
1. Introduction

The motion of solid materials in moving bed reactors is
one of the important factors in operation and design of the
reactors because it determines the residence time of solid
reactants, the feeding rate of materials to reaction area, for-
mation of dead zone, the stress working on the reactor facil-
ities, and so on. The particle bed shows the following char-
acteristics. It generates fundamentally no tension to the ten-
sile force while it does resistance force to compression
force. It forms anisotropic stress field when the bed under-
goes deformation. With these characteristics the granular
bed in the moving bed reactor shows intermittent descent
and formation of stagnant zone. 

Various methods to estimate the flow behavior of granu-
lar materials in hoppers and bins have been proposed. The
major purposes of these methods are on the evaluation of
powder pressure working on the vessel or the control of dis-
charging rate, thus they mainly focus on the stress distribu-
tion within the beds. Contrarily the flow patterns, namely
the path and the residence time, of solid reactants given
under the perfect material balance are required for the
process analyses of moving bed reactors.

The mathematical models of the solid motion in the mov-
ing bed that can be applied to the process analysis are gen-
erally classified into three approaches. One of the approach-
es is to track numerous individual particles that compose
the bed, and is called “Discrete Element Method (DEM)” or
“Discrete Particle Method (DPM)”.1) In this method, the
contact forces among particles or between a particle and the
wall are described by the Voigt model that consists of

springs, dash pods and sliders. The summation of these
forces acting on a particle is included in the equation of
motion of the particle of interest. This procedure is applied
to all the particles considered, consequently the motion of
the moving bed is given. This approach was applied to the
charging of burden materials and the segregation behavior
in the area of ironmaking.2–4) Recently for the purposes of
avoiding malfunction of blast furnaces or more detailed dis-
cussion on burden materials descent, this method has been
applied to the analyses of particle motion in blast furnace
cohesive zone,5) raceway6–8) and hearth9,10) regions. 

Second approach handles particle bed as an artificial
continuum, and solves the relation between internal stress
and deformation using the technique of materials mechan-
ics. Katayama et al.11) assumed elastoplasticity as stress–
strain relation, and showed that the Drucker–Prager plastic-
ity model, one of the isotropic elastoplastic model for con-
crete, soil or other geomaterials, was successfully repro-
duced the stress and the velocity distributions in a blast fur-
nace. This method was applied to the stress analysis during
packing and after ignition of blow-in operation of Kokura
#2 BF,12) and successfully reproduced actually measured
variation of stress distribution in the furnace. Zaïmi et
al.13–15) used hypo-plasticity as stress–strain relationship
and succeeded to calculate deadman shape and stress distri-
bution in a small cold model of blast furnace. 

Third approach treats the granular bed as an artificial
fluid and describes the movement of the bed by the equa-
tion of motion of fluids. The simplest method assumes the
plug flow, and gives the averaged velocity over the reactor
cross section as the solid velocity. Although this method is
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applicable only to one-dimensional analysis of the simple-
shaped reactors, it has been applied to various reactor in-
cluding blast furnace due to its simplicity.16–18) Multi-di-
mensional process analysis usually requires flow analysis
on corresponding dimension framework. The potential flow
model and the kinematic model19) are widely used in the
multi-dimensional flow analysis of moving beds. The po-
tential flow model describes the granular flow by the poten-
tial flow, which is a non-vortex flow, and the kinematic
model assumes the horizontal velocity component of a par-
ticle is proportional to the horizontal gradient of the verti-
cal velocity component. These models have been applied to
the process analyses of moving bed reactors including blast
furnace due to their simplicity.20–22) The fundamental equa-
tions of these models are liner equations, thus they can be
solved without heavy computational load in general. The
authors23) proposed a method to describe the flow of gran-
ules bed by using the Navier–Stokes equation, the equation
of motion of viscous fluid. The solid flow in moving beds
were successfully reproduced using appropriately selected
viscosity. 

Among three approaches, the DEM is considered the
most accurate and widely applicable method because it is
able to estimate the formation of stress field in the bed as
well as the particle motion owing its feature, which tracks
the trajectories of numerous particles with considering all
forces acting on each particle. It, however, needs huge com-
putational resources and time for the analysis of actual
processes due to the number of particles to be pursued.
Thus, a real-scale analysis of large scale moving bed
process by this method is practically difficult at present.
The approaches based on materials mechanics treat consti-
tutive equations having different form with the equations of
mass and heat balances. This makes the numerical imple-
mentation of the model more complicated and the coupling
with the other phases difficult. The techniques based on the
fluid dynamics deal with the continuity and the momentum
equations that can be summarized in the same form with
the heat and the material balance equations. Thus common
numerical procedures for solving the equation can be intro-
duced and reduce the computational complexity. In addi-
tion, this method can give the perfect material balance with
its nature. This feature provides accurate estimation of
fields of reaction and heat transfer. 

The authors have been using the approach of the compu-
tational fluid dynamics as a solid flow model of an opera-
tion simulator of blast furnace,24–26) and confirmed its valid-
ity from a number of operation simulations.27,28) These
computations, however, assumed the Newtonian fluid, and it
was necessary to give the shape of stagnant zone in the bot-
tom of the furnace. In addition, the method to determine the
viscosity has yet to be established. In this study, an applica-
tion of the Bingham model, one of the simplest shear
stress–shear rate relation of the plastic fluids as rheological
properties of viscous fluid modeling of solid flow in a mov-
ing bed to deal with these problems.

2. Model for Flow Analysis of the Bingham Fluid

The solid flow behavior is described by the continuity
equation and equation of motion in the fluid dynamic mod-

eling. Under the assumptions of steady state and axisym-
metry, the solid flow is described by the two-dimensional
motion on the plane that includes both symmetric and radi-
al axes. In this two-dimensional plane, governing equations
are described as follows. 

Continuity equation: 

........................(1)

Momentum balance equations: 

...........................................(2)

.........................(3)

The granular bed in the moving bed deforms in the re-
gion in which the shear stress exceeds a certain value. The
plug flow region is clearly formed in a columnar bed. In
this study the particle bed in a moving bed is treated as
plastic fluid, and the Bingham model is applied as its shear
stress–shear rate relationship. The Bingham fluid is rigid
when the shear stress is smaller than the critical value (t0:
yield stress), and starts to flow when the shear stress ex-
ceeds this value. In the flowing region the shear stress and
shear rate show a linear relation. The relation between
stress t and sheer rate ġ can be described as follows.

.....................(4)

in this equation, sheer rate is given by the following equa-
tion in two-dimensional axisymmetric coordinate system. 

...........................................(5)

The effective viscosity of the Bingham fluid is determined
by the shear stress and the sheer rate.

....................(6)

The magnitude of shear stress equals to yield stress (t�t0)
when the sheer rate equals to zero (ġ�0). In the flow analy-
sis, the flow field is determined by the momentum balance
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including shear stress due to viscosity, consequently the
flow field and stress field are closely coupled each other. In
the determination of yielding of the Bingham fluid, howev-
er, rather the flow field determines the stress field than the
stress field form the flow field. Thus the situation ġ�0 is
hardly occur in the calculation of flow field. Additionally,
infinite large viscosity is unable to be set in the actual nu-
merical implementation. Therefore, following stress–sheer
rate model shown in Fig. 1 is introduced. The Bingham
fluid is rigid until the shear stress generated in the fluid ex-
ceeds the yield stress. Thus the stress–shear rate relation
moves upward on the ordinate from its origin in Fig. 1.
Once the shear stress becomes larger than the yield stress,
the fluid starts to flow, and the stress–shear rate relation fol-
lows the line of t rx�t0�h(du/dr). In this study a finite but
enough large viscosity h c is applied for the rigid area. Thus
the stress–shear rate relation varies with the line of
t rx��h c(du/dr) with increase in shear stress. When the
shear stress exceeds the value at the intersection point of
this line and the line of t rx�t0�h(du/dr), stress–shear rate
relation moves along the latter line. The magnitude of the
stress at this intersection point is defined as virtual yield
stress, and its value is given by the following equation. 

t c�h ct0/(h c�h) .............................(7) 

The virtual yield stress takes the close value to the yield
stress of the Bingham fluid when the h c is enough large. 

The equations of continuity and momentum balance,
shown as Eqs. (1) through (3), were discretized using the
control volume method, one of the finite difference tech-
niques. The SIMPLER algorithm29) was introduced to cou-
ple pressure field and material balance. The algebraic si-
multaneous equations that were derived through the dis-
cretizing of the above equations were solved using a line-
by-line method with under relaxation iteration.

3. Flow Analysis of the Bingham Fluid

To validate the model for flow analysis of the Bingham
fluid, the velocity distribution in a straight pipe was simu-
lated. The analysis was performed for the situation that the

Bingham fluid flowed into a pipe having diameter D of
0.02 m and length L of 0.1 m with uniform velocity distrib-
ution uin. The density and the yield viscosity of the fluid
and the Reynolds number (Re�Duinr /h) were set at
1.0 kg/m3, 3.8�10�2 Pa·s and 5.0, respectively. The yield
stress was varied in six levels as a parameter for the simula-
tion, namely 0, 90.3, 181, 361, 1 810 and 3610 Pa.
Corresponding Yield numbers (Y�t0R/(huin)) for these
yield stress respectively were 0, 2.5, 5, 10, 50 and 100. 

With the assumption of axisymmetry, the flow pattern of
the Bingham fluid was computed in one side of longitudinal
cross section including the center axis of the pipe. This
plane is divided into 200�50 equally spaced grids in axial
and radial direction, respectively. Note that the viscosity of
plug flow region takes the value two thousand times as
yield viscosity. 

Figure 2 compares the radial distribution of axial veloci-
ty component at the outlet of the pipe and the analytical dis-
tribution of well developed Bingham flow. The analytical
solution of the velocity distribution of the Bingham fluid is
given by the following equations taking the balance be-
tween shear stress within the fluid and pressure drop as dri-
ving force for the pipe flow. 

...........................................(8)

the term r0 in this equation is the radius of plug flow region
and given as r0�2t0L/DP. The overall pressure drop DP
through the pipe is determined to provide the given volu-
metric flow rate of the Bingham fluid: 

................................(9)

The velocity distribution was obtained with this pressure
drop. In this equation, the term tR is the shear stress at the
wall, and expressed as follows. 

where Rτ � ∆PR L/ 2
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Fig. 1. Definition of virtual yield stress (t c).

Fig. 2. Comparison of velocity distributions at outlet by numeri-
cal simulation and analytical solution.



..............................(10)

For the case of Y�0, the yield stress of the fluid is zero,
in other words the fluid becomes the Newtonian fluid, thus
the velocity distribution at the outlet shows the parabolic
distribution. For the other Yield numbers, the plug flow re-
gion is formed around the center axis, and its diameter in-
creases with increase in the Yield number. The numerical
results reproduced the diameter and velocity of the plug
flow region of analytical ones at any Yield numbers.
Therefore, it is considered that the simulation method of the
Bingham flow proposed in this study is valid.

4. Rheological Properties of Moving Granular Bed 

The motion of particles in a moving bed is generally
slow, and it is mainly governed by the mechanical force bal-
ance including friction and powder pressure within the bed,
not by the inertia of the particle. Thus the rheological char-
acteristics is important issues in the viscous fluid modeling
of the granular bed motion. The authors determined the vis-
cosity by the parameter fitting through various preliminary
simulations in the previous viscous fluid modeling by the
Newtonian fluid.23) In the Bingham modeling of the solid
flow, two parameters, namely the yield viscosity and the
yield stress, have to be set in prior to the computation.
Therefore the procedure of the parameter fitting becomes
complicated, and it does not always give only a combination
of the parameters. In addition, these parameters vary de-
pending on the operating condition, like facility, particles,
discharging rate, and so on. Consequently the parameter fit-
ting based on the comparison between computational and
experimental results has to be carried out for accurate simu-
lation in each case. Thus it is considered that the determina-
tion of the particle bed properties as continuous fluid with-
out fitting process expands the applicability of the viscous
fluid modeling of the solid flow. The rheological properties
of the granular bed was discussed based on the velocity dis-
tribution in columnar moving bed. 

4.1. Method of Data Processing
Takahashi and co-workers30–33) measured the flow pat-

terns of the granular beds in vertical columns. Their work
provides the particle diameter, angle of repose, internal fric-
tion angle, wall friction angle, bulk density (particle density
and voidage), column diameter, average velocity of the bed
(particle flow rate) and the diameter of plug flow region.
The diameter of the plug flow region in well developed
Bingham flow is analytically given when the four parame-
ters are known, namely, the flow rate, the fluid density, the
yield stress and yield viscosity. The bulk density and dis-
charging rate of the particle bed correspond respectively to
the fluid density and the flow rate. The diameter of the plug
flow region is supplied as the result of their measurements.
Therefore, given one of the yield stress or the yield viscosi-
ty, the other one can be obtained. In this section, the yield
stress of the packed bed is estimated by the following pro-
cedure, and the yield viscosity is treated as the unknown
parameter. The yield stress of the bed was determined
based on the Janssen’s equation although the state of stress

field in fixed and moving beds are different each other. First
the vertical powder pressure is calculated by the Janssen’s
equation. 

...........(11)

This is converted to the horizontal powder pressure
(Ph�Pv((1�sinf i))/(1�sinf i)). Finally the yield stress is
obtained by multiplying the internal friction coefficient
(tanf i) to the horizontal powder pressure. The yield viscosi-
ty of the bed is calculated by Eq. (6) substituting this yield
stress and the diameter of the plug flow region. Note that
the yield stress of the bed was calculated at the bed depth of
three times as the bed diameter because Takahashi et al.
stated that the velocity distribution showed no variation
when the depth is larger than three times as bed diameter. 

4.2. Results

The velocity distributions obtained for the moving bed of
glass bead, sand, silica sphere, alumina ball, soy bean, mil-
let, coal and salt. The results are summarized in Table 1.
The ranges of the Yield number are from 20 to 50 for the
glass bead and from 400 to 1 200 for the small sand. The
large sand, the silica spheres, the alumina balls and soy
bean show the similar Yield number as glass beads while
the coal and the salt are in the similar range as small sand.
Namely, the particles having smooth surface and spherical
shape have the Yield number from 20 to 50, and this para-
meter of the irregular particles have the range from 400 to
1 200.

The relation ship between the Yield number and the ratio
of duct diameter to particle diameter, the Yield number and
the internal friction angle, and the yield viscosity and the
internal friction angle are shown in Figs. 3 through 5. The
Yield number tends to increase with the increases in the di-
ameter ratio and the internal friction angle. The yield vis-
cosity shows the tendency to decrease with increase in the
internal friction angle. The plug flow region of the
Bingham flow tends to expand when the ratio of the yield
stress to the yield viscosity increases, namely, either the in-
crease in yield stress or the decrease in yield viscosity. For
the solid flow in the vertical columns, the plug flow region
expands with the increase in the column diameter even the
particle diameter is constant. Thus the Yield number of the
granular bed increases with the diameter ratio of the col-
umn to the particle. The plug flow region is enlarged when
the internal friction angle of the bed increases, and the
Yield number increase with the internal friction angle. 

5. Solid Flow Simulation in a Moving Bed

5.1. Method of Solid Flow Analysis

The equations of motion for the Bingham fluid were used
as the governing equation for the solid flow simulation. For
the ordinary analysis of the Bingham flow, the fluid proper-
ties, like density, yield stress, yield viscosity, and so on, are
constant. Contrarily the rheological properties of the mov-
ing bed, the yield stress and the yield viscosity, was as-
sumed depending on the powder pressure. The vertical dis-
tribution of vertical powder pressure in the bed was calcu-
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Table 1. Properties of bulk solid particles.

Fig. 3. Relation between ratio of duct diameter to particle diam-
eter and Yield number.

Fig. 4. Relation between internal friction angle and Yield num-
ber.



lated by the Janssen’s equation. For the tapered column like
blast furnace shown in Fig. 6, the powder pressure distribu-
tion was estimated by integrating the following equation. 

.........................................(12)

With this obtained vertical pressure at each level was con-
verted to the horizontal powder pressure. The integration of
the governing equation of the Bingham flow was performed
through the iterating calculation. The streamlines of the
granular bed were computed in each calculation step. The
shearing deformation was assumed to arise along a stream-
line, and the yield stress and yield viscosity were deter-
mined based on this direction. The yield stress was given by
multiplying the internal friction coefficient to the powder
pressure in the perpendicular direction to the streamline.
Although the vertical stress generated within the packed
bed is usually given by the oval of vertical pressure, it is
calculated by the linear interpolation between vertical and
horizontal powder pressure for the computational simplici-
ty. The yield viscosity was calculated using this yield stress
and the Yield number, which was set prior to the computa-
tion.

5.2. Results

The computations were performed for a small cold

model of blast furnace shown in Fig. 7. The physical model
has the packing height of 332 mm and the bottom diameter
of 196 mm. The side wall higher than 112 mm is tapered
and the diameter decreases with height to 130 mm at the
top. A circular disk plate having the diameter of 168 mm is
settled horizontally at the bottom of the cold model, and the
packed particles are discharged from the annular slit
formed between model wall and the disk plate. The proper-
ties and discharging condition of the packed particles are
summarized in Table 2. The Reynolds number and the
Yield number used in the simulation were set at 3.8�10�3

and 100, respectively. 
The comparison of the calculated time lines among the

Newtonian flow, the Bingham flow with uniform properties
and the Bingham flow with powder-pressure dependent
properties is shown in Fig. 8. The measured time lines run
almost horizontally in the upper part of the cold model. The
effect of wall friction becomes remarkable and the delay of
descent appears near the wall when the particles reach the
lower part of the rig of which side wall is vertical. In the
bottom part of the apparatus, the stagnant zone is formed
on the bottom plate and the formation of the funnel flow is
observed between this stagnant zone and the cold model
wall. 

In the calculation assuming the Newtonian fluid, the
shape of the stagnant zone on the bottom plate was speci-
fied following the method of Chen et al.,23,34) and the vis-
cosity of 0.07 Pa·s was used. The solid flow simulation with
the Newtonian fluid well reproduced the measured result al-
though the descending velocity slightly slowed due to the
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Fig. 5. Relation between internal friction angle and yield viscos-
ity.

Fig. 6. Powder pressure in tapered bed.

Fig. 7. Schematic diagram of experimental apparatus.

Table 2. Properties of sand particles and flow conditions.



diameter expansion in the upper part. The Bingham flow
with uniform properties showed the large descending delay
near the wall and formed the time lines inclining to the cen-
tral part. For this case the height of stagnant zone is under-
estimated, and the funnel flow region is formed only adja-
cent to the bottom. Contrarily the Bingham flow analysis
taking into account the dependency of the properties on
powder pressure distribution estimates higher deadman and
well describes the formation of the funnel flow region due
to the frictions of vertical wall and stagnant zone. 

Both of the flow patterns of Bingham fluid shown in Fig.
8 showed fairly large dealy of descent near the upper wall
and the inclined time lines to the central part, and these
trends disagree with the experimental results. The reason
for this tendency is considered that the above Bingham flow
analyses used no slip boundary condition for the momen-
tum balance equations on the wall boundary while the
Newtonian analysis used the slip condition with wall fric-
tion evaluated by the Fanning’s equation. This no slip con-
dition was used expecting the formation of yield region
near the wall. The particles near the inclined wall, however,
show little velocity decrease while the effect of the wall
friction is significant in the vicinity of the vertical wall. The
powder pressure acting on the tapered wall expanding
downward is considered smaller than one acting on vertical
wall and almost uniform velocity distribution is formed in
the upper part of the bed. Thus the slip condition was ap-
plied to the inclined wall while no slip condition was still
used for the vertical wall as boundary conditions. Figure 9
shows the time lines obtained using this treatment. With the
slip condition for the inclined wall, the velocity decrease
near the inclined wall becomes much smaller and the de-
scending velocity in the central region slows compared with
the results with the no slip condition. This tendency makes
the time lines in the upper part more horizontally and closer

to the experimental result. The height of the stagnant zone
on the bottom becomes higher with this variation of flow
pattern in the upper part. The calculated time lines becomes
closer generally to the measured ones. Even in this case the
area of the deadman zone is still slightly underestimated,
and the computed and measured time lines show a little dis-
crepancy in the middle part in which the funnel flow starts
to develop. 

Recent solid flow simulation based on the elasto-
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Fig. 8. Comparison of time lines calculated by three models.

Fig. 9. Calculated timelines by using slip condition at shaft wall.



plasticity35) showed the stress field within the moving beds
as well as the solid flow pattern. These results showed that
the Rankine coefficient varied with radial position as well
as with the depth in the bed with the tapered bed expanding
downward. The variation of the Rankine coefficient shown
in Fig. 10, which was obtained for the bed having top diam-
eter of 8.6 m and wall inclination angle of 89 degree, was
applied to the simulation. The Rankine coefficient is com-
puted interpolating the distributions shown in Fig. 10 down
to the depth h/DT�0.47, and the radial distribution at
h/DT�0.47 was applied for the region lower than this depth.
The calculated time lines using this distribution of the
Rankine coefficient is shown in Fig. 11. With this treat-
ment, the height of the deadman becomes slightly higher
and the funnel flow is enhanced a bit, and the flow pattern
comes closer to the measured one. The overall solid flow
pattern, however, shows little variation, and still includes
slight discrepancy with the measured solid movement. The

Bingham model, the simplest shear rate-shear stress rela-
tionship of plastic fluid is considered unable to reproduce
precisely the complex stress field formed in the lower part
of the cold model of blast furnace. Therefore, for more ac-
curate analysis of solid flow in moving beds based on the
plastic fluid modeling, it is necessary to introduce more
comprehensive or complicated description of rheological
properties of the granular bed. The solid flow simulation
based on the viscous fluid model with the Bingham model,
nevertheless, is considered useful enough as the solid flow
sub-model for the simulation of moving-bed reaction
processes, because; 

(1) The rheological properties used in the analysis can
be determined through the simple preliminary experiment
on velocity distribution using the vertical columnar moving
bed. 

(2) It is unnecessary to determine the shape of stagnant
zone beforehand. The estimation of the stagnant zone shape
formed in the center bottom of the bed with annular dis-
charging is still an important issue. For example, although
an empirical method to estimate the stagnant zone is pro-
posed,34) the effect of operation conditions are difficult to be
reflected in this method. In addition, even the DEM ap-
proach which is considered most precise simulation method
for granular bed movement needs more discussion for this
issue.9)

(3) Overall solid flow pattern with perfect material bal-
ance can be reproduced through simple boundary condition
setting.

6. Conclusions

In this study the viscous fluid modeling of the particle
bed flow is improved by applying the Bingham model as
the shear stress–shear rate relationship. This treatment
eliminate the necessity to determine the deadman shape be-
fore the computation, which was needed in the Newtonian
fluid modeling. The yield stress and the yield viscosity that
are only the rheological parameters of the Bingham fluid
can be determined through the simple preliminary experi-
ments. The discussion on the boundary condition at the
wall for the momentum balance equations revealed that the
application of the non-slip and slip conditions respectively
for the vertical and overhanging inclined walls reproduce
satisfactory the solid flow pattern in a cold model of blast
furnace. Therefore the viscous fluid modeling with the
Bingham model is considered useful as a solid flow model
of the process analysis of the moving bed reactors. 

Nomenclature

D : Diameter [m]
g : Gravity [m/s2]
h : Depth [m]
L : Length of pipe [m]
Ph, Pv : Horizontal and vertical powder pressure [Pa]
DP : Pressure drop in pipe [Pa]
p : Pressure [Pa]
Q : Volumetric flow rate
R : Radius of pipe [m]
Re : Reynolds number (�Duinr �h) [�]
r0 : Radius of plug flow region (�2t0L/DP) [m]
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Fig. 10. Radial distributions of Rankine coefficient at different
depths of taper shaped packed bed.

Fig. 11. Time lines calculated by using distributed Rankine coef-
ficient.



r, x : Radial and axial coordinate [m]
u, v : Radial and axial velocity component [m/s]
uin : Average velocity [m/s]
Y : Yield number (�t0R/(huin)) [�] 

Greek symbol
ġ : Sheer rate [s�1]
h : Yield viscosity [Pa·s]
h c : Virtual viscosity [Pa·s]
h eff : Effective viscosity [Pa·s]
q : Wall inclination angle [rad]
mw : Wall friction coefficient [�]
r : Density [kg/m3]
rb : Density of bed [kg/m3]
t : Sheer stress
t0 : Yield stress [Pa]
t c : Critical stress [Pa]
tR : Sheer stress at wall [Pa]
f i : Internal friction angle [rad]
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