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ABSTRACT
Once the battery becomesfully discharged, a battery-powered
portableelectronicsystemgoesoff-line. Therefore,it is impor-
tant to take the batterybehavior into account.A systemdesigner
needsanadequatehigh-level modelin orderto makebattery-aware
decisionsthattargetmaximizationof thesystem’s lifetime on-line.
Weproposesuchamodel:it allowsadesignerto predictthebattery
time-to-failurefor a given loadandprovidesa costmetric for life-
time optimizationalgorithms.Ourmodelalsoallows for a tradeoff
betweenthe accuracy andthe amountof computationperformed.
The quality of the proposedmodel is evaluatedusing a detailed
low-level simulationof a lithium-ion electrochemicalcell.

1. INTRODUCTION
The lifetime, or time-to-failure, of the batteryis the time when

it becomesfully discharged.Oncethebatteryis exhaustedthesys-
temshutsdown; therefore,maximizingthetime-to-failureis anim-
portantproblem. Our goal is to develop an analyticalmodelof a
genericbatterythat canbe usedfor lifetime estimationandopti-
mizationundervariousloads.

A systemdesignercanusesucha modelto evaluatealternative
systemloadsandselectthe mostbattery-friendlyone. For exam-
ple, the taskscheduleandtaskexecutionparameters,suchas the
operatingvoltageand the clock frequency, canbe chosenso that
thebatterydrainis minimized.Also, adesignercantakeadvantage
of thechargerecoveryeffect which takesplacenotonly duringthe
rechargeperiodsbut alsoduringsleepperiods.Theseoff-line peri-
odscanbescheduledwith thegoalof maximizingsystem’slifetime
on-line.

Modelingof batteriesis difficult dueto nonlinearitiesof charge
delivery, especiallywhentheloadvarieswith time. Thelifetime L�
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undertheconstantloadcanbepredictedbasedon empiricalPeuk-
ert’s relationship[7]: a � IbL, whereI is thecurrent,anda andb
areappropriateparameters.This power law doesnot hold for the
variable load(thecurrentis changingover time),whenthecurrent
averagedoesnot adequatelyrepresentthe batterydischarge con-
ditions. Accordingto the Peukert’s law, all load profileswith the
sameaveragewould yield the sametime-to-failure; however this
conclusioncontradictsexperimentalobservations.

We proposea model that handlesvariableloadsvery well and
provides a more accuratealternative to the Peukert’s law for the
constantloads.Our approachalsopermitsa trade-off betweenthe
accuracy andtheamountof computationperformed.Moreover, the
proposedrelationshipis derivedbasedonthephysicalprinciplesof
thebatteryoperation.

This paperis organizedas follows. Section2 providesa brief
summaryof therecentwork in batterymodeling. In Section3 we
derive themodel,andin Section4 we examineits behavior of the
modelunderconstantandtime-varyingdischargeprofiles.Section
5 describesapplicationsof theproposedmodel,andSection6 con-
cludesthepaper.

2. RELATED WORK
An outline of battery-relatedissues,facedby batteryusersde-

signing portableelectronics,are presentedin [11, 13, 15]. For
a batteryuser, it is importantto know the batterybehavior at the
macroscopicscale.In otherwords,a userneedsa modelthatcap-
turesthehigh-level essenceof thebatteryoperation.Therealready
exist tools thatallow for detailedanalysisof thebatteryat themi-
croscopicscale[5, 8]. However, suchlow-level modelsrely on
a numericalsimulationof partial differentialequationsdescribing
complex electrochemicalprocessestakingplaceinsidethebattery.
As aresult,suchsimulatorsareveryslow, whichmakesfasterhigh-
level modelsa preferablechoicefrom the CAD perspective. The
high-level approachcanbebasedoneithersimulatinganequivalent
representationof abattery[3, 9, 12], or someanalyticalexpression
relatingloadconditionsto batteryperformance[6, 13,16].

Severalhigh-level simulation-basedmodelshave beenreported:
a PSPICEequivalentcircuit [9], a discrete-timeVHDL model[3],
anda Markov chain[12]. In termsof thepredictionaccuracy and
generality, the most successfulapproachis due to [12]: it is a
Markov chainof the batterycharge stateswith the forward tran-
sitionscorrespondingto discharge,andbackwardtransitionscorre-
spondingto recovery. Theloadis expressedasastochasticdemand
on charge units. If in a given time slot somenumberof charge
unitsare”discharged”, thenanappropriateforwardtransitiontakes
place(a loss of somecharge). If in a given time slot no charge
unitsaredemanded,anappropriatebackwardtransitiontakesplace



(a recovery of somecharge). Thus,this stochasticmodelcanac-
count� for bothchargedeliverynonlinearityandchargerecoveryef-
fects. Thesesimulatorscanserve asgoodestimationtools; how-
ever, unlike analyticalmodels,they do not provide a formal cost
function for lifetime optimizations.Also, parametercharacteriza-
tion for thesesimulatorscanbea difficult process.

Next, we briefly addressrelatedwork on analyticalmodeling.
Theauthorsof [6] considerspecialcasesof thedischargeprocess:
diffusion-limited, reaction-limited,and ohmically limited. They
obtainrelationshipsbetweenthedischargerateandthebatteryca-
pacity, providing valuableinformationto batterydesigners.Theau-
thorsof [13] introducetheefficiency factorthataccountsfor charge
delivery nonlinearity. They considertwo approximationsfor the
dependency of this factoron thebatteryload: linearandquadratic.
Theresultingmodelwasrelatively accuratewith comparisonto the
PSPICEsimulationresults.Theauthorsof [16] tookastatisticalap-
proach.They obtainedthebatteryvoltage-timemeasurementdata
from severalconstant-loadtests.Fitting of thevoltage-timecurves
into a Weibull modelshowed a goodapproximation.Then,a rel-
atively successfulattemptwasmadeto modelthebatterybehavior
over a rangeof constantloads; however, time-varying discharge
wasnot considered.Inherently, theseanalyticalmodelsarenot as
accurateandgeneralasthesimulation-basedmodels.

Themodeldescribedin thispaperovercomestheaforementioned
drawbacksof theexisting models.Our objective is to combinethe
accuracy andgeneralityof a low-level simulation-basedmodeland
thehigh-level natureof ananalyticalmodel.We representthereal
batteryby a simplisticequivalentbattery, andderive our analytical
expressionfrom the fundamentalphysical laws. Thereare only
two unknown parametersthat can be estimatedbasedon several
constant-loadtests.

3. MODEL DESCRIPTION
Every batteryhastwo electrodes,cathodeandanode, which are

separatedby an electrolyte. During batterydischarge, the anode
releaseselectronsto an external circuit, and the cathodeaccepts
electronsfrom thecircuit. Thus,a lossof electrons(oxidation)at
the anodeis coupledwith the gain of electrons(reduction)at the
cathode.We assumethat reductionat the anodeandoxidationat
the cathodearenegligible. Then, the electrodereactions,involv-
ing ν electrons,oxidizedspeciesO, andreducedspeciesR, canbe
representedasfollows [2]:

O � ν ��� R � cathode	
R � O � ν � � anode	 (1)

In equilibrium(no load),electroactive spiecesO andR areuni-
formly distributed in the electrolyte. Once the external flow of
electronsis established,the numberof speciesnearthe electrode
decreasesdueto theelectrochemicalreaction.As a result,a non-
zeroconcentrationgradientis createdacrosstheelectrolyte,andthe
laws of diffusionapply. If a loadis switchedoff, thentheconcen-
tration nearthe electrodesurfacestartsincreasing,or recovering,
due to diffusion. Eventually, the spieceswill becomeuniformly
distributed in the electrolyteagain; however, their concentration
level will belower thantheinitial value.

Oncetheconcentrationof O (R) nearthecathode(anode)drops
below a certainlevel, thereactioncanno longerbesustained.As-
sumingthatO andR behave in thesameway, we do not differen-
tiatebetweentheelectrodes.The time L whenthereactioncanno
longer take placeat the electrodesurfaceis the time-to-failure in
question.

We considerthe simplecaseof one-dimensionaldiffusion in a
finite regionof somelengthw. LetC � x 
 t 	 denotetheconcentration

of speciesat time t �� 0 
 L � atdistancex �� 0 
 w� from theelectrode.
We are interestedin the concentrationvaluesC � 0 
 t 	 at the elec-
trodesurface � x � 0	 . Let initial concentrationC � x 
 0	�� C

�
for all

x, andlet ρ � t 	�� 1 � C � 0 � t �
C � . WhenC � 0 
 t 	 dropsbelow the cutoff

level Ccutof f at time t � L, thevalueof ρ � L 	 crossesover thecor-

respondingthreshold� 1 � Ccutof f

C � 	 . It is ananalyticalexpressionfor
ρ � t 	 thatwewantto find in orderto computethetime-to-failureL.

Concentrationbehavior dueto one-dimensionaldiffusion is de-
scribedby thefollowing Fick’s laws [2]:� J � x 
 t 	�� D

∂C � x 
 t 	
∂x

(2)

∂C � x 
 t 	
∂t

� D
∂2C � x 
 t 	

∂x2 (3)

J � x 
 t 	 denotestheflux of speciesat time t at distancex, andD
denotesthediffusioncoefficient. In accordancewith theFaraday’s
law, theflux at the left boundaryof thediffusion region (theelec-
trodesurface)is proportionalto thecurrenti � t 	 (theexternal load
applied)[2]. Theflux at theright boundaryof thediffusionregion� x � w	 is zero.Therefore,thefollowing two conditionshold:

i � t 	
νFA

� D
∂C � x 
 t 	

∂x

����
x� 0

(4)

0 � D
∂C � x 
 t 	

∂x

����
x� w

(5)

In equation4, A is theareaof theelectrode,andF denotesthe
Faraday’s constant� 96485� 31 C mol� 1 	 . Given thesepartial dif-
ferentialequationsandboundaryconditions,it is possibleto obtain
an analyticalsolution. Next, we presentthe main resultsof our
derivations,omittingdetails.

Let C̄ � x 
 s	 andī � s	 denotetheLaplacetransformsof C � x 
 t 	 and
i � t 	 , respectively. In the s-domain,the solutionfor theconcentra-
tion at theelectrodesurfaceis asfollows:

C̄ � 0 
 s	�� C
�

s
� ī � s	

νFAD

coth� w � s
D 	� s

D

(6)

Multiplication in thes-domaincorrespondsto convolution in the
time-domain.TheinverseLaplacetransformationC̄ � 0 
 s	�� C � 0 
 t 	
yields,dueto [14],

C � 0 
 t 	�� C
� � i � t 	

νFAD � � D
πt

∞

∑
m� � ∞

e� w2m2

Dt (7)

1 � C � 0 
 t 	
C
� � 1

νFA� πDC
� � t

0

i � τ 	� t � τ

∞

∑
m� � ∞

e� w2m2

D ! t " τ # dτ (8)

ρ � t 	�� 1

νFA � πDC
� � t

0

i � τ 	� t � τ $ 1 � 2
∞

∑
m� 1

e� w2m2

D ! t " τ #&% dτ (9)

For τ �'� 0 
 t � , theseriesis uniformly convergent1; therefore,in-
tegrationcanbeperformedtermby term.Then,

ρ � t 	�� 1

νFA� πDC
� $ � t

0

i � τ 	� t � τ
dτ � 2

∞

∑
m� 1

� t

0

i � τ 	� t � τ
e� w2m2

D ! t " τ # dτ %
(10)

1Notethatτ �(� 0 
 t �*) w2

D � t � τ � + 0 ) e� w2m2

D ! t " τ # , 1 - m . 1. Since/
e� w2 ! n0 m# 2

D ! t " τ # � e� w2m2

D ! t " τ # / , 1 - n 
 m . 1, Cauchycriterionfor conver-
genceholds;therefore,theseriesis convergent.



Let β � w1
D

, andα � νFA � πDC
�
ρ � L 	 . Then,oneobtainsthe

following generalexpressionrelatingthe load, the time-to-failure,
andthebatteryparameters:

α � � L

0

i � τ 	� L � τ
dτ � 2

∞

∑
m � 1

� L

0

i � τ 	� L � τ
e� β2m2

L " τ dτ (11)

3.1 Specialcase:constantload
For thespecialcaseof theconstantdischargerate,let i � t 	�� I . In

this case,thePeukert’s law applies.We compareour alternative to
thePeukert’s law in termsof relativeandabsoluteerrorsin lifetime
predictions.

TheconstantI canbe broughtout of the integrals,andoneob-
tains[10]:

α � 2I 2 � L � 2
∞

∑
m� 1 3 � L e� β2m2

L � βm� πΦ̄ � βm� L
	5476 (12)

In equation12, Φ̄ � x	�� 1 � 21
π 8 x

0 e� y2
dy, which is thecomple-

mentaryerrorfunction. Thefollowing function[4] givesanexcel-
lent approximationfor Φ̄ � x	 over all nonnegative arguments:

Φ̄ � x	�9 e� x2� π � x � x
π � 1 x2 : π

π 	 (13)

Then,

βm� πΦ̄ � βm� t
	�9 π � t e� β2m2

t

π � 1 �<; 1 � π t
β2m2

(14)

In equation12, we take only the first ten termsof the infinite
series.Figure1 shows plotsof theapproximated10-termsumand

the original 100000-termsum for the valuesof β2

L rangingfrom
0.01 to 5. Sincethe termsdecreasevery rapidly asm grows, the
sumof thefirst tentermsis anexcellentapproximationof theentire

infinite sumfor β2
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Figure1: Approximation for Infinite Sum in Equation 12.

Thus,

α � 2I � L $ 1 � 2
10

∑
m � 1 = e� β2m2

L � π e� β2m2
L

π � 1 � ; 1 � π L
β2m2 > % (15)

Test Load,A ? m2 Time-to-Failure,min.

T1 2 720.9
T2 3 474.5
T3 4 350.5
T4 6 225.3
T5 7 189.6
T6 8 162.6
T7 12 97.8
T8 13 87.1
T9 14 77.8
T10 16 62.4

Table1: Lifetimes for ConstantLoads.

Simulated Our Model Peukert@ sLaw
test min. min. err.(%) err.(min.) min. err.(%) err.(min.)

T1 720.9 753.2 4.5 32.3 728.0 1.0 7.1
T2 474.5 490.4 3.4 15.9 467.9 1.4 6.6
T3 350.5 359.0 2.4 8.5 341.9 2.5 8.6
T4 225.3 227.6 1.0 2.3 219.8 2.4 5.5
T5 189.6 190.1 0.3 0.5 185.8 2.0 3.8
T6 162.6 161.9 0.4 0.7 160.6 1.2 2.0
T7 97.8 96.3 1.5 1.5 103.2 5.5 5.4
T8 87.1 86.2 1.0 0.9 94.6 8.6 7.5
T9 77.8 77.5 0.4 0.3 87.2 12.1 9.4
T10 62.4 63.4 1.6 1.0 75.4 20.8 13.0

Table2: Lifetime Predictionsfor ConstantLoads.

ThePeukert’s law is givenbelow for reference:

a � IbL (16)

Before the proposedmodel can be used,we needto estimate
the quantitiesα andβ from experimentaldata. Experimentswith
constantloadsaresufficient for estimationpurposes.We usedthe
lithium cell simulatorDUALFOIL [5, 8] for arechargeablelithium-
ion battery(see[1] for thecomparisonof theoutputthis low-level
simulatorwith theactualmeasurements).To cover sufficient range
of currentswe simulatedten constantloadsresulting in the dis-
chargetimesbetween1 hourand12 hours.Theopen-circuitvolt-
ageisVoc � 4 � 31V, andthecutoff voltageis settoVcutof f � 3 � 19V.
The time whenthe batteryvoltagedropsbelow Vcutof f is consid-
eredto be thebatterytime-to-failure. The resultsaresummarized
in Table1.

Sinceequation15 is hard to solve for L, we assumethat L is
given and try to predict the valueof I instead. Using a standard
least-squaresestimationroutine, we fit the data from Table 1 to
our modeland,for comparisonpurposes,to thePeukert’s law. We
obtainedthefollowing estimatesof thecoefficients:A α � 271� 47 andβ � 10� 39 (ourmodel)A a � 1550� 2 andb � 1 � 09(Peukert’s law)

Thelifetime predictions,basedon equations15 and16 with the
estimatedcoefficients,arepresentedin Table2. In termsof max-
imum andaverageerrors,the proposedmodelfits the databetter
thanthePeukert’s model. The maximumerror for our modeland
thePeukert’s law are5% and21%,respectively. Theaverageerror
for ourmodelandthePeukert’s law are2%and6%,respectively.

3.2 General case:variable load
Weapproximatethetime-varyingdischargerateby apiece-wise

constantload. Figure2 shows an exampleof suchanapproxima-
tion. Let U � t 	 denotethe stepfunction. Recall that U � t 	B� 1 if
t . 0, while U � t 	�� 0 for t , 0. In the interval � 0 
 t � , the variable



load i � t 	 canbeexpressedasann-stepstaircasefunction:

i � t 	�� n

∑
k � 1

Ik � 1 �U � t � tk � 1 	C� U � t � tk 	D� (17)

Load

Time
tk

I0

I1

I2

I k-1

Ik

Ik+1

I n-1

In

0=t0 t1 t2 tk+1 tn. . . . . . . . . .

real load

approximation

Figure2: StaircaseApproximation of Variable Load.

After substitutionof i � t 	 into equation11 andintegratingthen-
termsumtermby term,weobtain:

α � ∑n
k � 1 8 L

0
Ik " 1 EU � τ � tk " 1 � � U � τ � tk �GF1

L � τ dτ �
2∑∞

m� 1 ∑n
k � 1 8 L

0
Ik " 1 EU � τ � tk " 1 � � U � τ � tk �HF1

L � τ e� β2m2

L " τ dτ
(18)

Next, wechangetheintegrationlimits to dropthestepfunctions:

α � n

∑
k � 1

Ik � 1 I � tk

tk " 1

dτ� L � τ
� 2

∞

∑
m� 1

� tk

tk " 1

e� β2m2

L " τ
dτ� L � τ J (19)

Then,

α � ∑n
k � 12Ik � 1 2 � L � tk � 1 � � L � tk �

2∑∞
m� 1 3 � L � tk � 1 e� β2m2

L " tk " 1 � � L � tk e� β2m2

L " tk �
βm� πΦ̄ � βm1

L � tk " 1
	K� βm� πΦ̄ � βm1

L � tk
	 476 (20)

Let A � L 
 tk 
 tk � 1 
 β 	 representthefactorby which 2Ik � 1 is multi-
plied. Similarly to theconstantloadcase,we obtainthefollowing
relationshipbetweenthetime-to-failureL andthevariableloadi � t 	 ,
approximatedin theinterval � 0 
 L � by ann-stepstaircasefunction:

α � n

∑
k � 1

2Ik � 1A � L 
 tk 
 tk � 1 
 β 	 (21)

A � L 
 tk 
 tk � 1 
 β 	��� L � tk � 1 $ 1 � 2∑10
m� 1 = e� β2m2

L " tk " 1 � π e
" β2m2

L " tk " 1

π � 1:ML 1: π L " tk " 1
β2m2 > %� � L � tk $ 1 � 2∑10

m� 1 = e� β2m2

L " tk � π e
" β2m2

L " tk

π � 1:MN 1: π L " tk
β2m2 > % (22)

For n � 1, equation21 reducesto thespecialcasedescribedby
equation15. It is importantto notethatt0 � 0 andtn � L.

Theextensionof Peukert’s equationto thevariableloadcaseis
straightforward: theloadis averagedover theinterval � 0 
 L � . Since
theloadaveragedependsonL, solvingthisequationfor L becomes
difficult. Thegeneralizationof thePeukert’s law is asfollows:

a � $ ∑n
k � 1 Ik � 1 � tk � tk � 1 	

L
% b

L (23)

Equation23 is not assimpleasit looks: notethat theunknown
L appearsinsidethen-term sumaswell, sincetn � L. For n � 1,
equation23 reducesto equation16.

The experimentalresultsfor the variableload arepresentedin
Section4. Wecompareourmodelnotonly to thesimulationresults
but alsoto thegeneralizedPeukert’s law.

4. EXPERIMENT AL RESULTS
In this sectionwe describeseveral experimentsperformedwith

the DUALFOIL simulator and comparethe simulatedlifetimes
with our predictions. The purposeof theseexperimentsis to see
how robustourmodelis andhow changesin loadprofilesaffect the
batterylifetime. We useequations15 and21 to computethetime-
to-failureL of thebatteryunderconstantloadsandvariableloads,
respectively. Our procedurefor findingL is describedin Section5.
Besidesgiving lifetimesdueto our model,we alsocomputePeuk-
ert’s predictions.We let thesimulatorandthemodeloperatewith
thesamedescriptionof theloadto avoid errorsassociatedwith the
load approximation.The time-to-failure is computedwith theac-
curacy of 0.1minute.

Table3 summarizestheexperiments.Thefirst columnindicates
the load values;while the secondcolumnspecifiesthe durations
of thecorrespondingloadvalues.Thefirst five casesareconstant
loads,rangingfrom 1AO m2 to 20AO m2. Thepurposeof thesefive
experimentsis to find therangeof loadsfor whichthemodelworks
well. Thenext four casesareinterruptedconstantloads.For these
cases,let L

�
denotethe lifetime undercorrespondingcontinuous

load; we discharge the batteryfor 3
4L
�

andlet it rest for 1
4L
�

be-
fore switchingthecurrentbackon. Thepurposeof thesefour ex-
perimentsis to exposethe recovery effect. The last six casesare
variableloadswith differenttiming characteristics.Wetestednon-
periodicandperiodic loadsfollowed by a constantratedischarge
aswell asapulsedloadandalinearload.For periodicloads,infor-
mationinside PRQ describesthefirst period.For example,CaseC12
refersto the following load profile. Ten12.5-minutelong periods
areappliedbeforethebatterystartsdischargingat theconstantrate
of 9.6AO m2 from the125thminuteon. Within eachperiod,20AO m2

is appliedfor thefirst 1.5 minutes,15AO m2 is appliedfor thenext
2 minutes,10AO m2 is appliedfor another3 minutes,and5AO m2 is
apliedfor thelast6 minutes.In CaseC15,theloadstartsat1AO m2

andincreasesby 0.2AO m2 everyminute.

Case Profile,A ? m2 Timing, min.

C1 1 E 0 � ∞ �
C2 5 E 0 � ∞ �
C3 10 E 0 � ∞ �
C4 15 E 0 � ∞ �
C5 20 E 0 � ∞ �
C6 5-0-5 E 0 � 206S 5� - E 206S 5 � 275S 3� - E 275S 3 � ∞ �
C7 10-0-10 E 0 � 93S 2� - E 93S 2 � 124S 3� - E 124S 3 � ∞ �
C8 15-0-15 E 0 � 52S 2� - E 52S 2 � 69S 6� - E 69S 6 � ∞ �
C9 20-0-20 E 0 � 31S 1� - E 31S 1 � 41S 5� - E 41S 5 � ∞ �
C10 20-15-10-5-9.6 E 0 � 15� - E 15� 35� - E 35� 65� - E 65� 125� - E 125� ∞ �
C11 5-10-15-20-9.6 E 0 � 60� - E 60� 90� - E 90� 110� - E 110� 125� - E 125� ∞ �
C12 T 20-15-10-5U -9.6 T E 0 � 1 S 5� - E 1 S 5 � 3 S 5� - E 3 S 5 � 6 S 5� - E 6 S 5 � 12S 5�VU - E 125� ∞ �
C13 T 5-10-15-20U -9.6 T E 0 � 6� - E 6 � 9� - E 9 � 11� - E 11� 12S 5�VU - E 125� ∞ �
C14 T 20-0U T E 0 � 1� - E 1 � 2�VU
C15 1 + 0.2/minute E 0 � ∞ �

Table3: Load Profiles.

Theresultsof theexperimentswith theconstantloadsareshown
in Table4. Themaximumandtheaverageerrorsof our modelare
6%and3%,respectively. Notethattheproposedmodelis accurate
within 6%for constantloadswith thelifetimesrangingfrom 1 hour



Simulated Our Model Peukert@ sLaw
case min. min. err.(%) err.(min.) min. err.(%) err.(min.)

C1 1459 1542 5.7 83.0 1550 6.2 91.0
C2 275.3 280.1 1.7 4.8 268.3 2.5 7.0
C3 124.3 122.5 1.4 1.8 126.1 1.4 1.8
C4 69.6 70.0 0.6 0.4 81.0 16.4 11.4
C5 41.5 44.0 6.0 2.5 59.2 42.6 17.7

Table4: ConstantLoad Lifetimes.

Simulated Our Model Peukert@ sLaw
case min. min. err.(%) err.(min.) min. err.(%) err.(min.)

C6 345.9 349.0 0.9 3.1 342.6 1.0 3.3
C7 158.2 154.7 2.2 3.5 159.6 0.9 1.4
C8 92.5 90.0 2.7 2.5 99.9 8.0 7.4
C9 57.5 57.3 0.3 0.2 70.5 22.6 13.0

Table 5: Interrupted Load Lifetimes.

to 1 day. ThePeukert’smodelperformedpoorlyfor theheavy loads
(seeCasesC4 andC5). Themaximumandthe averagePeukert’s
errorare43%and14%,respectively.

The resultsof the experimentswith the interruptedloads are
shown in Table5. Thesimulationvaluesin Table5 shouldbecom-
paredwith thecorrespondingentriesin Table4 multiplied by 11

4 .
(CasesC6, C7, C8, andC9 correspondto CasesC2, C3, C4, and
C5, respectively.) If recovery takesplace,the lifetimes in Table4
shouldbeextendedby morethan25%(thedurationof therestpe-
riod). Table6 shows the lifetime L

�
undera continuousload, the

lifetime 1 � 25L
�

underan interruptedload whenthereis no recov-
ery, theactuallifetime L observedunderthat interruptedload,and
thepercentageof L

�
gaineddueto recovery. CasesC6-C9indicate

thatthehighertheload,thegreatertherecoveryeffect. Undersuch
interruptedloadsthe time-to-failurecanbeextentedby morethan
13%. Our modelpredictedlifetimeswithin 3% errormargin, with
theaverageerrorof 2%. ThePeukert’s law producedlessaccurate
predictionwith themaximumerrorexceeding20%andtheaverage
errorof 8%.

Theresultsof theexperimentswith thevariableloadsareshown
in Table7. As the lifetimes of CasesC10 andC11 indicate,not
only loadvaluesbut alsoloadschedulesaffect thebatterybehavior.
Note that it may be beneficialto schedulenon-periodicloads in
non-increasingorderof their values:thebatteryhandlehigh loads
betterat the beginning than in at the endof discharge. The non-
increasingorderingin CaseC10resultsin thelongerlifetime than
thatof CaseC11. Suchanorderingmaybebeneficialfor periodic
loadsaswell (seeCasesC12 andC13). Accordingto CasesC11
andC13,converting a non-periodicload into a periodicloadmay
alsoextendthetime-to-failureof thebattery.

CaseC14demonstratethatloadrelaxationmayhaveasignificant
positive effect. The batterywassubjectedto thepulsedload with
the periodof 2 minutesand50% duty cycle. Within eachperiod,
the heavy load of 20AO m2 is followed by an off-line rest. Recall
that underthecontinuousload of 20AO m2 the batteryfails in less
than42 minutes.Due to recovery, the batterywasableto service

Case L � , minutes 1 S 25L � , minutes L, minutes Recovery, %

C6 275.3 344.1 345.9 0.7
C7 124.3 155.4 158.2 2.3
C8 69.6 87.0 92.5 7.9
C9 41.5 51.9 57.5 13.5

Table6: Recovery Effect under Interrupted Loads.

Simulated Our Model Peukert@ sLaw
case min. min. err.(%) err.(min.) min. err.(%) err.(min.)

C10 133.8 133.7 0.1 0.1 131.8 1.5 2.0
C11 115.4 113.5 1.6 1.9 131.8 14.2 16.4
C12 131.0 131.2 0.2 0.2 131.8 0.6 0.8
C13 123.5 123.6 0.1 0.1 131.8 6.7 8.3
C14 113.0 114.8 1.6 1.8 125.0 10.6 12.0
C15 93.6 92.7 1.0 0.9 107.1 14.4 13.5

Table 7: Variable Load Lifetimes.

57 minutesof 20AO m2, which translatesinto the lifetime gain of
morethan30%.

For CasesC10-C15,the averageerror of the Peukert’s predic-
tions is 8%,with themaximumerrorexceeding14%. Not surpris-
ingly, thePeukert’s law did not accountfor any lifetime variations
in CasesC10-C13.Ourmodel,ontheotherhand,notonly captured
thetrendin thebatterybehavior, but alsoproducedresultswith the
averageerrorlessthan1% andthemaximumerrorof 2%.

5. MODEL APPLICATION
In thisSectionweoutlinethemainissuesrelatedto applicability

of theproposedmodel.Besideslifetime estimation,ourmodelcan
beusedasa costfunctionfor loadschedulesynthesis.

5.1 Lifetime estimation
Giventhen-stepstaircaseapproximationof a loadprofile, first,

we want to know at which stepthe batterydies,andsecond,we
want to find thetime-to-failurewithin theinterval of thatstep.We
introducetwo orderedsetsfor load valuesandtheir timing: SI �� I0 
 I1 
&�G�G�H
 In 	 andSt �W� t0 
 t1 
&�G�G�G
 tn 	 (seeFigure2; t0 � 0). Our goal
canbeachievedby executingtheprocedureshown in Figure3. The
input is themodelparametersα andβ aswell asthesetsSI andSt .
The output is a two-elementset: the first elementis the time-to-
failure found,andsecondelementis eitherzero,or the difference
betweenthen-termsumandα in equation21. Thetime-to-failure
is infinite, if the batterydoesnot die beforeor at tn. In this case,
the differencebetweenthe n-term sum andα is returned. It can
tell ushow well thebatteryis surviving: thesmallerthedifference,
the greaterthe needfor recovery. If the batterydiesbeforeor at
tn, the procedurereturnszeroalongwith the specificvalueof the
time-to-failure.

Lifetime Estimation X SI Y St Y α Y β Z
IF α [ 2I0A X t1 Y t1 Y 0 Y β Z ,

Find thesmallestt \^] 0 Y t1 _ suchthat:
α [ 2I0A X t Y t Y 0 Y β Z

RETURN ` t Y 0a
Find thesmallestintegeru \b` 2 Y 3YVc c c Y na suchthat:

α [ ∑u
k d 1 2Ik e 1A X tu Y tk Y tk e 1 Y β Z

IF u is not found,
RETURN ` ∞ Y α f ∑n

k d 1 2Ik e 1A X tn Y tk Y tk e 1 Y β Zga
Find thesmallestt \h] tu e 1 Y tu _ suchthat:

α [ ∑u e 1
k d 1 2Ik e 1A X t Y tk Y tk e 1 Y β Zji 2Iu e 1A X t Y t Y tu e 1 Y β Z

RETURN ` t Y 0a
Figure3: Lifetime Estimation.

Let ∆T denotethe durationof a singlestepin the staircaseap-
proximationof thevariableload.For thesakeof simplicity, assume
that∆T is thesameduringtheentiredischargeprocess.Let ∆t de-
notethesmallesttime unit in termsof which the time-to-failure is
expressed.Also, let ∆T be a multiple of ∆t. Then,oncethe fail-
ing stepu is determined,it takesO � n∆T

∆t 	 to find thelifetime within



� tu 
 tu � ∆T � . In orderto find thefailing stepu, onemustcheckthe
valuesk of theu-termsumat mostn times;therefore,finding u will
take O � n2 	 . The overall complexity is O � n2 � n∆T

∆t 	 . For a given
loadprofile, thevalueof n is determinedby ∆T. Thevalueof ∆T
and∆t canbechosensothattheaccuracy is tradedoff for computa-
tionaldelay. (In orderto controlthegrowth of thesetsizes

/
SI
/
and/

St
/
astime increases,onecanadjustthevalueof ∆T accordingly.)

5.2 Lifetime optimization
As we have notedin Section4, it maybebeneficialto schedule

loadsin the non-decreasingorderof their values. Given a setof
taskswith the correspondingload valuesand their durations,we
canconstructa loadsequencethat follows this preliminaryguide-
line. Moreover, we cantake advantageof the recovery effectsby
schedulingrestperiods.

Schedulingdecisionscanbebasedon thevalueof thedifference
betweenthen-term sumandα in equation21. (For thebatteryto
bealive, thesummustalwaysbelessthanor equalto α.) Thefor-
mulationof thelifetime optimizationproblemis shown in Figure4.
Let the dependenciesamongtasksbe representedby a taskgraph
G. Theinput is thetaskgraphG, thedelaybudgetB, theunordered
setS

�
I of theloadvaluesfor eachtask,andthecorrespondingsetS

�
t

of taskdurations.Theoutputis theorderedsetSI of theloadvalues
andthecorrespondingtiming setSt . If somenumberof therestpe-
riodsarescheduled,thenthesetSI will alsocontainthesamenum-
ber of zero-entries,and the setSt will containthe corresponding
timing information. (Note that insertingthe restperiodsincreases
the overall applicationexecutiondelay.) The objective is to max-
imize the differencebetweenthe sum ∑n

k � 1 2Ik � 1A � tn 
 tk 
 tk � 1 
 β 	
andα. Theconstraintsareasfollows:

1. taskdependenciesarepreserved,

2. thelatency doesnotexceedthedelayconstraint,and

3. at any time within a schedule,thebatteryis alive.

PROBLEM: Lifetime Maximization
INPUT: G, SlI , Slt
OUTPUT: SI , St
OBJECTIVE:max̀ α f ∑n

k d 1 2Ik e 1A X tn Y tk Y tk e 1 Y β Zga
CONSTRAINTS:

1) m Ip Y Iq, if Iq dependson Ip, thentp [ tq
2) tn n B
3) m u n n, ∑u

k d 1 2Ik e 1A X tu Y tk Y tk e 1 Y β Z n α

Figure4: Lifetime Maximization Problem.

Direct computationof thecostfunctionwill take O � n	 , andex-
plicit checkingthat thebatteryis alive within theschedulelatency
(thethird constraint)will take O � n2 	 .
6. CONCLUSION

We describedthe analyticalmodelfor the lithium-ion batteries
for portableelectronicsystems.The proposedmodelnot only al-
lows a designerto predict the batterytime-to-failure for a given
load,but alsoprovidesa costmetric for anoptimizationalgorithm
thataimsat maximizationof thebatterylifetime. Our modelalso
allows for a tradeoff betweentheaccuracy andtheamountof com-
putationperformed.

The functionalform of the modelwasderived basedon physi-
cal principles,andits coefficientswerefitted statistically, basedon
simulationresults.Themodelpredictionswerecomparedwith the

simulationdataundertheconstantdischarge,interrupteddischarge,
andgeneralvariabledischargeconditions(thesetestsresultedin the
lifetimesrangingfrom 0.1hoursto 1 day).Theaverageerrorof our
predictionsfor thesecaseswaswithin 3%.
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