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Abstract: A simplified analytical solution for steel plate strengthened circular tunnel concrete linings
is presented, considering various interface slip modes. The full derivation for the analytical solution is
introduced in detail, from which explicit expressions for the stress and displacement fields throughout
the system are obtained. The distribution of lining deformation, internal force, and the interaction
stress between tunnel lining and steel plate were investigated by considering various tunnel-steel
interface scenarios, namely no slip, full slip, and elastic slip. The result demonstrates the importance
of having a well-bonded interface to maximize the benefits of the steel plate strengthening approach.
The maximum interface shear stress locates at the position with minimum interface normal stress.
Subsequently, the influence of interface shear stiffness and steel plate thickness on the composited
tunnel lining performance was investigated. It is founded that the improvement of the interface
shear stiffness can enhance the overall structural stiffness of the strengthened tunnel lining, which
results in increases in the interaction stresses and lining forces simultaneously. With a ratio of the
steel thickness to the tunnel lining thickness less than 0.1, greater achievement in both strengthening
effectiveness and cost efficiency is obtained.

Keywords: tunnels; steel plate strengthening; interface behavior; analytical solution

1. Introduction

Due to an increasing development associated with underground space in many large
cities around the world, tunnels are playing an increasingly significant role in urban
infrastructure systems. Many tunnels in urban areas are often constructed close to other
engineering constructions, and hence their lining performance is potentially very sensitive
to changes in the surrounding ground conditions or loading conditions. There are several
reported cases where operational tunnels were strongly affected by nearby engineering
activities or accidents, for example, adjacent excavations [1], ground surface surcharging [2],
flooding [3], and penetration by piles [4]. In these cases, the tunnel lining was extensively
deformed, and various defects were observed, e.g., water leakage and concrete crack [5,6],
which threatened the safety of the tunnel operation. Therefore, having quick and effective
repair treatments or rehabilitation measures is of great importance to ensure the safety and
durability of existing tunnel linings affected by such accidents.

Installing a steel plate lining into the existing tunnel has been successfully adopted as
a retrofitting measure in many engineering situations for tunnel rehabilitation worldwide
due to its effectiveness in strengthening the existing tunnel linings, its space efficiency, and
its quick construction. The main phases of this method can be summarized as follows.
First, the steel plates are manufactured according to the inner profile of the tunnel, needed
to be strengthened. Second, the steel plate sections are installed and welded to form
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an inner steel ring connected to the existing tunnel linings. Third, the gap between the
new steel plate lining and the original concrete lining is filled with mortar or epoxy resin
to ensure the two components behave as a composite lining structure. In this way, the
increasing lining deformation is controlled, and the capacity of the tunnel structure can be
enhanced [7]. Although this strengthening method has been implemented in practice, no
specific methodology can be referred to for the design of this tunnel strengthening method.
In addition, the lack of knowledge of the interaction mechanism between the tunnel lining
and steel plates could still be leading to over-conservative applications.

In order to investigate the strengthening mechanism of this method and to provide
advice for the engineers, research has been conducted to study the performance of tunnel
linings strengthened by steel plates. Kiriyama et al. [8] introduced a detailed construc-
tion process for the steel plate reinforcement method in different types of tunnels. Zhao
et al. [9] conducted a full-scaled load structure test on a concrete segmental tunnel lining
ring reinforced with epoxy-bonded steel plates. The results showed that the stiffness of the
segmental ring was significantly improved after being strengthened by the steel plates. Sim-
plified beam element models were adopted in their analysis of the structural performance
of the lining strengthened by steel plates, where the ground-lining interaction was either
neglected or replaced by springs based on the Winkler model. Zhang et al. [10] investigated
the nonlinear structural performance of segmental lining strengthened by steel plates using
finite element numerical simulations, with the ground-lining and lining-steel interaction
considered and the influence of the soil properties discussed. It can be summarized that the
strengthening effect of this steel plate reinforcement method has been proved sufficiently
from a general perspective in previous research. The previous studies containing numerical
and physical modelling provide an understanding of strengthening effectiveness on a
case-by-case basis. However, there is still a lack of clear insight into the strengthening
mechanism in terms of parameters associated with the interaction between the concrete
lining and the steel plate. More specifically, there is a lack of research demonstrating the
patterns of the interaction forces at the interfaces between the components and how much
of the internal forces in the steel plates really share within the lining system.

Although powerful numerical simulations can handle such issues these days, a theo-
retical analysis can still serve as a useful and effective methodology for simplifying such
problems and allowing a quick, explicit, and simple parametric investigation to be con-
ducted not only for researchers but also for engineers [11]. Furthermore, analytical solutions
can provide a greater fundamental understanding of the essential issues for complicated
engineering problems, which can be helpful in identifying aspects for more comprehensive
research [12]. Thus, a closed-form analytical solution for circular tunnels strengthened by
steel plates is required and would be of great value.

Abundant research has been conducted into analytical solutions for determining
the stress and displacement fields associated with circular tunnel linings using the stress
function method. Wood [13] and Morgan [14] proposed a method to calculate the internal
forces of buried circular tunnel lining with an elliptical deformation mode. Einstein and
Schwartz [15] presented a simplified analytical solution for a general circular tunnel,
which was expanded by Bobet [16] to calculate tunnels under saturated ground conditions.
Based on a similar methodology, much research has been conducted to predict the ground
movement patterns due to the existence of tunnel linings [17–19]. Soil plasticity is also
considered in many other ground movement prediction models [20,21]. There are some
studies on analytical solutions for tunnels with double linings. Mason and Abelman [22]
studied a two liners system circular tunnel, which was subjected to shear stress at infinity.
El Naggar et al. [23,24] presented a closed-form analytical solution for a composite lining
of a circular tunnel in deep burial conditions, where the stress and displacement results
of double-layered circular tunnel lining were presented based on the theory of thick-
wall cylinders. In the previous theoretical analysis for composite tunnel linings based
on the theory of thick-walled cylinders, the interface between separate liners could only
be considered as ideal scenarios, namely full-slip and no-slip [25]. In terms of the full-
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slip condition, the outer and inner linings are assumed to be frictionless; thus, relative
displacement between two liners could happen without restriction along the interface. In
terms of the no-slip condition, the outer and inner linings are assumed to be perfectly
connected, thus no relative displacement would occur. Although it is sometimes reasonable
to simplify the interface as full-slip or no-slip scenarios, the actual interface behavior is
always somewhere between these two ideal conditions. For the steel strengthened tunnel
problem discussed in this paper, the steel plate is bonded to the concrete lining by a layer
of epoxy adhesive. The interface slippage between the tunnel lining and steel plate will
happen at the adhesive when they deform as a composite lining system. However, the
existing analytical solutions based on the theory of thick-walled cylinders are not able to
well capture the interface slippage between the tunnel lining and steel plate because the
interaction mechanism is only considered as either no-slip or full-slip scenarios.

In using different aspects of the previous research, this paper focuses on an analytical
solution for a circular tunnel strengthened by a steel plate, considering the interface slippage
between the concrete lining and the steel plate. Initially, an analytical model in a polar
coordinate system is established for this problem, containing three objects, i.e., the ground,
the circular concrete lining, and the steel plate. Subsequently, analytical solutions for the
stress and displacement distributions are derived for each object with the interaction stress
components treated as unknown variables, where the concrete-steel interface slippage is
considered by introducing an interface shear stiffness coefficient. Finally, the unknown
interaction stresses are solved by implying the interface compatibility conditions. The
distribution of internal forces and the interaction stresses are illustrated using a case
study using the proposed analytical solution. Based on this, the effectiveness of, and
the mechanisms associated with, the steel plate reinforcement, including the influence
of the essential factors, i.e., interface shear stiffness and steel plate thickness, are further
investigated and discussed. The main contribution of this work is to present the analytical
solutions with consideration of various interface slip modes by introducing an interface
stiffness coefficient kcs. The explicit analytical solutions for the stress and displacement
components of steel strengthened tunnel lining are derived, with interface interaction
property described by coefficient kcs. The simplified analytical solutions proposed in this
paper are intended to bridge the gap between two ideal interface conditions for a better
understanding of the composite lining behaviour of the steel plate strengthened tunnels.

2. Analytical Solutions
2.1. Problem Illustration

Figure 1 presents the typical tunnel strengthening problem discussed in this paper.
There has been an existing circular tunnel with concrete lining thickness tc and external
radius R1. In order to achieve higher lining performance, a steel plate with thickness ts is
installed inside the existing tunnel. As shown in Figure 2, a thin layer of cohesive material
like epoxy resin is used to fill the gap between the concrete lining and the steel plate, so
they behave as a composited tunnel supporting system.

A polar coordinate with the origin at the centre of the circular tunnel is used. The
plane strain condition with the longitudinal direction perpendicular to the tunnel cross
section is adopted. In addition to the fundamental assumptions in the theory of elasticity,
some additional key assumptions in this research are listed as follows:

1. The aim of this paper is to investigate the interaction mechanism of concrete lining
strengthened by steel plate; therefore, the stress and deformation within the ground
soil and concrete lining before strengthening are not considered.

2. The tunnel depth is much larger than the tunnel diameter, so the influence of the
ground surface free boundary is ignored.

3. The epoxy resin layer is treated as zero thickness.
4. During tunnel construction (e.g., mechanized shield-driven tunnelling), a dense layer

of compensation cement grout exists between the tunnel lining and the ground.
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Therefore, it is assumed that no relative displacement happens between the concrete
lining and the ground soil after strengthening.
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To obtain the stress and displacement of the strengthened tunnel, the model is de-
composed into three components, i.e., the ground, the concrete lining, and the steel plate,
respectively, as shown in Figure 3. The ground has been treated as an infinite elastic plane
with a circular hole. The vertical load Pv and horizontal load Ph are applied at far field
boundaries to simulate the influence of surcharge load after the strengthening. There exists
an interaction between normal stress σ

gc
r and shear stress τgc between the ground soil and

the concrete lining. The tunnel lining has been treated as a cylinder with a thickness of
tc, and the steel plate has been treated as a cylinder with a thickness of ts. There exists an
interaction between normal stress σcs

r and shear stress τcs at the concrete–steel interface.
The internal surface of the steel plate is free of stress. For the ground, concrete lining, and
steel plate, given the boundary conditions, the stress and displacement components for
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all three objects can be derived in terms of interaction stress components using the Airy
function method.
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2.2. Stress and Displacement of the Ground Soil

As shown in Figure 4a, the ground soil with a circular tunnel excavation is subjected
to far field stress Pv = −P and Ph = −kP, where P is the surcharge load and k is the
earth pressure coefficient. It is considered equivalent to the superposition of a hydrostatic
condition and a deviatoric condition, as shown in Figure 4b,c, respectively.
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Figure 4. Illustration for ground soil with circular tunnel excavation. (a) Superposition; (b) Hydro-
static condition; (c) Deviatoric condition.

According to Timoshenko [26], the stress function for the hydrostatic condition, as
shown in Figure 4b, is expressed as:

φ = ag
0 ln r + cg

0r2 (1)
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where ag
0 and cg

0 are constants. Using this stress function, the stress components within the
ground are:

σr =
1
r

∂φ

∂r
=

ag
0

r2 + 2cg
0 (2)

σθ =
∂2φ

∂r2 = −
ag

0
r2 + 2cg

0 (3)

τrθ = 0 (4)

The stress at the far field is effectively the same as that in the plate without a tunnel,
and therefore is given by:

σr|r=∞ = 2cg
0 = −P

2
(1 + k) (5)

By substituting Equations (2)–(4) into Equation (5), it gives: cg
0 = −(1 + k)P/4. There-

fore, the stress function for the ground soil in the hydrostatic condition is:

φ = ag
0 ln r− (1 + k)

4
Pr2 (6)

The stress function for the ground soil in deviatoric condition, as shown in Figure 4c,
is expressed as:

φ =

(
ag

2r2 + bg
2r4 + ag

2
′ 1
r2 + bg

2
′
)

cos 2θ (7)

where ag
2 , bg

2 , ag
2
′, and bg

2
′ are constants. Using this stress function, the stress components of

the ground are:

σr =
1
r

∂φ

∂r
+

1
r2

∂2φ

∂θ2 = −
(

2ag
2 +

6ag
2
′

r4 +
4bg

2
′

r2

)
cos 2θ (8)

σθ =
∂2φ

∂r2 =

(
2ag

2 + 12bg
2r2 +

6ag
2
′

r4

)
cos 2θ (9)

τrθ =
1
r2

∂φ

∂θ
− 1

r
∂2φ

∂r∂θ
= 2

(
ag

2 + 3bg
2r2 −

3ag
2
′

r4 −
bg

2
′

r2

)
sin 2θ (10)

The stresses at far field are effectively the same as those in the ground without a tunnel,
and therefore are given by:

σr|r=∞ = −
(

2ag
2 +

6ag
2
′

r4 +
4bg

2
′

r2

)
cos 2θ =

(1− k)
2

P cos 2θ (11)

τrθ |r=∞ = 2

(
ag

2 + 3bg
2r2 −

3ag
2
′

r4 −
bg

2
′

r2

)
sin 2θ = − (1− k)

2
P sin 2θ (12)

By substituting Equations (8)–(10) into Equations (11) and (12), it becomes
ag

2 = −(1− k)P/4 and bg
2 = 0. Thus, the stress function for the ground soil in the de-

viatoric condition is:

φ =

(
− (1− k)

4
Pr2 + ag

2
′ 1
r2 + bg

2
′
)

cos 2θ (13)
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The stress function for both the hydrostatic and deviatoric conditions have been
obtained. By combining Equations (7) and (13), the stress function for the ground soil with
a circular tunnel, as shown in Figure 4a, is given by:

φ = ag
0 ln r− (1 + k)

4
Pr2 +

(
− (1− k)

4
Pr2 +

ag
2
′

r2 + bg
2
′
)

cos 2θ (14)

where ag
0 , ag

2
′, and bg

2
′ are constants to be solved.

From the derivatives of Equation (14), the stress components in the ground soil are:

σ
g
r =

ag
0

r2 −
(1 + k)

2
P +

(
− (1− k)

2
P−

6ag
2
′

r4 −
4bg

2
′

r2

)
cos 2θ (15)

σ
g
θ = −ag

0
1
r2 −

(1 + k)
2

P +

(
− (1− k)

2
P +

6ag
2
′

r4

)
cos 2θ (16)

τ
g
rθ =

(
− (1− k)

2
P−

6ag
2
′

r4 −
2bg

2
′

r2

)
sin 2θ (17)

Using Hooke’s law in the plane strain condition, the strain components in the ground are:

ε
g
r =

(
1− ν2

g

)
Eg

[
σ

g
r −

νg(
1− νg

)σ
g
θ

]
(18)

ε
g
θ =

(
1− ν2

g

)
Eg

[
σ

g
θ −

νg(
1− νg

)σ
g
r

]
(19)

By integration of Equation (11), the displacement components in the ground are:

ug =
1 + νg

Eg

[
−

ag
0
r
+

(1 + k)
(
2νg − 1

)
P

2
r +

(
(1− k)

(
2νg − 1

)
P

2
r + 2

ag
2
′

r3 + 4
(
1− νg

) bg
2
′

r

)
cos 2θ

]
(20)

vg =
1 + νg

Eg

[
2

ag
2
′

r3 + 2
(
2νg − 1

) bg
2
′

r

]
sin 2θ (21)

where ug and vg are ground soil movement in radial and circumferential directions, Eg is
the elastic modulus of ground, νg is the Poisson’s ratio of the ground, and ag

0 , ag
2
′, and bg

2
′ are

constants to be solved according to boundary conditions. The boundary of the ground soil
at the tunnel opening r = R1 are considered, where the soil is subjected to interactions from
the concrete lining. The ground soil stress components at the tunnel lining boundary are:

σ
g
r

∣∣∣
r=R1

= σ
gc
r = σ

gc
r1 + σ

gc
r2 cos 2θ (22)

τ
g
rθ

∣∣∣
r=R1

= τgc sin 2θ (23)

where, σ
gc
r and τgc are the interaction normal and shear stress between the ground soil and

the concrete lining. By substituting Equation (18) into Equation (19), the constants, i.e., ag
0 ,

ag
2
′, and bg

2
′, within above equations are solved:

ag
0 = R2

1

[
σ

gc
r1 +

(1 + k)
2

P
]

(24)

ag
2
′ =

R4
1

6

[
(1− k)

2
P +

(
2τgc − σ

gc
r2

)]
(25)
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bg
2
′ =

R2
1

2

(
τgc − σ

gc
r2

)
(26)

Therefore, by substituting Equations (24)–(26) into Equations (12), (15)–(17), (20) and (21),
the stress and displacement components in the ground are obtained, with the unknown
variables as the interaction stress, i.e., σ

gc
r and τgc, between the ground and concrete

tunnel lining.

2.3. Stress and Displacement of the Concrete Lining

As shown in Figure 5, the tunnel concrete lining is modelled as a cylinder with lining
thickness tc. The external radius of the concrete lining is R1, where the tunnel is subjected
to the normal and shear interactions from the ground. The internal radius of the concrete
lining is R2, where the tunnel is subjected to the normal and shear interactions from the
strengthening steel plate. The stress function for such a thick-walled cylinder is:

φ = ac
0 ln r + bc

0r2 +

(
ac

2r2 + bc
2r4 +

ac
2
′

r2 + bc
2
′
)

cos 2θ (27)
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The stress components within the concrete lining are given by:

σc
r = ac

0
1
r2 + 2bc

0 +

(
−2ac

2 − 6
ac

2
′

r4 −
4bc

2
′

r2

)
cos 2θ (28)

σc
θ = −ac

0
1
r2 + 2bc

0 +

(
2ac

2 + 12bc
2r2 + 6

ac
2
′

r4

)
cos 2θ (29)

τc
rθ = 2

(
ac

2 − 3ac
2
′r−4 + 3bc

2r2 − bc
2
′r−2

)
sin 2θ (30)

Using Hooke’s law in the plane strain condition, the strain components in the concrete
tunnel lining are:

εc
r =

(
1− ν2

c
)

Ec

[
σc

r −
νc

(1− νc)
σc

θ

]
(31)

εc
θ =

(
1− ν2

c
)

Ec

[
σc

θ −
νc

(1− νc)
σc

r

]
(32)

By integration of Equations (31) and (32), the displacement components are obtained:

uc =
1 + νc

Ec

[
−

ac
0

r
+ 2(1− νc)bc

0r−
(

2ac
2r + 4νcbc

2r3 − 2
ac

2
′

r3 − 4(1− νc)
bc

2
′

r

)
cos 2θ

]
(33)
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vc =
2(1 + νc)

Ec

[
ac

2r + (3− 2νc)bc
2r3 +

ac
2
′

r3 − (1− 2νc)
bc

2
′

r

]
sin 2θ (34)

where uc and vc are concrete lining displacement in the radial and circumferential directions,
Ec is the elastic modulus of the concrete lining, νc is the Poisson’s ratio of the concrete lining,
and ac

0, ac
2, bc

2, ac
2
′, and bc

2
′ are constants to be solved according to the boundary conditions.

The boundaries of the concrete tunnel lining at r = R2 and r = R3 are considered, where the
concrete lining is subjected to the interaction stresses from the ground and the steel plate,
respectively. The stress components of the concrete lining at r = R1 are given by:

σc
r |r=R1

= σ
gc
r = σ

gc
r1 + σ

gc
r2 cos 2θ (35)

τc
rθ |r=R1

= τgc sin 2θ (36)

The stress components at r = R2 are given by:

σc
r |r=R2

= σcs
r = σcs

r1 + σcs
r2 cos 2θ (37)

τc
rθ |r=R2

= τcs sin 2θ (38)

where, σ
gc
r and τgc are the interactions between normal and shear stress between the ground

soil and the concrete lining, and σcs
r and τcs are the interaction normal and shear stress

between the concrete lining and the steel plate. By substituting Equations (28)–(30) into
Equations (35)–(38), the constants, i.e., ac

0, ac
2, bc

2, ac
2
′, and bc

2
′, are solved:

ac
0 = −

R2
1R2

2
R2

1 − R2
2

(
σ

gc
r1 − σcs

r1

)
(39)

bc
0 =

1
2
(

R2
1 − R2

2
)(R2

1σ
gc
r1 − R2

2σcs
r1

)
(40)

ac
2 =

1

2
(

R2
1 − R2

2
)3

[
−R2

1
(

R4
1 + 2R4

2 + R2
1R2

2
)
σ

gc
r2 +

(
4R2

1R4
2
)
τgc

+R2
2
(

R4
2 + 2R4

1 + R2
1R2

2
)
σcs

r2 −
(
4R4

1R2
2
)
τcs

]
(41)

ac
2
′ =

R4
1R4

2

6
(

R2
1 − R2

2
)3

[
−
(

R2
2 + 3R2

1
)
σ

gc
r2 +

(
4R2

2
)
τgc

+
(
3R2

2 + R2
1
)
σcs

r2 −
(
4R2

1
)
τcs

]
(42)

bc
2 =

1

6
(

R2
1 − R2

2
)3

[
−R2

1
(

R2
1 + 3R2

2
)
σ

gc
r2 + R2

1
(
−2R2

1 + 6R2
2
)
τgc

+R2
2
(

R2
2 + 3R2

1
)
σcs

r2 + R2
2
(
2R2

2 − 6R2
1
)
τcs

]
(43)

bc
2
′ =

R2
1R2

2

2
(

R6
1 − 3R4

1R2
2 + 3R2

1R4
2 − R6

2
)3

[ (
−2R4

1 − R2
1R2

2 − R4
2
)
σ

gc
r2 +

(
2R2

1R2
2
)
τgc

+
(

R4
1 + R2

1R2
2 + 2R4

2
)
σcs

r2 −
(
2R2

1R2
2
)
τcs

]
(44)

Therefore, by substituting Equations (39)–(44) into Equations (28)–(30), (33) and (34),
the stress and displacement components are derived with the unknown variables as inter-
action stresses, i.e., σ

gc
r , τgc, σcs

r , and τcs.

2.4. Stress and Displacement of the Steel Plate

As shown in Figure 6, the steel plate is modelled as a cylinder with thickness ts. The
external radius of the steel plate is R2, where the steel plate is subjected to the normal
and shear interactions from the concrete lining. The internal radius of the steel plate is
R3, where the steel plate surface is free from stress. The stress function for the steel plate
cylinder is:

φ = as
0 ln r + bs

0r2 +

(
as

2r2 + bs
2r4 +

as
2
′

r2 + bs
2
′
)

cos 2θ (45)
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The stress components within the steel plate are:

σs
r =

as
0

r2 + 2bs
0 +

(
−2as

2 − 6
as

2
′

r4 − 4
bs

2
′

r2

)
cos 2θ (46)

σs
θ = −

as
0

r2 + 2bs
0 +

(
2as

2 + 12bs
2r2 + 6

as
2
′

r4

)
cos 2θ (47)

τs
rθ = 2

(
ac

2 − 3
ac

2
′

r4 + 3bc
2r2 −

bc
2
′

r2 r−2
)

sin 2θ (48)
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Using Hooke’s law in the plane strain condition, the strain components in the steel
plate are:

εs
r =

(
1− ν2

s
)

Es

[
σs

r −
νs

(1− νs)
σs

θ

]
(49)

εs
θ =

(
1− ν2

s
)

Es

[
σs

θ −
νs

(1− νs)
σs

r

]
(50)

By integration of Equations (49) and (50), the displacement components are obtained:

us =
1 + νs

Es

[
−

as
0

r
+ 2(1− 2νs)bs

0r +
(
−2as

2r− 4νsbs
2r3 + 2

as
2
′

r3 + 4(1− νs)
bs

2
′

r

)
cos 2θ

]
(51)

vs =
2(1 + νs)

Es

[
as

2r + (3− 2νs)bs
2r3 +

as
2
′

r3 − (1− 2νs)
bs

2
′

r

]
sin 2θ (52)

where us and vs are steel plate displacement in radial and circumferential directions, Es
is the elastic modulus of the steel plate, νs is the Poisson’s ratio of the steel plate, and as

0,
bs

0, as
2, bs

2, as
2
′, and bs

2
′ are the constants to be solved according to the boundary conditions.

Boundaries of the steel plate at r = R2 and r = R3 are considered. The steel plate is subjected
to the interaction stress from the concrete lining at r = R2, where the stress components are
given by:

σs
r |r=R2

= σcs
r = σcs

r1 + σcs
r2 cos 2θ (53)

τs
rθ |r=R2

= τcs sin 2θ (54)

The internal surface of the steel plate is free of stress. Thus, the stress components of
the steel plate at r = R3 are given by:

σs
r |r=R3

= 0 (55)

τs
rθ |r=R3

= 0 (56)
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where, σcs
r and τcs are the interaction normal and shear stress between the concrete lin-

ing and the steel plate. By substituting Equations (46)–(48) into Equations (53)–(56), the
constants, i.e., as

0, bs
0, as

2, bs
2, as

2
′, and bs

2
′, are solved:

as
0 = −

R2
2R2

3
R2

2 − R2
3

σcs
r1 (57)

bs
0 =

R2
2

2
(

R2
2 − R2

3
)σcs

r1 (58)

as
2 =

1

2
(

R2
2 − R2

3
)3

[
−R2

2

(
R4

2 + 2R4
3 + R2

2R2
3

)
σcs

r2 +
(

4R2
2R4

3

)
τcs
]

(59)

as
2
′ =

R4
2R4

3

6
(

R2
2 − R2

3
)3

[
−
(

R2
3 + 3R2

2

)
σcs

r2 +
(

4R2
3

)
τcs
]

(60)

bs
2 =

1

6
(

R2
2 − R2

3
)3

[
−R2

2

(
R2

2 + 3R2
3

)
σcs

r2 + R2
2

(
−2R2

2 + 6R2
3

)
τcs
]

(61)

bs
2
′ =

R2
2R2

3

2
(

R6
2 − 3R4

2R2
3 + 3R2

2R4
3 − R6

3
)3

[(
−2R4

2 − R2
2R2

3 − R4
3

)
σcs

r2 +
(

2R2
2R2

3

)
τcs
]

(62)

Therefore, by substituting Equations (57)–(62) into Equations (46)–(48), (51) and (52),
the stress and displacement components are derived with the unknown variables as inter-
action stresses, i.e., σcs

r and τcs.

2.5. Interface Compatibility Conditions

The stress and displacement components in all three objects have been obtained.
To solve the unknow interaction stresses, compatibility conditions at the ground-tunnel
interface and concrete-steel interface are needed. According to the fourth assumption in
the proposed model, no relative displacement occurs between the ground and the tunnel
lining. Thus, the compatibility demand at r = R1 is given by:

ug∣∣r=R1 = uc∣∣
r=R1

(63)

vg∣∣r=R1 = vc∣∣
r=R1

(64)

The interface property between the concrete lining and the steel plate is key to the
strengthened tunnel behavior. Three different interface conditions are considered in this
research, i.e., full-slip, no-slip, and bond-slip conditions. In terms of the no-slip condition,
the concrete lining and the steel plate are perfectly combined, and no relative displacement
occurs at the interface. This refers to the situation when the steel plate is very strongly
connected to the concrete lining. The compatibility at the concrete-steel interface (r = R2) is:

uc∣∣r=R2 = us∣∣
r=R2

(65)

vc∣∣r=R2 = vs∣∣
r=R2

(66)

In terms of the full-slip condition, the interface between the concrete lining and steel
plate is free of shear stress and constrained in the radial displacement. This refers to the
situation when the concrete-steel interface is fully deboned and a strengthening failure has
occurred. The stress and compatibility demand for the full-slip interface condition is:

τcs = 0 (67)

uc∣∣r=R2 = us∣∣
r=R2

(68)
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In terms of the bond-slip condition, bond-slip is considered at the interface between
the concrete lining and the steel plate. In this study, the interface shear stress is considered
proportional to the difference in circumferential displacement between the concrete lining
and steel plate. An interface shear stiffness coefficient is proposed to indicate the property
of the concrete-steel bonding interface. Thus, the stress and compatibility demand for the
bond-slip condition is given by:

τc
rθ

∣∣∣r=R2 = τs
rθ

∣∣∣r=R2 = kcs

(
vc∣∣r=R2 − vs∣∣

r=R2

)
(69)

uc∣∣r=R2 = us∣∣
r=R2

(70)

where, kcs is the shear stiffness coefficient of the concrete-steel interface. The value of kcs
will be investigated in this study.

By substituting the stress and displacement components of the ground, the concrete
tunnel lining and the steel plate into the compatibility equations corresponding to the
different interface conditions, the unknown interaction stresses, σ

gc
r , τgc, σcs

r , and τcs can
then be solved. Therefore, all stress and displacement values are obtained.

3. Validation of The Proposed Analytical Solutions

To validate the rationale and accuracy of the proposed analytical solutions, a finite
element (FE) analysis was conducted to simulate the circular tunnel strengthened by a
steel plate. The analysis was executed using the commercial FE package ABAUQS. To
simultaneously achieve a good calculation accuracy and a high computational efficiency for
such a symmetric problem, a quarter plane model is adopted, the mesh of which is shown
in Figure 7. It contains three components, the ground, a tunnel lining, and a steel plate with
20576 four-node plane strain (CPE4) elements in total. All the materials are taken as elastic,
and the parameters listed in Table 1 are adopted. The left vertical boundary of the ground
is fixed in the X direction, while the bottom boundary is fixed in the Y direction. The width
and the height of the half ground model are 50 m which is over 10 R, so the effect of the
boundary could be neglected. The ground stress caused by the surcharge load is simulated
by applying vertical load P on the top and horizontal load on the right.
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Table 1. Parameters of each material in the proposed model.

Parameter Symbol Value Unit

Ground soil

Elastic modulus Eg 20 MPa
Poisson ratio νg 0.33 -
Unit weight γg 18 kN/m3

Coefficient of earth pressure k 0.5 -
Surcharge load P 360 kPa

Concrete tunnel
lining

Outer radius R1 3.1 m
Inner radius R2 2.75 m

Lining thickness tt 0.35 m
Elastic modulus Et 34.5 GPa

Poisson ratio νt 0.2 -

Steel plate lining
Elastic modulus Es 200 GPa

Poisson ratio νs 0.2 -
Thickness ts 20 mm

The interface between the ground and the tunnel lining is simulated using contact
pairs, with the interaction property adopted as “Hard” contact in the normal direction and
“Rough” in the tangential direction. Thus, no relative displacement is allowed between two
components, which is identical to the proposed analytical model. The interface between the
tunnel lining and the steel plate is simulated by using contact pairs. “Hard” contact property
is given in the normal direction, while “Rough” or “frictionless” contact properties are given
in the tangential direction to simulate no-slip and full-slip interface conditions, respectively.

Figure 8 presents the comparison of the lining displacement evaluated by the Abaqus
FE model and the analytical model proposed in this study. The tunnel deformations calcu-
lated by the two models agree well with each other in both full-slip and no-slip interface
conditions. The tunnel deforms elliptically, with the lining inward motion occurring at
the tunnel crown and outward motion occurring at the tunnel spring line. The maximum
lining displacements calculated by the analytical and the FE model are −10.25 mm and
−10.30 mm at the tunnel crown (θ = 90◦), respectively. The largest difference in lining
displacement given by the Abaqus FE model and the proposed analytical solution is 0.5%.
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Figure 8. Comparison of the lining displacement evaluated by FE and analytical solutions with
different concrete-steel interface properties.

Figure 9 compares interface stresses evaluated by FE and the proposed analytical
solutions. Figure 9a shows results from the steel plate strengthened tunnel with the no-slip
concrete-steel interface. It was observed that the interface normal and shear stress evaluated
by the two models agree well with each other. The interface normal stress between the
concrete lining and steel plate is compression from 0◦ to 51◦, while it is tension from 51◦ to
90◦. The maximum interface tension and compression stress appear at the location of the
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tunnel spring line (θ = 0◦) and crown (θ = 90◦), respectively. The largest difference in the
interface normal stress evaluated by the analytical and FE method is 2%. The maximum
interface shear stress appears at θ = 45◦, where the difference in the shear stress values
evaluated by the two methods is 0.08%.
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Figure 9. Comparison of the interface stresses evaluated by FE and analytical solutions with different
concrete-steel interface properties. (a) Concrete-steel interface property: no-slip; (b) Concrete-steel
interface property: full-slip.

Figure 9b shows the result of the steel plate strengthened tunnel with the full-slip
concrete-steel interface. It is observed that the interface normal and shear stress evaluated
by the two models agree well with each other. The interface normal stress between the
concrete lining and steel plate is compression, while no shear stress exists.

From the above comparisons between the lining displacement and interface stress
evaluated by the FE approach and analytical solutions, it is proved that the analytical
solution proposed in this paper is able to provide results with good accuracy. Obviously,
the proposed analytical solution is much easier and quicker to use.

4. Analysis of Steel Plate Strengthening Effectiveness

In this section, in order to investigate the strengthening mechanism, the structural
performance of tunnels with and without steel plate strengthening was analyzed and
compared using the proposed analytical solutions. First, the interface shear stiffness
coefficient kcs was determined based on the shearing test study on the concrete-steel
bonded joint from the literature. Subsequently, using the analytical solutions proposed in
this paper, tunnels with and without steel plate strengthening were analyzed. By comparing
the tunnel performances in terms of lining deformation, moment, axial force, and interface
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stresses, it is demonstrated how the steel plates interact with the tunnel lining so that the
tunnel performance can be enhanced.

4.1. Concrete-Steel Interface Shear Stiffness

It has been seen that the steel plate strengthened tunnels with full-slip and no-slip
interface conditions behave quite differently, indicating that the interface shear and mo-
tion between the concrete lining and the steel plate should be considered. Therefore, the
interface shear stiffness coefficient kcs is introduced in the proposed analytical solution,
which links the interface shearing resistance and relative slippage during the deformation
of strengthened tunnel lining. The value of kcs can be determined by performing interface
shearing tests on a concrete-steel bonded joint, e.g., single pull [27], double pull [28], and
push-out tests [29]. In this research, results of a double pull-out test on a concrete prism
with external boned steel plates performed by Oh et al. [28] are adopted to evaluate the
value of the shear stiffness coefficient for the concrete-steel bonding interface. According
to the measured data in terms of the relationship between average shear stress and rela-
tive displacement, bonding failure occurred when the peak average shear stress reached
τmax = 2.41 MPa with slippage of s0 = 0.60 mm. Therefore, the corresponding shear stiffness
coefficient is given by: kcs = τmax/s0 = 4.02 MPa/mm.

4.2. Lining Deformation

As shown in Figure 10, the lining displacement of tunnels with and without steel plate
strengthening are compared with each other. It is evident that in both cases, the tunnel
profile deforms from a circular shape to an elliptical shape, and the lining diameter shrinks
vertically while expanding horizontally. The deformation of the tunnel strengthened by the
steel plate is much smaller than that of the tunnel without strengthening. Changes in the
tunnel’s vertical diameter between the crown and invert of the tunnel with and without
steel plate strengthening are 14.00 mm and 20.65 mm. Changes in the horizontal diameter
at the tunnel spring line are 13.23 mm and 19.61 mm, respectively. The tunnel deformation
has been minimized by 32.2% due to the steel plate strengthening.
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Figure 10. Comparison of lining radial displacement between tunnels with and without steel
plate strengthening.

Comparing the deformation patterns and the changes in the tunnel diameters of tun-
nels with and without strengthening, it is demonstrated that the deformation of the tunnel
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lining due to surcharge can be effectively minimized by using steel plate strengthening.
The overall stiffness of tunnel lining was significantly improved after the strengthening.

4.3. Moment and Axial Force

In order to better understand the change of lining forces due to the steel plate strength-
ening, the moment and axial force within the concrete lining or the steel plate are extracted
for comparison. As shown in Figure 11, the lining moment of tunnels with and without
steel plate strengthening are compared. The moment value is treated as positive when
tensile stress appears at the outer edge and compression stress appears at the inner edge
of the concrete tunnel lining. The lining moment of the tunnel without strengthening is
451.6 kNm at the tunnel crown and−444.3 kNm at the tunnel spring lining. The peak lining
moment of the strengthened tunnel is 303.1 kNm at the tunnel crown and −297.9 kNm at
the tunnel spring line. The lining moment has been minimized by 32.9% due to the steel
plate strengthening.
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Figure 11. Comparison of moment in the concrete lining of tunnels with and without steel
plate strengthening.

As shown in Figure 12, the axial force of tunnels with and without steel plate strength-
ening are illustrated. The compression thrust is treated as positive, while the tension thrust
is negative. It is observed that the thrust in the concrete lining is minimized significantly
due to the steel plate strengthening. As for the strengthened tunnel, the steel plate is
subjected to tension at the tunnel crown and compression at the spring line.

4.4. Interface Stresses

In order to better understand the interaction mechanism between the concrete lining
and the steel plate, the interface stress distributions between two lining components have
been extracted and shown in Figure 13. In the normal direction, tension is treated as positive,
while in the tangential direction, the anticlockwise shear stress is treated as positive.

In terms of the interface normal stress, it is tension in the range of 51◦~129◦ and
231◦~309◦, where the concrete lining and steel plate tend to separate. In the rest area of the
interface, the interface stress is negative, where the concrete lining and the steel plate are
compressed against each other. The maximum interface tension stress is 281.2 kPa at the
tunnel crown and invert, while the maximum interface compression stress is −491.4 kPa at
the tunnel spring lining.
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Figure 12. Axial force in the lining of tunnels with and without steel plate strengthening.
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Figure 13. Interface stress distributions of the tunnel with and without steel plate strengthening.

In terms of the interface shear stress, the direction is clockwise in the range from
0◦~90◦ and anticlockwise in the range form 90◦~180◦. The maximum interface shear stress
is 781.5 kPa, which appears at the positions of θ = 45◦, 135◦, 225◦, and 315◦. Therefore, the
interface shear strength at these positions must be guaranteed during the construction of
the steel plate strengthening.

5. Discussion

Using the proposed analytical solution, the influence of two parameters, i.e., the
interface property kcs and the steel plate thickness ts, are discussed in this section. This
helps achieve a thorough understanding of the impact of these factors on the effectiveness
of steel plate strengthening.
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5.1. Influence of Interface Shear Stiffness

In this paper, the concrete-steel interface property of a strengthened tunnel is indicated
by introducing an interface shear stiffness coefficient, i.e., kcs. The value of kcs was evaluated
according to a shearing test on the concrete-steel bonded joint. The value of kcs could vary
from case to case, influenced by concrete lining properties, epoxy resin types, shearing test
methods, etc. More experimental research is needed to study the interface shear stiffness
coefficient, which is beyond the scope of this paper. Here, the influence of the concrete-
steel interface shear stiffness on the steel plate strengthened tunnel lining performance is
discussed in terms of the interface stress and tunnel lining force.

The influence of the interface shear stiffness on the normal and shear stress between the
concrete lining and the steel plate are shown in Figures 14 and 15, respectively. Normalized
interface stresses in both normal and tangential directions, namely σcs/P and τcs/P, are
extracted along the tunnel-steel interface from θ = 0◦ to 90◦. It is observed that values of
the interface shear and normal stress increased significantly, as kcs increased from 0.2 to 10
MPa/mm. In terms of the no-slip mode, the maximum compressive stress with normalized
value of −1.82 and the maximum tensile stress with a normalized value of 1.17 is observed
at the positions of the tunnel spring-line and crown, respectively. The maximum shear
stress with a normalized value of −3.05 is observed at the position θ = 45◦, while the shear
stresses vanish at positions of the tunnel spring-line and crown. In terms of the full-slip
mode, constant stress with a normalized value of −0.33 in the normal direction and zero in
the tangential direction are observed along the interface. This indicates that in the full slip
condition, no shear resistance exits at the tunnel-steel interface. The steel plate could only
provide a very small effect against the uniform constriction deformation.
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Figure 14. Influence of kcs on the interface normal stress.
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Figure 15. Influence of kcs on the interface shear stress.

In addition, as the value of kcs increased, the patterns of the interface stress distribution
were evaluated in the case of full-slip conditions towards that of the no-slip interface
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condition. The interface normal stress close to the tunnel crown changed from compression
to tension, while the compression stress close to the tunnel spring lining kept increasing.
When the value of kcs is relatively large, it indicates that the situation that the adhesive
works well and the steel plate is perfectly bonded to the concrete tunnel lining. The
effectiveness of steel plate strengthening is at its best performance, and the two components
behave in terms of a composite lining system. When the value of kcs decreases to a relatively
small value, it indicates that the bonding adhesive gradually loses function, and the tunnel
lining and the steel plate work separately with only small compressive interaction between
the two components.

In order to investigate the influence of interface shear stiffness on the composite
behaviour of steel plate strengthened tunnel linings. The axial force and moment of
strengthened tunnel lining with different values of the interface stiffness coefficient kcs are
extracted as shown in Figures 16 and 17. In these figures, the positive and negative axial
force indicates tension and compression section force, respectively. The positive section
moment indicates that the intrados of tunnel lining is subjected to tensile strain, while
the negative section moment indicates that the intrados of tunnel lining is subjected to
compressive strain. It is observed that the interface shear stiffness significantly influences
the value of both force and moment in the tunnel lining. In terms of the no-slip mode,
the maximum axial force appears at the position of the tunnel crown, where the positive
section moment reaches its peak value. In terms of the full-slip mode, the maximum axial
force appears at the position of the tunnel spring-line, where the negative section moment
reaches its peak value. As kcs increases from 0.5 to 10 MPa/mm, the absolute value of the
axial force decreases within the range of 0 to 45◦, while the axial force increases within the
range of 45◦ to 90◦. The value of the moment decreases as the value of kcs improves. The
peak moment and axial force are at positions of the tunnel crown and invert.
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Figure 16. Influence of kcs on tunnel lining axial force.
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From above analysis, it can be seen that the improvement of the interface shear stiffness
can significantly enhance the overall structural stiffness of the strengthened tunnel lining,
which results in increases in the interaction stresses and lining forces simultaneously. It
also implies that a stiffer interface connection also calls for a higher strength of the interface
bonding property. Comparing the situations of no-slip, full-slip, and interface with different
values of kcs, the no-slip, and full-slip modes represent steel strengthened tunnel with the
ideal interface bonding scenarios. The no-slip interface indicates the condition that the
steel plate is perfectly bonded to the concrete tunnel lining, while the full-slip interface
indicates the condition that no resistance exists between the steel plate and tunnel linings.
It is noticed that the full-slip and no-slip modes are the lower and upper bond of the
elastic slip model with interface coefficient kcs adopted as 0 and infinite, respectively. The
strengthened tunnel with a relatively large value of the interface coefficient kcs represents a
situation in which the adhesive could provide good bonding effectiveness. As the interface
coefficient kcs decreases to a relatively small value, it indicates that the bonding performance
of the adhesive layer gradually degrades, and the steel plate would contribute very little
effectiveness in improving the structural performance of the tunnel linings.

5.2. Influence of Steel Plate Thickness

The thickness of the steel plate is one of the most important design parameters that
determine the cost and effectiveness of the tunnel strengthening projects. The purpose of
this section is to provide an integrated understanding of the influence of the steel plate
thickness, which is hoped to contribute to a better application of this tunnel strengthening
method. The influence of steel plate thickness on the strengthened tunnel lining perfor-
mance is analyzed under different conditions of soil elastic modulus using the proposed
analytical solutions. The results are shown in Figure 18.

It can be observed from Figure 18a that the tunnel deformation declines nonlinearly
with an increase in the steel plate thickness; the deformation becomes more insensitive
as the steel plate becomes thicker. When the value of ts/tc is less than 0.06, the tunnel
deformation could be significantly reduced by making the steel plate thicker. However,
when the value of ts/tc goes higher than 0.1, the effect of increasing steel plate thickness
becomes less evident.

Similarly, the influence of the steel plate thickness on the lining moment and axial
force at the tunnel invert is illustrated in Figure 18b,c, respectively. It can be observed that
as the steel plate thickness increases, the axial force increases while the moment decreases.
When ts/tc is smaller than 0.05, the internal force within the tunnel lining is sensitive to the
change in steel thickness. A small increase in steel thickness causes a significant change in
the axial force and moment. However, they are both less sensitive to an increase in the steel
thickness as ts/tc goes higher than 0.1.

Subsequently, the influence of steel thickness on the interaction stresses at the interface
between the tunnel lining and the steel plate is analyzed. According to the distribution
patterns of the interface stress in the normal and tangential directions, as shown in Figure 9,
the maximum detaching stress appears at the tunnel crown and invert, while the peak
shearing stress appears at the positions near the tunnel shoulders. Therefore, the influence
of the steel thickness on the values of the interaction stress at these two positions is
illustrated in Figure 18d,e.

It can be seen that the maximum tension and shearing stresses increased nonlinearly
as the steel thickness increased. When the steel plate is relatively thin, the interaction stress
is small, but a small increase in the steel thickness leads to a rapid increase in tension
and shearing stresses at the interface. As the steel plate thickens, this trend becomes less
significant. This is because as the inner steel plate becomes stronger, it can carry more load
from the lining system. Consequently, greater interaction forces are needed at the interface
to guarantee the compatibility of the two lining components.
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In addition, from the curves for different soil elastic modulus, it is evident that as
the ground soil stiffens, the tunnel deformation and the internal and interaction stresses
become smaller. This demonstrates that stiffer soil will benefit the performance of the steel
plate strengthened tunnel lining.

From all the discussion above, it can be demonstrated that an increase in steel plate
thickness can significantly control the tunnel lining deformation, especially when the steel
thickness itself is thin. Meanwhile, the interaction stress at the interface will increase
simultaneously, which demands a higher bonding strength. The peak tension and shear
stresses are critical to the safety of the strengthened tunnel lining, which should be carefully
considered during the design and construction process.

6. Conclusions

This article presents simplified analytical solutions of a circular tunnel strengthened
by a steel plate with consideration of various interface slip modes. Using the proposed
solutions, the performance of tunnels with and without strengthening is analyzed, and
the influence of some essential factors on the strengthened tunnel lining performance is
discussed. Some conclusions are summarized:

1. The simplified analytical solutions proposed in this article provide a concise way
of analyzing a circular tunnel strengthened by steel plates, which can consider the
bonding properties of the concrete-steel interface.
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2. The structure stiffness of tunnel lining can be significantly improved by using steel
plate strengthening. According to the case analyzed in this paper, comparing the
tunnels with and without strengthening, deformation of the tunnel strengthened by
steel plate has been minimized by 32.2%.

3. The improvement of the interface shear stiffness can enhance the overall structural
stiffness of the strengthened tunnel lining, which results in increases in the interaction
stresses and lining forces simultaneously.

4. Greater achievement in both strengthening effectiveness and cost efficiency can be
obtained by controlling a ratio of the steel thickness to the tunnel lining thickness less
than 0.1.
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