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A b s t r a c t

Davis, Panas & Zariphopoulou (1 993) and Hodges & Neuberger (1 987) have

presented a very appealing model for pricing European options in the presence
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of rehedging transaction costs. In their papers the ` maximization of utility'

leads to a hedging strategy and an option value. The latter is di®erent from

the Black-Scholes fair value and is given by the solution of a three-dimensional

free boundary problem. This problem is computationally very time-consuming.

In this paper we analyse this problem in the realistic case of small transaction

costs, applying simple ideas of asymptotic analysis. The problem is then re-

duced to an inhomogeneous di®usion equation in only two independent vari-

ables, the asset price and time. The advantages of this approach are to increase

the speed at which the optimal hedging strategy is calculated and to add insight

generally. Indeed, we ¯nd a very simple analytical expression for the hedging

strategy involving the option's gamma.

K e y w o r d s : Option pricing, transaction costs, asymptotic analysis, nonlinear

di®usion

1 I n t r o d u c t io n

O p tio n p ric in g in th e p re se n c e o f tra n sa c tio n c o sts h a s re c e n tly b e c o m e a v e ry p o p u la r

su b je c t fo r re se a rch . T h e re a re tw o m a in a p p ro a ch e s to th is w o rk in th e lite ra tu re :

lo c a l in tim e a n d g lo b a l in tim e . T h e fo rm e r w a s sta rte d b y L e la n d (1 9 8 5 ) a n d e x -

te n d e d b y B o y le & V o rst (1 9 9 2 ), H o g g a rd , W h a lle y & W ilm o tt (1 9 9 3 ) a n d W h a lle y

& W ilm o tt (1 9 9 3 ). T h e ¯ rst th re e o f th e se a ssu m e h e d g in g ta k e s p la c e a t g iv e n d is-

c re te in te rv a ls (B o y le & V o rst is a c tu a lly a b in o m ia l m o d e l) a n d th e la st a ssu m e s

° e x ib le tra d in g p e rio d s. In a ll c a se s th e d e c isio n w h e th e r o r n o t to re h e d g e is b a se d

u p o n m in im iz in g th e cu rren t le v e l o f risk a s m e a su re d b y th e v a ria n c e o f th e h e d g e d

p o rtfo lio . S u ch m o d e ls a re o fte n u se d in p ra c tic e a n d a re in v a ria b ly q u ick to c o m -

p u te . T h e y ty p ic a lly re su lt in tw o -d im e n sio n a l n o n lin e a r o r in h o m o g e n e o u s d i® u sio n

e q u a tio n s fo r th e v a lu e o f a n o p tio n . T h e g lo b a l-in -tim e m o d e ls c a n b e illu stra te d b y

th e m o d e l o f H o d g e s & N e u b e rg e r (1 9 8 7 ) a n d D a v is, P a n a s & Z a rip h o p o u lo u (1 9 9 3 ).

S u ch m o d e ls a ch ie v e a n e le m e n t o f ò p tim a lity ', sin c e th e y a re b a se d o n th e a p p ro a ch
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o f u tility m a x im iz a tio n . T h e a p p e a l o f o p tim a lity is o b v io u s, b u t, o n th e o th e r h a n d ,

su ch m o d e ls d o h a v e a n u m b e r o f d isa d v a n ta g e s. T w o o f th e se d isa d v a n ta g e s a re

sp e e d o f c o m p u ta tio n a n d th e n e c e ssity o f p re sc rib in g th e in v e sto r's u tility fu n c tio n .

T h e m o d e ls a re slo w to c o m p u te sin c e th e y u su a lly re su lt in th re e - o r fo u r-d im e n sio n a l

fre e b o u n d a ry p ro b le m s. T h e re is g re a t p ra c titio n e r re sista n c e to th e id e a o f u tility

th e o ry .

In th is p a p e r w e p e rfo rm a sim p le a sy m p to tic a n a ly sis o f th e D a v is, P a n a s & Z a -

rip h o p o u lo u (1 9 9 3 ) m o d e l. W e sh o w h o w , in th e lim it o f sm a ll tra n sa c tio n c o sts, th e ir

th re e -d im e n sio n a l fre e b o u n d a ry p ro b le m re d u c e s to a m u ch sim p le r tw o -d im e n sio n a l

in h o m o g e n e o u s d i® u sio n e q u a tio n o f th e fo rm fo u n d in th e lo c a l-in -tim e m o d e ls. W e

th u s b rin g to g e th e r th e c o m p e tin g p h ilo so p h ie s b e h in d m o d e llin g tra n sa c tio n c o sts.

T h e a sy m p to tic fo rm u la e fo r th e h e d g in g stra te g y w e p re se n t h e re h a v e b e e n te ste d

e m p iric a lly b y M o h a m e d (1 9 9 4 ), a n d fo u n d to b e th e b e st stra te g y h e te ste d .

P e rtu rb a tio n a n a ly sis is a v e ry p o w e rfu l to o l o f a p p lie d m a th e m a tic s. It is u se d

to g re a t e ® e c t in a re a s su ch a s ° u id m e ch a n ic s (H in ch , 1 9 9 1 ), b e c a u se it re v e a ls th e

sa lie n t fe a tu re s o f th e p ro b le m w h ilst re m a in in g a g o o d a p p ro x im a tio n to th e fu ll b u t

m o re c o m p lic a te d m o d e l. A s y e t th e te ch n iq u e h a s, to o u r k n o w le d g e , ra re ly b e e n

u se d in ¯ n a n c e . F o r th is re a so n , w e sh a ll a t tim e s w a lk th e re a d e r v e ry slo w ly th ro u g h

th e c a lc u la tio n s. F o r c o m p a riso n , fo r a n a sy m p to tic a n a ly sis o f th e M o rto n & P lisk a

(1 9 9 3 ) p o rtfo lio m a n a g e m e n t p ro b le m w ith tra n sa c tio n c o sts se e A tk in so n & W ilm o tt

(1 9 9 3 ).

In se c tio n 2 w e v e ry b rie ° y d e sc rib e th e m o d e l o f D a v is, P a n a s & Z a rip h o p o u lo u

(1 9 9 3 ), th e in te re ste d re a d e r sh o u ld re a d th a t p a p e r c a re fu lly in c o n ju n c tio n w ith

th is. In se c tio n 3 w e c o n sid e r th e a sy m p to tic lim it o f sm a ll tra n sa c tio n c o sts. T h is

re su lts in a n in h o m o g e n e o u s d i® u sio n e q u a tio n fo r th e p ric e o f a n o p tio n . In se c tio n

4 w e c o m p a re th e m o d e l w ith o th e rs a n d d ra w c o n c lu sio n s.

R e c a ll th a t in th e a b se n c e o f tra n sa c tio n c o sts th e B la ck -S ch o le s e q u a tio n fo r th e
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v a lu e o f a n o p tio n is

W t + r S W S +
¾ 2 S 2

2
W S S ¡ r W = 0 : (1 )

H e re S is th e u n d e rly in g a sse t p ric e , t is tim e , r th e in te re st ra te , a ssu m e d d e te rm in -

istic , ¾ th e v o la tility o f th e u n d e rly in g a n d W (S ; t) is th e v a lu e o f a n o p tio n . T h is

e q u a tio n m u st b e so lv e d fo r t < T a n d 0 · S < 1 . O n t = T w e m u st im p o se a ¯ n a l

c o n d itio n , a m o u n tin g to th e p a y o ® fu n c tio n fo r th e o p tio n in q u e stio n . F o r e x a m p le ,

fo r a c a ll o p tio n w ith strik e p ric e E w e h a v e

W (S ; T ) = m a x (S ¡ E ; 0 ):

T h is is th e p ro b le m to b e so lv e d in th e a b se n c e o f c o sts. In th e p re se n c e o f c o sts,

w e sh a ll ¯ n d a n e q u a tio n sim ila r to th e B la ck -S ch o le s e q u a tio n b u t w ith a d d itio n a l

sm a ll te rm s w h ich a llo w fo r th e c o st o f re h e d g in g a n d w h ich a re n o n lin e a r in th e

o p tio n 's g a m m a . In c o m m o n w ith th e D a v is, P a n a s & Z a rip h o p o u lo u p a p e r, w e a re

in itia lly c o n sid e rin g th e v a lu a tio n o f a sh o rt E u ro p e a n c a ll o p tio n . W e sh a ll c o n tin u e

to u se W to d e n o te th e B la ck -S ch o le s v a lu e o f a E u ro p e a n o p tio n .

2 T h e m o d e l o f D a v is , P a n a s & Z a r ip h o p o u lo u

In th e m o d e l o f D a v is et a l th e w ritin g p ric e o f a E u ro p e a n o p tio n is d e ¯ n e d in te rm s

o f a u tility m a x im iz a tio n p ro b le m . S im p ly p u t, th e o p tio n p ric e (to th e w rite r) is

o b ta in e d b y a c o m p a riso n o f th e m a x im u m u tilitie s o f tra d in g w ith a n d w ith o u t th e

o b lig a tio n o f fu l̄ llin g th e o p tio n c o n tra c t a t e x p iry . W h e n th e re a re n o c o sts th is

re su lts in th e B la ck -S ch o le s v a lu e fo r th e o p tio n (B la ck -S ch o le s, 1 9 7 3 ).

T h e a sse t p ric e S is a ssu m e d to fo llo w th e ra n d o m w a lk

d S = ¹ S d t + ¾ S d X ;

w h e re ¹ a n d ¾ a re c o n sta n t a n d X is a B ro w n ia n m o tio n .
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W h e n th e u tility fu n c tio n ta k e s th e sp e c ia l fo rm U (x ) = 1 ¡ e x p (¡ ° x ) (so th a t °

is th e in d e x o f risk a v e rsio n ) D a v is et a l ¯ n d th a t th e o p tio n p ric e V (S ; t) is g iv e n b y

V (S ; t) =
± (T ; t)

°
lo g

µ
Q w (S ; 0 ; t)

Q 1 (S ; 0 ; t)

¶
; (2 )

w h e re T is th e e x p iry d a te , ± (T ; t) = e ¡ r (T ¡ t) a n d Q 1 (S ; y ; t) a n d Q w (S ; y ; t) b o th

sa tisfy th e fo llo w in g e q u a tio n

m in

½
@ Q

@ y
+

° (1 + ²)S Q

±
; ¡ @ Q

@ y
¡ ° (1 ¡ ²)S Q

±
;

@ Q

@ t
+ ¹ S

@ Q

@ S
+

¾ 2 S 2

2

@ 2 Q

@ S 2

¾
= 0 :

H e re ² m e a su re s th e tra n sa c tio n c o sts: a tra d e o f N sh a re s w ill re su lt in a lo ss o f

²N S . T h is c o st stru c tu re re p re se n ts b id -o ® e r sp re a d ,1 o r m o re g e n e ra lly c o m m issio n s

a n d c o sts w h ich a re p ro p o rtio n a l to th e va lu e o f th e a sse ts tra d e d . T h e in d e p e n d e n t

v a ria b le y m e a su re s th e n u m b e r o f sh a re s h e ld in th e o p tim a lly h e d g e d p o rtfo lio . T h e

tw o fu n c tio n s Q 1 a n d Q w m u st sa tisfy c e rta in ¯ n a l c o n d itio n s, a n a lo g o u s to th e p a y o ®

p ro ¯ le o f th e o p tio n ; fo r e x a m p le , fo r a c a ll o p tio n

Q 1 (S ; y ; T ) = e x p (¡ ° c (S ; y )) (3 )

a n d

Q w (S ; y ; T ) =

8
<
:

e x p (¡ ° c (S ; y )) S · E

e x p (¡ ° (c (S ; y ) + E ¡ S )) S > E
(4 )

w h e re

c (S ; y ) =

8
<
:

(1 + ²)y S y < 0

(1 ¡ ²)y S y ¸ 0 :

S o th e ¯ n a l c o n d itio n fo r th e se c o n d p ro b le m (w ith su b sc rip t w ) is e q u a l to th a t o f

th e ¯ rst p ro b le m (w ith su b sc rip t 1 ) m o d ī e d b y th e e ® e c ts o f th e p o te n tia l lia b ility

a t e x p iry o f th e E u ro p e a n c a ll (a fte r tra n sa c tio n c o sts). N o te w e a re a ssu m in g h e re

th a t th e o p tio n is se ttle d in c a sh . F o r o p tio n s w ith d e liv e ry o f th e a sse t o n e x e rc ise

th e a n a ly sis b e lo w re m a in s th e sa m e ; th e ¯ n a l c o n d itio n s m e re ly a lte r.

1 Davis e t a l consider the slightly more general case in which there are di®erent levels of cost for

buying and selling.
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F in a lly , to fu lly p o se th e p ro b le m w e m u st sp e c ify th a t fo r t < T , Q , @ Q = @ S a n d

@ 2 Q = @ S 2 m u st a ll b e c o n tin u o u s.

T h is is a fre e b o u n d a ry p ro b le m . It is e x p la in e d b y D a v is et a l h o w th e (S ; y )

sp a c e d iv id e s in to th re e re g io n s, sh o w n sch e m a tic a lly in F ig u re 1 . T h e w rite r o f th e

o p tio n m u st a lw a y s m a in ta in h is p o rtfo lio in th e re g io n o f th e (S ; y ) sp a c e b o u n d e d

b y th e tw o o u te r c u rv e s. W h ilst in sid e th is re g io n h e d o e s n o t tra n sa c t. S h o u ld a

m o v e m e n t o f th e a sse t p ric e ta k e th e w rite r to th e e d g e o f th is n o -tra n sa c tio n re g io n

h e m u st tra d e so a s to ju st sta y in sid e . If h e h its th e to p b o u n d a ry h e m u st se ll

sh a re s, if h e h its th e b o tto m b o u n d a ry h e m u st b u y sh a re s. T h e m id d le lin e in F ig u re

1 is th e c u rv e a lo n g w h ich th e in v e sto r m u st m o v e in th e a bsen ce o f tra n sa ctio n co sts,

th is c u rv e is d e n o te d b y

y = y ¤(S ; t):

B o th y ¤ a n d th e p o sitio n o f th e u p p e r a n d lo w e r b o u n d a rie s a re to b e fo u n d . W e sh a ll

¯ n d sim p le a n a ly tic a l e x p re ssio n s fo r a ll th re e o f th e se c u rv e s.

In th e b u y re g io n w e h a v e

@ Q

@ y
+

° (1 + ²)S Q

±
= 0 : (5 )

In th e se ll re g io n w e h a v e

@ Q

@ y
+

° (1 ¡ ²)S Q

±
= 0 : (6 )

In th e n o -tra n sa c tio n re g io n w e h a v e

@ Q

@ t
+ ¹ S

@ Q

@ S
+

¾ 2 S 2

2

@ 2 Q

@ S 2
= 0 : (7 )

T h is is th e fre e b o u n d a ry p ro b le m w e sh a ll sh o rtly so lv e a sy m p to tic a lly . S in c e th e

tw o p ro b le m s fo r Q 1 a n d Q w a re id e n tic a l e x c e p t fo r th e ¯ n a l d a ta w e n e e d o n ly

p e rfo rm th e a n a ly sis fo r o n e o f th e m . W h e n w e c o m e to a p p ly th e ¯ n a l d a ta w e w ill

d istin g u ish b e tw e e n Q 1 a n d Q w a s n e c e ssa ry . A s m e n tio n e d a b o v e , a c ro ss th e tw o

fre e b o u n d a rie s (th e o u te r c u rv e s in F ig u re 1 ) Q , @ Q = @ S a n d @ 2 Q = @ S 2 m u st a ll b e

c o n tin u o u s.
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3 A s y m p t o t ic a n a ly s is fo r s m a ll le v e ls o f t r a n s a c -

t io n c o s t s

E q u a tio n (5 ) is v e ry e a sy to so lv e e x p lic itly . T h e so lu tio n fo r Q (S ; y ; t) in th e b u y

re g io n is fo u n d to b e

Q = e x p

µ
¡ ° S y

±
¡ ° S ²y

±
+ H ¡ (S ; t; ²)

¶
(8 )

w h e re H ¡ is, a s y e t, a n a rb itra ry fu n c tio n o f S a n d t th a t c o m e s fro m so lv in g th e

o rd in a ry d i® e re n tia l e q u a tio n (5 ): in th is e q u a tio n S a n d t a re e ® e c tiv e ly p a ra m e te rs.

In th e se ll re g io n w e c a n sim ila rly so lv e (6 ) to g e t

Q = e x p

µ
¡ ° S y

±
+

° S ²y

±
+ H + (S ; t; ²)

¶
: (9 )

T h is c o n ta in s a n o th e r a rb itra ry fu n c tio n H + . T h e tw o e x p re ssio n s (8 ) a n d (9 ) a re

th e e x a c t, g e n e ra l so lu tio n s o f (5 ) a n d (6 ).

T h e so lu tio n in th e n o -tra n sa c tio n re g io n is m u ch h a rd e r to ¯ n d . In d e e d , w e sh a ll

n o t ¯ n d th e g e n e ra l so lu tio n , ra th e r w e sh a ll ¯ n d th e a sy m p to tic so lu tio n v a lid fo r

sm a ll ². T h e ¯ rst sta g e in d e te rm in in g th is so lu tio n is to e x p a n d Q in a n a sy m p to tic

se rie s in p o w e rs o f ².

W e w rite th e so lu tio n in th e n o -tra n sa c tio n re g io n a s

Q = e x p

µ
¡ ° S y ¤

±
+ H 0 (S ; t) ¡ ²1 = 3 ° S Y

±
+ ² 1 = 3 H 1 (S ; t) + ² 2 = 3 H 2 (S ; t)

+ ²H 3 (S ; t) + ² 4 = 3 H 4 (S ; Y ; t) + ²5 = 3 H 5 (S ; Y ; t) + ¢ ¢ ¢
¢

: (1 0 )

T h e re a re tw o v e ry im p o rta n t th in g s to n o te a b o u t th is e x p re ssio n . F irst, w e h a v e

ch o se n to e x p a n d in p o w e rs o f ²1 = 3 . T h is is n o t a n a rb itra ry ch o ic e . W e sh a ll se e a s w e

p e rfo rm o u r a n a ly sis, h o w su ch a ch o ic e is th e n a tu ra l o n e . (S h re v e (1 9 9 4 ) h a s re su lts

w h ich su g g e st a sim ila r a sy m p to tic sc a le fo r th e w id th o f th e n o -tra n sa c tio n in te rv a l

fo r a n o p tim a l in v e stm e n t a n d c o n su m p tio n m o d e l w ith tra n sa c tio n c o sts u n d e r a

d i® e re n t u tility fu n c tio n , a n d n o te s th a t F le m in g , G ro ssm a n , V ila a n d Z a rip h o p o u lo u
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(1 9 9 0 ) h a v e a lso o b ta in e d th is sc a le .) S e c o n d , w e h a v e tra n sla te d th e y c o o rd in a te

a c c o rd in g to

y = y ¤(S ; t) + ²1 = 3 Y : (1 1 )

T h u s Y is a re sc a le d v a ria b le , se e F ig u re 1 . It is a m e a su re o f th e d i® e re n c e b e tw e e n

th e n u m b e r o f sh a re s a ctu a lly h e ld in th e p o rtfo lio a n d th e id ea l n u m b e r w e w o u ld

h o ld in th e a b se n c e o f tra n sc tio n c o sts, y ¤. W e sh a ll ¯ n d a n e x p lic it e x p re ssio n fo r y ¤

a s a fu n c tio n o f S a n d t. Y tu rn s o u t to b e a m o re n a tu ra l v a ria b le to u se th a n y .

T h e fa c to r o f ²1 = 3 re p re se n ts th e sc a le o f th e a sy m p to tic w id th o f th e n o -tra n sa c tio n

re g io n fo r th is ty p e o f tra n sa c tio n c o sts (p ro p o rtio n a l to v a lu e tra d e d ).

O b se rv e h o w , in (1 0 ), th e re is Y d e p e n d e n c e a t O (² 1 = 3 ) a n d O (² 4 = 3 ). T h e fo rm e r

is fo rc e d b y th e le a d in g te rm s in (8 ) a n d (9 ) a n d c o n tin u ity o f slo p e a t th e b o u n d a ry

o f th e n o -tra n sa c tio n re g io n . T h e re a so n fo r th e la tte r is sim ila r a n d th e d e ta ils w ill

b e c o m e a p p a re n t. It is su ch c o n tin u ity re q u ire m e n ts th a t a c tu a lly fo rc e o n u s th e

sp e c ia l ch o ic e o f ²1 = 3 .

A s y e t (1 0 ) d o e s n o t sa tisfy th e e q u a tio n in th e n o -tra n sa c tio n re g io n . W e m u st

n o w ¯ n d th e fu n c tio n s H i su ch th a t th is e q u a tio n a n d a ll re le v a n t b o u n d a ry a n d

sm o o th n e ss c o n d itio n s a re sa tis¯ e d . W e sh a ll se e , in p e rfo rm in g th is a n a ly sis, th a t

th e ch o ic e o f a se rie s e x p a n sio n in p o w e rs o f ²1 = 3 is in e v ita b le .

S in c e th e d e riv a tiv e s in (7 ) a re w ith re sp e c t to t a n d S keep in g y ¯ xed , th e n

@

@ y
! ²¡ 1 = 3 @

@ Y
;

@

@ S
! @

@ S
¡ ²¡ 1 = 3 y ¤

S

@

@ Y
;

@

@ t
! @

@ t
¡ ²¡ 1 = 3 y ¤

t

@

@ Y
:

T h u s w e re a d ily ¯ n d fro m (1 0 ) a n d (1 1 ) th a t

@ Q

@ t
´ Q t =

µ
¡ ° S y ¤

t

±
+ H 0 t (S ; t) +

r ° S y ¤

±
+ ² 1 = 3 r ° S Y

±

+ ²1 = 3 H 1 t (S ; t) + ²2 = 3 H 2 t (S ; t) + ²H 3 t (S ; t)
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+ ²4 = 3 H 4 t (S ; Y ; t) + y ¤
t

µ
° S

±
¡ ²H 4 Y

¶
+ ¢ ¢ ¢

¶
Q ;

@ Q

@ S
´ Q S =

µ
¡ ° S y ¤

S

±
+ H 0 S

(S ; t) ¡ ° y ¤

±
¡ ² 1 = 3 ° Y

±

+ ² 1 = 3 H 1 S
(S ; t) + ²2 = 3 H 2 S

(S ; t) + ²H 3 S
(S ; t)

+ ² 4 = 3 H 4 S
(S ; Y ; t) + y ¤

S

µ
° S

±
¡ ²H 4 Y

¶
+ ¢ ¢ ¢

¶
Q ;

a n d

@ 2 Q

@ S 2
´ Q S S =

µ
¡ ° S y ¤

S

±
+ H 0 S

(S ; t) ¡ ° y ¤

±
¡ ²1 = 3 ° Y

±

+ ²1 = 3 H 1 S
(S ; t) + ²2 = 3 H 2 S

(S ; t) + ²H 3 S
(S ; t) + y ¤

S

µ
° S

±
¡ ²H 4 Y

¶
+ ¢ ¢ ¢

¶2

Q

+
¡

H 0 S S
(S ; t) + ²1 = 3 H 1 S S

(S ; t) + ²2 = 3 H 2 S S
(S ; t)

+ ²H 3 S S
(S ; t) ¡ ²y ¤

S S H 4 Y
+ ²2 = 3 y ¤2

S H 4 Y Y
¡ 2 ²y ¤

S H 4 Y S
+ ²y ¤2

s H 5 Y Y
+ ¢ ¢ ¢

´
Q :

It w ill b e o b se rv e d th a t e a ch o f th e a b o v e c a n b e slig h tly sim p lī e d . W e h a v e

re ta in e d th e m in th is fo rm to h e lp th e re a d e r p e rfo rm h is o w n c a lc u la tio n s.

T h e a d v a n ta g e o f a sy m p to tic a n a ly sis w ill n o w b e c o m e c le a r w h e n w e p e rfo rm th e

n e x t ste p , to su b stitu te th e se e x p re ssio n s in to (7 ) a n d e q u a te p o w e rs o f ² 1 = 3 .

3 .1 T h e O (1 ) e q u a t io n

T o le a d in g o rd e r (O (1 )) w e ¯ n d th a t

Q t =

µ
H 0 t +

r ° S y ¤

±

¶
Q ;

Q S =

µ
H 0 S

¡ ° y ¤

±

¶
Q ;

Q S S =

Ã
H 0 S S

+

µ
H 0 S

¡ ° y ¤

±

¶2
!

Q :

T h u s to le a d in g o rd e r e q u a tio n (7 ) b e c o m e s

H 0 t +
r ° S y ¤

±
+ ¹ S

µ
H 0 S

¡ ° y ¤

±

¶
+

¾ 2 S 2

2

µ
H 0 S

¡ ° y ¤

±

¶2

+
¾ 2 S 2

2
H 0 S S

= 0 : (1 2 )

9



3 .2 T h e O (²1 = 3) e q u a t io n

W e c a n ta k e th is p ro c e d u re to th e n e x t o rd e r, e q u a tin g p o w e rs o f ² 1 = 3 . W e ¯ n d th a t

r ° S Y

±
+ H 1 t + ¹ S

µ
¡ ° Y

±
+ H 1 S

¶
+ ¾ 2 S 2

µ
¡ ° Y

±
+ H 1 S

¶ µ
H 0 S

¡ ° y ¤

±

¶
+

¾ 2 S 2

2
H 1 S S

= 0 :

T h is e q u a tio n c o n ta in s a te rm p ro p o rtio n a l to Y a n d o n e in d e p e n d e n t o f Y . S in c e a ll

th e o th e r te rm s in th e e q u a tio n a re in d e p e n d e n t o f Y , th e se te rm s m u st se p a ra te ly

b e z e ro . F ro m th e ¯ rst o f th e se w e ¯ n d th a t

y ¤(S ; t) =
±

°
H 0 S

+
± (¹ ¡ r )

° S ¾ 2
: (1 3 )

T h u s, if w e c a n ¯ n d H 0 th e n w e h a v e fo u n d th e le a d in g o rd e r e x p re ssio n fo r y ¤.

E q u a tio n (1 3 ) d e te rm in e s th e h e d g in g stra te g y in th e a b se n c e o f tra n sa c tio n c o sts,

y ¤, in te rm s o f th e le a d in g o rd e r ò p tio n v a lu e ' H 0 . If w e su b stitu te th is b a ck in to

(1 2 ) w e ¯ n d th a t H 0 sa tis¯ e s

H 0 t +
¾ 2 S 2

2
H 0 S S

+ r S H 0 S
=

(¹ ¡ r )2

2 ¾ 2
: (1 4 )

If w e w rite

H 0 (S ; t) =
°

±
V 0 (S ; t);

w e h a v e

y ¤(S ; t) = V 0 S
+

± (¹ ¡ r )

° S ¾ 2
: (1 5 )

a s g iv e n b y D a v is et a l, a n d e q u a tio n (1 4 ) b e c o m e s

V 0 t +
¾ 2 S 2

2
V 0 S S

+ r S V 0 S
¡ r V 0 =

± (¹ ¡ r )2

2 ° ¾ 2
:

T h e p a rtic u la r so lu tio n o f th is w ith z e ro ¯ n a l d a ta is

¡ ± (¹ ¡ r )2 (T ¡ t)

2 ° ¾ 2
:

T h e g e n e ra l so lu tio n is th u s a n y so lu tio n sa tisfy in g th e B la ck -S ch o le s e q u a tio n p lu s

th is p a rtic u la r so lu tio n .

1 0



W e th e n re tra c e o u r ste p s to g e t fro m V 0 to V , th e o p tio n p ric e , u sin g (1 0 ) a n d

(2 ) (fo r b o th Q w a n d Q 1 ). W e ¯ n d th a t th e le a d in g o rd e r ¯ n a l d a ta in th e p o rtfo lio

w ith o u t th e o p tio n lia b ility , (Q 1 ), is V 0 (S ; T ) = 0 , w h e re a s in th e p o rtfo lio w ith

th e c a ll o p tio n lia b ility , (Q w ), it h a s th e u su a l p a y o ® fu n c tio n a l fo rm V 0 (S ; T ) =

¡ m a x (S ¡ E ; 0 ). S o fro m th e lin e a rity o f (3 .2 ) w e se e th a t, to le a d in g o rd e r, (o r in

th e a b se n c e o f a n y c o sts) th e o p tio n v a lu e is sim p ly th e B la ck -S ch o le s v a lu e . S im ila rly

th e e x tra n u m b e r o f sh a re s re q u ire d in th e p o rtfo lio w ith th e a d d itio n a l o p tio n lia b ility

is, to le a d in g o rd e r, th e B la ck -S ch o le s d e lta v a lu e .

W e n o w c o n sid e r th e te rm s in d e p e n d e n t o f Y , w h ich g iv e a n e q u a tio n fo r H 1

H 1 t + ¹ S H 1 S
+ ¾ 2 S 2 H 1 S

µ
H 0 S

¡ ° y ¤

±

¶
+

¾ 2 S 2

2
H 1 S S

= 0 :

If w e su b stitu te fo r H 0 S
¡ ° y ¤

± u sin g (1 5 ), a n d se t V 1 = ± H 1 = ° a s a b o v e w e ¯ n d th a t

V 1 sa tis¯ e s th e B la ck -S ch o le s e q u a tio n . T h e ¯ n a l c o n d itio n fo r th is e q u a tio n fo r b o th

Q w a n d Q 1 is V 1 (S ; t) = 0 . (T h is is fo u n d b y e x p a n d in g th e ¯ n a l c o n d itio n s in p o w e rs

o f ²1 = 3 a n d c o n sid e rin g th e te rm s o f O (² 1 = 3 ).)

T h u s V 1 is id e n tic a lly z e ro fo r a ll S a n d t < T , a n d so th e le a d in g o rd e r c o rre c tio n

to th e B la ck -S ch o le s v a lu e o c c u rs a t th e O (²2 = 3 ) le v e l.

3 .3 T h e O (²2= 3) e q u a t io n

W e n o w ta k e th e a n a ly sis to h ig h e r o rd e r to ¯ n d th e c o rre c tio n to th e B la ck -S ch o le s

v a lu e d u e to tra n sa c tio n c o sts. If w e e x a m in e th e O (² 2 = 3 ) te rm s in (7 ), w e ¯ n d th a t

H 2 t + r S H 2 S
+

¾ 2 S 2

2
H 2 S S

+
¾ 2 S 2

2
y ¤2

S H 4 Y Y
+

° 2 ¾ 2 S 2 Y 2

2 ± 2
= 0 :

T h is is a n o rd in a ry d i® e re n tia l e q u a tio n 2 fo r H 4 w h ich is e a sily in te g ra te d to g iv e

H 4 (S ; Y ; t) = ¡ Y 2

¾ 2 S 2 y ¤2

S

µ
H 2 t + r S H 2 S

+
¾ 2 S 2

2
H 2 S S

¶
¡ ° 2 Y 4

1 2 ± 2 y ¤2

S

+ a Y + b :

W e n o w h a v e to jo in th is so lu tio n in th e n o -tra n sa c tio n c o st re g io n w ith th e

so lu tio n s (8 ) a n d (9 ) in th e b u y a n d se ll re g io n s re sp e c tiv e ly .

2 The inhomogeneous term, proportional to Y 2 , at this order has forced Y dependence in H 4 .
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L e t u s u se th e n o ta tio n Y + (S ; t) a n d ¡ Y ¡ (S ; t) to d e n o te th e Y -c o o rd in a te s o f

th e b o u n d a rie s o f th e n o -tra n sa c tio n re g io n . T h e se a re , o f c o u rse , u n k n o w n a n d m u st

b e d e te rm in e d a s p a rt o f th e so lu tio n b y im p o sin g su ita b le sm o o th n e ss c o n d itio n s.

A s sta te d a b o v e w e re q u ire Q a n d its ¯ rst tw o d e riv a tiv e s w ith re sp e c t to Y to b e

c o n tin u o u s a t Y = Y + a n d Y = ¡ Y ¡ . F ro m (8 ) a n d (9 ) w e c a n se e th a t c o n tin u ity

o f th e g ra d ie n t o f Q a t Y = Y + a n d Y = ¡ Y ¡ is e n su re d b y

H 4 Y
=

° S

±
o n Y = Y +

a n d

H 4 Y
= ¡ ° S

±
o n Y = ¡ Y ¡ :

T h u s

¡ 2 Y +

¾ 2 S 2 y ¤2

S

µ
H 2 t + r S H 2 S

+
¾ 2 S 2

2
H 2 S S

¶
¡ ° 2 Y + 3

3 ± 2 y ¤2

S

+ a =
° S

±

a n d

2 Y ¡

¾ 2 S 2 y ¤2

S

µ
H 2 t + r S H 2 S

+
¾ 2 S 2

2
H 2 S S

¶
+

° 2 Y ¡ 3

3 ± 2 y ¤2

S

+ a = ¡ ° S

±
:

T h e se c o n d d e riv a tiv e o f Q w ith re sp e c t to Y m u st a lso b e c o n tin u o u s, th a t is, z e ro ,

a t Y = Y + a n d Y = ¡ Y ¡ . If th is w e re n o t th e c a se th e n th e re c o u ld b e n o ¯ n ite

v a lu e fo r th e o p tio n p ric e .3 T h u s

2

¾ 2 S 2 y ¤2

S

µ
H 2 t + r S H 2 S

+
¾ 2 S 2

2
H 2 S S

¶
= ¡ ° 2 Y + ;¡ 2

± 2 y ¤2

S

a n d a = 0 . W e c o n c lu d e fro m th is th a t th e n o -tra n sa c tio n re g io n is to le a d in g o rd e r

sy m m e tric a b o u t th e B la ck -S ch o le s h e d g in g stra te g y , i.e. Y ¡ = Y + . E lim in a tin g Y +

a n d Y ¡ fro m th e se e q u a tio n s w e a rriv e a t

H 2 t + r S H 2 S
+

¾ 2 S 2

2
H 2 S S

= ¡ 1

2

Ã
3 ° 2 S 4 ¾ 3 y ¤2

S

2 ± 2

!2 = 3

: (1 6 )

3 Recall that the number of the underlying asset held contains a term V 0 S
, as in Black-Scholes,

to leading order. The in¯nite number of trades in a ¯nite time required at the boundary of the

no-transaction region would lead to an in¯nite cost unless the gamma of the option is zero at the

boundary.
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W e a lso ¯ n d th a t th e e d g e s o f th e h̀ e d g in g b a n d w id th ' , Y = Y + a n d Y = ¡ Y ¡ ,

a re g iv e n b y

Y + = Y ¡ =

Ã
3 S ± y ¤2

S

2 °

!1 = 3

; (1 7 )

to le a d in g o rd e r.

W e c a n n o t stre ss th e im p o rta n c e o f th is la st re su lt e n o u g h . A s fa r a s im p le m e n e -

ta tio n o f th e o p tim a l h e d g in g is c o n c e rn e d , w e n e e d to k n o w th e b o u n d a rie s o f th e

n o -tra n sa c tio n re g io n . T h e se a re g iv e n b y v e ry sim p le a n a ly tic e x p re ssio n s in te rm s

o f y ¤
S , v ia e q u a tio n (1 7 ), w h ich in tu rn is sim p ly re la te d to th e o p tio n 's g a m m a b y

e q u a tio n (1 3 ). W e sh a ll se e th is m o re c le a rly in th e ¯ n a l se c tio n o f th is p a p e r.

E q u a tio n (1 6 ) is to b e so lv e d su b je c t to th e ¯ n a l c o n d itio n

H 2 (S ; T ) = 0 :

B y le ttin g

H 2 =
°

±
V 2 (S ; t)

w e c a n w rite (1 6 ) a s

V 2 t + r S V 2 S
+

¾ 2 S 2

2
V 2 S S

¡ r V 2 = ¡ ±

2 °

µ
3 ° 2 S 4 ¾ 3

2 ± 2

¶2 = 3 µ¯̄
¯̄V 0 S S

¡ ± (¹ ¡ r )

° S 2 ¾ 2

¯̄
¯̄
¶4 = 3

(1 8 )

It is n o w im p o rta n t to d istin g u ish b e tw e e n th e tw o p ro b le m s fo r Q w , th e p ro b -

le m in c lu d in g th e o p tio n lia b ility , a n d Q 1 , th e p ro b le m w ith o u t th e o p tio n . T h e V 2

c o m p o n e n t o f Q 1 sa tis¯ e s (1 8 ) w ith V 0 S S
= 0 i.e.

V 2 t + r S V 2 S
+

¾ 2 S 2

2
V 2 S S

¡ r V 2 = ¡ 1

2

µ
3

2 ¾

¶2 = 3
± (¹ ¡ r )4 = 3

°
:

T h is h a s so lu tio n w ith z e ro ¯ n a l d a ta

V 2 =
1

2

µ
3

2 ¾

¶2 = 3
± (¹ ¡ r )4 = 3 (T ¡ t)

°
:

U sin g W (S ; t) to d e n o te th e B la ck -S ch o le s o p tio n v a lu e w e se e th a t th e V 2 c o m -

p o n e n t o f Q w sa tis¯ e s (1 8 ) w ith V 0 S S
b e in g th e B la ck -S ch o le s v a lu e fo r th e g a m m a ,
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i.e. W S S . T h u s w e se e th a t th e o p tio n v a lu e c o rre c t to O (²2 = 3 ) is sim p ly

V (S ; t) = W (S ; t) + ²2 = 3

Ã
V 2 (S ; t) ¡ 1

2

µ
3

2 ¾

¶2 = 3
± (¹ ¡ r )4 = 3 (T ¡ t)

°

!
+ ¢ ¢ ¢ ;

w h e re V 2 sa tis¯ e s (1 8 ) w ith V 0 S S
= W S S .

3 .4 T h e O (²) e q u a t io n

It is re m a rk a b le th a t th e a lg e b ra ic c o m p le x ity o f th e p ro b le n is still m a n a g e a b le a t

th e O (²) le v e l. W e c a n th u s ta k e th e a sy m p to tic a n a ly sis e v e n fu rth e r.

T h e O (²) te rm s in e x p re ssio n (7 ) g iv e

H 3 t ¡ y ¤
t H 4 Y

+ ¹ S (H 3 S
¡ y ¤

S H 4 Y
) +

¾ 2 S 2

2
(H 3 S S

¡ y ¤
S S H 4 Y

¡ 2 y ¤
S H 4 Y S

+ y ¤2

S H 5 Y Y
+ 2

µ
H 0 S

¡ ° y ¤

±

¶
(H 3 S

¡ y ¤
S H 4 Y

) ¡ 2 ° Y

±
H 2 S

¶
= 0 : (1 9 )

T h is m a y b e in te rp re te d ¯ rst a s a n o rd in a ry d i® e re n tia l e q u a tio n fo r H 5 a n d th e n ,

g iv e n su ± c ie n t b o u n d a ry c o n d itio n s, a s a p a rtia l d i® e re n tia l e q u a tio n fo r H 3 . (J u st a s

in th e H 2 , H 4 p ro b le m o f S e c tio n 3 .3 .) T o d e te rm in e th e c o rre c t b o u n d a ry c o n d itio n s

re c a ll th a t w e m u st h a v e c o n tin u ity o f ¯ rst a n d se c o n d d e riv a tiv e s w ith re sp e c t to Y

a t a ll o rd e rs o f ². T h u s

H 4 Y
+ ² 1 = 3 H 5 Y

= § ° S

±
(2 0 )

o n th e to p a n d b o tto m fre e b o u n d a rie s. B y g o in g to h ig h e r o rd e r w e m u st a lso e x p a n d

th e p o sitio n o f th e fre e b o u n d a rie s a s p o w e r se rie s in ²1 = 3 . T ra n sfe rrin g th e b o u n d a ry

c o n d itio n (2 0 ) o n to th e k n o w n lea d in g o rd er b o u n d a rie s y = Y + a n d y = ¡ Y ¡ , w e

¯ n d th a t

H 5 Y
= 0 o n y = Y + a n d y = ¡ Y ¡ ;

sin c e H 4 Y Y
= 0 o n y = Y + a n d y = ¡ Y ¡ .

N o w in te g ra te (1 9 ) fro m y = ¡ Y ¡ to y = Y + . W e ¯ n d th a t

H 3 t + r S H 3 S
+

¾ 2 S 2

2
H 3 S S

= 0 (2 1 )
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(sin c e
RY +

¡ Y ¡ H 4 Y
d Y = 0 ). W ith H 3 = ° V 3 = ± w e c a n n o w se e th a t V 3 sa tis¯ e s th e

B la ck -S ch o le s e q u a tio n .

T h e ¯ n a l d a ta fo r th is e q u a tio n is, fo r b o th th e 1 a n d th e w p ro b le m s,

H 3 (S ; T ) =
(¹ ¡ r )

¾ 2
:

T h is is fo u n d b y e x p a n d in g (3 ) a n d (4 ) in p o w e rs o f ² 1 = 3 . T h e so lu tio n o f (2 1 ) w ith

th is ¯ n a l d a ta is sim p ly

H 3 (S ; t) =
(¹ ¡ r )

¾ 2
:

T h e o n ly re m a in in g ste p in c a lc u la tin g th e o p tio n v a lu e to O (²) is to a p p ly c o n ti-

n u ity b e tw e e n th e n o -tra n sa c tio n re g io n a n d th e b u y re g io n . W e h a v e

H ¡ = H 0 + ² 2 = 3 H 2 + ²

µ
H 3 +

° S

±
y ¤

¶
:

F in a lly , sin c e th e o p tio n v a lu e d e p e n d s o n Q (S ; 0 ; t), w e n e e d th e re su lt

Q (S ; 0 ; t) = e x p (H ¡ ):

F ro m (2 ) w e n o w h a v e

V (S ; t) = W (S ; t)+ ²2 = 3

Ã
V 2 (S ; t) ¡ 1

2

µ
3

2 ¾

¶2 = 3
± (¹ ¡ r )4 = 3 (T ¡ t)

°

!
+ ²S W S + O (²4 = 3 );

w h e re V 2 sa tis¯ e s (1 8 ) w ith V 0 S S
= W S S . O b se rv e th a t th e O (²) c o rre c tio n to o u r

e a rlie r re su lt is sim p ly th e c o st o f ch a n g in g th e n u m b e r o f sh a re s in th e p o rtfo lio in

o rd e r to se t u p th e in itia l h e d g e ! R e c a ll th a t it is a ssu m e d th a t th e o p tio n o b lig a tio n

w ill b e h e ld u n til m a tu rity , a n d th a t th e ¯ n a l c o n d itio n in c o rp o ra te s a n y tra n sa c tio n

c o sts p a y a b le a t m a tu rity in o rd e r to u n w in d th e h e d g e .

4 R e s u lt s a n d c o n c lu s io n s

In th is se c tio n w e g iv e th e re su lts o f o u r a sy m p to tic lim it o f th e D a v is et a l m o d e l a n d

m a k e c o m p a riso n s w ith th e ir n u m e ric a l re su lts. T o b e sp e c ī c w e h a v e c o n c e n tra te d

o n e x a m p le s g iv e n in D a v is et a l.
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F irst, w e c o n sid e r a E u ro p e a n c a ll o p tio n w ith e x e rc ise p ric e E = 0 :5 a n d tim e to

e x p iry 0 .3 . O th e r p a ra m e te rs a re r = 0 :0 7 , ¾ = 0 :2 , ¹ = 0 :1 a n d ° = 1 :0 . T h e le v e l

o f tra n sa c tio n c o sts is su ch th a t ² = 0 :0 0 2 .

In F ig u re 2 w e p lo t th e so lu tio n fo r y ¤ a n d th e h e d g in g b o u n d a rie s a g a in st S fo r

th e ¯ rst p ro b le m (d e n o te d b y su b sc rip t 1 ) w h ich d o e s n o t h a v e th e o p tio n lia b ility

a t e x p iry . T h e so lu tio n in th e a b se n c e o f c o sts, y ¤, is th e m id d le c u rv e . T h e o u te r,

b o ld c u rv e s a re th e b o u n d a rie s o f th e n o -tra n sa c tio n re g io n w h e n th e re a re n o n -z e ro

tra n sa c tio n c o sts a s d e ta ile d a b o v e . R e c a llin g o u r e x p re ssio n s fo r y ¤, e q u a tio n (1 3 ),

a n d Y + a n d Y ¡ , e q u a tio n s (1 7 ), th e se th re e c u rv e s a re g iv e n b y

y = y ¤(S ; t) =
± (¹ ¡ r )

° S ¾ 2

a n d

y =
± (¹ ¡ r )

° S ¾ 2
§ ² 1 = 3

Ã
3 S ± y ¤2

S

2 °

!1 = 3

=
± (¹ ¡ r )

° S ¾ 2
§ ² 1 = 3

µ
3 ± 3 (¹ ¡ r )2

2 ° 3 ¾ 4 S 3

¶1 = 3

:

In F ig u re 3 w e p lo t th e e q u iv a le n t so lu tio n s fo r th e se c o n d p ro b le m (d e n o te d b y

th e su b sc rip t w ) w h ich in c lu d e s th e o p tio n lia b ility a t e x p iry . A g a in y ¤, th e so lu tio n

in th e a b se n c e o f tra n sa c tio n c o sts, is th e m id d le c u rv e a n d tw o b o ld c u rv e s a re th e

b o u n d a rie s o f th e n o -tra n sa c tio n re g io n . T h e se th re e c u rv e s a re g iv e n b y

y = y ¤(S ; t) = W S +
± (¹ ¡ r )

° S ¾ 2

a n d

y = W S +
± (¹ ¡ r )

° S ¾ 2
§ ² 1 = 3

Ã
3 S ± y ¤2

S

2 °

!1 = 3

= W S +
± (¹ ¡ r )

° S ¾ 2
§ ² 1 = 3

Ã
3 S ±

2 °

¯̄
¯̄W S S ¡ ± (¹ ¡ r )

° S 2 ¾ 2

¯̄
¯̄

2
!1 = 3

w h e re W is th e B la ck -S ch o le s c a ll v a lu e .

T h is p lo t is o f p a rtic u la r in te re st. B e c a u se y ¤ h a s tu rn in g p o in ts, th e w id th o f

th e n o -tra n sa c tio n re g io n (w h ich is p ro p o rtio n a l to (y ¤
S )2 = 3 ) g o e s to z e ro . T h is g iv e s
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th e s̀trin g o f sa u sa g e s' sh a p e sh o w n in F ig u re 3 . T h is re su lt h a s a n o b v io u s ¯ n a n c ia l

in te rp re ta tio n . A t th e tw o tu rn in g p o in ts o f y ¤, a re la tiv e ly la rg e ch a n g e in th e sh a re

p ric e c a n b e to le ra te d b e fo re re h e d g in g is n e c e ssa ry . In sto ch a stic te rm s, to le a d in g

o rd e r, w e h a v e

d y ¤ = y ¤
S d S + ¢ ¢ ¢ :

A w a y fro m tu rn in g p o in ts d y ¤ is o f th e sa m e o rd e r a s d S . H o w e v e r, a t th e tw o tu rn in g

p o in ts d y ¤ b e c o m e s d e te rm in istic a n d o f h ig h e r o rd e r. T h u s it is p o ssib le to im p o se

tig h te r b o u n d s o n th e n o -tra n sa c tio n re g io n a n d th is is e x a c tly w h a t is se e n .

In d e riv in g th e se p lo ts w e h a v e n o t h a d to so lv e a n y d i® e re n tia l e q u a tio n sin c e th e

fu n c tio n s y ¤ a n d Y + d e p e n d o n ly o n W , th e B la ck -S ch o le s c a ll v a lu e .

W e n o w m o v e o n to a n o th e r e x a m p le . T h e p a ra m e te rs in th is c a se a re ² = 0 :0 0 2 ,

° = 1 :0 , ¾ = 0 :0 5 , r = 0 :0 8 5 a n d ¹ = 0 :1 . W e c o n sid e r a E u ro p e a n c a ll w ith e x e rc ise

p ric e 2 0 a n d w ith u p to th re e y e a rs u n til e x p iry .

T h e p lo t in F ig u re 4 sh o w s th e d i® e re n c e b e tw e e n th e a sy m p to tic lim it o f th e

D a v is et a l m o d e l a n d th e B la ck -S ch o le s c a ll o p tio n v a lu e . T h is is th e b o ld c u rv e . It

h a s tw o c o m p o n e n ts, th e O (²2 = 3 ) p a rt a n d th e O (²) p a rt, a n d th e se tw o c u rv e s a re

a lso sh o w n in th e ¯ g u re . T h e b o ld c u rv e is th e su m o f th e o th e r tw o c u rv e s. N o te

th a t th e O (²2 = 3 ) a n d th e O (²) c u rv e s a re sim ila r in m a g n itu d e . T h is is b e c a u se th e y

d i® e r b y a fa c to r o f o rd e r O (²1 = 3 ) w h ich fo r ² = 0 :0 0 2 is 0 :1 3 a n d n o t v e ry sm a ll.

T h is p lo t (a n d F ig u re 5 ) h a s re q u ire d th e so lu tio n o f (1 8 ). T h e so lu tio n sh o w n

in F ig u re 4 w a s c o m p u te d b y a sim p le e x p lic it ¯ n ite -d i® e re n c e sch e m e a n d th u s to o k

a p p ro x im a te ly th e sa m e tim e to ru n a s th e b in o m ia l so lu tio n o f a n A m e ric a n o p tio n .

In F ig u re 5 w e p lo t th e tim e d e p e n d e n c e o f th e d i® e re n c e b e tw e e n th e a sy m p to tic

lim it o f th e D a v is et a l m o d e l a n d th e B la ck -S ch o le s v a lu e , fo r th e sa m e p a ra m e te rs

a s in F ig u re 4 w ith S = 1 9 . T h is is th e b o ld c u rv e a n d is th e su m o f th e lo w e r tw o

c u rv e s. A g a in th e se O (²2 = 3 ) a n d O (²) c u rv e s a re sim ila r in m a g n itu d e . N e v e rth e le ss

th is a sy m p to tic so lu tio n sh o w s v e ry g o o d a g re e m e n t w ith th e n u m e ric a l re su lts o f

D a v is et a l, a lso p lo tte d .
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T o ¯ n ish th is p a p e r, le t u s re c a ll th e m o d e l o f L e la n d a n d H o g g a rd , W h a lle y &

W ilm o tt. In th a t m o d e l it is a ssu m e d th a t a d e lta -h e d g e d p o rtfo lio is re h e d g e d e v e ry

¯ x e d tim e p e rio d ± t. T h e o p tio n is th e n v a lu e d so a s to g iv e th e h e d g e d p o rtfo lio th e

sa m e expected re tu rn a s th a t fro m a b a n k . W ith th e sa m e c o st stru c tu re a s a b o v e it

is re a d ily fo u n d th a t fo r a sh o rt p o sitio n

V t + r S V S +
¾ 2 S 2

2
V S S ¡ r V = ¡

r
2

¼ ± t
²¾ S 2 jV S S j :

B y w ritin g V (S ; t) = W (S ; t) + ²V 2 (S ; t) + ¢ ¢ ¢ w e h a v e

V 2 t + r S V 2 S
+

¾ 2 S 2

2
V 2 S S

¡ r V 2 = ¡
r

2

¼ ± t
¾ S 2 jW S S j ; (2 2 )

w ith V 2 (S ; T ) = 0 .

N o w re c a ll th e m o d e l o f W h a lle y & W ilm o tt. In th a t m o d e l th e in v e sto r d e lta

h e d g e s w ith re h e d g in g d e te rm in e d b y m̀ a rk e t m o v e m e n ts'. If th e d i® e re n c e b e tw e e n

th e d e lta a n d th e n u m b e r o f a sse ts a c tu a lly h e ld b e c o m e s g re a te r th a n d (S ; t)= S th e n

th e p o rtfo lio is re h e d g e d to th e d e lta v a lu e g iv in g th e p o rtfo lio th e m in im u m v a ria n c e .

T h e fu n c tio n d (S ; t) w h ich sp e c ī e s th e h e d g in g b a n d w id th m u st b e p re sc rib e d b y th e

in v e sto r. T h e o p tio n v a lu e is a g a in d e te rm in e d b y a ssu m in g th a t th e e x p e c te d re tu rn

is e q u a l to th e risk -fre e ra te . W ith V (S ; t) = W (S ; t) + ²V 2 (S ; t) + ¢ ¢ ¢ it is fo u n d th a t

th is tim e th e c o rre c tio n te rm fo r a sh o rt p o sitio n sa tis¯ e s

V 2 t + r S V 2 S
+

¾ 2 S 2

2
V 2 S S

¡ r V 2 = ¡ ¾ 2 S 4

d 1 = 2
W 2

S S ; (2 3 )

w ith V 2 (S ; T ) = 0 . T h is m o d e ls a stra te g y c o m m o n ly u se d in p ra c tic e .

N o w w e c a n se e th e sim ila ritie s b e tw e e n th e th re e d i® e re n t m o d e ls. A ll o f th e m

g iv e th e B la ck -S ch o le s v a lu e to le a d in g o rd e r w ith a sm a lle r o rd e r c o rre c tio n . T h is

c o rre c tio n d i® e rs b e tw e e n m o d e ls, b u t in a ll c a se s sa tis¯ e s a n ìn h o m o g e n e o u s B la ck -

S ch o le s-ty p e e q u a tio n ', w h e re th e e x tra te rm re su ltin g fro m th e tra n sa c tio n c o sts

d e p e n d s o n so m e p o w e r o f th e B la ck -S ch o le s o p tio n g a m m a (W S S ).

In W h a lle y & W ilm o tt (1 9 9 3 ) m a n y issu e s a risin g fro m su ch e q u a tio n s a re d is-

c u sse d . B rie ° y , th e se in c lu d e th e fo llo w in g .
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1 . N o n lin e a rity . S in c e th e rig h t-h a n d sid e o f th e V 2 e q u a tio n is in e a ch c a se a n o n -

lin e a r fu n c tio n o f th e B la ck -S ch o le s v a lu e o f g a m m a , W S S , th e re w ill in e v ita b ly

b e d i® e re n t v a lu e s fo r sh o rt a n d lo n g p o sitio n s. A lso p o rtfo lio s o f o p tio n s m u st

b e tre a te d a s a w h o le a n d n o t a s th e su m o f in d iv id u a lly v a lu e d c o m p o n e n ts.

2 . N e g a tiv e o p tio n p ric e s. W ith th e m o re g e n e ra l c o sts stru c tu re d isc u sse d in

H o g g a rd , W h a lle y & W ilm o tt a n d W h a lle y & W ilm o tt (n o t sim p ly b id -o ® e r

sp re a d ) it is p o ssib le to a rriv e a t n e g a tiv e o p tio n p ric e s. (T o se e th is c o n sid e r

th e c o m m issio n c o m p o n e n t o f c o sts. If a ¯ x e d a m o u n t is p a id a t e a ch re h e d g e

th e n fo r sm a ll a sse t v a lu e s th e c a ll o p tio n c a n h a v e a n e g a tiv e v a lu e .) T h is

su g g e sts m o d ify in g h e d g in g stra te g ie s to a llo w th e p o ssib ility o f n o t re h e d g in g

if to re h e d g e w o u ld m a k e th e o p tio n v a lu e n e g a tiv e . T h is in tro d u c e s a fre e

b o u n d a ry b e lo w w h ich (fo r a c a ll) th e o p tio n sh o u ld n o t b e re h e d g e d . H o w e v e r,

it is u n lik e ly th a t th e sim p le b id -o ® e r sp re a d c o n sid e re d h e re w o u ld le a d to

n e g a tiv e o p tio n p ric e s.

3 . A m e ric a n o p tio n s. A s a lso m e n tio n e d in D a v is et a l it is th e o w n e r o f th e

A m e ric a n o p tio n w h o c o n tro ls its e x e rc ise . It is d i± c u lt to o p tim a lly v a lu e a n

A m e ric a n o p tio n u n le ss th e o w n e r's h e d g in g a n d e x e rc ise stra te g y is k n o w n .

T h is e n ta ils a t le a st k n o w in g a ll o f h is e stim a te s o f th e p a ra m e te rs.

F ro m th e p o in t o f v ie w o f th e n u m e ric a l so lu tio n o f th e se e q u a tio n s w e c a n sa y

th a t th e in h o m o g e n e o u s e q u a tio n s w ill n o t ta k e sig n ī c a n tly lo n g e r to so lv e b y ¯ n ite -

d i® e re n c e m e th o d s th a n th e b a sic in h o m o g e n e o u s B la ck -S ch o le s e q u a tio n . T h u s, b y

p e rfo rm in g th is sim p le a sy m p to tic a n a ly sis o f th e D a v is et a l m o d e l, w e h a v e m a d e

its u se a p ra c tic a l p o ssib ility .

A c k n o w le d g e m e n t s

O n e o f u s (P W ) w o u ld lik e to th a n k th e R o y a l S o c ie ty fo r th e ir su p p o rt.
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R e fe r e n c e s
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B la ck , F . & S ch o le s, M . 1 9 7 3 T h e p ric in g o f o p tio n s a n d c o rp o ra te lia b ilitie s. J . P o l.

E c o n . 8 1 6 3 7 { 5 4 .
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fo lio re b a la n c in g w ith tra n sa c tio n c o sts. W o rk in g p a p e r, D iv isio n o f A p p lie d M a th e -

m a tic s, B ro w n U n iv e rsity .

H in ch , E .J . 1 9 9 1 P ertu rba tio n m eth od s C U P

H o d g e s, S .D . & N e u b e rg e r, A . 1 9 9 3 O p tim a l re p lic a tio n o f c o n tin g e n t c la im s u n d e r

tra n sa c tio n c o sts. R e v . F u t. M k ts. 8 2 2 2 -2 3 9 .

H o g g a rd , T ., W h a lle y , A .E . & W ilm o tt, P . 1 9 9 4 H e d g in g o p tio n p o rtfo lio s in th e

p re se n c e o f tra n sa c tio n c o sts. A d v . F u t. O p t. R e s. 7 2 1 .

L e la n d , H .E . 1 9 8 5 O p tio n p ric in g a n d re p lic a tio n w ith tra n sa c tio n c o sts. J . F in . 4 0

1 2 8 3 { 3 0 1 .

M o h a m e d , B . 1 9 9 4 S im u la tio n s o f tra n sa c tio n c o sts a n d o p tim a l re h e d g in g . A p p l.

M a th . F in . 1 4 9 { 6 3 .

M o rto n , A . & P lisk a , S . 1 9 9 3 O p tim a l p o rtfo lio m a n a g e m e n t w ith ¯ x e d tra n sa c tio n

c o sts. T o a p p e a r in M a th . F in .

S h re v e , S .E . & S o n e r, H .M . 1 9 9 4 O p tim a l n v e stm e n t a n d c o n su m p tio n w ith tra n sa c -

2 0



tio n c o sts. A n n . A p p l. P ro b . 4 6 8 0 { 6 9 2 .

W h a lle y , A .E . & W ilm o tt, P . 1 9 9 3 A h e d g in g stra te g y a n d o p tio n v a lu a tio n m o d e l

w ith tra n sa c tio n c o sts. O C IA M W o rk in g p a p e r, M a th e m a tic a l In stitu te , O x fo rd .

C a p t io n t o ¯ g u r e s

F ig u re 1 : A sch e m a tic d ia g ra m o f (S ; y ) sp a c e sh o w in g th e b u y , se ll a n d n o -tra n sa c tio n

re g io n s.

F ig u re 2 : T h e h e d g e ra tio a n d n o -tra n sa c tio n b a n d a s fu n c tio n s o f S w ith o u t th e

o p tio n lia b ility . S e e te x t fo r d e ta ils o f p a ra m e te rs.

F ig u re 3 : T h e h e d g e ra tio a n d n o -tra n sa c tio n b a n d a s fu n c tio n s o f S fo r th e p ro b le m

w ith th e o p tio n lia b ility . S e e te x t fo r d e ta ils o f p a ra m e te rs.

F ig u re 4 : T h e d i® e re n c e b e tw e e n th e a sy m p to tic lim it o f th e D a v is et a l m o d e l a n d

th e B la ck -S ch o le s v a lu e fo r a E u ro p e a n c a ll. T h e b o ld c u rv e is th e su m o f th e o th e r

tw o c u rv e s. S e e te x t fo r d e ta ils o f p a ra m e te rs.

F ig u re 5 : T h e d i® e re n c e b e tw e e n th e a sy m p to tic lim it o f th e D a v is et a l m o d e l a n d

th e B la ck -S ch o le s v a lu e fo r a E u ro p e a n c a ll a s a fu n c tio n o f tim e to e x p iry . T h e b o ld

c u rv e is th e su m o f th e o th e r tw o c u rv e s. N u m e ric a l re su lts ta k e n fro m D a v is et a l

a re a lso sh o w n .
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