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The recent development of highly maneuverable missiles has prompted
reneved Interest in the besic sercdynamics of slender bodies of revolu-
tion. Historically, potential fiow snalysis has besn used to enalyze
slender bodies to determine the associated forces and moments; however,
the presence of viscosity has altered the flow characteristics dramati-
sally., Unexpected side forces and yswing moments at high engles of attack
have been observed in wind tunnel tests of slender bodied missiles.

My objective in this report was to sttempt to extend the slender~body
theory to relatively high angles of attack in order to predict the forces
and moments induced by steady asymmetric vortex shedding on a slender mis-
8ils configuration.

I wish to thank Major Carl G. Stolberg, Assistsnt Professer of Mechani-
cal Engineering, Aero-Mechenicel Zngineering Depertment, for his support
ond guidsnce throughout this study. 4lso, I wish to express my gratituce
to Mr. Robert C. Nelson, Stability and Control Prediction Methods Group,
Air Force Flight Dynsmics Laborstory, for his essistance and cooperstion.
Both of these men have been extremely helpful and have mede this study a
rewsrding acedemic experience for me, Finally, I would like to thank my
most gracious wife, for her patience, understanding, snd cheerfulness,

without which I could not have completed this study.

John S, Kutin
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Abgtrect

Recent developzents of highly meneuverable missiles cepable of
operating at high angles of attack hsve shoun that large unexpected
-%E 8ids forces snd yawing moments occur due tc asymmetric vortex separation

from a slender missile body. The objective of this report was to develop

P

a mathematicsl model which accounted for the viscous effects of the
.boundary layer fluid that sheds es discrete vortices, and to predict the
forces and moments on & missile.

An serodynamic model in the crossflow plane bssed on von Karmen's
vortex streel theory was dsveloped. The number of vortex filsments which
were shed and the positions of the filaments were determineé from experi-

mental data as s function of the crossflow Mach number, The Strouhal num=-

ber was used to relate vime in the crossflow plens with time to travel

along the missile.

Force and moment equations were developed using a 2-D complex poten-
tial flow field in the crossflow plane which consisted of & doublst in &
free stream (crossflow velocity) and a vortex, plus its image.

These equations were used to compsre transverse forces and moments

33 | with experimental data to test the mathematical theory. The trend of the o
rormel {1ift) forces was predicted; however, the trend of the side force

predictions waes adequate only for low Mach numbers and low missile {ineness

ratios.
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. AN ANALYSIS OF STEADY ASYMMETRIC VORTEX
SHEDDING FROIM & MISSILY AT HIGH &NGLES OF ATTACK

I. Intreduction

Backeround

The Air Force and Navy are currently developing highly maneuvefable
’ missiles capable of operating at high angles of attack. This develop~
ment has prompted renewed interest in the basic aerodynamics of slender
bodies of revolution. These early flight vehicles flew relatively straight
trajectories at low angles of attack; consequently, their aerodynamic per-
formsnce was predictable through the use of potential flow snalysis (Ref
4:2). Potential flow theory was based upon inviscid, incompressible flow,
which predic%s the lifting forces on 8 slender body st low angles of attack
and can be extended to moderate supersonic speeds.

It was recognized by early investigators that an attempt to extend
potential flow analysis beyond smell angles of attack would require con-
gideration of viscosiiy and would drastically slter the flow characteristics.
The way viscosity alters the flow regime is illustrated in Fig 1. Boundery
layer separation causes an adverse crossflow pressure gradient on the lee
side of the body, and the boundary layer fluid "rolls up" into two cores of
concentrated vorticity. The low pressures produced on the lee side of the
rissile increase the lift and drag forces above those vslues predicted by
the iinesr potential theories (Ref 4:2).
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This problem, which hag plagued the Air Force and Mevy during the
recent development of highly meneuvereble missiles, is due to the large
unexpected forces and morents that occur at high angles of attack., These
forces and yswing moments were initially observed with the missile mounted
a8t zero sideslip during wind tunnel tests at bigh angles of sttack. .-
vas initially assumed that turbulent flow in the wind tunnel or possible
nisaile miselignment was the ceuse of these forces. It was subsequently
determined from tunnel tests that asymmetric shedding of vortices from the
body coaused thege unexpected forces. This shedding can be symmetricsl or
sgymnetrical, as well as steady or unsteady.

For crossflow over s cylinder, the vortices on the lee side of the
oylinder form from the separated boundary layer fluid. The patisw= =2
these vortices behind the cylinder is dependent on the Reynolds number
(Ref 6). The wake behind s missile is similsr to the wake which develors
behind 8 two~dimensionol cylinder as viewed in succossive crossflow planos
elong the missile. Initially, es shown in 3ection A of Fig 2, & pair of
vortex sheets are forrmad which then roll up into a poir of vortex lines.
Akt leter cross sections, as shown in Sectiun B of Fig 2, only a single
vortex sheet is forzed which rolls up into a vortex line neor the body.
The previouns rolled up vertex cheets appear as vortcx lines in an ssyment-
ricol pattern behind tho missile.,

The pattern of tho vortex f£ila=snts (syzmotrie, ssy==atrie) prizarily
depends upon the crossflow Scynolds nuwoer, while the neze shape, nose
fincnezs, and eversll fincposs ratic have e miner influcnco on ths vortex

filement pottern. At high snrles of attack end hizh crasaflow lawen

T T T e et v e o it —
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aumbers, the vortex filsmeats which trsil behind the missile appear in
s the crossflov plane to be similar to a von Ksrman vortek strest {(Ref 9:
3?7 “38!0) L

In genersl, the vortex pasttern csn he described by four separate

praced
oy
&
g

flow regimes as shoun in Fig 3. At angles of asttack from 5 to 25 degrees,
< & symmetric vortex pasir is shed; consequently, no side forces exist.

Boyond 25 degrees angle of attsck, the vortex cores become asymmatric

and slternetely discherge from the missile body. It has been shown experi-

rentally that when asymmetrical vortices exist, considerable side force

and yauing moments sre produced, especially at subsonic speeds. The

asymnetric vortex pattern remains stesdy until an angle of sttsck of 50-

70 degrees. Here, the ssyrmetric pattern becomes unsteady end alternates
back and forth. Above 70 degrees sngle of attack, the flow pattern degen~
eratos into & zompletely turbulent wake.

e 15

A @
. S Section 4 / *

.s —— . 7 T

; o /2
&ﬁi
%0 5

Fig 2, Skotch of Woke from Slender Conc-Cylindcf at Larpe Anplo 3 *
of Attack (inf 13:752). !
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Potential theory has been used with some success for sngles of
gttack up to about 14 degrees. There are several anslytical techniques
which give resgonsble resuits for the case of steady symmetric vortex
shedding, but almost ne work has been done in the ares of ssymmetric vor-
tices. 4 calculating technique for asymmetrical loading must be developed
in order to be able to design missiles that will be capable of maneuvering
at high angles of atteck (Ref 4:4).

Qbiective of Study

The objective of this study is to develep an analytical method for
calculating the side force and yawing moment on a8 missile at high engles
of attack for the case of steady asymmetric voriex shedding. The method
also should be capable of calculating the normal force and the pitching
momsnt on a missile for the same f£low regime.

The missile configucation studied will be s cone-cylinder of high
fineness ratio without fins attached to the missile. ZEven though the nose
shape has en effect upon the magnitude of the side force coefficient, no
ettempt will be made to vary the nose fineness ratio and/or bluniness.

The flow field model uged for the missile is the potential flow model
for slender bodles with the addition of discrete vortices., Using the
method of matched asymptotic expansion, one can show that the potential
flow field can be divided into an inner and outer part (Ref 2:107-113).

As a consequence of the expansions (or the equivalence rule) one can also
show that for a general slender body, only the inner flow is needed to
calculate the trensverse forces and moments. The inner flow is a constant
density two-dimensional crossflow sround & cylinder, snd is independent
of the Mach number. In this report, the crossflow velocity has been non=-

dimensionalized and is referred to ss crossflow Mach number.

* 6
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The potentisl flow used to model the crossflow plsne is that of &n
sxpanding cylinder with the sddition of discrete voriices. The discrete
vortices are introduced to model the viscous effect of the boundsry lsyes -
fiuid being shed from the cylinder as the vortex sheets which roll up
into line vortices.

The succeeding section describves previous experimentsl and theoreti-

cal efforts in the symmetrical and ssyrmetrical vortex shedding regimes.
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Thomson and Morrison performed extensive schlieren studies and
yawmster traverses of the weke behind a slender cone~cylinder of high
finoness ratio (greater than 25) at large angles of attack (Ref 13:751) .
They vere egble to determine the number of vortex filaments shed, the
starting positions, and the circulstion strength, ag a function of the
crossflow Mach number,

Thomson end Morrison have proposed a simple ©low model for describe
ing the asymmetrical wake pattern in incompressible flow. The flow model
is based on a combination of von Kerman's vortex street theory and the
impulse flow analogy for describing the asymmétrical wake pattern. This
model implies that the angle between the body centerline and the paths
traced by the shed vortex filament can be used to determine the vortex
strength, while the spacing of the vortex lines is s measure of the.Strou-
hal number of the weke for a circuler cylinder with the same crossflow
conditions, The flov model was deduced from experimental data obtained
by Thomson and Morrison in their earlier tests; however, the method could
not account for compressibility. The authors have performed additionsl
experiments to measure the crossflow Strouhel number, vortex strength,
and vortex starting positicns in the wake from s slender cone-cylinder

at angles of attack over s wide range of flow conditions (Ref 14:1~15).

Experizentel ¥essurements
Thomson and Morrison were able to show from schlieren studies end

yawnmeter traverses that the wake behind a slender missile at varying

engles of attack wes generelly steady for the asymmstric vortex pattern
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they investigated. Howaver, under certain conditions, the wake exhib-
ited en instab3lity. They reportzd thst pitot pressure plots were used
to give them information on the growth of the wske vortices, end the
results of the yawmeiter traverses were used to obtain vortex strengths

to compare with the values deduced from the schlieren ztudy snd flow
model (Ref 14:1). A1l of their experiments were conducted at crossflow
Reynolds numbers in the suberitical {< 7.5 x 10%) range. Pick (Rer 11)
performed comparable experiments at both subcriticsl and supercritical
Reynolds numbers for free stream Mach numbers of 0.4 to 1.1. The strength
of the wake vortices was found to very substantially with crossflow Mach
number. Von Ksrman's vortex street theory was combined with the sweep-
back principle to obtain estimstes of the vortex strength. The wake was
snalyzed by the use of schlieren photographs by means of the impulse flow
analogy and by considering the vortex filaments as part of e yewed infin-
ite vortex street.

Schlieren Studies. Allen and Perkins (Ref 1) found that e vortex

line becomes visible when viewed in a standasrd schlieren system. The 3
vortex center can be observed as e bounéary of regions of low and high ’T
light intensity which results from the change of sign of the density
gradient at the center of the vortex, Fig 2 illustrates the vortex line
positions behind the misszile as determined by analysis of the schlieren ?
photographs. The vortex lines aré straight except for a sma2ll portion E
noxt to the missile body. ;
Strouhsl Numbex tfezgurements. The Strouhal number was determined |

by observing the pressure fluctuations et & point near the upstresa stag~

nation region of a cylinder mounted normal to the flow by the use of &
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plezo-electric transducer. The frequency of the pressure fluctuation ie
identics) with the frequency of vortex shedding in the wekesj thus, the
Strouhel number cen be resdily obtained (Ref 14:5). These resulis agree
quite sccurstely with those of Fung {Ref 5:801). 4lso, Thomson and
Korrison determined that the Reynolds number wes not a significaent psrsme
eter in the Mach number range covered by these tests.

Meke Troverseg. Thomson end Morrison performed six experimental
investipetions of the flow within the compressible wake. They also used
an experiment conducted at 100 ft/sec by Griss (Ref 7) to pro%ide data
at incompressible spseds,

The pattern of vortices beliind the missile can be as shown in Sec=
tion B of Fig 2 or sn opposite pettern (mirror image) which is primsrily
dependent upon the misalignment of ths nose of the missile. Thomson end
Morrison determined that only a slight rotation of the body about its
axis covld cpenge the patiern from one vortex sequence to another. In
order to preclude the alternste shedding, the missile was mounted eg a
fixed body and the probe was moved by the means of & separate traversing

mechsnism.

Anelysis of Schlieren Photooraphs

Strouhal HNumger. The values of the Strouhal number have been deter-
mined by measuring values of (g'/d) from photographs and then inserting
{g'/a) into the equation

g —dTan gagf“" )

vwhere S 1s the Strouhal number, g' is the distance between breskway points
of consecutive vortices measured along the body, @ is the bedy diameter,
end ol ig the angle of attack.

10
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& curve generated from data of the Strouhal number versus crossflow
Mech number is shown in Fig 4. The measured vslue of the Strounsl nume
ter remains constent until the ;rossflow Mach number reaches approximstely
0.7, which corresponds to the formstion of shock wasves on the lee gsids
of the missile body, Then, the Strouhsl number increases with increasing

crossflow Mach number. The messured Strouhsl number of 0.2 for crossflow

Mach numbers less than 0.7 is very close to the value for a circular cyiin-
der for subcritical Reynolds number (Ref 14:9).

E< Pogition of Vorter Breskswsy Fointsg. As mentioned earlier, the nose
misalignment determines the psttern of the vortices., A few degrees rota-
tion of the body or a slight change in angle of attack can cause the vor-
tices to adjustvfrom one pattern to another. Also, %the entire sequence

of vortices can shift slightly forward or aft along the missile; conse-

» quently; the date anelysis for the breskaway points contains apprecisble

- scatter (Ref 13:768).

The starting position of all vortices in the weke for suberiticsl

Reynolds number is shown in Fig 5, and for supercritical Reynolds number

regime in Fig 6. The analysis is based on a non-dimensional parametric
representation by the rearrangement of Eq (1) which shows that the spac~
Ing between vortex cores is related to the shedding frequency of 8 circu-

lor cylinder in the following equation:

]
9-.05 (2)
’ _ d ~ S Tana
i Consecutive vortices are spaced epart a distance g!'. One can readily

obgerve in Fig 2 that the first two vortex filaments are influenced by
the expanding portion of the nose section of the missile. Thomson and

(:) Morrison observed from schlieren photographs thet the strength of the

11
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first two vortex filaments was very weask. The disténca separating the
third, fourth, snd succeeding vortices waa found to be'largely independ=~
ent of the nose geometry. Therefore, the spacing will be constant for
the equivalent von Kerman vortex filaments which originaté in boundary
layer £fluid from the non-expanding portion of the missile body.
Angle_Betueen Vortex Lines end Body Centerline. The engle (&£ )
between the bedy centerline and the position of the shed v;rtex filaments
can be determined from schlieren phctographs (see Fig 2). The taremeter
(X =tan E / TaNel) can also be determined from schlieren photographs
as a function of the crossflow Mach number as shown in Fig 7. The curve
vas generated from data, and the smount of scatter produced an error of
approximstely 2.5%! which is due to the difficulty of interpreting the
sbhlieren photographs. It is readily observed that a minimum value of
}( occurs in the neighborhood of iic = 0.75, which corresponds to the

first appearance of a shock wave,

Force Investigation and leasurements

Seversl techniques have been investigated which consider the actual
vortex étructure to determine the normal force, Bryson (Ref 3) and Schindel
(Ref 12) have represented the viscous crossflow by a potential flow model
in which a2 pair of symmetrical vortices were attached to the cylindrical
cross section. They showed that the motion and strenpgth of the vortices
can be computed for the case of the impulsively-started cylinder if the
separation points sre known. With the aid of the impulse flow analogy,
the time (%) can be replaced with X/V COS o ; therefore, the position
and'stresgths of the vortices can be computed for each axial station along

the missile body. From this informaticn the normesl force can be deteramined

(Ref 4:3),
15 .
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Pick (Ref 11) and Krouse (Ref 8) messured sido forcss mzsccisted
with asyrmetrie vortex shedding. Additiconsl unpublished dats was cbisined
by the &ir Force Flight Dynondes Laboratory. Hrouass investiraied the
flow around a tangent-opive cylinder with nose length-to-diazater rstis
of 4.89 end overall finensss ratio of 10 for lsch nusbers of 0.55 and
0.80 with & crossflow Reynolds number of 4.5 x 105 to 8.0 x 10°, Pick
conducted similar inveastigations for ogive-~cylinders with vsrious nose
bluntnesses and overall fineness ratio of sbout 11, and for free stresm
Msch nusbers from 0.5 to 1.1. Both Krouse snd Pick used missile shapes
of much less fineness ratio than Thomson end Morrison., Xrouse measured
gide forces that were approximately 60 to 70 per cent of the vslues of
the normal 1ift force on the missile at angles of ettack between 30~40
degrees. Pick studied the effects of nose fineness and bluntness rstio
on the magnitude of the side forces produced by asymmetrical flow separa-
tion on ogive~cylinder boedies. He concluded that an increase in the
fineness ratio resulted in an increase in the side force, and conversely,
an increase in the nose blunitness resulted in a decrease in the maximum
side force. Pick concluded that the induced side forces can be dramsticslly
reduced by generating a turbulent boundary leyer; which results in delayed
geparation.

In the following sections an approximate flow field model will be
postulated so that the position and strength of the rolled up vortex
sheets may be calculated, Next, from slender body theory, the equations
required to calculste the transverse forces and moments acting on the
mis;ile will be developed. Finally, the equations will be applied to
calculate the forces and moments for seversl miss;le configurations and
the results compared to experimental dsts.

17
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III. Agrgdwmnnic lide

Expariments by Thezson end lkrrison, Pick, and others indicate thst
vortex sepsration from the body of 8 missile is basieally a ercssflouw
phenozenon and that itg effect on the serodynaxic charscteristics of a
slerder body cén be snslyzed by en inviscid scdol based on the epproxi-

pations of slender body thesry. A two-dimensional solution in the cross-

flow plene hes been tho clessical snelytic technique. This investigation 3
will use en inviscld theory that is capable of evalusting the vortex-

induced forces and moments on & slender axisymmetric body exhibiting

V?,EA,_

stosdy asymmetric vortex shedding.

The wake behind the nmissile at high angles of attack exhibits the
same behavior as thet behind & two-dinmensional cylinder of finite length,
When & circulsr cylinder is suddenly accelersted from rest to s speed V
in a fluid (ilach number small compared to unity), it is observed thst the

initisl flow field is irrotational, but very soon sfter stertiing, the

boundary layer separates st the rearwerd stegnstion point. These two

geparation points propagate symmetricelly sway from the sides of the

c¢ylinder. Vhen these boundory-layer separation points reach e certain

angular distance eround the sides of the cylinder, two regions of vertic-

ity bresk away from the boundary layer end move downstream, beginning the

formation of a wake., This descripticn applies for Aeynolds nunter (Re =
Ud/v) grester than about 5. At lower Re no wake is formed as the flow is

governed primsrily by viscous forces (Stokes' flow). Further development

of the wake depends on Re; for 50 < Re < 100 an sntisymmetry builds up
quickly and reguler eddy shedding (von Kermsn vortex street) begins. For
Re > 105, the alternste eddy shedding begins but is repidly superseded

18
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by 2 completely turbulent flow in the wske (Ref 3). The anslysis in this

report is concerned with entisymmetric shedding.

Assunptions

The major essumptions used in developing the anelysis ares

8., The vortex sheets roll up into vortex lines of constent strengih.
It has been observed that a vortex sheet that is shed from the cylinder
rolls up within a distance of one dismster; consequently, it seems plausi-
bls to model the shed vortex sheet as a line of constant strength. 4lso,
the vortex sheet that is attached to the missile will be modeled &s &
filament line at the edge of the vortex sheet thet hss the same strength
as the other vortex lines.,

b. It is assumed that an empirically modified vortex street anslysis
will properly predict the strengths and position of the rolled up vortex
sheats, Since it is observed that the vortex sheets roll up in the wake
of the missile and sppesr as stationary lines in schlieren photographs
(Ref 13:784), a von Kerman vortex street snalysis will be used. The results
of messurenents from the schlieren photographs will be used in conjunction
with vortex street’anslysis to estimate the strength and position of the
rolled up vortex sheets.

c. It is sssumed that even for high sngles of attack, slender body
theory will give spproximate equstions to calculate the transverse force
and moments if the small angle spproximation is modified by using the
gine and cosine functions.

d. Compressibility effects can be neglected. The assumption of
constant density will be mede since slender, body theory in the crossflow

plene and the von Karnman vortex street analysis is one of constant density.

19
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4 result of slender body theory is thst the flow in the crossflow plene
is independent of isch number, end that the transverse forces and moments

depend only on the flow in the crossflow plene.

8 F r
A sketch of the vortex system behind a slender cone-cylind:r at en |

engle of attack is shown in Fig 8. The flow pattern will be snalyzed by

considering the vortex pattern to be a steady yawed vortex streef for
which vortex street theory may be applied.

Startinz Pogitions of the Veriex Lineg. The psrameter for describ-
ing the periodic shedding of vortices from a circulsr cylinder in two
dimensions is the Strouhal number (S),

— nhd '
S = T (3)

where n is the freguency of shedding vortices of like sign, d is the
diameter of the cylinder, and U is the velocity of the cylinder relative

to the free stresm., Considéring s cylinder yawed at an angle (L) to

the free stresm velocity (V), the velocity at right angles to the cylinder

is :
U=V sina« (%)
and hence :
;
= _hd (5) f
V sina ]
In 2-D theory, 1/n represents the time intervsl between the instants of y
gshedding of vortices of like sign; here the interval is taken as the time |
foo the component of flow along the body (V COS o) to travel s distance o
k
2 gt Thus b
20
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where g! is the distance between successive vortex lines.
The starting position of the vortex lines for two different experi-
mental tests are shown for subcritical Reynolds number in Fig 5 and for

2 supercritical Reynolds number in Fig 6 as gi/d S tan o versus the cross-

A flow Mach number, where 1 = 1, 2, 3, eceseses 1. €., (the first, second,

and succeeding vortex line starting positions from the nose of the missile).

Since

gs*ranoc:-é (8)

the non~-dimensional distance between vortex lines should be %, which is

approximately true for the distance between the third, fourth, and subse~

quent vortex lines. The sterting positions of the first two vortex lines

ere greatly influenced by the nose shape of the missile which has an
3 expanding diameter. Also, the fact that the first two vortex lines have 4

¢ a tendency to be shed as a symmetricsl pair, rather than slternstely,

influences the stsrting positions. This behavior is the ssme as thst for

3 a cylinder in crossflow at sufficiently low Reynolds number.

i Strength of the Vortex Lineg. The strength of the vortex lines can
be approximated by using vortex street theory. 4 vortex street consists
of £wo parailel infinite rows of line vortices of uniforn spacing., Alter-~

3
<:> nate vortices have opposite sign; the spacing between rows in the cross

22
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section view are shown in Fig 8. In vortex street analysis for income
pressible twe-dimensiunal flow, the self-induced transport velocity (Ug)

of the vortex street normal to the vortex lines is given by

- I
US — 213 Tanh ( (9)

vhere [' is the vortex strength snd 14 is the distence between vortices
of like sign messured normal to the vortex lines. Theory alsc shows that
sn errey of two perallel rows of vortex lines will be stable if the spsc~

ing ratio is

-?-:-4‘/3—:.- = 0.28!
s

where h is the distance between the infinite parallel rows of vortices.

(10)

Since the vortex lines are stationsry, the self-induced velocity Ug must
be countered by the component of the free stream velocity normel to the

vortex lines as followss

US:Vsin(oz-f, (1)

From the geometry in Fig 8, the following relations can be deduced:

L = 1 cos € (12)

S

Tan € (23)

|
29
Equating Egs (9) end (11) and using Eqs (10, 12, and 13) gives

Vdg'”"‘:m’m(ﬁ) éd"q‘ Cof(f)Tang (, T

or upon using Eq (9)

e = coth (/2] & cod¢ )'a”f(l-—

Vdsina™
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The perameter r'/ V d sih & (nondimensional vortex strength) cen be
determined if the values of the Strouhal number end the angle éf between
the vortex lines and the missile are kncwn for s given angle of stiack.
The velue of Strouhal number as a function of the erossflow lsch number
can be determined experimentally ss shown in Fig 4. Also, the parameter
}( 88 8 function of the crossflow Msch number can be determined experi-

mantally from schlieren photographs, as shown in Fig 7, where

_ Tané
X = Tahe (16)

Using the experimental values of Strouhel number (S) and the paremeter
;( as a function of crossflow Mach number from Fig 7, the value of

r / \Y} d sino cen be computed using Eq (15). The nondimensional vor-
tex strength ss a function of the c¢rossflow Mach number and angle of

atteck is shown in Fig 9. Thomson and if%orrison (Ref 13:774) displayed

& gimilar plot of vortex sirength estimsted from schlieren photographs
and wake traverses for a 30 degree angle of attack. It can be seen from
Fig 9 that the vortex strength incresses with increased crossflow Mach

number {M,) to & maximum velue at 0.75, and then decrsases. The peak

value corresponds to & iMach rsnge where compressibility effects begin
to be significant. It is observed that ss the engle of sttack is increased,
the magnitudes of the nondizensional vortex strength decresse in value.

Coleulotion Procadurcg. From the above serodynamic flow field snaly-

sis, the position end the strengths of vortex filaments in the wake of &

missile st a high angle of sttack may be determined. For o given missile

operating at e specified angle of attack and crossflow isch number, if
one proceeds sccording to the following steps, the position and strength

of esch vortex line can be cslculsated.

24
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. Step.1 Obtain missile geometry, angle of attack { (), and the
" orossflow Mach nurber,
.Step 2 Determine the Strouhal number fr;m Fig 4.
Step 3 Determine the sterting position of the first three vortex
; 1ines from Fig 5 if suberiticsl Reynolds nuzber, or Fig 6

for supercritical Reynolds number. Then determine the start-

ing position of the subsequent vortices uéing equation

v d . .
9 = geTan« ©)
Step 4 Determine the Qngle é; from Fig 7 and Eq (17).

" .8tep 5 Deternine the -vortex strength sccording to

.‘ ..vg,c,moc:'c"ﬁ"(fﬂ%wsa(f) Tan(:f) (l r;%—g) (25)

Steé 6 Finally, deteraine 1 and h fronm

| = 24¢'Tan « G
h:;'z—-‘/,;%:g’ sinf (18) .

'nggg and Moment Fowaticns
' As & result of slender bedy theory, the transverse force and noments
, acﬁing on the missile can be caleulsted if the incompressible two-dimen-
gsionsl potential field for the crossflow plane is known. The potential

£301d for the crossflov plane as a function of distsnce (X) along the

missile body can be related to the two~dimensional unsteady wake develop~

mont behind s cylinder (Ref 3:643). Thus, 12 one imsgines s blane fixed
" in the fluid perpendicular to the miscile axis, then as.the miscile pierces

this plune, the time required to traverse'p distance X along the missile

SOdy 3e given by t = X/(V cos o), where o(is the angle of attack. The ;
' 26 -
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time in the two-dimensionsl unsteady problem is therefore rslated to the
distence along the missils in the slender body proplem.

For the problem of & two=dimensional unstesdy wske development behind
& cylinder, a fcrce cen be calculsted as a result of the impulse produced
by & pair of vortices of equsl and opposite strength [° , which sre a com~
plex distance apart. The instantaneous force per unit length for & system
without potential energy is equsl to the instantaneous time rate of change
of linear momentum. For a vortex psir, the totsl Kelvin impulse per unit
length is equal to the linear momentum (Ref 2:45). ‘

For the 2-D potentisl flow field in the crossflow plene ¢, consist-
ing of a doublet in a free strean {crossflow velocity) and a vortex plus

ite imsge as shown in Fig 10, the transverse force equations can be devel~

oped.
g Plane T =Y + 12
T B Position of Vortex @7 = t’.'etb
. 4 2 ‘é
\/ Sine Position of image vortex =~§.€c
)

Fig. 10. Crossflow Plane

Transverse Force Equations. Using slender body theory (Ref 2:119-
123), the force per unit length acting on the body cross section is equal
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to the time rate of change of crossflow momentum vector per unit body

length:

—Hui

F?
g— %— (19)
’ where
P
E :~‘O§ ¢ﬁd5 (momentum vector)
qb(x, Y, 2) — perturbation potential in the G plsne

; o . A A
3 : V = vsind k+ veoa i + Vo

Ths integral in the expression for the momentum vector is to be taken

around the instanteneous body cross section. Since

: Yy cosoL dt = dX (20)
é then,
—d->f<-: PVCOS%%§¢ﬁdS (21)
: § L ey
By integrating over the body length the total transverse force (normal
;: and yaw) acting on the missile is
F = PV cosa §<{>ﬁds (22)
cB(L) .
3 where CB indicates that the integral is to be evalusted at the bsse cross
- gection., It is assumed that the initial velue of the force is zero and
3 that the integrel of the potentiel along the length of the missile is con-
tinuous. If the potential is not continuous along the body cf the missile,
j' ther.x the total force must be found as the sum of incremental values. 4lso,
" since the force is linear in the perturbation potential, the effect of the

} eddition of more elements in the potential can be found by superpesition.
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Expressing the force in terms of complex varisbles and letting

then ' ‘ Y
F=V+iZ :~if>v<=°5°<§ ¢ do
cB
+ i PV 2os o §\/5in o« Zda (24)
cB
or

Y+i2 = 4p Vc05o<§)q8'do‘-ip Vcosasina TR (25)
B

Introducing the complex potential W (@) for the related flow which has

s zero normal velocity at the contour and a velocity at infinity of V

sin oL, then .
Y +iZ = -ipV cos § w‘(o) do
, e

-ipP v? cosu sinel R’ (26) |

vhere
W'[o*) = h+ 1Y (27)

The potential()b t can be replaced by W' (O") since the stream function

Ip' is constant along the cross section contour. For the complex potentisl

W'(O'):i \/sinoc[ou —g—j%[n

The potentisl for a missile of circular cross section consists of & doub-

+ngr| (28)

~a] - oK
O q‘) 1n(<7-6..

N mhra

let in the crossflow stream, a vortex, and its image. Evaluating the con-

tour integral for the path shown in Fig 10 yields

N
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{,W'ﬁ(&)da,:.zéri".»i.vg.;nq Ré-%(-@*rg) (29)
- ‘ @ . ]

)

‘Thén the forces are

_ - , ' . 2
_’)Y +iZ2 = ’I'rrRep stinw CQSG(-IPVCOSG(I" T+ % (30)

or in coefficient form

- : - . -2 f
‘ - Y — 2Tcosx - R - (3
- &= TR TRV 2 e :

snd

- 2 e 2 Feosw R .
"= 172V R:__sm20%+—,l—r-ﬁz-\7—-n |- T 5ind  (32)

The small angle approximation has not been made in the sbove equa-

s . .
R S L L i

tions. The normal force equation contains two terms, where the sin 2ol

is the typical slender body result (if the body is cylindricsl) anl the

other term is due to a vortex and its image. The yaw force equation hsas f é

YRR

a term only due to the vortex and its image. The terms for the vortex :

forces in the above equations are equivalent to the equations of Nielsen

(Ref 10:101),

* Moment Eguetions. In a similar msnner, the equations for the moment

coefficients can be developed. The moment coefficient equetions ere

| Cy = ( Xi = Xprof ] Gy (33)
) _ _ 1=

e by ity Sobendy
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end

=]
where the index i indicates the incremental foree, The distances are

evaluated at selected crossflow planes over the length of the missile.
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IV. Conmporison of Rosults

The primary objective of this study was to derive a slender«body
mathematicel model to predict the forces end moments on 8 slender mige
sile configuration at engles of sttack where asymmetric vortex shedding
ocowrred. Results of these caslculstions were compered with existing
experimantal date to test the velidity of the mathematical theory.

Experimental data aveilable for comparison of the calculated normsl
end side force coefficients was obtasined from Krouse (Ref 8), Pick (Ref
11), end unpublished dsta from the Air Force Flight Dynamics Laborstory.
Schematic diagrans of the missile configurations tested are shown in
Figures 11 and 12, page 34, and Fig 13, page 35. Figures 14=21 (pages
36-43) show the calculated and experimentel side force coefficients, snd
Figures 22-24, pages 44~-45, compere norazal forces. The first comperi-
sons were made with dste obtained by Pick on s smell fineness ratio mis-
sile configuration. 4s can be seen in Figures 14, 15, and 16, the side
forces agree adequately for angles of attack up to approximately 36-38
degrees. Then, the slender-~body model breeks down and the calculsted
curves depart dramatically from the experimental values. Also, at higher
free stresm Mach numbers (Fig 17), the cslculated values of side force
are inaccurate. The slender-body theory, due to compressibility effects,
cannot be readily extended to high angles of attack without empirically
determined correction factors applied to the model.

dnother contributing factor at angles of attack grester thar 35
degrees is that g' (the spacing between slternste vortex filaments)
decreases in length repidly as the ongle of sttack is increased. This

shifts the vortex lines forward toward the nose of the missile, end alsc

32
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cauges sn incresse in ths number of filaments which sre shed, When an
odd number of vortex filements are shed, the side forces ere spparently

altered sufficisntly thet divergence from the predicted results occurs.

: - Regults from models of high missile fineness rstio are plotted in

Fig 18 (iodel #3), Figures 19 and 20 (Model #4), end Fig 21 (Model #5);

consequently, msny vortex filaments are shed due to the increased amis=-
sile body length., It was found that at the higher free stresm lMach num~
bers the calculated values of side force (Figures 20 and 21) tend to dis-
play discontinuities.

The plots in Fig 20 were determined by shifting the stsriting posi-
tions of the vortex lines slong the missile body sxis to show the sensi-
tivity thet results. Zach succeeding vortex filaement sheds on opposite
sides of the missile; consequently, the side forces induced on the missile

(i) are of opposite sense. 4Also, a shift in the stariing position of the
vortex lines cen alter the total number of vortex filaments shed which
can result in & change of the total induced side force., However, the

total normal force is less sensitive to this shift because each left sand

right handed filament always produces & positive normsl force.
The finsl set of data wes obtained fiom Krouse (Ref 8) from a free
gtream Mach number of 0.55 and 0.8. Krouse divided the absolute values

of the side force coefficient by the 1ift coefficient and plotted these

values versus the angle of attack. ZLrouse measured side forcés thst wers
approximately 60-70 per cent as lsrge as the lift force on his tunnel
: model. The results are plotted in Fig 18, Krouse's model displayed

similar characteristics for a high missile fineness ratio model.
The normsl force distribution (1ift), which includes a term from

<:> slender-body theory, gives reasonably accurate results when compared with
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experimental dsta as shown in Figures 22-24. Again, at the higher angles
of attack (greater then 40 degrees) and et greater free sﬁxeam Mach num-
bers, the extension of the slender-body model becomes inadequate. Shock
waves in the flow field ere evidently wesk until the cross{low Mach num-
ber- exceeds about 0,7, 3Below this valus, the drag is predominstely due

to the wake vortices, but wave drag becomes progressively more important

for high Mach numbers.
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o 4512'h— 8688" —] N
< QUr

‘Mcdel #1. 5% Bluntness. FR = 12
Re = 2.7 X 106 to 4.3 ¥ 105

< 1"
417 |— 8688"—]

Model #2. 9 Bluntness.6
Re = 2.7 X 10

FR = 11 6
to 4.3 X 10

Fig. 11. Ogive-Missile Configuration from Pick {Ref 11:8)

205"

25

< 228
90" ——4“—— 135" ——-»‘

Model #3. FR = 10 Re = 0.7 X 10%

Fige. 12. Ogive-Missile Configuration from Krouse (Ref 8:11)
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V. Conclusions

8@, The mathematicsl model is extremely sensitive to the angle of

attack, free streen Mach nwiber, and missile fineness ratic.

~ be Any mathematical xmedel will have to rely heavily upon experi-
mental data to determine the starting positions and vortex strengths of
the shed vortex sheets. The model used in this report assumed a constant
vortex strength; however, if the last filament has not fully developed,
the strength will not be the same.

¢. The model predicts the trend of the side forces adequately for
Jow Mach numbers snd low missile fineness ratios, but as the fineness
ratio or fres stream Mach number increeses, the predicted results becoms
inedequate.

d. The normal force predictions asre relatively accurate within the
angle of atteck and Mach number regimes studied in this report.

e« The sensitivity of the starting position of the vortex filaments
has a8 dramatic effect upon the calculated side force coefficients.

f. The accurate prediction of the starting positions of the‘first
two vortex filanents is necessary for various nose geometries and nissile
fineness ratios.

g The contribution of the wake formation due to the nose section
of the missile is not understood; however, Pick (Ref 11) has shown that
a turbulent boundary layer reduces the magnitude of the side force con-
giderably. Thus, an effective way to minimize the side force effect is
to use small fineness ratio or high bluntness restio nose sections and

induce a turbulent boundary layer on the surface.
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V. Copclusions

e, The mathemstical model is extremely sensitive to the angle of
attack, free siresn idach numuber, snd missile fineness ratio.

b. Any mathematicel model will have to rely heavily upon experi-
mental data to determine the starting positions and vortex strengths of
the shed vortex sheets. The model used in this report assumed a constant
vortex strength; however, if the last filament has not fully developed,
the strength will not be the same.

¢, The model predicts the trend of the side forces adequately for
low Mach numbers and low missile fineness ratios, but as the fineness
ratio or free strean Mach number increases, the predicted results become
inadequate.

d. The normal force predictions are reletively accurate within the
angle of attack and Mach number regimes studied in this report.

e. The sensitivity of the starting position of the vortex filaments
has a drametic effect upon the calculated side force coefficients.

f. The sccurate prediction of the starting positions of the first
two vortex filaments is necessary for various nose geometries and missile
fineness ratios.

ge The contribution of the wake formation due to the nose section
of the missile is not understood; however, Pick (Ref 11) has shown that
a tuwrbulent boundary layer reduces the magnitude of the side force con-
siderably, Thus, an effective way to minimize the side force effect is
to use small fineness ratio or high bluntness ratio nose sections and

induce & turbulent boundary layer on the surface.
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h. The discrepancies at the higher Hach numbers are due to the
unknown size of the weve drag which is produced by shock waves in the
£low.

Unfortunately, there is little quantitative experimental date aveil-
eble to determine the root ceuses and effects of asymmetrical vortex
vakes behind a missile in the ach number and Reynolds number regimes
investigated in this report, Therefore, the validity of the theory and
subsequent developed mathematical model cannot be complgtely verified.
The results obtained indicated thst the method yields reasonable results
for low fineness ratio missile configuration for angles of attack (c{)
up to 40 degrees. Based on the success for the low fineness ratio mis-
sile configurations, the model might be extended to higher fineness ratio
missiles, provided suitsble experimental data become aveilable to permit

empiricel prediction of the location of the vortex separstion points.
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The problem of asymmetric vortex shedding definitely warrants fur-
ther investigation since there sre many unanswered questions concerning
the stability and control of a missile which may operate at large angles
b of attsck.

4t this time there are no asnalytical techniques for quantitatively
describing the side forces and yawing moments induced on & slender mis-
sile at relatively high angles of attack. Therefore, the proposed model,
which was based upon slender~body theory and vortex street esnalysis,
could possibly be refined for various missile configurations provided a
gystematic study is made to determines
o 8. The effects of nose bluntness, fineness ratio; and overall mis~
sile fineness ratio on the starting position of the vortex filaments
(:) b. Whether at subsonic free stresm flight speeds, some type of
equivalent Kutts condition, which influences the breskawsy position of
; the vortex filaments, preveils st the base of a finite missile
i c. The sngle of attack ranges snd free stream Mach numbers which
cheracterize a particuler wake flow phenomena (steady, unsteady, symetric,
asymmetric, and/or turbulent)
d. If the diameter of an sft-mounted sting, which has nearly the
game diameter as that of the tunnel model being tested, alters the flow
x field significently since the missile now has a higher fineness ratio
than the simulated free-flight model
e. The accuracy of the circulstion strength of the vortex filsments
f. The effects of the vortex induced flow field on the roll moment

(:) gbove what is normally experienced on & finnsd missile configuration
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