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An Anisotropic Biphasic Theory 
of Tissue-Equivalent IVIeclianics: 
Tlie Interplay Among Cell 
Traction, Fibrillar Network 
Deformation, Fibril Alignment, 
and Cell Contact Guidance 
We present a general mathematical theory for the mechanical interplay in tissue-
equivalents (cell-populated collagen gels): Cell traction leads to compaction of the 
fibrillar collagen network, which for certain conditions such as a mechanical con-
straint or inhomogeneous cell distribution, c^n result in inhomogeneous compaction 
and consequently fibril alignment, leading to cell contact guidance, which affects the 
subsequent compaction. The theory accounts for the intrinsically biphasic nature of 
collagen gel, which is comprised of collagen network and interstitial solution. The 
theory also accounts for fibril alignment due to inhomogeneous network deformation, 
that is, anisotropic strain, and for cell alignment in response to fibril alignment. Cell 
alignment results in anisotropic migration and traction, as modeled by a cell orienta-
tion tensor that is a function of a fiber orientation tensor, which is defined by the 
network deformation tensor. Models for a variety of tissue-equivalents are shown to 
predict qualitatively the alignment that arises due to inhomogeneous compaction 
driven by cell traction. 

Introduction 
The mechanical interaction of motile cells with collagen fi-

brils ' in the surrounding extracellular matrix is fundamental to 
cell behavior in soft tissues and tissue-equivalents (TEs) 
(highly entangled networks of collagen fibrils with entrapped 
cells) and thus to many biomedical problems and tissue engi-
neering applications (Stopak and Harris, 1982; Madri and Pratt, 
1986; Huang et al., 1993; L'Heureux et al., 1993; Hirai et al., 
1994; Grinnell, 1994; Wilkins et al , 1994). Research using 
TEs of various shapes and with various mechanical constraints 
has led to reports of "spontaneous" development of cell align-
ment as compaction proceeded. Some of these reports are sum-
marized below. All used fibroblasts unless indicated otherwise. 

(A) Harris et al. (1984) reported the spontaneous develop-
ment of cell aggregates in a circular TE adherent at its margins 
when the concentration of initially dispersed cells exceeded a 
threshold, with cells between aggregates oriented toward the 
aggregates. 

(B) Klebe et al. (1989) studied TE slabs adherent at their 
margins (but free to compact in thickness). When the slabs 
were rectangular, spontaneous alignment parallel to the long 
axis of the rectangle was observed when the cell concentration 
exceeded a threshold; however, orientation remained isotropic 
in square slabs. 

(C) Kolodney and Elson (1993) reported that cell align-
ment developed along the axis of a compacting TE slab that 

' Although in vivo collagen fibrils assemble to form fibers, we use "fibril" 
throughout this paper to refer to collagen fibers and fibrils collectively. We reserve 
the term "fiber" for the conceptual representation of the local networlc fibril in 
our theory. 
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was adherent at opposite ends to fixed platens in their "isomet-
ric" cell force measurements. 

(D) Grinnell and Lamke (1984) examined compacting TE 
hemi-ellipsoids adherent to a fixed surface at the base (shown 
schematically in Fig. 2(a) of this paper). The hemi-ellipsoids 
were fabricated with cells either concentrated near the free upper 
surface or near the adherent lower surface. In both cases, Grin-
nell and Lamke observed that the entire collagen network be-
came aligned in the plane parallel to the base even though the 
cells did not penetrate significantly into the bulk. 

(E) In the development of a dermal-equivalent, Lopez 
Valle et al. (1992) reported cell alignment in the plane of a 
compacting TE disk adherent to a fixed surface along its edge 
but free to compact in thickness (Fig. 3(a) ) . 

(F) In the development of a media-equivalent, L'Heureux 
et al. (1993) reported that when a TE tube compacted around 
a mandrel in its lumen,̂  thereby constraining radial compaction, 
but not axial compaction due to periodic disruption of adhesion 
with the mandrel, circumferential alignment of the smooth mus-
cle cells developed (Fig. 4 (a ) ) . (It had been previously re-
ported by Weinberg and Bell (1986) that when such tubes 
freely compacted, that is without mechanical constraint, the cell 
orientation remained essentially isotropic.) Conversely, axial 
cell alignment developed when adhesion of the TE tube to the 
mandrel eliminated axial compaction along the mandrel surface 
(Fig. 5(a)) (N. L'Heureux, personal communication). 

(G) We add to this list the development of circumferential 
cell alignment when cells are dispersed in freely compacting 
TE spheres so as to be initially excluded from a core region 
(Fig. 6 (a) ) , whereas the cell orientation remains essentially 
isotropic when cells are initially dispersed throughout the sphere 
(Barocas and Tranquillo, 1994; Bromberek et al , 1997). 

These observations taken together may appear confounding 
with respect to the origin of cell alignment. However, the evi-
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dance summarized in the next section that cells align, exert 
traction, and migrate preferentially in the direction that sur-
rounding fibrils are aligned, termed contact guidance, and that 
deformation of a collagen network induces alignment of its 
component fibrils, leads to a unifying mechanism for all of these 
observations: Cell traction leads to deformation of the fibrillar 
network, which for certain conditions such as a mechanical 
constraint or inhomogeneous cell distribution, can result in inho-
mogeneous deformations and consequent fibril alignment, lead-
ing to cell contact guidance, which affects the subsequent defor-
mation. This interplay may govern cell accumulation in a wound 
and thereby its rate and extent of contraction, and be exploited 
to control the microstructure of bioartificial tissues and organs 
and thereby their functionality. The only mathematical theory 
proposed to account for these alignment effects (Tranquillo et 
al., 1992) was not generalizable to two-dimensional and three-
dimensional geometries, as is the case in all of these examples 
except G. 

We present here a general mathematical theory for this inter-
play that is shown to be consistent with all of the given examples 
above that are modeled (those that are spherically or axisymme-
tric, examples D - G ) . The theory is biphasic because it accounts 
for the fact that collagen gels are intrinsically two phases, colla-
gen network and interstitial solution. It is anisotropic because 
it accounts for cell alignment due to fibril alignment, and fibril 
alignment due to inhomogeneous network deformation (aniso-
tropic strain). The paper is organized as follows: The field 
equations are presented, followed by a detailed treatment of the 
fiber and cell orientation tensors that account for contact guid-
ance in the field equations. After a brief discussion of the numer-
ical methods used to solve model equations based on the theory, 
predictions are presented for examples D-G and compared to 
experimental observations (examples C and F are considered 
elsewhere in further detail, Barocas and Tranquillo (1997) and 
Barocas et al. (1997), respectively). Finally, the Discussion 
addresses some alternative theoretical approaches to contact 
guidance and some limitations of the one that we present here. 
A previous paper (Barocas and Tranquillo, 1994) includes our 
isotropic biphasic theory and a preliminary report of our aniso-
tropic biphasic theory. 

Anisotropic Biphasic Theory of Tissue-Equivalent Me-
chanics 

The theory is based on several assumptions, which are pre-
sented below along with their justification: 

• Collagen gel is comprised of two interpenetrating continu-
ous phases: a highly entangled fibrillar network and inter-
stitial solution (consistent with electron micrographs, e.g., 
Allen e t a l , 1984). 

• The phases exhibit, generally, intraphase viscoelasticity 
and interphase frictional drag due to relative motion, with 
the (intraphase) viscosity of the solution phase being neg-
ligible (consistent with shear and compression testing 
(Barocas et al., 1995; Knapp et al , 1997)). 

• Cells exert traction stress on the network in the direction 
they are oriented (consistent with polarized light micro-
graphs of TEs, e.g., Moon and Tranquillo, 1993). 

• Network fibrils (specifically, fibril segments between en-
tanglements) reorient according to the local (macro-
scopic) deformation of the network (consistent with data 
that birefringence is induced upon TE compression and 
remains after stress relaxation (Girton et al., 1997)). 

• Cells reorient and migrate preferentially with the preferred 
fiber direction (consistent with data that cell alignment is 
also induced upon compression and remains (Girton et al , 
1997), and with cell alignment and migration measured in 
magnetically aligned networks (Dickinson et al., 1994)). 

• All parameters except cell traction and migration, which 
correlate with cell spreading, are time independent (con-

sistent with the success of the theory in predicting short-
time homogeneous TE compaction (Barocas et al , 
1995)); in particular, significant changes in network com-
position due to cell secretion are not admissible. 

Biphasic theories have been used successfully in a variety of 
biomechanical problems, including articular cartilage (Mow et 
al , 1980) and arterial wall (Simon and Gaballa, 1988). We 
adopt the biphasic theory developed by Dembo and Harlow 
(1986) for cell mechanics based on the multiphase averaging 
theory of Drew and Segel (1971), as previously described (Bar-
ocas and Tranquillo, 1994), treating cells as a continuous com-
ponent of the network phase, since they are entrapped within the 
network, rather than as a separate phase. Defining the average 
fractional volumes of network and solution as 9„ and ^i, the 
excluded volume relation requires: 

= 1 (1) 

Defining the average velocities of network and solution as v„ 
and v.,, mass conservation can be expressed in terms of volume 
fractions when the intrinsic phase densities are constant and 
nearly equal (a good approximation for protein networks and 
biological solutions, as Dembo and Harlow note): 

Dt 

Dt 

-6i„(V-v„) + R„ 

£ = -e,{V--v,)-R„ 

(2) 

(3) 

where R„ is the net rate at which volume is transferred from 
the solution to network phase due to all reactions, and D, (•)/ 
Dt denotes the substantial derivative with respect to the velocity 
of phase ;'. The assumption that /?„ = 0 is valid for short-term 
TE culture since network formation is complete before the cells 
begin to exert traction and there is negligible synthesis or degra-
dation of collagen due to the cells (Nusgens et al., 1984). The 
sum of Eqs. (2) and (3) yields the overall incompressibility 
relation: 

V • [̂ „v„ + ^,v,] = 0 (4) 

Of course, only two of the three forms of mass conservation 
equations are independent; we use Eqs. (2) and (4), and all 
subsequent substantial derivatives are with respect to v„. 

The key result of the averaging theory of Drew and Segel as 
adapted by Dembo and Harlow, after omitting inertial terms, 
which are negligible for tissue mechanics (Odell et al., 1981), 
is a set of coupled mechanical force balances, which are written 
given our assumptions as follows: 

V • [e„{o-„ + Toca)] - o„vp + voOnOAy. - v„) = o (5) 

- 6 I , V P - H M A ( V „ - v , ) = 0 (6) 

where <r„ is the stress in the network phase, P is the solution 
hydrostatic pressure, ipa is the interphase drag coefficient (in-
versely proportional to permeability), and TQCHC is a con-
tractive cell traction stress assumed to act anisotropically as 
determined by the cell orientation tensor $7̂  (described in the 
next section) with magnitude TOC, where c is the cell concentra-
tion. The magnitude of the cell traction stress is thus effectively 
bilinear in cell and network concentrations (note the term is 
multiplied by 9„ in Eq. (5), which weights the stress carried 
by the network by its local volume fraction) with To as the cell 
traction parameter, a measure of the intrinsic traction capacity 
of the cells. It may be necessary to account for inhibition of 
traction at high cell and network concentrations (Barocas and 
Tranquillo, 1994), although the bilinear form was sufficient to 
fit data from compacting TE spheres when a time dependence 
for To was included to account for cell spreading and develop-
ment of traction during a lag period that precedes and overlaps 
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initial compaction (Barocas et al., 1995). We note that we 
have assumed a bilinear dependence of the interphase drag on 
network volume fraction by writing ip(fi,fi,, as suggested by 
Dembo and Harlow (1986), although other forms are possible 
(e.g.. Mow et al. (1986) for articular cartilage). Our confined 
compression studies of acellular collagen gel indicate that the 
assumed dependence is sufficient to describe accurately the ini-
tial compactions considered here (Knapp et al., 1996). 

Equation (5) requires that a cell conservation equation be 
included in the theory. Fibroblasts exhibit contact guidance in 
noncompacting TE with magnetically aligned fibril networks 
(Guido and Tranquillo, 1993; Dickinson et al., 1994). These 
studies indicate that anisotropic migration associated with con-
tact guidance can be modeled as an anisotropic diffusion, and 
that the principal direction of migration is the direction of the 
cell alignment (Barocas and Tranquillo, 1994). We thus pro-
pose the following: 

Dt 
+ c(V-v„) = V-C/)oa-V, ) + kac a) 

where 7)o is a basal migration coefficient, and ko is a basal rate 
constant for cell division. Using a stochastic modeling treatment 
of cell migration (Dickinson, 1996; Dickinson and Tranquillo, 
1994), it can be shown that the anisotropic diffusion is consis-
tent with direction-independent cell speed and negligible persis-
tence of direction as compared to speed. While a first-order rate 
of cell division is sufficient to model fibroblast division in freely 
compacting TEs (Barocas et al., 1995), this could be modified 
as appropriate. 

Finally, Eqs. ( 4 ) - ( 6 ) can be combined to eliminate v., and 
write the following equations in "Pressure Diffusion" form 
(Dembo, 1994) (the subscript n is now dropped from 6„, a,,, 
and v„): 

V-I9(a + Tocft,) - PI] = 0 

- V 
(1 -9) 

VP + ipoV • V = 0 

(8) 

(9) 

We note that our biphasic theory reduces to a (pseudo-) 
monophasic theory (Oster et al , 1983) when permeability ef-
fects are negligible, as in the case of sufficiently small TE 
(Barocas and Tranquillo, 1994); in this case, there is still solu-
tion flow, but since there is no frictional loss, no pressure gradi-
ent arises (i.e., Eq. (9) is trivial). 

A constitutive equation defining tr is motivated by the obser-
vations that in shear (Barocas et al., 1995) and confined com-
pression (Knapp et a l , 1997), on a time scale appropriate for 
TE experiments (i.e., hours), the collagen network can be mod-
eled accurately as a single-relaxation time compressible upper 
convected Maxwell fluid (Macosko, 1994): 

— & + —tT = -{V\ + (Vv)n + , "" (V- v)I 
2G 2fj, 2 1 — 2i; 

o- s — - V\-(r - o--(Vv) ' 
Dt 

(10) 

where a- is the Cauchy stress tensor, G is the shear modulus, 
fi is the shear viscosity, and v is Poisson's ratio for the network. 

Contact guidance is modeled by the fJc-dependent terms in 
Eq. (7) (anisotropic migration) and (8) (anisotropic traction). 
It remains to define il^ in order make the field equations a 
closed system. In the following section, we describe how we 
relate fl^ to flf, an orientation tensor for network fibrils, and how 
flf can be related to the network deformation field determined by 
the field equations presented above. 

Strain-Induced Fiber Alignment and Cell Contact 

Guidance 

As stated above, available data are consistent with contact 
guidance arising from cell alignment in response to aligned 
collagen fibrils, whether the fibril alignment is induced magneti-
cally (with no deformation of the network) or by applied com-
pression, the latter implying that network deformation induces 
the observed fibril alignment and, therefore, cell alignment. Our 
initial treatment of cell traction-induced fibril alignment as-
sumes that anisotropy developing from cell traction can be mod-
eled as if it developed from macroscopic deformation of the 
network. Also, anisotropic effects on viscoelasticity and perme-
ability of the collagen network are discounted as previously 
described (Barocas and Tranquillo, 1994). The goal of this 
section is to formalize the relation between deformation and cell 
orientation. First, we define O/to characterize the orientation of 
the fibrils. Second, we describe how 47/ evolves with time. 
Finally, we relate Sic to O/. 

Rather than attempting to model the detailed network micro-
structure involving the topology of long, highly entangled fi-
brils, we introduce the concept of a model fiber as a representa-
tion of the actual fibrillar network. Mathematically, the fiber is 
a unit vector that captures the fibril orientation state at a point 
in the network (the fiber exists at a point and occupies no 
volume). Since we are concerned only with fiber direction, fiber 
stretching is not considered. Further, the reorientation of a fiber 
is a function only of the local macroscopic deformation and 
does not depend on other fibers. The response of the cells to 
fibril alignment is thus modeled as a function of fiber alignment. 

The orientation of a fiber with respect to a given characteristic 
direction can be described completely by an angle a away from 
the characteristic direction and an angle •& around the character-
istic direction. The continuum assumption made in our theory 
implies that there is a continuous distribution of fibers at every 
point in space, so we consider the distribution P(a, d) such 
that the probability of finding a fiber with orientation between 
(a, 1?) and (a + da, "d + dd) is given by 

P{a, i5) sin a 

2^ 
dad's, a e [ 0 , 27r) (11) 

Various approaches to defining P(a , •&) and incorporating it 
into models of fibrillar systems are described by Barocas and 
Tranquillo (1994). Based on the requirement of objectivity and 
the olDservation of birefringence during confined compression 
(Girton et al , 1997), we choose to define P based on the 
diagonalized Finger deformation tensor, B = VuVu'^ and its 
associated ellipsoid (i.e., the ellipsoid whose axes have lengths 
equal to the eigenvalues of B and directions defined by the 
eigenvectors of B). We define the probability of finding a fiber 
at an orientation (a, i?) to be proportional to the differential 
surface area of the ellipsoid at that position. Mathematically, 
this is expressed by 

P ( « , ^ ) s i n « = ^ / ( | l . 

r^(a, 1?) sin a 

da J 

(12) 

where r (a , d) is the radius of the ellipsoid at angles a and •&, 
and A is a normalization factor proportional to the total surface 
area of the ellipsoid. For small strains, the ellipsoid approaches 
a sphere, and the partial derivatives approach zero; this leads 
to the approximate form in Eq. (12), which was used in Barocas 
and Tranquillo (1994) for analyzing small deformations of TE 
spheres. In the case of isotropic strain, r (a , t9) is a constant, 
and P(a , i?) is identically 1. The use of a probability distribution 
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based on the deformation ellipsoid has the important advantage 
that no new parameters are introduced, since the alignment is 
determined by the macroscopic deformation. Also, this ap-
proach extends readily to networks that have been preoriented 
by manipulation of the gelation environment (e.g., magnetic 
aUgnment (Tranquillo et al., 1995; Barocas et al , 1997)). We 
therefore choose to use this deformation-based distribution as 
a preliminary model of fiber alignment. 

Rather than use P directly in the field equations, it is conven-
ient to introduce it through a fiber orientation tensor, fi^, defined 
by 

n. 
Jo vO 

'" r ( a , ^ ) ® via, i?) ^ ^ " ' ^^ ' ' " " dMa 
27r 

(13) 

where r is the unit vector in the direction of a fiber, and the 
symbol ® denotes dyad product. This is a continuous analog 
of the discrete definition of the orientation tensor by Farquhar 
et al. (1990). The factor 3 ensures that flf=I when the network 
is isotropic (rather than having tr f2/ = 1). The relative align-
ment of the fibers in the direction of an arbitrary unit vector v 
is defined by ( v fi/ • v) , with a value greater than one indicating 
that the direction of v is preferentially oriented in the direction 
of aligned fibers. The derivation of specific components of ftf 
from Eqs. (12) and (13) is described in the appendix. Since tr 
fl/ = 3, we know that the diagonal components of $7/ must 
range from 0 (no orientation in a given direction) to 3 (uniaxial 
alignment). Off-diagonal terms of flf are non-zero when the 
principal axes of orientation are not coincident with the coordi-
nate axes. Figure 1 shows some possible fiber distributions and 
the associated values of flf. 

The observation that cells align with respect to the same 
principal axis as the fibrils, along with the constraint that the 
cells are isotropically oriented when the fibrils are so oriented, 
suggest that the cell orientation tensor, $7̂  be written as a mono-
tonically increasing function of the fiber orientation tensor, ilj, 
for example 

n,= tr i^fY 

(a) 

{UrV 

(b) 

(14) 

(C) (d) 

Fig. 1 Sample orientation distributions and the resulting orientation ten-
sor O,: The four boxes correspond to different principal values of the 
orientation tensor. Taking the out-of-plane elements of H^ to be zero to 
simplify visualization, the in-plane components of fl, are (a) [1.6, 1.5], 
(/») [2.0, 1.0], (c) [2.5, 0.5], (d) [3.0, 0.0]. 

Our recent studies on confined compression of TEs (Girton et 
al., 1997) indicate that Eq. (14) provides an accurate fit, and 
that K SB 4 for both fibroblasts and smooth muscle cells, i.e., cell 
alignment is generally more pronounced than fibril alignment. 

Solution of Field Equations 

In order to use the anisotropic biphasic theory, we must solve 
the system of integro-partial differential equations (I-PDEs). 
Since the equation set does not admit a general analytical solu-
tion, we compute numerical solutions. The spatial derivatives 
are discretized using a mixed finite element method, converting 
the I-PDE system into a differential-algebraic equation (DAE) 
system. The important features of the solution method for axi-
symmetric problems are given below; further details are de-
scribed elsewhere (Barocas and Tranquillo, 1997). Because we 
are interested in relatively small transient deformations, it is 
convenient to solve the problem in a Lagrangian (material) 
reference frame moving with the network phase. For the small 
deformations of interest here, no remeshing is necessary, al-
though remeshing would be possible for larger deformations 
(see, for example, Dembo (1994)). Our mixed formulation uses 
piecewise bilinear basis functions for the pressure, piecewise 
biquadratic basis functions for the velocity, cell concentration, 
and network volume fraction, and discontinuous (nonconform-
ing) piecewise biquadratic basis functions for network stress. 
The discontinuous basis functions for stress can be introduced 
easily because gradients of stress do not appear in the weak 
form, and in fact these basis functions are central to achieving 
a stable solution. 

The resulting DAE problem is solved using the DASPK sub-
routine, a variable order, variable time step Euler-Crank DAE 
solver (Brown et al , 1994). DASPK has the advantage over 
previous DASSL subroutines (such as DASRT used by Barocas 
and Tranquillo (1994)) of using the preconditioned GMRES 
iterative method (Saad and Schultz, 1986) to solve the linear 
problem associated with the Newton iteration necessary at each 
time step. For the axisymmetric problem, the iterative solution 
is far more efficient then the band solver used by the earlier 
DASSL routines. We use a preconditioner based on Dembo's 
"Pressure Diffusion" algorithm (Dembo, 1994). 

Simulation of Spontaneous Contact Guidance Ob

served in Tissue-Equivalents 

Toward a validation of our general theory, we present here 
comparisons between published observations and model predic-
tions based on our theory for the radially and spherically sym-
metric TE systems (D-G) described in the introduction. We 
used parameter estimates for the collagen network properties 
based on a confined compression study (Knapp et al , 1997): 
G = 1.5 X 10* dyn/cm^ /̂  = 1.1 X 10'* dyn • s/cm^ Vo = 4.2 
X 10^ dyn-s/cm*. Based on Barocas et al. (1995) and the 
confined compression data, we took TQ = 0.014 dyn-cm/cell 
and ko = 5.3 X 10"' s" ' , and based on Dickinson et al. (1994), 
we took '-Do = 1.7 X 10^'° cm^/s. (Cell division and migration 
are both relatively unimportant events for these parameter val-
ues.) The geometry of the confined compression test does not 
allow separation of v from G and //, so we have assumed v = 
0.2, a value reported for inorganic gels (Scherer, 1989a). For 
the purpose of illustration, we performed all of the simulations 
presented here with K = 1, which implies that flc = Qf. As a 
result, the subscripts " c " and " / " are unnecessary and are 
omitted in the results. 

For each TE system, we show a schematic describing the 
problem geometry and the boundary conditions used. The shad-
ing marks the region that is simulated after accounting for inher-
ent symmetries. The boundary conditions fall into four basic 
categories depending on the type of boundary ( " « " and "t" 
refer to normal and tangent to the boundary): 
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(a) observed for fibrils throughout the sample even though there 
was relatively little cell migration away from the surface. 

We simulated their TE hemi-ellipsoids using an initial cell 
distribution that was quadratic near the free surface and zero in 
the bulk. Figure 2(b) shows that the simulation agrees qualita-
tively with the experimental observations. The plot shows the 
predicted cell concentration and axial (fi^z) orientation mea-
sured along the z axis after 20 h of simulated experiment. We 
see that the cells do not penetrate significantly into the bulk of 
the sample (c « 0 for z < 0.7 LQ). In contrast, alignment of 
the fibers in the plane parallel to the substratum, indicated by 
n,, < 1, occurs for all values of z • 

(b) 

0.75 

Fig. 2 Adherent TE hemi-ellipsoids (cf. Grinnell and Lamke (1984)): (a) 
The hemi-ellipsoid is attached at the base, Is axisymmetric, and has a 
free surface, (b) The predicted cell concentration and orientation along 
the z axis after 20 h (the subscript "0" denotes initial value). The cells 
have not penetrated the bulk of the sample, but fibers throughout the 
entire sample exhibit alignment parallel to the base (ri„ < 1). 

• Free: These are boundaries exposed to the surrounding 
tissue culture medium. Since there is no significant surface 
tension in the network, we assume P = (tr + Tocflc)„„ 
= (a + Tocfl^.),,, = 0. We assume there is no cell migra-
tion across the edge of the network, so we take dcldn 
= 0. 

• Adherent: These boundaries represent surfaces to which 
the network adheres, implying no slip (v, = 0) and no 
penetration {v„ = 0) . Although it is not necessary that 
such a surface also be impermeable, all adherent surfaces 
studied here are impermeable, implying that dcldn — dPI 
dn = 0. 

• Symmetry: These boundaries are planes, axes, or points 
of symmetry. Because of symmetry, we have u„ = (o- -H 
Tocilc)m = 0, and dcldn = dPIdn = 0. 

• Free-Slip: This is the boundary condition on a nonadher-
ent mandrel used in the media-equivalent fabrication. It 
is equivalent to the symmetry boundary condition. 

Adherent TE Hemi-ellipsoids 

The TE system of Grinnell and Lamke (1984) is shown 
schematically in Fig. 2 (a ) . A hemi-ellipsoid was formed by 
allowing a drop of collagen solution to gel on an adhesive 
substratum and then adding fibroblast-containing medium, 
allowing the cells to settle on the top (free) surface of the gel. 
(We have not simulated the companion experiment in which 
cells were located primarily on the bottom of the hemi-ellip-
soid.) Two key observations were made regarding the reorienta-
tion of the initially isotropic network. First, the collagen fibrils 
and the cells near the surface showed alignment in the plane 
parallel to the substratum, which is expressible in our formula-
tion as n^; < 1 {VL„, Q.m > 1); second, this ahgnment was 

Adherent TE Disks 
The next TE system we studied was the dermal-equivalent 

of Lopez Valle et al. (1992), shown in Fig. 3 (a) . In this system, 
a TE disk was allowed to compact axially, but the outer edge 
was attached to a ring so that no radial compaction was possible. 
The investigators reported that both cells and collagen fibrils 
exhibited radial and circumferential rather than axial orienta-
tion, which is expressed as n ^ , f2„ > 1, ftz^ < 1. 

Again, the model shows qualitative agreement with experi-
ment. We predict a steady increase in radial and circumferential 
versus axial orientation during the course of an experiment, 
shown in Fig. 3(ii). We note that Lopez Valle et al. made a 
number of observations (e.g., phenotypic modification of the 
fibroblasts and folding of the surface of free-floating TE disks) 
that are beyond the scope of the current theory; the theory, when 
used to model a free-floating TE disk, predicts homogeneous, 
isotropic compaction. The orientation behavior of the disk con-
strained at the outer edge, however, is predicted well using the 
theory. 

(a) 

(b) 

c 
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0 5 10 15 20 

Time (days) 

Fig. 3 Adherent TE disks (cf. Lopez Valle et al. (1992)): (a) The axisym-
metric disk is allowed to compact axially, but the outer edge is attached 
to an adherent surface, (b) The model predicts an equal increase in radial 
and circumferential alignment and a decrease in axial alignment (ilae = 
Orr > 1, ^22 < 1). The angular brackets denote domain-averaged values 
at a particular simulation time. 
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Adherent and Nonadherent TE Tubes 

There has been considerable recent research aimed toward 
the fabrication of a bioartificial artery. The medial layer is made 
from a collagen gel tube seeded with smooth muscle cells, 
resulting in significant compaction of the media-equivalent 
(L'Heureux et al., 1993; Hirai et al., 1994; Tranquillo et al, 
1995). The anisotropic biphasic theory offers the opportunity 
for significant advances in media-equivalent design because cir-
cumferential alignment of the collagen fibrils and smooth mus-
cle cells as in the native arterial media is desirable (possibly 
conferring the requisite properties). We discuss here two exam-
ples of alignment developed during TE tube compaction: the 
effect of a nonadherent mandrel constraining radial compaction 
(Fig. 4(a)), and the effect of an adherent mandrel eliminating 
axial compaction (Fig. 5(a)). A more detailed analysis of the 
former is presented elsewhere (Barocas et al., 1997). 

L'Heureux et al. (1993) reported that when adhesion of the TE 
tube to the mandrel was periodically disrupted, circumferential 
alignment of the fibrils and cells was predominantly observed. 
Further, they report that slip along the mandrel was necessary to 
obtain the desired alignment. As shown in Fig. 4(b), we predict 
a significant increase in circumferential alignment (Qgg > 1) dur-
ing the compaction of the TE tube around a nonadherent mandrel, 
in agreement with the experimental observation. In contrast, axial 
alignment predominates if adhesion is not disrupted (N. L'Heu-
reux, personal communication). Figure 5(b) shows that the simu-
lation predicts some increase in circumferential alignment (al-
though less than that predicted for the free-slip case, Fig. 4(b)), 
but significantly more alignment in the axial direction (fi^ > ilgg 
> 1). These predictions are all in qualitative agreement with the 
experimental observations. 
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Fig. 4 TE tubes with free-slip mandrel (of. L'Heureux et al. (1993)): (a) 
The circumference and ends of the axisymmetric tube are free surfaces; 
the central mandrel Is Impenetrable and Impermeable, but there is no 
shear stress along it (free slip surface), (b) The model predicts an In-
crease In circumferential alignment (n,,,, > 1). 
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Fig. 5 TE tubes with adherent mandrel (cf. L'Heureux et al. (1993)): (a) 
The system is identical to Fig. 4 except that the mandrel exhibits no slip, 
(b) The elimination of axial compaction leads to an increase in axial 
alignment (rt„ > 1) and Inhibits the increase In circumferential alignment 
relative to the free-slip mandrel case. 

Floating TE Spheres 

The fibroblast-populated microsphere (FPM) wound assay, 
shown schematically in Fig. 6(a), consists of continuous sphere 
of fibrin gel whose core is initially cell-free (representing the 
wound site) and whose surrounding shell initially contains a 
homogeneous fibroblast distribution (representing undamaged 
tissue surrounding the wound site). (Fibrin gels resemble colla-
gen gels in every aspect discussed herein, so our theory applies.) 
The sphere is then placed in the medium and floats during 
compaction. The appropriate boundary conditions are thus a 
free surface at the sphere surface and symmetry at the sphere 
origin. It is observed that as compaction proceeds, a marked 
circumferential alignment of the cells in the shell develops while 
littie cell invasion of the core occurs. Figure 6(b) shows that 
when cells are initially excluded from the core, consistent with 
the FPM wound assay, the model predicts the observed circum-
ferential alignment (Qgg > 1). Due to the transverse isotropy 
of the system (fi^^ = i^ee), the maximum possible flgg value is 
1.5, but the predicted alignment is less pronounced than in the 
other TE systems examined. This can be explained by the fact 
that a rigid constraint is involved in the other systems, whereas 
the cell-free fibrin gel core, which acts as a constraint on com-
paction in the FPM wound assay, is deformable. Interestingly, 
it is also observed that if the cells are initally present in the 
core but excluded from the shell, a marked radial alignment 
develops with little invasion of the shell. Figure 6(b) shows 
that the model predicts the observed radial alignment (Clgg < 
1) as well. (The model predicts homogeneous compaction, and 
consequently no alignment (fi = I), for the case when cells 
are initially dispersed throughout the sphere, however, which 
is also observed.) 
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(a) 
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Fig. 6 Nonadherent TE sphere: (a) In the FPM wound assay, cells are 
initially distributed homogeneously throughout the outer shell of the 
floating sphere, but the core is initially cell-free, (b) The model predicts 
the development of circumferential alignment (Om > 1), particularly in 
the region just outside the core. If cells are placed only in the core, the 
model predicts radial alignment (n„ < 1). 

Discussion 

We have used an anisotropic biphasic theory to describe the 
mechanics of TEs. The theory accounts for fibril alignment, 
associated with inhomogeneous network deformation driven by 
cell traction, and the resulting cell contact guidance, allowing 
us to predict observations in a variety of in vitro experiments. 
With appropriate modifications, this theory may be valid for 
relevant physiological processes, such as wound contraction 
(Tranquillo and Barocas, 1996). 

Syneresis can be modeled as a change in the stress-free state 
of a gel leading to an apparent strain rate (Scherer, 1989b). 
This approach could be incorporated into our biphasic theory 
by replacing the traction stress term with an analogous strain 
rate term. For the simple situation of the FPM assays, the two 
approaches yield similar results (Barocas et al., 1995), but for 
more complex ones such as adherent TEs, they yield very differ-
ent results. Notably, a strain rate theory cannot predict the partial 
recovery of a compacted TE when the cells are lysed (Guidry 
and Grinnell, 1985). Thus, for TEs, we conclude that the incor-
poration of cell traction as a stress is preferred. 

Just as the compaction can be treated as a stress-based or a 
strain-based process, so can the reorientation of the fibrils. In 
externally loaded systems, such as cartilage or fiber reinforced 
composites, it is common to predict fiber reorientation based on 
the strain field (Farquhar et al., 1990; Schwartz et al, 1994), 
and we have presented here a simple method for predicting fibril 
reorientation based on the strain in the collagen network. It has 
been proposed that actin filament reorientation in cytogel can be 
predicted based on anisotropic stress rather than strain (Sherratt 
and Lewis, 1993); because their model treats cytogel as an elastic 

medium, stress and strain are equivalent. Since collagen gel is a 
viscoelastic fluid, stress relaxes to zero over time in the absence 
of a stress source; a stress-based theory would then require that 
the network return to isotropy after lysing the cells. The observa-
tion that alignment in a compacted TE remains after the cells are 
lysed (Guidry and Grinnell, 1985) is thus consistent with a strain-
based theory and not a stress-based theory. 

The anisotropic biphasic theory has been used to describe a 
variety of TE systems in which alignment arises through inhomo-
geneous cell traction-driven deformation. The model predictions 
have shown qualitative agreement with observations in all cases, 
but the fundamental assumption that cells align according to the 
macroscopic strain field, while leading to predictions consistent 
with all the TE systems examined, may not always be valid. For 
example, cell alignment may result from other signals beside fibril 
alignment in an oscillatoiy strain field or be influenced by tiie 
local alignment of fibrils around neighboring cells for TEs with 
high cell concentrations. Further, cell migration may not be accu-
rately modeled by the form of anisotropic diffusion as proposed 
in Eq. (7) given its associated assumptions and absence of validat-
ing cell tracking data for contact guidance in a gradient of fibril 
alignment. However, the manifestation of contact guidance in a TE 
as anisotropic migration is negligible as compared to anisotropic 
traction based on the estimated value of /)o in TEs of uniform 
alignment in which cell tracking was performed. The prediction 
that negligible cell migration is occurring on the time scale of 
significant TE compaction is consistent with time-lapse video mi-
croscopy observations of the floating TE spheres (Bromberek et 
al., 1997). 
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A P P E N D I X 

We demonstrate here the derivation of the elements of fJ, 
'/ 

from the deformation tensor B. We begin by diagonalizing B, 

> i 

B = X ' B X P2 (Al ) 

where /3's are the eigenvalues of B, chosen so that 0^ > P2 > 
,03 > 0. (Since B is positive definite, all eigenvalues must be 
real and positive.) We treat only the case of three unequal 
eigenvalues here; if any two eigenvalues are equal, the analysis 
is simplified. We subsequently calculate the eigenvalues of f2/in 
the transformed coordinate system, and then use the eigenvector 
matrix X to return to the original (r, 6, z) coordinates. 

The normalization factor A is defined by 

inl2 fllTt ^ [ 

Jo Jo 27r V 
sin^ a -¥ r^ sin^a Mda 

'ir/2 i»2r „2 

JQ JO 

r (a, i9) sin ( a ) 

~27r 
di}da (A2) 

where r, a, and •& are as shown in Fig. Al , and the second 
expression is the small-strain approximation of the first. The 
ellipsoid is defined by 

2 2 2 

fil 01 p', 
(A3) 

where 

X = r sin a cos t9, y — r sin a sin 1?, z = r cos a 

Combining these gives 

Fig. A1 Coordinates in caicuiation of flf 
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The first (general) form for A cannot be evaluated in terms of 
standard functions, and it is therefore solved numerically using 
Mathematica; the numerical results are then stored in a lookup 
table for use in simulations involving large deformations. The 
small-strain form can be written in terms of an elliptic integral 
of the first kind, F((^, k). 

A « 
PlP2pi 

where 

and 

(̂  = tan" 

V / 3 ? -

Pl 

Jo 

-01 

PI 

Vi-
dip 

w 

\P\-

ip\-

- k^ s in ' ip 

-pi 

-PI 

(A5) 

F{(j>, k) 

We are now prepared to calculate the eigenvalues of 17/. The 
vector r in Eq. (13) can be written 

r = [cos a sin a sin d sin a cos "dY 

so that 

r (X) r 

cos a sin a cos a sin » sin a cos a cos 1 
sin a cos a sin ?? sin' a sin' i? sin' a sin -d cos ' 
sin a cos a cos i9 sin' a sin i? cos i9 sin' a cos' i? 

The off-diagonal terms vanish by symmetry of 'd. Again, the 
general forms can only be calculated numerically, but the small-
strain forms can be expressed in terms of elliptic integrals: 

^f.u 
W\P2P. 

[F{<l>,k)-E{4,,k)] (A6) 
•̂" 'A{P\ - p\)^p\ - ^3 

where 4> and k are defined as above and 

E(4),k)= \ Vl - /t' sin' ip dip 
Jo 

Substituting the expression for A into Eq. (A6) gives the desired 
result: 
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Similarly, 
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and we simply write $1/22 = 3 - (A/,,, + fi/.aa). As mentioned 
above, once tlf has been determined in the frame of the eigen-
vectors, it is transformed back to (r, 9, z) space for use in Eqs. 
(7) and (8). 
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