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Abstract

We show in this paper that in a domain Q C R? with some regularity, a function
u € SBD(Q) with u,e(u) € L* and H'(J.) < +oo can be approximated with
a sequence u, with relatively closed jump set Jy, in Q, such that u, and e(un)

respectively converge to u and e(u) in L? (strong) while lim,— o H* (Ju, ) = H' (Ju).
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1 Introduction

Special Bounded Deformation displacements have been introduced by Ambrosio, Bellettini,
Dal Maso, Coscia [4, 8] to represent displacements in linearized elasticity problems with
discontinuities (that may model cracks in the material). Given u € 2, where Q) is an
open subset of RY, one says that a displacement v :  — R" has bounded deformation
whenever the symmetric part of the distributional derivative £(u) = (Du + Du”)/2 is
a bounded Radon measure. In this case, it is proven in [4] that the measure £(u) can
be decomposed into three parts, one absolutely continuous with respect to the Lebesgue
measure dx, denoted by e(u) dz, and two other that are singular: a jump part, carried by
the rectifiable (N — 1)—dimensional set J,, of points where the function u as two different
approximate limits uy and u_, together with a normal vector v,, and a “Cantor part”,

which vanishes on Borel sets of finite HY ~1 measure.
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The space SBD(f?) is defined as the space of the bounded deformation functions u

such that the Cantor part of £(u) vanishes, so that this measure can be written
E(w) = e(w)(@)dr + (ug(z) —u_(2)) © vy (@)K L Ju(2) (1)

where HN =1L J, is the (N — 1)-dimensional Hausdorff measure restricted to .J, and a ®b
denotes the symmetrized tensor product (a ® b+ b ® a)/2.

These functions are useful in the theory of brittle crack evolution, following a model
proposed by Francfort and Marigo [22, 23]. One can define a “Mumford-Shah”-like po-
tential energy of the form E(u) = [, W(e(u))dz + HN7*(J,), with W some linearized
elasticity bulk energy, and roughly define a discrete evolution with timestep 6t > 0 by
letting, for every n € N, w, be a minimizer of E(u) among all v with u = g(ndt) and
Ju, D Ju,_,, where g(t) is a given boundary displacement and the second condition ex-
presses the fact that the fracture is irreversible and can only grow. At this point, several
problems arise. Does each minimization problem have a solution? Does there exist some
limit evolution as 6t | 07 Some of these issues are addressed in [3, 18, 16, 21, 17], for
variants of this problem (scalar versions, topological restrictions on the cracks, nonlinear
elasticity). However, in the case of linearized elasticity, a study of this problem is still out
of reach for many technical reasons. Interesting also would be to find a way to numerically
minimize energy F, in order to simulate crack growth. In [11], such experiments have been
conducted, that are based on a Ambrosio and Tortorelli [6, 7] approximation of energy F,
in the case where W is a positive definite quadratic form of the deformation e(u). But
the I'—convergence of this approximation to E is not known. A major issue is in the proof
of the I'-limsup: in Ambrosio and Tortorelli’s works, it relies strongly on the fact that
any function in SBV(2) with finite Mumford-Shah energy [ |Vu|* + HN~1(S,) can be
approximated by functions u,, such that the jump set S, is closed. No such result exists
up to now for SBD functions.

In this paper we propose an approach to prove such a property, and show, only in
dimension N = 2 and for W with quadratic growth, that provided {2 is bounded and 0f2 is
locally a subgraph, any u € SBD(Q)NL?(Q; R?) with E(u) < +0o can be approximated (in
L?) by a sequence u,, such that limsup,, ., [, W(e(un)) dz+H'(Jy,) < [, W(e(w)) dz+
H'(J,). It turns out that the jump set J,, that we build is included in a finite union
of closed connected C! curves, whose total length goes to H!(.J,) as n — co. The proof
we give is probably valid in any dimension, up to a few modifications, however, one step
requires an inequality that depends strongly on the dimension, and that we only have
proven in dimension 2 (see Appendix A).

Using a SBD semicontinuity result proven in [8], we deduce the convergence of e(u,)
to e(u) in L?-strong, and the convergence of H!(J,,) to H*(J,). On the other hand, we
do not know whether the sequence (uy,),>1 we build can be uniformly bounded in BD.

As a consequence we deduce the I'-convergence of an Ambrosio and Tortorelli [6, 7]
approximation of the elasticity Mumford Shah functional (in 2D), with an L constraint.

This justifies in part the numerical computations presented in [11].



2 Mathematical preliminaries

In this section we recall some of the results of [4] and [8] on BD and SBD functions that
will be useful for our analysis. We assume that the corresponding properties for BV and

SBYV functions are known to the reader, we refer to [5] for a good monograph on the topic.

2.1 Main notations.

In this paper, we will denote by da the Lebesgue measure in RV, N > 1 (we will sometimes
also denote |E| = [}, dx the measure of the set F), while K", n. < N, is the n—dimensional
Hausdorff measure (see for instance [20]). Given E,F € RYM, we denote by EAF =
(E\ F)U(F\ E) their symmetric difference. In RV, a - b = Zivzl a;b; is the Euclidean
scalar product, and we denote the norm by |a| = \/a - a. For any a € RY, o+ = {x ¢ RV :
a -z = 0} is the hyperplane (if a # 0) orthogonal to a. B(z,7) = {y € RN : |z —y| < r}
is the (open) ball of center x and radius r, and B(xz,r) = {|y — x| < r} is its closure.
The notation wy stands for the volume of the unit ball in RY, |B(0,1)|, and one has
Nwy = HN=1(SN=1) where SV =1 = 9B(0, 1).

We will also let S¥*¥ be the (N (N +1)/2)-dimensional vector space of the symmetric
N x N matrices. For A a matrix of size N x N, we let |A| = /Tr (AAT) (AT is the
transpose of A and Tr A its trace)—this defines the standard Euclidean norm in the space
of all N x N matrices. If a,b € RY, the tensor product a ® b is the matrix (aibj)i\fj:l
while @ © b € SV*N | the symmetrized tensor product, is (a ® b+ b ® a)/2. Notice that
lal[bl/v2 < Ja® b < |al[b].

2.2 BD functions.

As mentionned in the introduction, the space BD(2) of displacements with bounded de-
formation in Q C R¥ is the set of u € L' (€2; RY) such that the symmetrized distributional
gradient

E(u)iy = %(Diuj + Dju;)
(¢, =1,...,N) is a bounded Radon measure in Q (a matrix-valued measure with finite
total variation). We refer to [4] and the references herein for more details on this space,
which has been introduced in order to describe plastic deformations in a solid.

Given u in BD(Q), one says that « € Q has one-sided limits u_(z) and u4(z) at x,
with respect to the direction v, (z) € SV, if the rescaled functions u,(y) = u(z + py),
y € B(0,1), converge in L'(B(0,1); RY) to

ug(z) i y-vu(x) >0,

u_(z) if y-v(x) <0,
as p — 0. If uy(z) # u_(x), then the triplet (uy(x),u_(x),v,(x)) is unique up to a
change of sign of v, (z) together with a permutation of u4 (x) and u_(z). In this case, we

say that = € J,, the jump set of u. (If uy(z) = u_(x) then z is a Lebesgue point of u,

with Lebesgue limit vy = u_, and v, (x) is arbitrary.)



It is shown in [4, Prop. 3.5] that J, is a countably (HN~1 N — 1)-rectifiable Borel
set: there exists (I';)$2; a sequence of C'! hypersurfaces covering almost all of .J,,, that is,
HNTH (T \ (U4 10)) = 0.

At HN~1-almost all = € J,, v,,(x) is an approximate normal to .J,, characterized by

vo(z) = Fup,(z) at HYN lae. 2 € J,NT;.

2.3 Structure of £(u). SBD functions.

The structure of the distributional deformation £(u) of w is described in Section 4 of [4]:
one has (see Def. 4.1, Thm. 4.3, Prop. 4.4)

Ew) = e(u)dr + (uy —u) Ov,HN 'L J, + E%(u)
where:

o e(u) € L (Q;8V*N) is the Radon-Nikodym derivative of £(u) with respect to the
Lebesgue measure dz. It is called the approximate symmetric differential of u, and
is characterized (Lebesgue—) almost everywhere in by

i . [ )l - €0y ) o,
B(z,p)

ly —xf?

e The measure £°(u) (the “Cantor part”) vanishes on any Borel set B C  which is

o—finite with respect to HN L.

The space SBD((?) is defined as the set of all displacements v € BD(2) such that
E¢(u) = 0. It means that the singular part (with respect to the Lebesgue measure) of the
derivative of u is entirely carried by the jump set J,. An important compactness result is
given by [8, Thm. 1.1]: it is shown that if a sequence (uy,)n>1 in SBD() is such that

sup/ | dz + / () 4 — (tn) | dHV =1 () + / W (e(un)) dz + HY"1(J,,) < +o0
n>1JQ Jun Q

for some nonnegative bulk energy W with lim| 4o W(A)/|A| = +oo, then, up to a
subsequence, there exists u € SBD({) such that u, — u in LL_(Q;RY), e(u,) — e(u)
weakly in L'(Q; SV*N), £(u,) = £(u) weakly—* as a bounded measure and HN~1(.J,) <
liminf, o HV71(Jy, ). We will need a variant of this result, where the a priori bound
on the measures |€(uy,)| is replaced by the knowledge that u, converges to u € SBD().
Since we will need the result only when W is a particular quadratic form of e(u), a case in
which the proof is quite simpler than in [8], in order to make this paper more self-contained

we will give a short proof of our variant (Lemma 5.1 in Section 5).

2.4 Slicing properties.

Essential to the proofs in this paper are the slicing properties of SBD functions, that
allow to characterize them by means of SBV functions on lines. If u € SBD(Q), e €



SN—l 1

and z € e, we denote by uS(s) the function u(z + se) - e, that is defined on
QA ={seR: z+seeQ} Wealsolet JS = {zx € J, : [u(x)]-e # 0} (where [u(x)]
denotes the jump wuy(x) — u_(z)). Then, from the Structure Theorem [4, Thm. 4.5], we
have that for HV~1-a.e. z € el, the function u¢ is in SBV(Q¢) (unless Q¢ is empty),
(e(u)(z +se)e) -e = (ug)'(s) a.e. in QF, Sye ={s € R : z+se € J;}, and for all 5 € Sye,

{u+(z +se)-e,u” (z 4+ se) - e} = {(u§)+(s), (uz)f(s)} .
One has that

/L HO(Sue) dHN1(2) = [ vala) - | dHY (@),

€
JE

while )
/ dHN*l(e)/ HO(Sug) dHN "1 (z) = HYTH(Ju).
2wn_1 Jgn-1 el i

Notice that HY=1(J, \ J¢) = 0 for HN"1-a.e. e € SV~ (see [4], eqn. (4.5)).

3 Some technical lemmas

Here we will show some technical results that will be useful in the rest of the paper.
Throughout the whole paper © will be an open subset of RY, usually bounded and
with some regularity. Given A an open subset of RY, ¢ > 0 and u € SBD(A), we let

B, A) = /AW(e(u)(x))dx + eHN ()

while

Eo(u,A) = /AW(e(u)(x))dx + cHN ().

Here the closure J, is intended as the essential closure in R? (not A) of the set .J,, that is,
the smallest closed set in R? that contains .J, up to a H!'-negligible set. (.J, is supposed
to be a subset of A, if u is the restriction to A of a SBD function defined in a larger set,
it has to be replaced with .J, N A.) When ¢ = 1, we denote E, by simply E, and E. by
E. The function W : RV*¥ — R is a quadratic form, which is positive definite on the
subspace SV XN of symmetric matrices.

The next (obvious) lemma allows us to approximate an SBD function locally on a

finite open covering of a set and then glue together the approximations.

Lemma 3.1 Let Q, (A;)_, be open subsets of RN such that Q@ C UF_|A;. Let u €
SBD(R), and assume that for each i = 1,...,k, there exists a sequence (ul),>1 in
SBD(A;NQ) such that limy, oo [[u—ul || 12(4,n0ry) — 0. Let £; =limsup,, o, E(u;, A;N
Q). Then there exists (un)n>1 a sequence in SBD(S) with ||u—uy,| r2r~y — 0 and such
that limsup,, . E(u,, Q) < Zle ;.

Proof. The idea is to consider a partition of unity (p;)¥_; on Q subject to the (A4;)%_;:

each ; is C°°, nonnegative, compactly supported in A; and Zle pi(z) =1for all z € Q.



k ; k ;
Then, we let u, = 327, @suy,. Clearly, [lun — ull72gpny < 301 [a,n0 @ilun —ul*> =0
as n — o0o. Let us explain why limsup,,_, . E(un, Q) < Zle ¢;. One has

k

e(un) = Y ul, © Ve, + pie(u},),
=1

k
Juy € \J Tt -
=1

We first deduce that HN=1(J,,) < Zle HN=1(J,:). Then, since Zle Vp; =V1=0,
we can rewrite the first equation

k
elun) = Y (up —u) © Vipy + pielu,).

i=1

W is a nonnegative quadratic form, so that for any ¢ > 0 and A, B € SN, W(A+ B) <
(I+e)W(A)+ (1+1/)W(B). Using also the convexity of W, we find that

k
1 . )
/QW(e(un)) < Zk‘ +€/QVV ((uf, —u) © V) dz + (1 +z—:)/ﬂ<piW(e(u;))dx.

i=1 €
We deduce

k k
E(un,Q) < (14¢)) E(u}, AinQ) + CZ/A Q|u;_u|2dx
i=1 i=1 AN

where c is some constant depending on ¢, k and sup, , [Vy;(z)|. Letting n — oo we get

limsup,, oo F(un, Q) < (1+4¢) Zle ¢;, and since ¢ is arbitrary we get the thesis. Ul
We will say that €, a bounded open set of RV, satisfies “assumption (H)” if

At every boundary point x € 02, there exist coordinates
(H) < (&1,...,&n) and a continuous function f : RV~ — R such that
near z, 2 coincides with the subgraph {{n < f(&1,...,&n-1)}-

We now show the following approximation lemma, that allows to extend sligthly out of

an open set () satisfying (H) a function in SBD(), without perturbing much its energy.

Lemma 3.2 Assume () satisfies (H) and uw € SBD(Q) N L2(Q; RY), with E(u, ) < +oo.
Then, for any € > 0, there exists Q" with Q@ CC Q" and v’ with [|u' —ul|L2qr~) < €, such
that

W(e(u'))dx < / Wie(u))dz+¢ and HN " (Ju) < HNTY(J,) +e. (2)
Q Q
In order to prove this result we first need the following lemma.

Lemma 3.3 Let Q, (A;)%_, be open subsets of RN such that Q C UK_|A;. Let pu be
positive, finite Borel measure on RY. Then for each ¢ > 0, there erists a partition of
unity in Q subject to the (A;)_,, that is, functions (p;)%_, with each p; € C™(4A;),
nonnegative, compactly supported in A; and that satisfy Zle vi(z) =1 for all x € Q,
such that p (Ui?:lsupp W) <e.



Proof. For any open set A C R let us denote A, = {x € A : dist(2,RY \ 4) >
s}. One first finds positive numbers (s;)¥_; such that Q C U¥_ (A;)s, and p(UF_;A; \
(Ai)s;) < e. Let ig € {1,...,k}, and assume we have found the s; for i < iy with
Q C (Uicip(A)s,) U (Ui Ai)) and p(A; \ (A;)s,) < e/k for each i < ig. Let § > 0 be the
distance between the disjoint compact sets Q\ 4;, and Q\ [(Ui<i, (As)s,) U (Ussi, A;)]- Since
Neso Aio \ (Ai)s = 0, limg_o pu(A;, \ (Aiy)s) = 0. One can therefore choose s;, € (0,0)
such that p(A;, \ (Aiy)s;,,) < €/k. The fact that s;, < ¢ yields that Q\ (Aig)s;, is still
disjoint from Q\ [(Us<iy (As)s;) U (UisieAi)], in other words Q C (Ui<i, (Ai)s; ) U (UisipAi))-

Now, for each ¢ = 1,...,k — 1, one easily finds a C*° function ; with 0 < v; < 1,

supp¢; CC A; and ; = 1 in a neighborhood of (4;), (for instance, by mollifying the
characteristic function of (A4;),, /2). We have {0<y; <1} cC Ai\msi‘ We let ¢1 = 1,
@i =Pi(1 =32, ;pj) for i =2,... k. These functions are clearly C*.

Tt is clear that supp ¢; CC A; for every i. Let us show by induction that > j<i¥i €
[0,1], and is 1 on U;<;(A;)s, . It will yield in particular that ¢; = ¥;11(1-32;_; ¢;) € [0,1].
If i = 1, these properties are clear by construction of ¢1 = 1. If i > 2 and these properties
are true for ¢ — 1, then >, 5 = >, ¢; +¥i(1 — 32, ;) is a convex combination
of 1 and 1; € [0,1]. Hence it is in [0,1]. Moreover, it takes the value 1 whenever either
Yjci®i =1, 0r ¢ =1, 50 that it is 1 on Uj<i(Ai)s,. If i = k, since © C U, (4;)s,, we
get that Zle wi(x) =1 for all x € Q.

We have shown that (p;)¥_; is a partition of unity on Q subject to the covering

(Ai)E_;, now, it is easy to show that U supp {0 < ¢; <1} C Ui  A; \ (4), , so that
u (Ui?:lsupp {0<p; < 1}) <e. O
Proof of Lemma 3.2. To prove the lemma we first consider a finite covering Ay, ..., Ag of

09 with open sets such that in each A;, there is a direction ¢ € S¥~! and a continuous
function f : (e’)* — R such that 4; N is represented by the subgraph {z e’ < f(x — (x-
e)et)}. In such a A; we will define the function uf, for t > 0, as ul(z) = u(z — te?), which
is defined slightly outside of 2 (in A;), more precisely, on A; N (Q + [0,%)e?), for ¢ small
enough. (By convention we extend it with the value zero in the rest of A;.) It is standard
that u! — uin L2(A;;RY) as t — 0, where u is extended with the value 0 outside of Q.
Let us observe that, also, e(ul) — e(u) in L?(A; SN*N) as t — 0, extending again e(u!)
(respectively, e(u)) with 0 out of Q + [0,¢)e’ (respectively, 2).

We choose Ay CC € such that Q C Ui-f:OAi, and for conveniency we let for any ¢ > 0,
u) = u in Ap. Then we fix ¢ > 0 and invoke Lemma 3.3, with the measure HN-1L T,
(which is a bounded Borel measure on R™), to find a partition of unity ¢y, ..., ¢r subject
to the (A;)F_, with HV ! ((Ju N (Ufzosuppm)) <e/(2(k+1)).

Given t = (t1,...,t) € R¥ with each t; > 0, small, we let uz = upo + Zle uéigpi, it is
a function in SBD(Q;) where Qf = Ao U (UX_; (4; N (2 + [0,;)e?)) strictly contains Q. Tt
is easy to check that uy — u in L?(Q;RY), as £ — 0. Let us estimate sz W (e(ug)) dz and
HN ;).

One has, using the fact that Ef:o V; = 0 inside 2, whereas (by convention) v = 0



outside £2,
k k

e(up) = Y (uf, —u) © Vi + Y pie(u})

i=1 i=0
(letting for instance ty = 0, remember that u) = u for all ¢). The first part, Zle(uil —u)®
Vi, converges to 0 in L2(U¥_; A;; SV*N) as £ goes to 0. The second part, Zf:o pie(uj,),
converges strongly to e(u) in L2(UF_, A;; SN V). Hence e(ug) — e(u) as t — 0. We deduce
that if ¢ is small enough,
W(e(uz))dz < / W(e(u))dx + e.
Q; Q
Now, J,; C Uf:O(Ju;: N supp ;). Since the measure HN =11 Jyi obviously converges
to HN-1L_J, as t; — 0, and since each supp y; is closed, one has
limsup HY1(J,,) <
t—0 '
k k
> limsupHN L T (suppes) < Y HN T Ju(supp ;).

i—g ti—0 ’ i=0

k
But Z HN UL T, (supp i) <
=0

HY L) + (ke DY (0 (Ugsupp [0 < wi < 11) )
so that it is less than HN~1(.J,) + /2. Hence if £ is small enough, one has

HN T, < HY YT + e

t

Choosing Q' = Qg, v/ = u; for a very small ¢ hence shows the thesis of Lemma 3.2. ]

4 A first result with a bad constant

In this section, the dimension of the space is fixed to N = 2, and we will consider only the

following bulk energy:

1
W(A) = Tr(AAT) + S(Tr (4))*, 3)
defined for any 2 x 2 matrix A.

We prove the following theorem.

Theorem 1 Assume Q satisfies (H) and let u € SBD(Q)NL?(Q;R?), such that E(u, ) <
+o0o. Then, there exists a sequence (uy) of displacements in SBD(Q) N L?(Q;R?), with
un — ull2(ur2) — 0, such that each J,, is essentially closed in Q (that is, H'(J, N\
Ju) =0), while each u,, is in HY(Q\ J,, ;R?), with the estimate

limsup E(u,,Q) < E.(u,Q) 4)

where cq is a universal constant (co = 8\/4 + 2v/2). For each n, the set J,, is included in

a finite union of closed segments. If ||ul|r~ < 400, one can ensure that ||uy|| 1 < ||u| Lo

for all n.



Proof. The proof is based on a discretization argument, similar to what is used in [14,
Sec. 3.3] (see also [24]), together with an interpolation argument that is inspired from [13].
Let u € SBD(Q) N L*(Q;R?). We fix € > 0 and consider Q' and v given by Lemma 3.2.
(Observe that if u is bounded, then the ' built in Lemma 3.2 is also clearly bounded by
el )

We consider a system of coordinates (e, e3) such that for all e € {e1, ea, €1 —€9,e1+e€2},
H'{x € Juw : [u'(x)]- e =0}) =0 (almost any e; € S! suits), and a small discretization
step h > 0 (in practice, less than dist (99, 0Q')/2v/2). Given y € [0,1)2, we will denote
by u} (£) the discretization of v’ given by u}(£) = u/(hy + £) for any £ € hZ? N (¥ — hy).
For any 7 € R?, we also denote, by J7 the set U,c, [z, — 7] (the union of the translates
of —st of Jy, for s € [0,1]). We let D = {ey,e2,e7 — ea,e1 + ea} be a set of directions of
interactions, and for each e € D and ¢ € hZ? we set 17 1, (&) = xyne (hy +&) € {0, 1}, where
X sne is the characteristic function of J"¢.

Yy

Given uj, I} = (IY,)ecp, we define a discrete energy

(u} e) —u 2 1Y
EZ(U?L’ZU — h2 Z Z h £+h |4h2 h(g)) ) (1 . lgh(é-)) + 5 e,h(g) (5)

e[
ecD ¢

where the sum on the ¢ runs on all the points ¢ € hZ? such that both hy+¢ and hy+&+he
are in Q. Here the parameter 8 > 0 will be fixed later on.

Let us compute the average of EY (u¥,[}) over y € [0,1)%:

[, B =

/[0 h) dyz tyrbr }|L:|)4h2w(y t4))-e) (1= xgne(y+8))

ecD

Xgne (y 4 §)

+ B el

This is less than (letting x = £ + y)

m he) — u'(z 62 he (T
Z/ L ) e + 22 e ()

Z ERE elh

For each e € D, we will make a change of variable z = z + s¢’ where ¢/ = e/le|. The

integral above becomes (to simplify we denote dH™~1(z) by dz)

/ AN RNAY
/ dz/ "(z + s+h|e||)|2)h2 u'(z + se’)) - €) (1= yme (2 + 5¢))
z€et ¢

(z+ se)

X Jhe
d
L P

where I¢;, = {s € R : 2+ se’, 2+ (s + hle|)e’ € '} (we also denote [T = IF ).

As mentionned in section 2.4, for almost all z the function u¢ : s — u/(z 4 se’) - €’ is in
SBV(I%), and its jump set Sye is given by {s € I : z 4 se’ € J and [u/(z + se)] - €’ #
0}. Moreover, since [, W(e(u'))dx + H'(J}) < 400, one checks easily that this jump



set is finite for almost any z, and that u¢ has regularity H! in the complement of its
jump set (this will be justified in the sequel). In particular, if x jre(z + se’) = 0, then
Sue N [s,5+ hle|] #0 and

((u'(2 + (s + hleD)e’) —u'(z + se”)) - €)?

s+nhle| e
= (ks + ) —us(s))? < 0l | (8

8“; (t))2 dt .

We deduce that

2
(1 — xgne(z + se’)) ds

<)

/ ((u'(z + (s + hle])e) —u'(z + se')) - €)

. le|2h?
z.h

(aauf (t))2 dt.

e
z

On the other hand,

X.gne (2 + se’) 1
S 2ds < — |{s€If: [s—hle|],s] NSy #0
| Trls eIz s lo— bl sl 5. £ 0}

e
z,h

which is less than H%(S,e). We find that the integral in (6) is dominated by

/zeffz (/l (agf (t)>2 dt+6H0(Su§)> _ /l((e(u’)e') et [

It turns out that our choice of W satisfies W(A) = > . ((A€) - €/)? for any A € 522,

hence the sum of these integrals over all e € D is

W(e()(x))de + 3 | h(ve(z))dH' (z)
Q/ J,“’/
which thus provides a bound for f[071)2 E}(u}, 1) dy. Here h(p) = |p-e1| + |p-e2| + (|p-
(e1 +ea)| +|p- (e1 — e2)])/v2. We notice that (14 v/2)[p| < h(p) < V4 + 2v/2|p| for all
p € R2, in particular, we have, letting 8’ = /4 + 21/2,

/ BVl ) dy < | W(e)dz + BH (o) @)
[0,1)2 o

This inequality guarantees that, for y in a subset of positive measure of (0, 1), the discrete
energy EJ(uy,l}) is less than [, W(e(u)) + 8/H'(Ju). The idea, at this point, is to
interpolate the discrete data wj,l} in order to find a displacement with energy close to
EY(u},l}). But in doing so, we also need to ensure that the interpolates will converge to
v’ in L?(;R?) as h — 0. In order to achieve this property, we introduce the function
A(x)=(1—|z-e1])T(1—|z-e2])" (here tT = max(t,0)) and to any discretization (u}) of

u’ we associate the displacement




Notice that since Q CC €V, it is well defined for = € ) as soon as h is small enough. We
have (using >, A((z — §)/h —y) =1 at every z)

/[01 dy/|u W@ dz
A C e

Lo 2,20

£€hZ2NQY

y) lu'(z) — u'(hy + €)|? da

and, letting z = (z — £)/h — y, we get

/[01 dy/ v/ (@) —wh@) dv < /<1,1>2 A(z)dz/ﬂlu’(x)—u’(x—hz)mx.

Since for all z, [, |u/(x) —u'(x — hz)[*de — 0 as h — 0 (and is uniformly bounded
by 2[|u/[|22), we deduce that limj,_.q f[0,1)2 dy [o|v/ — wi|*dx = 0. Hence, there is a
subsequence (hg)g>1 of b (with hy, | 0 as k — 00), and a measurable set A C [0,1)? with
Lebesgue measure 1, such that for each y € A, limg_,o |Ju/ — w',ylk 2 (;r2) = 0. Now, we

observe that (7) yields (using Fatou’s lemma)

/ liminf BY (u! 10 Ydy < [ W(e()dz + BH (),
[0,1)

2 k—oo Q

so that we can find y € A with the additional property

fmint B, (uf, 1f,) < [ Wletw))do + 5H! (1),
Hence, extracting another subsequence (hg,);>1 from (hy)r>1, we find a sequence of dis-

cretizations (u‘zkl , l%kl )i>1 with both

i o'~ 170 =0 and .

l—o0 1 l Q'

lim E} (“Zk Ap ) < [ Wie(w)) de + BH (Ju) .

In the sequel, we will fix y to this particular value (and consequently drop the correspond-
ing superscripts), and simply denote by (h)n>o the subsequence (hg, )i>1.

We now are able to achieve the proof of Theorem 1. We say that the square & + hy +
[0,h)2, € € hZ?, is a“jump square” at scale h if any of the “line processes” le, 1(€), le,,n(£),
leytesn(§); ley n(E+Nhea), ley—ey n(E+he2), ley n(§+her) is equal to 1. Then, we define the
displacement vy, : 2 — R? by letting vy, (x) = wy, (z) whenever x does not belong to a jump
square, and 0 otherwise. Such a vy, is clearly in SBD(Q). Its jump set .J,, is contained in
the union of the boundaries of the jump squares, which is a closed set.

Le us estimate the energy of vj,. First, the length H!(J,,) is bounded by 4h x Kj,

where K}, is the total number of jump squares at scale h. But for any of these squares

11



C =&+ hy +10,h)?, one has

hg3 (ZEML(S) + le2,h(§) + lel,h(f + h62) + ZEQ,h(f + hel)
2

B
h2,

_|_

Y

l€1—€2,h<§ + heQ) + l61+€27h(£)>
V2

(since at least one of all these I p’s is 1). The left-hand side expression is the contribution

of the square C to the second part h? Y ech Zg ﬁlel’:‘(hf) of the energy Fj(up,l;) defined

in (5). Hence if we choose 8 = 8, summing on all the jump squares we find that

R, < Y Y )

eeD ¢

Let us observe that the total area of the jump squares is h2K}, and repeating the same
arguments we find that, thanks to (8), it is O(h).

On the other hand, if C = & + hy + [0, h)? is not a “jump square”, then Lemma A.1 in
Appendix A shows that [, W(e(vy)) dx is less than

B2 (((Uh(E + het) —up(€)) - e1)” n ((un(€ + hler + e2)) — un(€ + hez)) - e1)

2h2 2h2
n ((un(& + hes) — un(€)) - e2)* N ((un(&+ h(er + €2)) — un(€ + her)) - e2)
2h2 2h2
Jr((Uh(§ +h(er +e2)) —un(§)) - (e1 + 62))2
4h?

| ((un €+ hea) —un(& + her)) - (e2 e1>>2>
4h?

which is exactly the contribution of the square C' to the first part (the “bulk part”) of
energy (5). On a jump square C, [, W (e(vy))dr = 0. We find therefore that, having
chosen 3 =8,

/QW(e(vh))dx—i—Hl(jvh) < En(up,lp) < N W(e(u)) dw + BH (Jur).

Here, ' = 8v/4 + 2v/2. Now, we observe that ||v, — wh||%2(Q,R2) is less than the integral

fJ} g W dx, where Jy, is the union of the jump squares at scale h, and since |.J,| = O(h)
and wy, converges strongly in L?(Q;R?), we find that |lvy, — wl|12(0;r2) — 0 as h — 0, so
that vy, also goes to «’ in L?(Q;R?) as h — 0.

Therefore, if h is small enough, the displacement v, will satisfy

lon = ullz2re)y < llon —u'llz2me) + [lv” = ull2@m2) < 26,

E(vp, Q) < Wie(u))dr + fH (Ju) < Eey(u,Q) + 2e
Q/

with cg = 3. This proves Theorem 1 (the final assertion is clear from the construction).[]
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5 The main result

Now, using Theorem 1, a localization argument, and Lemma 3.1, we will deduce the fol-
lowing Theorems 2 and 3. The first one shows that any v € SBD(f2) can be approximated
in L?(9;R?) with displacements u,,, such that limsup,,_, .. E(u,,Q) < E(u,Q), for our
particular choice of the quadratic form W. The second one is a corollary of the first and
of a variant of [8, Thm. 1.1] (Lemma 5.1 below), that ensures that there is in fact strong
convergence in L?(Q2; §?%2) of the approximate deformations e(u,) to e(u), hence con-
vergence of the energies E(uy,, ) to E(u,)) for any other choice of the positive-definite

quadratic form W.

Theorem 2 Assume Q satisfies (H) and let u € SBD(Q)NL*(Q;R?), such that E(u,Q) <
+00. Then, there exists a sequence (uy) of displacements in SBD(2) N L?($;R?), with
lwn — ull2(mey — 0, such that each J,, is closed in Q, contained in a finite union of
closed connected pieces of C' curves, u, € H*(Q\ Ju,; R?), and

limsup E(u,,?) < E(u,Q). (9)

n—oo

Moreover, if ||u|]|L~ < 400, one can ensure that ||un|| L= < ||ullL= for all n.

Proof. We first recall that J, is (H!, 1)-rectifiable in the sense of Federer [20] (see [4]),
which means that there exists a countable union of C' curves (I';)$2, such that H*(J, \

U, I';) = 0. For each ¢ > 1, we can define a set

H!(Ju N B(x,p))

o =1 and

S, = {1’6 JuﬂFi\Uj<iSj : hH(l)
p—

! I;NB
lim H (Ju ntin ($,p)) = 1} )
p—0 2p

that is, the set of points where .J,, has H!-density 1, as well as density 1 along the smooth
curve I'; (and i is the first index such that it happens). We have that H'(J, \ U2, S;) =0
(since H'-almost all points in .J,, have H!-density 1, and H!-almost all points in .J, N T;
have density 1 along I';). Observe that if x € S;, then lim,_,o H'(J,NB(z, p)\I';)/(2p) = 0.

If we fix € > 0, then for every i, at each x € S;, for almost all p that is small enough,
we have that B(z,p) C Q, HY(J,AL; N B(x,p)) < 2ep, HY(J, N B(z,p)) > 2(1 — €)p,
H(J, N OB(z,p)) = 0, and, as well, that T'; separates B(z, p) in exactly two connected
components, each one being a domain satisfying the property (H) (this is true simply
because I'; is C!, so that it is almost a diameter of B(x,p) as p goes to zero).

Now, if we invoke Besicovitch’s covering theorem (with the measure H![ U, S;, cf
[19, Cor. 1 p. 35]), then we find a covering (B;)32, of H'-almost all of U2, S;, of such
closed balls (we denote by z; the center of B; and p; its radius). Since >-°2 | H'(J,NB;) =
H'(Ju) < +oo there exists k with >, , H'(J, N Bj) < e. For each By, j = 1,...,k,
there is an index i such that H(J,AT; N B;) < 2ep; < ¢/(1 —e)H'(J, N B;). We can

'Remember H!(J, NOB;) = 0, so that H'(J, N B;) = H'(J, N B;) for all j.

13



invoke Theorem 1 in each of the two components of B; \ T, to find a sequence (u,),>1
converging to u in L?(B;; R?), such that
limsup/B W(e(ul)) dz + HI(W\B) < /B W(e(u))dz + coH'(J, N B; \T;).
n=eo i i
This yields
limsup/B Wie(ul))dx + HI(W)

HY(J. N B;).

< [ Wew)ds + KN B) + cop
On the other hand, for t > 0, let A, = {x € R? : dist (2,Q\ U?Zlﬁj) < t}. Since
HY(JuN(Ni>0Ar)) = Hl(Ju\Ué?:lEj) < ¢, if t is small enough, we have that H*(J,NA;) <
2e. Also A; N Q satisfies (H). Hence there exists (u2),>1 in SBD(A; N Q), converging to
win L2(A; N Q;R?) with
lim sup W(e(uf))de + H' (Jo) < W(e(u))dx + 2coe.

n—oo JA,NN ANQ

Invoking Lemma 3.1 with the covering Ay, (B;)%_, of Q and the sequences (u},)n>1, j =

0,...,k, we find a sequence (u,),>1 that converges to u in L*(Q; R?) such that

limsup E(u,, Q) < E(u,Q) + 2coe + 7 < H(T) -

n—oo -

Since ¢ is arbitrary, a standard diagonalization argument shows Theorem 2. Notice that

here again, if v is bounded, then u,, is bounded with same bound. L]

Theorem 3 Assume Q satisfies (H) and let uw € SBD(Q)NL?(Q;R?), such that E(u,Q) <
+00. Then, there exists a sequence (uy) of displacements in SBD(2) N L?(;R?), with
llun — ul|p2(@m2y — 0, such that each J,, is closed in Q, contained in a finite union of

closed connected pieces of C1 curves, u, € H'(Q\ J,,;R?), and
(i) e(u,) — e(u) strongly in L?(Q;S82*2),
(i) T H () = iy oo HA () = HO(J).
Again, if ||u||pe < +00, one can ensure that ||uy| Lo < ||u||Le for all n.

Proof. We will show in fact that the sequence given by Theorem 2 enjoys the desired
properties. For this we need the following (simpler) variant of the semicontinuity result of
Theorem 1.1 in [8], where no assumption is made on sup,, |un||zp, but we assume instead
that u, — uin L?(£;RY), and consider only completely isotropic quadratic forms of e(u).

We state the lemma in any dimension N, replacing W with

1

W) = g [ (992 g

which defines a quadratic form of A € SNV that is positive definite. This extends to

any dimension the definition (3) (up to a factor 4).
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Lemma 5.1 (¢f [8, Thm. 1.1]) Let Q be an open subset of RN . Assume (up)n>1 s a
sequence in SBD(Q) N L*(€;RY) such that sup,,>, [o W(e(un)) dz +HN"1(J,,) < 400
and u,, converges strongly in L*(Q;RY) to some u € SBD(Q). Then

(i) e(u,) — e(u) weakly in L*(Q; SN*N),
(i) HN=1(J,) < liminf, o H(Jy, ).
Proof. The proof reproduces essentially the proof of [8] in a simpler situation (see also [2]),
and we will sketch it briefly.
We will show that for any smooth function ¢ € C2°(Q; SV*¥) and any A > 0, one has

/W u) 4+ ) dr + NHN71(J,) < hmmf/W(e(un)+<p)dx+)\HN71(Jun). (10)

n—oo

The lemma will follow. Indeed, if (10) holds, we have

HNYY(J,) < liminf HVN7Y(T,) A/W (e(un) + @) dz

n—oo

< liminf HN71(J,,,) fhmsup/W e(un + ¢)) dx

n—0oo n— oo

Sending A to +oo we get point (ii) of the lemma.

The same argument, sending this time A to 0, shows that

/QW(e(u+<p))dx < liminf W(e(u, + ¢)) dx . (11)

n—o0

Upon extracting a subsequence, we can assume that e(u,) — o in L2(; SM*V). But (11)
yields, if we denote by B(-, -) the symmetric quadratic form associated to W (such that
W(e) = B(s,¢)),

/QB(e(u),go)dz < /QB((W) do + % <1gggf/gvv(e(un))dz/QW(e(u))dx).

Since ¢ is arbitrary, we easily deduce [, B(e(u),¢)dz = [, B(o,¢)dx for all smooth ¢,
which implies o = e(u), and shows point (i) of the lemma.

It remains to show (10). Given v € SBD(Q), ¢ € S¥ "1 and 2 € ¢4, we denote by v(s)
the function v(z + s¢) - £, defined on the open (possibly empty) set Q5 = {s : z+s¢ € Q}.
For all ¢ and almost all z € £+, the function v(s) is in SBV (). Moreover, we can write
(to simplify we denote dH™~1(¢) by d¢ and dHN~1(z) by dz, and denote by ¢%(s) the
function s — (p(z + s£)§) - €)

_ 1 13 2
/W v) + ) dzx N—w/swdg &dz/ §)(s) +¢5(s))” ds

whereas (see [4, 8])

1
d HO(S
ZWN_l AN 1 f &t ( E)

1
2
n—ulfdr = —— d d
/|u u|® dx N /Si1 3 o z(/g

z

HNH () =

Since

()€ — ul|? ds)
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upon extracting a subsequence (still denoted by (u,)), one can assume that (u,)$ — u$
strongly in L?(Q%) for a.e. £ € SV~! and for a.e. z € £+ (we first identify ¢+ to RV ~! to
get the convergence for a.e. (z,£) € SV=1 x RV-1),

Using Fatou’s lemma, one sees that for every A > 0 (denoting x = Nwy/(2wn—1)),

[ o (] 0 s 50 )

< (Nwy) hmmf/W (e(un) + @) dz + XHN"1(J,,) < +oo.

n—oo

For almost every & and z, hence, one sees that

liminf [ (((un)S)'(s) + ¢5(s ))2 ds + %HO (S(un)ﬁ) < 400,

and we can apply Ambrosio’s Theorem [2, Thm 2.1] of (compactness and) semicontinuity
in GSBV (Q%) to deduce that

/QE ((u€)'(5) +¢5(s))” ds + %HO (5.)

z

< liminf [ () (s) + ©5(s))" ds + A*;HO (S<un>§)-

n—oo Jo¢
Integrating again over £ and z, we find (10). Lemma 5.1 is proven. L]
Proof of Theorem 3. Consider the sequence given by Theorem 2. By Lemma 5.1, one has
— e(up) — e(u) in L?(Q;82%2),
4 ) dx < liminf, . [, W(e(un))dz,
- HN7Y(J,) <liminf, o HY(Jy,).

Thanks to (9), we deduce that point (ii) of the thesis of the theorem holds, as well as
limy, oo o W(e(un))dx = [, W(e(u)). This yields also the strong convergence of e(uy)
to e(u), that is, point (i) of the thesis. This shows Theorem 3. Ll

Remark 5.2 As mentioned before, the main drawback of our proof is that it does not
provide any global bound in BD(Q) of the approzimating sequence (uy,)n>1. On the other
hand, one sees from the construction that each u,, is Lipschitz continuous on Q\ J,,, , with

continuous limits on OSY on both sides of the jump J,,

Remark 5.3 Strictly speaking, we have not shown that each v € SBD(Q) can be ap-
proxzimated by a u, such that J,, is closed in Q, but more precisely, by a u, such that
there exists a closed set J,, finite union of closed, connected pieces of C' curves, with
Ju, C Jn N Q and H(J,) — HY(J,). However, if really needed, an infinitesimal pertur-
bation of each u, could be made in order to ensure J,,, = J, NQ (again, up to a negligible
set), yielding H'(J,, NQ\ Jy,) =0

Remark 5.4 If the boundary of Q is oscillating rapidly it might happen that, in our
construction, H'(J,,) > HY(J,,) (although one always have H'(J,, NQ\J,,) =0). The
essential point is that H*(J,,) converges to H(J,,).
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6 An application

Here, in order to illustrate the interest of Theorem 3, we show how it yields the extension
to the SBD case of a now “classical” I'-convergence result in SBV, proven by Ambrosio
and Tortorelli [6, 7, 5].

We show the following result (here W is any positive-definite quadratic form on §2%2):
Theorem 4 Let Q C R? be a Lipschitz-reqular open set. Let M > 0. For ¢ > 0 let us
define the functional, for (u,v) € L?(;R?) x L*(Q)

(1-v)?
- dx

/(vQ—&—na)W(e(u))dx 4 / £[Vol2 +
Q Q
if (u,v) € HY(Q;R?) x HY(Q) and ||u|p~ < M ;

+00 otherwise,

E.(u,v) = (12)

with 1. = o(¢) as € — 0. Then, as ¢ — 0, E. T'—converges (in L*(Q;R?) x L?(2)) to

/ W(e(u))dz + H'(J,) ifu€ SBD(Q), v=0,
E(u,v) = @ and |jul|p~ < M;  (13)
400 otherwise.

Proof. The proof of most of this result is now standard [6, 7, 1, 15]. We just sketch the proof
of the I'lim inf inequality, following an approach of Braides and Solci [12] (¢f also [9]).
We choose u;, v; that converge to some u,v in L?, and such that sup,;>q B, (uj,v5) < oo,
where (¢;) is a sequence that goes to 0. First, we notice that we must have v = 1 (since
Jo(1—v;)?da < cej). We write that [, e;|Vv; 2+ (1—v;)%/(4e;) dz > [, |1 —v;||V;| da,

so that, using the coarea formula,

B, (uy,0;) > /0 ds (/{ W) d (=9 0 >s})> .

(0«{v; > s} denotes the reduced boundary of the finite perimeter set {x : v;(x) > s},
see [19, 20].) Then, we need to adapt [10, Lemma 2] to the SBD case (with uniform L*
bound M), with the assumption that u; — u in L*(Q;R?), following essentially the lines
of the proof we gave of Lemma 5.1. We will deduce that for almost each s € (0,1),

/ 2sW (e(u)) dx + 2(1 — s)H*(J,)
Q

< liminf 2sW (e(u;)) dz + (1 — syH* (9.{v; > s}).

I7700 J{v>s}
Integrating over s € (0,1) and using Fatou’s lemma, we get the inequality F(u,v) <
liminf; o B, (uj,v;).

To prove the I'-lim sup inequality, we first notice that because of Theorem 3, we just
need to prove it for a (u,v) with v = 0 and v € SBD(Q) with H!(J,) < +oo, replacing
HY(J.) by H'(J,) in the energy (assuming also .J, is rectifiable). Then, a standard
diagonalization argument will yield the result. We follow the approach in [9]. We notice
that

i H{z € R? : dist (z,J,) < s} _

-
lim 95 H(Jw)-
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Indeed, the left-hand side of this equality is the Minkowsky contents of the set .J,,, which
is known to coincide with the 1-dimensional Hausdorff measure for closed and rectifiable
subsets of R? [5, 20].

We let d(z) = dist (x,J,), and f(s) = {z € Q: d(z) < s}| for all s > 0. We have
limsup,_, f(s)/(2s) < H(J.). Let a. < ¢ be a small parameter (that goes to 0 and will
be precised later on). We let, for every € > 0, v.(z) = 1—exp(—(d(x)—ac)/2¢) if d(x) > a,
ve(x) = 0 otherwise, while u.(z) = u(z) if d(x) > ae, u(z) = (2d(x)/a: — Du(z) if
a: > d(z) > a./2, and u.(z) = 0 if d(z) < a./2. This u. is in H*(Q). It is clear that

ve — 0 as € — 0, while u. — u (in L?). On the other hand,

M?
/(v3+ne)W( (ue))dr < (1+mn.) /W u))dx + c {—O‘E <d<as}]%2
Q 2 a2

= 1—|—775/W daz—I—O( )
Qe

We see that if 7. = o(a.), then the limit of the right-hand side is [, W(e(u)) dz. Let us

estimate the other term of E.(ue,v:). One has

2 +o0
2 (1 — UE) 1 _d— aE 1 _ s—ag
/Qg|wa| e o ] re g (0{d > s}) ds
Since f(s fo H(0{d > t}) dt, integrating by parts we get that this integral is
1 sz Qe flae) /°° (ae ) flas+et) _,
— — 4+t V= dt .
2 flae) 2 2/ I(s e 2a. * 0 € * 2(ae —l—st)e

Since [;~ te'dt =1 and limsup,_, f(ce +et)/(2(ae + €t)) < H*(J.), the limsup of the
above expression is not greater than H!(.J,) as soon as a. = o(¢). Hence, choosing o, =
\/%, we have both 7. = o(a.) and a. = o(e), and we deduce limsup,_,; E:(ue,v:)) <
Jo W(e(w))dz + H'(Jy). O

Remark 6.1 A more carefully written proof would show that it is possible to take o,

O(g), which is interesting from a numerical analysis point of view.

Remark 6.2 One shows also easily that if (uc,ve)es0 is such that sup,. o Ee(ue,ve) <
+00, then some subsequence (ue,,v:,);>1 will converge in L?. To do so, one notices that
one can select for each € a level s. ~ 1/2 such that sup,- o H(0{v: > s.}) < +o0. Then,
we apply the compactness result in [8, Thm. 1.1] to the functions u_ = uc X{v.>s}, which
are uniformly bounded in BD(QY) thanks to the L> bound in the definition (12) of E..

A A simple inequality

The following lemma is essential in the proof of Theorem 1. Given U = (ug;)

we associate a displacement u(x1,z2) by letting

u(zy,x2) = Z ug Az — 4,22 — j)

2,7=0,1 a=1,2
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where A(x1,22) = (1 —|21])T (1 — |22])T. We can define a positive quadratic form of U by
letting Q1 (U) = f(o 1)2 W (e(u)) dxydze where W is given by (3). Another quadratic form

is given by the formula

1
Q2(U) = 5 ((U%,o - U(l),o)2 + (U%l - U(1),1)2 + (ug,l - US,O)Q + (u%1 - U%,O)Q)
!
4

1 2 1 2 2 1 2 1 2 2
((ul,l +uiy —upg—upo)” + (upy —ugy — Ui+ ulp) ) .
We show the following result.
Lemma A.1 Q@ < Q2

Proof. There are several ways to show this inequality, however, we did not find any that is
really satisfactory. Indeed, this lemma is the only point in the proof of Theorem 1 that is
not straightforward to extend in higher dimension (Theorems 2 and 3 would then also easily
follow in any dimension). In fact, given a fixed dimension N, it is possible to show the N—
dimensional version of this result, by a “straightforward” matrix calculation (that we will
perform here in dimension 2). However, the matrices that are involved are of dimension
(N2N) x (N2V), and it would be much nicer to find some general and systematic proof
of the result not depending on the dimension. A possible approach would be to consider
a general discrete energy Q ((u(€))geqo,13~) defined on the values () at the vertices & of
the unit cube (with some reasonable properties, nonnegative, invariant by addition of a
constant, maybe quadratic, maybe with other symmetries, etc...), scale it appropriately to
define a discrete energy at scale h > 0 in the unit cube, consider its I'-limit (for instance in
H'-weak), which should be of the form f(0,1)N W (Vu) dz, and then show that if u(z) is the
function 3¢ o 1yn u(EILL (1 — |25 — &) then Sy W(Vu)dr < Q (w(€))eeqo,13n)-
We believe that such a result should hold, for a reasonably large class of functions Q.
Since we do not know how to prove such a result, let us just compute the matrices
A7 and A, of Q1 and Q2 and compare them. In order to do so we will use the following

ordering of the 8 coefficients of U:
_ 1 01 1 1 2 2 2 9
U = (u0,07U1,07u0,1aU1,1aUo,07uo,1vu1,0au1,1)-

Then, because of the symmetries, we see that for i =1, 2,

A — B, C;
cr B,

where B;, C; are 4 x 4 matrices (B; is symmetric). A, is easy to compute:

3 -2 0 -1 1 0 0 -1
11-2 3 -1 0 110 1 -1
BQ = — and 02 = -
410 -1 3 =2 40 -1
-1 0 -2 3 -1 0 0

To compute A;, we need to compute the scalar products f(o 12 Ae(w;) : e(w;), where

(w;)%_, are the basis functions defining u (u(x) = Z?Zl w;w;(x)), and A is the tensor

19



associated to the quadratic form W, that is, such that Ao = o + (1/2)(Tro)I for any

o € 822, The Table 1 gives the 8 functions w;, their symmetrized gradients e(w;) and

the corresponding Ae(w;).

. ((1 —2)(1— m2)> (-(1 — 2) —1—;1> N (-3(1 —2y) —(1-— x1)>
0 —lom 0 P\ —(1—z) —(1—1)
1-— To —% 1 3(1 — 3?2) —T7
—% 0 2 —X1 1 — T2
—T9 1_29“ L Br2 1-m
17% 0 2 17131 —XT2

. 0 0 = L o -
1‘1(1 - 1‘2) 1_% —T7 2 1-— To —31‘1
X1 To
o 31‘1

Table 1: The basis (w;)$_; and its derivatives

VRS
M‘S o
NS
~
N[

1 1 1
Using / x(1 —x)dz = 1/6, / r?dr = / (1 —x)*dr = 1/3, and r1x0dx =
0 0 0 (0,1)?

1/4, we deduce easily that

Hence A — A; has the form

B, — B 0
Ay — A, = 727 .
0 By — B,
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The matrix By — By, given by

has eigenvalues 0 (with multiplicity 3) and 1/3: it is nonnegative, which shows the lemma.

O
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