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AN APPROXIMATION OF INTEGRABLE FUNCTIONS
BY STEP FUNCTIONS WITH AN APPLICATION

M. G. CRANDALL! AND A. PAZY

ABSTRACT. Let f € L'(0, ), 8 > 0 and (Ggf)(t) = 8 ~! f e ~9/8f(s)ds.
Given a partition P= (0=, <, < --- < <t;,,; <---} of [0, 00)
where £, - o0, we approximate f by the step function 4 f defined by
Apf(8) = (GsGy,_, - - - G5, f)(0) forg_, <1<,

where §; = ¢, — t;,_,. The main results concern several properties of this
process, with the most important one being that 4pf— f in L'(0, o) as
pu(P) = sup;8;, > 0. An application to difference approximations of evolu-
tion problems is sketched.

Introduction. This note is concerned with an interesting method of ap-
proximating an integrable function f: (0, 0) > R by step functions. The
approximation process involves the integral transformation G;: L'(0, c0) —
LY(0, o) defined for § > 0 by

(@) =5 [ et f(s)s. ()

Equivalently, g = G;f is the unique function g € L'(0, o) which satisfies
g—og =/
Let P={0=1¢<t <--- <t;<t,; <---} bea partition of [0, c0)

with lim, , _#, = oo. The step sizes of the partition are denoted by §;: §; = ¢, —
t;_,. Each partition P determines a piecewise constant approximation A4 f of f
defined by

Apf(t) = (G3G;_, - - - Gslf)(O) fory, , <t<t,i=12.... (2)

The mesh of the partition is denoted by u(P); u(P) = sup, ; ,6;.- The main
results are summarized in the following theorem.

THEOREM. Let P be as above, f € L'(0, ) and A, be defined by (2). Then

Apf € LY(0, ), (3

fo |4,f(s)| ds < fo £(s)| ds, @)

S Aps(s) ds = [“H(s) as, )
0 0
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AN APPROXIMATION OF INTEGRABLE FUNCTIONS 75

and

“|4pf(s) = f(s)| ds = 0. (6)

The definition of the transformation f— A,f as well as the questions
resolved by the theorem arose naturally from considering difference ap-
proximations of certain nonlinear evolution problems. While this motivation
is not relevant for the statement or the proof (given in §1) of the theorem, we
do explain it briefly in §2.

We are indebted to Carl de Boor for his advice on this problem.

1. Proof of the Theorem. Let 4,k € L'(— o0, 0) and f € L'(0, c0). We
define k o f € L'(0, o) and 4 * k € L'(— 0, 0) according to

n(l")—>0

(k=)0 = [ k(e = )f(s) as (1.1)
and
0
b+ k(r) = [ h(r — s)k(s) ds. (1.2)
The convolution operator “+” is commutative and associative, while
ho(kof)y=(hxk)ef. (1.3)
For 6 > 0 we set
ky(r) = 8 'exp(r/9). (1.4)
The transformation G in (1) is
Gsf = ks o f. (1.5)

Let P={0=¢t<t;,<---<t;,<t;;,; <---}and§;=¢—¢_,beasin
the introduction and A4, be given by (2). For simplicity of notation we will set
ki=ks and K =k *+K_,=k=*k_,*+ - *+k
fori=12,.... (1.6)
Since k; > 0, A, clearly satisfies
|4p1] < A, (1.7)
Moreover by (2), (1.5), (1.6) and (1.3)

[)’iAPM(S) ds = él 81("1 °(k1-1° (+-- o (kz o (ko U])) co )))(0)

=1§'Ia,(1<,om)(0) f g K (— 5)|f(s)] ds. (1.8)

Since each of the summands §,K;(— s) in the last integrand is nonnegative, we
can establish (3) and (4) of the theorem by showing that

> &K (r) <1 for—00 <r<0 (1.9
i=1
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76 M. G. CRANDALL AND A. PAZY

while (5) requires
o0
> 8K (r)=1 ae.on—o0 <r<0. (1.10)
i=1

The following lemma implies (1.9) since K, * 1 > 0.

LEMMA 1. For eachj = 1,2, . ..
J
1216,K,+1<j* 1=1. (1.11)

ProOF OF LEMMA 1. We proceed by induction. If j = 1 the claim is that
8,k, + k, + 1 = 1. Indeed, for any 4,

0
ks + ky x 1= /% + 1[ eI s =1, (1.12)
5),

We now assume the claim is true for j = i and verify it for j = i + 1. By
(1.12) we have

Kogsl=k,+Ksl=k, *1+K=(1-258,k,)*K
i+1

=K+1-8,K, =1- 238K (1.13)
i=1

where the last equality follows from the induction hypothesis. Rearranging
(1.13) yields (1.11) withj = i + 1 and the proof is complete. []
We verify (1.10) indirectly. Let

() =e™ (1.14)
Ife >0
1 1
= — (t—s)/8,—0s = —ot
(Gsf,)(1) 5), e e~ % ds T+ 25¢ (1.15)
from which it follows that
Apf)@) =11 (1 + 06)7" fore_, <t <y (1.16)
=1
and hence
© x i _
[0 (Apf,)(s) ds = 21 S‘JHl(l +08) 7" (1.17)
Setting r, = (1 + 08,)~" we claim that
Sqyry+8ryry + - 8- pry e =07 (118)

for i = 1,2, .... The proof parallels the proof of Lemma 1. Since £2.,5; =
oo, we have r,r,_, - - - r; >0 as i > o0 and (1.17), (1.18) together imply

© 1 )
S, At )s) ds = = [7f(s) s
Setting f = f, in (1.8), letting i — oo and using the above implies (1.10).
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AN APPROXIMATION OF INTEGRABLE FUNCTIONS 77

It remains to verify (6). (We remark that the previous results did not
require u(P) < o0.) In view of (4), which is independent of P, it suffices to
verify (6) for a dense subset F of L'(0, o). It is convenient to choose
F = span{f,: ¢ > 0}. (In fact, span{e™™: n = 1,2, ... } is dense in L'(0, o),
as is well known. To see this, use the change of variables x = ¢~' which
exchanges (0, «) and (0, 1) while e ™™ becomes x".) To proceed, we estimate
|4pf, — f,| in terms of u(P). For convenience of future referencing the simple
lemma which does so is stated without using the notation above.

LEMMA 2. Let {§,}72, be a sequence of positive numbers satisfying 2% ,6; =

ooando>0.Let ty=0,4,=8,+6,+ -+ fori=12,... and p =
SUP) ¢ icoo O If
g)=1(+08)" fory_,<t<y
=1
then
|g(r) — e | < e~ "max{e™e”™ — 1,1 — e~ ).
PROOF OF LEMMA 2. It is enough to treat o = 1, for then the general result
follows upon replacing {§;} by {68;} and ¢ by ot. Elementary calculus yields
e <(1+8)"<e ¥ fors >0. (1.19)
Multiplying these inequalities yields
et 8) T (14 8) 7" < e®ir +a0p(t+ -+ (120)
I=1
Using (1.20) and the inequalities
SE+ - +82< 8+ - +8) and <& +--- +85<t+p
for¢,_, <t < establishes
e (e —=1)< g(t) —e " <e !(eM*M - 1)
and hence Lemma 2 in the case o = 1. []
END OF PROOF OF THE THEOREM. By (1.16) and Lemma 2

=) 0 )
f |[4pfy — f,| ds <f e'°‘max{e“°’e"z" ~1L1-e™*}ds
0 0

where p = u(P). The right-hand side above tends to zero as p — 0, and the
proof is complete.

REMARK. If m € L'(— 00, 0) N L®(— 00, 0), mg(r) = 8 ~'m(r/8) and (1) is
replaced by Gsf = m; © f, the first part of the above proof adapts to establish
that

f°°|A,,f(s)| ds < cf”y(s)| ds
0 0
provided C > 0 can be chosen to satisfy

0
Im()|+ C [ m(s)| ds < C ae. —o0 <r<0.
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78 M. G. CRANDALL AND A. PAZY

This last estimate is equivalent to |m;| + |my| * C < C. If ||m|| 11y _ o0y < 1 We
may set

C =|mlL=(-w,0/ (1 = ||| L2~ 0))-
(Consideration of the case m(r) = 2e¢” shows some such restriction is neces-
sary.) By contrast, our proof of (5) and (6) used special properties of the
exponential kernel.

Motivation. Let X be a Banach space and A be an accretive operator in
X (see, e.g., [1], [2] for terminology). If f € L'(0, 0; X) and x € X, we say
that

u + Au 3 f,
[ u(0) = x 2.1)

has an e-approximate solution on [0, T'] if there are finite sequences 0 = ¢, <
<o <tyand {fi,for - fu} (¥ X1 - %y} C X such that
Xiv1 —

X
- “+ Ax,, 3 f,, i=0]1,...,N, (2.2)

Ly — 4

and

ty 2T, t,—1<e |x— x|<e and

N-1

S [ W~ S s < 3
i=0 Yy

In this case, the step function whose value on (¢, %, ,] is x;,, is called an
e-approximate solution of (2.1). It is shown in [3] that if (2.1) has an
e-approximate solution on [0, 7T'] for each ¢ > 0, then these solutions converge
uniformly as €]0 to a unique limit ¥ € C([0, T']; X') which is the solution (in a
certain sense) of (2.1). The estimates which prove this are considerably more
involved in the case that f = 0 than in the simpler case f = 0. The approxi-
mation theorem proved in this note allows us to reduce the problem (2.1) with
a general f € L'(0, o0; X) to the case f = 0 in the following way: Define an
operator @ in X X L'(0, c0; X) by

D(@) = D(4) x W' (0, o0; X)
and
@(x,8) = {(y — £(0), —g):y € 4x}.

We show below that @ is accretive. Given an e-approximate solution of (2.1)
on [0, T] as above, define {gy g, .-.,8v} C W"(0, 0; X) by g, =1,
8 =1t — i\, 8+ = Gy, g Then the function whose value on (, f,,,] is

1

(X415 8i+1) IS an

N-1 .,
e+ 2 [ giai(0) = fls)]|ds
i=0 Yy
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AN APPROXIMATION OF INTEGRABLE FUNCTIONS 79

approximate solution of
A+ eU 30,
{ WO) = (x, f).
By the (clearly valid) version of Theorem 1 in which L'(0, c0) is replaced by
L'(0, o0; X) the term

(2.4)

N-1 .
S [ 8i4i(0) - f(s)|ds
i=0 Yy

tends to zero as p = max; §, — 0.
We now briefly sketch the proof that & is accretive. If Z is any Banach
space, set

e 12+ Alz —pllz _ . o llp + Adlz —|p|2
[#. 4] = lim A jof ) :

If Y =X X L0, wo; X) is equipped with the norm

G £)lly =lxle + [ 86l for (x,8) € X
then one computes that

[(x.2). (0 )]y =[], + [T 5(6), h(s)] .

It follows that @ is accretive in Y if for every (x,y), (X,Y) € 4 and g,
g € W0, oo; X) we have

[(x=%¢2-2).((y —2(0) - (¥ —8(0).—g + )],
=[x =% -») - (20 - 20)],

+ fo "l8(s) = 8(s),—g/(s) + #(s)],ds > 0. (25)

The first term in (2.5) is estimated by
[x =%y —»)—(g(0) - £(0)],
>[x =% (y = 9], —lg0) — £(0)||x
> —|g(0) — £(0)]|x, (2.6)

where the first inequality is due to the fact that [p,q], is Lipschitz in g with
constant 1 and the second inequality is because (x, y), (%,5) € A and 4 is
accretive. The second term in (2.5) is given by

7180 = &), =8 (5) + #()] s
= [ - 5186 — £l =12©) ~ 2O1x @)
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80 M. G. CRANDALL AND A. PAZY

since

LIkl = [K6s), K]

wherever ||k(s)||y and k(s) are both differentiable.Together, (2.6) and (2.7)
imply (2.5) and hence that @ is accretive.

The system (2.4) was introduced in [4] for another purpose. The results we
have just obtained reduce many questions concerning (2.1) to the same
questions for f = 0.
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