp) - n and gp, - n + B - n{\/u}. However, by the following
simple calculation, we observe that the two numerical flux are actually the same:

(@ +Bun) n= qn-n+ B nry+7(up — )
= qp-n+ B -n\,+max(8-n,0)(up — A\p)
. qn-n—+ 06 -n\, if 3-n<0
o qn -+ B - nuy, if 8-n>0
= qn-n+8 n{\/un}.

Hence, these two methods coincide.

APPENDIX B. CONDITIONING OF THE HDG METHODS

In this section, we give a proof of Theorem 3.2. Again, the key idea is to recover an estimate of the L?-norm
of up, see the estimate (B.5) below. By similar argument in the proof of Lemma 4.4, we have the following local
energy estimate:

Lemma B.1. If e < O(h), then there is hg > 0, which is independent of € and h, such that for any X\ € My(0)

and K € Ty,

1/2
Up,

1/2

1
A

0K

- 1
e llayllx + llupllx + ||| - g3

if h < hg.
For all (o, v, \), (r,w, u) € HY(Tp; RY) x HY(Ty,) x L2(E), we define

bh((o'v v, )‘)7 (r’ w, M)) = (6710-7 r)‘Ih + <T('U - )‘)7 w — /‘L>8{Ih,
— (Bv, Vu)g,, +{((B-n) \,w — wog, — (V- B)v,w)g, ,
The next result is similar to Lemma 4.4.

Lemma B.2. If e < O(h), then there is hg > 0, which is independent of € and h, such that for any A € My(0),
bz ’ P X (P A
<O (@i, i, N, (g3, MO (Poarp)V)),

Ty

1
’T—Eﬁn

—1y 2 A
e lanlF, + lunll, +

if h < hg. Here, the weight function ¢ = e~% + x is introduced in (4.4). Py is the L*-orthogonal projection
onto Py(Ep).
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Remark B.3. Notice that in general, the space {(q}", u}',m) : m € M(0)} is a non-trivial subspace of Vj, x
Wi, x Mp,(0). Then, given m € My, (ITx(0q}), Pr(@upt), Pa(¢om)) is not necessarily contained in {(g}*, u}', m) :
m € My,}. So, the proof of Lemma B.2 can not be derived from the stability of HDG methods in Lemma 4.4.

Proof. We accomplish the proof in the following steps.
(I) By the same argument in the proof of Lemma 4.1, if h is small enough (independent of €), then

1/2 2

< Cu((ap,up, N, (eap, pup, ©N)).
OTh

1
T—Eﬁn

e "Xllanlls, + lualls, +x

(IT) By similar argument in the proof of Lemma 4.4, if we choose x big enough and h small enough (both are
independent of €), then

1/2
UA=N)| < Cbu((ap,up, N), (Po.ne)an, Puloup), (Poare)N)).

Ty

1
- A A
e Xlanllz, + luzlz, +x||r— 58 n

Here, we define Py n¢ to be the average of ¢ on every element K € T},.
(III) Now, we want to bound by ((q}, up, A), (Po.n@)as, (Po,np)up, (Po.are)))) from below. Notice that

bu((an, up, A), (Po.ne)an, (Pone)up, (Poaro)N) =bu((an,un, A, (Pone)an, Pu(oun), (Poae)N))
+ (B - Vuy, Py(puyt) — (Ponp)u ),
+((r = B-n)(up — N), Pu(uly) — (Pong)uly) o,

By (3.1b), we have

bu((gn, up, N, (Pone)an, (Pon)ui, (Poare)N) =bu((ahs un, ), (Po.ne)an, Paloup), (Poare)N))
— (V- qp, Pulpuly) — (Pon)ul), - (B.2)
By inverse inequality to V - g and assumption € < O(h), we have
IV - aplls, < Ce2h71 2| qp s, -
In addition, we have
| Pn(pup,) — (Po.np)uy, |7, < Chlluy |7,
So, if h is small enough (independent of €, x), we have

1
_ A A A
xe Hlanlls, + lually, +xllr = 58+ V2 (up = NIz,

<Cbu((an>un \); (Pone)di, (Pone)un, (Poare)N))- (B.3)

(IV) Now, we want to bound by ((gp, up, A), ((Po,ne)g; . uELPO’Mw)A, (Po,m)N)) from below. Similar to (B.2), we
have

b (@, 4 A), (Pon)ai, us > (Poare)N) = b (@ uds ), (Po.n2)dis (Pon)uihs (Poare)A))
— (V- @), (Popg)up — ul oMMy (B.4)
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Since A — uy is linear and (B.1), then for any K € Ty,

P, A
1(Ponp)uiy — uf oM | = ||

1
<Cllir - 58 n2(Pong)A — (Poaro))lox

(Po,ne)A (Po,mp) A
uy, —uy, Il %

1
<Chl|r = 58 "Nk

1 1/2
<cn? ([l + Sresollr - 38-nl 2@ - 1)

Recall that by an inverse inequality to V - q,i‘ and assumption € < O(h),
IV - aillz, < Cem 2012 g3,

So, if x is big enough (independent of €, h), we have

1/2 2

_ 1 A
MlanllF, + lunl, + |7 = 38-n| (=N <Coul(@, v N, (Ponp)ai. w, "™, (Porre) V).

oTh

(V) By (B.1), (B.3), (3.3) and the fact that A — g; is linear, we have
2

1/2
_ 1 P A (P A
NG, + 1A, + |- 58 ml =N <Ob@d w2, (g P (B )
oTh
if h is small enough (independent of €).
So, we can conclude the proof is complete. O

Now, we are ready to prove Theorem 3.2. By the definition of a; in (3.5),
an(h i) = an (A;l;\, A;l,z)
= bu((a N A7), (a0 T AT )
for all \, i € Mj,(0).
We recall that Ac|rp = (sup,ecp |8 - n(x)| + min(i, 1)Y2, VYF € &, in (3.4). By assumption (3.3) and
Lemma B.2, we have that for any \ € My (0),
2

12

(= A7)

() 1 AZIX 1
an (%, (Ponre)X) 2 C [l M3, +|||r = 58-m

T

1/2 2

1 -
>Ch|||T— 3 B-n| AZ'X (by trace inequality and triangle inequality) (B.5)

T
R

where } } ~
IXln = B2 Xlen, VA € L*(En).
According to (B.1) and the definition of A, in (3.4), we have
an(X i) < Ch 2| M- lilln, VYA, o € My (0). (B.6)
Using (B.5) and (B.6), we can conclude the proof of Theorem 3.2.
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APPENDIX C. GENERATING SPECIAL MESHES

As in [17], we do not intend to provide a detailed description how to generate meshes satisfying assump-
tion (2.1). We just give the main idea to generate the triangulation in the following, which is similar to the idea
in [17].

(i) Given a positive value h, we triangulate the outflow boundary I't = {z € 92 : 8- n(x) > 0} in segments
of size no bigger than h.
(ii) For each node zo on I'", we apply the forward Euler time-marching method to the problem

d
Ex(t) = —B(z(t)) t>0,2(0) = o,

to obtain the set of nodes {xi}f\;(fo) such that the distance between x; and x;_1 is of order h and xy (4,

is the point on 902\ I'".

(iii) We add the vertices of 92\ I'" to the set of nodes. Then we generate a triangulation.

(iv) We numerically check assumption (2.1) and modify the simplexes which violate the assumption by using
an algorithm similar to that in [33].
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