AN ASYMPTOTIC SAMPLING RECOMPOSITION
THEOREM FOR GAUSSIAN SIGNALS
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ABSTRACT. For any Gaussian signal and every given sampling fre-
quency we prove an asymptotic property of type Shannon’s sampling
theorem, based on normalized cardinal sines, which keeps constant
the sampling frequency. We generalize the Shannon’s sampling theo-
rem for a class of non band-limited signals which plays a central role
in the signal theory, the Gaussian map is the unique function which
reachs the minimum of the product of the temporal and frecuential
width. This solve a conjecture stated in [1] and suggested by [3].

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULT

A key point for people who work on signal theory is the well-known
Shannon—Whittaker—Kotel'nikov’s theorem (see for instance [11] or [13])
working for band-limited maps of L*(R) (i.e., for Paley—Wiener signals),
and based on the normalized cardinal sinus map sinc(¢) defined by

sinc(t) = sin(nt)  sp 4 #0

i

Another main result of the signal processing theory is the Middleton’s
sampling theorem for band step functions (see [10]). This result was one
of the first modifications of the classical Sampling Theorem which only
works for band-limited maps, see [12]. After this starting point many
different extensions and generalizations of this theorem appeared in the
literature trying to obtain approximations of non band-limited signals
(see for instance [4] or [7]). Good surveys on these extensions are [5] or
[13].
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|1] follows the spirit of the previous results in the sense of trying to
obtain approximations of non band-limited signals by using band-limited
ones by means of the increasing of the band size. But its approach
is completely different to the previous ones in the sense that [1]| keeps
constant the sampling frequency generalizing in the limit the results of
Marvasti et al. [9] and Agud et al. [2].

In this setting, [1] states the following asymptotic property of type
sampling Shannon’s theorem where the convergence of the series is con-
sidered in the Cauchy’s principal value.

Property 1. Let f : R — R be a map and 7 € R*. We say that [ holds
the property P for T if

n

1 = lim sinc(7t — k .
() nw(éf () ( >)

|1| proves that every constant signal holds property P for every given
7 € R and conjectures that the Gaussian maps, i.e. maps of the form
e~ X\ € RT hold property P for every given 7 € R*. To support the
conjecture [1] proves that the Gaussian map e~** holds expression (1) for
the three first coefficients of the power series representation of e,

Note that the veracity of the conjecture is also suggested by the Boas’s
estimation [3]. In [3] is stated that if f has an integrable Fourier trans-
form, the pointwise error between f and its sampling series Y- f(k)sinc(t—

k) is controlled by f|€‘> f(f)‘ d§. Since (e—”’\ﬁ)% — (V2 its Fourier
trasnform is \/7 ”(Sﬂ and

\/W/ e—w(f\/%?dg:/ e de 0
A Jigl>4 €1>/75

as n — oo. Thus Boas’s estimate proves that the integer samples of the
n—th root of the Gaussian maps converge to the n—th root, in a sense
that is, presumably, consistent with (1).

The aim of this paper is to answer the conjecture in a positive way by
proving that any Gaussian map e~ can be reconstructed as a limit of
band—limited maps obtained from uniformly distributed samples at the
points {f : k € Z} where 7 > 0 through the following formula:

kEZ

n
—Xt2 —Aﬁ—z . .
e = lim (Z e “nrZsine(Tt k))

being the convergence uniformly on compact sets. The statement of our
main result is the following:
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Theorem 1. The Gaussian maps hold property P for every given T €
RT.

Note that since any Gaussian map e~ is analytical, for proving The-

orem 1 is enough to show the equality between the coefficients of the
power series representation of e~ and the coefficients of the expression

k2 n
lim,, (Zkez e_’\msinc(ﬂf — k:)) if such expression defines an analyt-

ical map.

We remark that the Gaussian map, which is mathematically impor-
tant in itself, plays an important role in the signal theory because the
Gaussian map is the unique function which reachs the minimum of the
product of the temporal and frecuential width. This minimum is given
by the Uncertainty Principle, see [8]. Therefore, to have recomposition
results for these type of signal is interesting from the point of view of
applications.

The paper is divided into three sections. In Section 2 we introduce

some auxiliary results. The aim of Section 3 is to prove that expres-
k2 n
sion lim,,_, (Zkez e nZsine(Tt — k:)) is convergent and generates an

analytic map. Section 4 is devoted to the proof of Theorem 1.

2. AUXILIARY RESULTS

In this section we present some auxiliary results which will play a key
role in the proof of Theorem 1.

Lemma 2. For every r € N s held
r (_1)j (_1)k+1 B -1

jz‘;w2j(2r—2j+1)!% k2 2(2r+ 1)

Proof. Let f;(z) = with z € C and j € NU{0}.

2% sin (72)
Computing the Laurent series representation of fy(2) is directly obtained
that

(2) Res(fo,0) = 71r

1
For the maps f;(z) with j > 0, let C}, the square of vertex (k: + 2) (£1+1).
By the Residual Theorem is

k
(3) 2mi | Res(f;,0) + > Res(f;,r) | = /Ck fi(z)d=.

r=—=k
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With simple calculations is obtained that

k 1 k ( 1)r 2 r
(4) > Res(fr) =~y S 2y O
r=—k [Lp— T Y
r#0 r#0
Since klim fi(z)dz = 0, taking limits when k goes to infinity in ex-
—00 J(CYy,

pression (3), is obtained

Res(fj, O) = - Z Res(fj? T’)

TEZL

r#0

Therefore, by (2) and introducing (4) into the previous expression we can
writte

1 it j =0,
T
(5) Res(f;,0) =
/ 9 (—1)kt
Tiew F

On the other hand, by the Laurent series representation of the map
1

sin (7z)

(6)

around the point z =0 is

ZﬂQp 1Zp

sm

and thus
1

2% sin (17z2)

fi(z) = =3 Bop1 2P
p=0

From the previous expression we deduced for every j > 0

(7) Baj—1 = Res(f;,0).

Moreover, from the power series representation of the map sin (7z), (6)
can be written in the form

- (_1)q 2q+1 2p—11) _
(Sartmer) (o) -

and making equal coefficients is
ZT: (=)~
— (2r — 25 +1)!

J=0

2%r—2j+1 _
T AT By = 0.
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Now, changing ;1 for (7) and separating the term corresponding to
7 =0 we have

1 r —1)J
@1 Res(fo, 0) +jz::1 5 (2; — ;j ) Res(f;,0) = 0.

Finally, using (5) in the previous equality, the proof is over. [

The aim of the next section is to prove, for every 7 > 0, that

2 "
(8) lim (Z enr? sinc(7t — l{:))

kEZ

exists and defines an analytic map. For proving it, we shall use the
following result which is a simplified version of two well-known theorems
on convergence of analytic maps (see |6, p. 241-242]).

Theorem 3. Let A be an open connected set in CP. Let ® be a set
of analytic maps from A into a compler Banach space E. Let M be a
oneness set in A. If the following conditions are held:

i) for every compact set L in A there exists my > 0 such that
I f(2)|| < my for every f € ® and every z € L,
i) (fu)n € P pointwise converges in M,

then (fn)n uniformly converges on compact sets of A to an analytic map.

3. UNIFORM CONVERGENCE AND ANALYTICITY

From now on we use the following notation

(9) g(z,n) =>_ e% sinc(tz — k).

keZ

In this section we shall prove that there exists the pointwise limit of
(9(z,n))™ and which it converges to an analytic map. For doing it we
shall prove in the next two propositions that are verified the hypothesis
of Theorem 3 taking:

Z
A = C\ — open and connected set on C,
T

= ANR oneness set for the analytic maps,

{(9(z,n))" ,n € N},
= C.

oo <
[
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To prove it, we shall use notation from |1, Lemma 6] and |1, Proposition
7):

o 6—k2:c
W) =,
(10)
L(z) =Y (=)' ().

Proposition 4. For every L compact set of C\ % there exists my > 0
such that | (g(z,n))" | < my for every z € L and all n € N.

Proof. Let n € N fixed and consider the following complex map

(11) G(z,n) =n (g(z,n) —1).

Using the definition of g(z,n) given by (9) and » sinc(z — k) =1 for

keZ
every z € C (see |1, Lemma 3]), is

G(z,n) = n (Z e%ﬁsinc(rz — k) — 1)

kEZ
= ny (enfz - 1) sine(rz — k)
keZ
— oy (6;522 B 1) (—1)*sin (7r72) < 1 N 1 )
heN s Tz—k T2z+k
2 i —k2 —1)*
_ ., T zsin (172) 3 (1_(2"3) ( : ) N
T ped (12)?2 =k
Separating the sum into even and odd terms we have
(12) G(z,n) = B(z)a(z,n).
where
B(z) = _M,
T
(13) 1 —(2k—1)2 ] —(2k)2
— € nr? — € nr2
alzn) = ”k% 2k —1)2— (r2)2  (2k)2— (72)?

Since L is a compact set, there exists a constant 5, > 0 such that
(14) |B(2)| < Br
for all z € L.
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V)
For z € C\ —, let
T

2
n <1 — enrp2>
M) =
Note that using notation given by (10)
2
1 1—en? 1 1 1
(15) Ap(z,n) = +— B 1= ()2 2 ”(
P p

N————

nrt?
n

and, by (13), a(z,n) can be written in the form
(16) a(z,n) =Y (Ag_1(z,n) — Ag(z,n)) .
keN
After some calculations is
Agi—1(2,n) — Agi(z,n)

e (o) T~ (o) T
e 1= (22 ez 1 (2)2

\lw‘ —_

(17) + 1_1;)2 <l2k1 (;)1 Lok (7;2) ]

- 712[1%1 (7,;2> <TZ)2((2/<; —1)2 - (Zi]z*);)(l(%)2 = (72)?)

¢ o () - ()]

Thus, using the triangular inequality in (16)

la(z,n)| =

Z(AQk—l(Z7 n) - AZk(Za n))

keN |

< Z |A2k_1(z,n) - A2k(2’n)|

(18) - 1 4k — 1
= Z e <n> T @k =12 = (m2)D)((2k)2 — (72)?)

g (e () = ()|
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Now, on the one hand since the series

4k — 1
2 2k =17 = | = ()7

keN

1
converges for all z € L it is boundness and since 0 < lo;_1 <2> <1,
nr

we have and upper bound «y, for the first part of the sum (18) because

1y Ak —1
’CGZN e (”72> : ((2k —1)2 — (72)?) ((2k)% — (72)?)
(19)
4k — 1
%‘Z‘ ’ 1)2_(7—2)2||<2k)2—(7'2)2‘ < or.

On the other hand, since z € L and L is compact, there exists §;, > 0
such that for every z € L, |m? — (72)?| > §., for all m € N. Since

| (2K
T o o =1
min |(2k)° — (72)’|

by the limit definition given € > 0 there is ko(L) such that for every
k > kg

2k)?
l—e< — (2) o <l+e
1?612‘(2/7{:) — (12) ’
For k < kg is
(2k)? < (2kq)?
: 2 _ 2| = 5,
min (2k)* — (72) ‘ L

2ko)?
Therefore, taking \;, = max {1 + €, (2ko) } is

oL
(2k)° (2k)°
‘(%)2 —(rp| = min |(2k)” — (72)°) =

uniformly on k.
From the previous expression using (10) and L(z) < g for x € R (see

|1, Proposition 7]), we obtain the boundness of the second part of the
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sum (18) since

1

Ly

1 1
(1) (1)
keN nT nTt

(20) <% 3 (e () 1 (52)

(2k)?
(2k)? = (72)?

keN
/\L 1 /\L ™
<—L|{— )< —= =
- 72 (m'Q) 722
So, by (19) and (20) we obtain from (18)
)\L m
la(z,n)| < ap + 2 =L
From the previous expression and by (14) we have for every z € L
(21) |G (z,n)| = [B(2)]|a(z,n)| < Bryr < oo.
Now, from the equation (11) the map g(z,n) has the form
G
(22) g(z,n) =1+ (: n)
Thus, using (21) is
G
g(zm)] < 1+ 1GE0 (2’")' <1

and therefore

ot < (14 228) < i<,

ending the proof. [

Proposition 5. {(g(z,n))"},cn pointwise converges in R.

Proof. Since sinc(k) = 0y for all k € Z, then {(g(z,n))"},cy converges
Z

in —.
T

Z
Let z € R\ — and G(z, n) be the auxiliar map introduced in the previous
T
proposition by (11). By (22)
n G(z,n)\"
I )

and consequently

(23) lim (g(z,n))" = en;OO

n—oo
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The previous equality implies that if G(z,n) converges in n to a real
number the proof is over.

By (12) is G(z,n) = B(z) a(x, n), and therefore the convergence of G(x, n)
depends only on the convergence of a(x,n) which by (16) is

a(z,n) = ;CZN (Agk—1(x,n) — Agg(z,n)) .

As this series verifies the conditions of the Weierstrass’s M—criterion, we
can writte

lim a(z,n) =Y lim (Ay_1(z,n) — Aoy(z,n)).
Now, using the expression of A,(x,n) given by (15) and liI(I)l lp(x) =1,

1S

1 2 1 1 2
lim Ay(z,n) = — SRR T Ly ( ) = b

n—oo T P2 - (Tm)Q e W ﬁ m
and so
| o (2k — 1)* (2k)°
dme(n) = 52 ((Qk — 1P - (r2? (%K) - (ra)?

, k-1
- % ((2k = 1)2 = (12)?)((2k)* — (T2)?)

Z
which converges for all z € R\ —.

-
Thus, is proved the existence of nll_{][olo a(x,n) which implies the existence
of lim G(z,n) and by (21) we know that this limit is finite. Finally, by
(23) the proof finishs. [

2 "
Theorem 6. For every T > 0, nlg{)lo (Z er? sinc (7t — k)) defines an
keZ
analylic map.

Proof. The proof is a direct consequence of the application of Theorem
3. The use of such result is possible by Propositions 4 and 5 where state
the validity of the the hypothesis of Theorem 3. |

4. CONVERGING TO THE (FAUSSIAN MAP: PROOF OF THEOREM 1

The aim of this section is to prove our main result Theorem 1 by
showing that the analytic map (8) obtained in the previous section is the
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Gaussian map, i.e., for every ¢ € R is held the following equality

g2 "
Jim (Z en? sinc(1t — k:)) — "

kEZ

for every 7 > 0.

The methodology that we shall use will be to compute the coefficients
of the power series representation of (g(z,n))" and to show that their lim-
its are the coefficients of the power series representation of the Gaussian
map.

We introduce the following notation which will simplify the computa-
tion of the coefficients of the power series representation in the sequel.

Definition 7. For every m € NU{0} and n € N we define

(~1)"(xr)"™

24 B, = — 20
1
- Fm =0
(25) . = {7 (—1)k+L g2 et
’ T2mzk27mew? if m > 1;
keN
(26) Dy, = Y. BCr
p=0
1 if m=0,
(27) dp, = ¢ ()" & BL
(n72)"™ml jzo Gin Ty Ym=1

The following two results on (25) and (26) will be key points for taking
limits on the coefficients that we shall obtain.

o T, (1
Proposition 8. For every m € NU{0}, C; , = —5  to ()
’ n

Proof. We shall prove

2C7 . 1
d;z n 2 —to <> :
) T m n
The previous equality holds for m = 0 since

1
n 87n—20077n):n(1—22) —0.
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(_1)k+1 2

Let now m = 1. Using that Z

pp=rt k2 12
207 1 k+1 2
n(d{n ;”) = 2—}———22 en?
' T nr fprd
k+1 £2
= —5 *2n Z (1 — ent? )
kEN
_ k+1 1
- ) Z I <2>
7' heN nr

1 2 1
- ) 7L () '
T2 + T2 nrt?
1

Therefore, taking limits when n goes to infinity and using lim L(z) = 5

z—0

(see [1, Proposition 7]) is

. 207,
lim n(dj, ——=| =0
n—oo ’ T

Let m be grater or equal than 2 and we assume that for every 7 < m is

207 1
5, = QJJ” +o () Then, using (24) and by the induction hypothesis,
’ T n

(27) can be written in the form

—1)mtl ™o BT 2C7T 1
dpiin = D - Z e - to (>
nm+1 2m+2 (m + 1)[ = T2m+2-2j 727 n
(_1>m+1

nm+1l r2m+2 (m + 1)'

jCT 1
2 m 2m+2 ) ()
2 sz ey T\

= 20" MQZ @2m - QJZ%T( ST o)

Therefore
d;H-l,n _ C;—n-l—l,n
2 T2m+2
= (_1)m 2mt2 i (_1)] C;:n B C;;H-l,n ‘o (1)
=0 (2m — 27+ 3)‘ (7r7->2j 72m+2 n

= (-1)" 2m+2<§ om —gj)igin(ﬂﬂ”) +O<i>'
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Changing C7, by the expression of (25) and using Lemma 2 with r =
m + 1, the previous expression has the form

T T
dm+1,n Cm+1,n

9 —2m+2
_ (_1)m7r2m+2 1 + mz—&—:l (_1)j (_1)k+1
2(2m+3)! I w (2m =2+ 3) 5 kY
;k2
m+1 (_1>j (1 — enr2 ) 1
_ ' S < >
;w%(zm—zjm)!%( ) 2 tols

a8 (-1 (1-<)
_ (_1)m+17r2m+2 ' Z(_l)kﬂ
J

o — 7T2j(2m—2j+3).k€N k27
1
+o< >
n

Therefore, separating the term j = 1 from the others

dTm—i—ln C;’L—i—ln 1
(28) n ( 9 r2mt2 =Untin+ Vigyintno (n) )
where

2

(—1)m7T2mZ k 1(1_6nf2>
Uniin = o7 D (=) 2,

(2m +1)! = %

_k2
R (-7
Vm n  — -1 m+ﬂ_m+ - ; —1 +7.
+1, ( ) JZ:% T2 (2m—2j—0—3)!%( ) %

We endeavour to prove that the limit when n goes to infinity of (28) is
equal to zero.
Indeed, by (10) and [1, Proposition 7], is

. ) (_1)m 7r2m 1 ( 1 > (_1)m 7.[_2m
29 Iim Uyp1, = 1 L = :
(29) nivoo Mt 5 nr? 272 (2m + 1)!

n=s0 (2m+ 1)! 72
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On the other hand, by the Weierstrass’s M—criterion is

lim V410 =

n—oo

2
m 1 — nT

_ ( 1)m+1 2m+2 Z+1 ( 1 Z k+1( ¢ >

= Y -~ 7

(2m — 2] + 3)! %
+1 o2 m+1 ( k+1
— 1 m m
( ) ]ZQ 7r23(2m 2j+3 ; 2k2] 2
_ (_1)mﬂ.2m f: (_1)3 Z (_l)kJrl
T2 — 7 (2m - 25 + 1) kY

and applying Lemma 2 for » = m is

(_1)m+1 71'2
30 lim V,pp1,= —————.
(30) ntoo ML T 900 (9 1 1)1

So, taking limits when n goes to infnity in (28) and using (29) and (30)

is
dr Ccr
lim TL( m+1,n _ m+1,n> —0.

Finally, by the Induction Principle, we conclude that the result works for
every m . B

Proposition 9. For every n € N is held

1
(31) Dy =
—1)™ 1
(=1) +0<> if m>1.
2n™m) n

1
Proof. The value — for m = 0 is directly obtained from the definitions
given by (24), (25) and (26) because

T T T 1
Do,n = B, OO,n - 9
Let m = 1. In the same way that in the previous case is

BT 2
Df, = Cf,+ = op, - T
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and by Proposition 8 and (27) we conclude that

T2 d] (77)? 1 72 1 2 (77)? 1
DT = o — = — _— _ — —
Ln 2 12 +O<n> 2 ( n7’2+6> 12 +O<n)

roln)
= —+4o0
2n n
Finally, let m > 2. Using the same method as in previous cases is
T T T B’I’T’;L
Dm,n = _I— Z B m pn 9
T2m dr m—l T2m=2p 7 1 BT 1
T (T (1) B )
2 — 7 2 n n
p_
_ 7_2m (_1 m _mz—l 7 B:nfj
2 nm 7—2m ml = Jn 7-2m—2]

m—1 7_27)17210 dr m—1 1 BT 1
prl Ymepn B <> Em () ,
- pz;: P 2 * p; »?\n * 2 o n

Now, we separate the term of the sum corresponding to j = 0 and we
make a change in the sum index in p so,

(_1 1m 1

DT = 2j BT
o 2nmm! Z m=J
m— 7_2m 2p dr 1
Z Tl Tmepn o <)
= 2 n
_ (=" ( )
 2nmm) to n
ending the proof. |

Note 10. We underline that the new expression of Dy, . provides by
Proposition 9 not depend on 7.

The next result will be useful in the proof of Theorem 1.
Lemma 11. Let m,i € N be such that i < m, and let A,,; be the set
given by

Am,i:{a—(al,... am); o € NU {0}, Zarzi, Zrar:m}.
r=1 r=1

Then
i) Apa={(0,0,...,1)} and A = {(m,0,...,0)}.
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(ii) Let i € N be such that 2 < i < m, let o« = (oy)y € Apy. If
o, # 0 is held

ra, —1 4fr=1,
o if r > 2.

min {ra, — 1,a,} = {

Proof. Part (i) follows from the solution of the systems which define the

sets Ap,1 and Ay, .

For part (ii), let o = (o)~ € A,,; with o, # 0. If 7 = 1 the result is

trivial. Assume r > 2. Since 1 < (r — D)o, is o, < ra, — 1. |
At this point we are ready for proving our main result.

Proof of Theorem 1. The statement that we have to prove is: for every
p>0and 7 >0

2

n—od

kEZ

5 n
(32) lim (Z e i sinc (sT — k)) =e P

for every s € R. Moreover this convergence is uniformly on compact sets.

Indeed, let 7 = \;_ and t = s,/p, then (32) can be written in the form
p

2 "
Jim. (Z enr? sinc (7t — k:)) =t

keZ

Thus, using the notation introduced by (9), we have to prove
(33) Tim (g(t,n))" = ™"

uniformly.
By Theorem 6 we know that lim (g(t,n))" is an analytic function. There-

fore to prove (33) is enough to show that the power series representation
of both maps coincide. Moreover, we note that is enough to prove that
1
the convergence is held for all ¢t € (O, >
T

Using (24), (25), (26) and the power series representation of sin (77t) the
map ¢(t,n) can be written in the form (see [1, proof of Theorem 2])

. 27t sin wrt (- e S ot u2m
g(t,n) = sinc(7t) + - ’% T eme? — 9 Z Dy, 1"

m=0

Therefore

(34) <g<t,n>>“=2”(z D;,ntzm) — S E e
m=0 m=0
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where, considering the sets A,,; described by Lemma 11, is
(35)

E’ = .
mn —1)...(n— 1) { .
Z Z Dg)—n n zn(n )' (’I’L ‘Z‘|‘ ) H(D;n)oa] it m > 1.
i=1 A€Am Ap: ... Oy j=1

Therefore our objective is reduced to prove that for every m > 0 is held
—1)™
(36) lim 2"E] = (1) .
n—00 m)!

For m = 0, the result follows directly by (35) and by the definitions (24),
(25) and (26) because

(37)
1
Jim 2"Ef, = lim 2"(Df,)" = lim 2"(Bf C7,,)" = lim 2" 50 = 1.

For m =1 and m = 2 by Lemma 11 part (i) is
B, = n(Dy,)"" D]

1,n
n(n —1)
2

Now, with the two previous expressions and equality (31) is
n -1 1
£ =
L 2n-1 <2n o (n)>

e = e () 2o )
= —(—+o0 — 2 — 40— .
2n 2n=1 \ 4n?2 n on—1 n n

Therefore
(38)

1
lim Q”ET = lim (—1 +2n o <>) = -1
n—oo n—oo n

T T n— T T n—2 T 2
E2,n = n(DO,n) ' D2,n + (DO,n) (Dl,n> .

R ) 1 1 n 1
nll_{ToloQ E5, = %Lngo [271 +2no <n) + o +2n(n—1)o (712)]
=5

Note that the results (37) and (38) coincide with (|1, Theorem 2]).
Let m > 3. First of all we change D7, in (35) for the expression (31)
given by Pr0p051t10n 9 obtammg

Z 2 o e ﬁ[Qan" <1>rj'

|
i=1 €A ; Oél....Oém j=1 n

7,n
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s oG] =g o)

using this equality in the previous expression we can writte £ in the
form

Since

nn—1)...(n—i+1)

i—1 a€l, ; all...ozm!
(L)
L GO e )|

Spliting the sum into three parts and applying Lemma 11 part (i) for the
terms ¢ = 1 and ¢ = m, is

m—1
(39) 2"Er = (=)™ (an + > Gimn + Hmm) ,
i=2
where
n m 1 1
Fm,n = N a-_'_O( ))
ae%n,l al!...am!jl;ll <n3a1 (yH™ no

1 1) = 1
G = 3 M D (o ().
Q€A ; a O j=1 n??i (5!) n-
1 12 1 1
Hppw = 3 n(n )' (n 'm+ )H( — 'a7+0( a))
A€Am,m ai:...O0m je1 \Y (4! n-
_ nn—1)...(n—m+1) <1+0<1>)'
m! nm nm

Clearly from the previous expressions is
lim F,,, =0
n—oo
and
) 1
lim H,,, =

For computing the limit of G ,,, , we split the term j = 1 from the others.
Note that for every j > 2 such that «; = 0, the corresponding factor is
1, and if a; # 0, by Lemma 11 (ii), we have

1 1 1 1
nis (51)% +O(n°‘j> - 0<nj°‘i1) +O(n°‘i)
1 1
= o (gmmarar) =2 (5)
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Thus, G, can be written in the form

Gi,m,n = Z

nn—1)...(n—i+1)

(o) Lo ()

ahos ap!.ap!
.S nn—1)...(n—i+1)
Ny ol .o

G o)) o (o)

Ly el O (1))

aeAm,i
Z nn—1)...(n—i+1) (1>
e o 1
A€l ol .o i)’
and therefore
lim Gi,m,n =0.

So, taking limits when n goes to infinity in the expression (39), if m >3
then

1"
(40) lim 2"E] = (=1 :

n—oo ’ m!
Therefore, by the results from (37), (38) and (40), we have obtained that
for every m >0
-1\
lim 2"E" = (=1 :

n—00 ’ m)!

So, taking limits in the expression (34) is

. W (=)™,
lim (g(t,n))" =Y (m,)t2 :
m=0 :

Note that we have proved the pointwise convergence to the Gaussian map.
The uniform convergence on compact sets is guaranteed by Theorem 3.
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