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AN EFFECTIVE CHEBOTAREV DENSITY THEOREM
FOR FAMILIES OF NUMBER FIELDS,
WITH AN APPLICATION TO /-TORSION IN CLASS GROUPS

LILLIAN B. PIERCE, CAROLINE L. TURNAGE-BUTTERBAUGH, AND MELANIE MATCHETT WOOD

ABSTRACT. We prove a new effective Chebotarev density theorem for Galois extensions L/Q that
allows one to count small primes (even as small as an arbitrarily small power of the discriminant of
L); this theorem holds for the Galois closures of “almost all” number fields that lie in an appropriate
family of field extensions. Previously, applying Chebotarev in such small ranges required assuming
the Generalized Riemann Hypothesis. The error term in this new Chebotarev density theorem also
avoids the effect of an exceptional zero of the Dedekind zeta function of L, without assuming GRH.
We give many different “appropriate families,” including families of arbitrarily large degree. To
do this, we first prove a new effective Chebotarev density theorem that requires a zero-free region
of the Dedekind zeta function. Then we prove that almost all number fields in our families yield
such a zero-free region. The innovation that allows us to achieve this is a delicate new method
for controlling zeroes of certain families of non-cuspidal L-functions. This builds on, and greatly
generalizes the applicability of, work of Kowalski and Michel on the average density of zeroes of
a family of cuspidal L-functions. A surprising feature of this new method, which we expect will
have independent interest, is that we control the number of zeroes in the family of L-functions by
bounding the number of certain associated fields with fixed discriminant. As an application of the
new Chebotarev density theorem, we prove the first nontrivial upper bounds for ¢-torsion in class
groups, for all integers ¢ > 1, applicable to infinite families of fields of arbitrarily large degree.

1. OVERVIEW

In this paper, we give unconditional effective Chebotarev density theorems for almost all number
fields in certain families of fields, of a strength that previously required the assumption of GRH.
We achieve this by a new method to control zeroes of non-cuspidal L-functions in families, and we
give applications including the first non-trivial bounds on ¢-torsion for all £ > 1 in class groups in
infinite families of fields of arbitrarily large degree. Our method requires only crude bounds on the
number of fields in our families, allowing us to treat families of arbitrarily high degree and more
general families than in [EPW17], which gives ¢-torsion bounds as a result of very precise counting
of the families.

1.1. Historical introduction. For any fixed number field k£ and Galois extension L/k of number
fields, consider the counting function of prime ideals of bounded norm in Oy and specified splitting
type in L, defined by

L/k
(1.1) g (x, L/k) := #{p C Ok : p unramified in L, [é] = ¢,Nmygp < 7},
in which [LT/IC} is the Artin symbol and ¥ is any fixed conjugacy class in Gal(L/k). A central

goal is to prove an asymptotic for g (z, L/k) that is valid for = as small as possible (relative to the
absolute discriminant of the number field L), which is a regime in which many of the most interesting
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applications arise. The celebrated Chebotarev density theorem [Tsc26] provides the main term in
the asymptotic,
1%l

as & — oo, where Gal(L/k) = G and Li(z) = [; dt/logt. When L = k = Q, this is the familiar
Prime Number Theorem for m(z); when L = k, this is the Prime Ideal Theorem, counting prime
ideals p C Ok with Nmy qp < z; when k= Q and L = Q(e%i/ ), this provides Dirichlet’s theorem,
counting rational primes p = a (mod ¢) with p < z, for any (a,q) = 1.

An effective Chebotarev theorem, conditional on GRH, was proved by Lagarias and Odlyzko

(with an improvement by Serre). Given any field extension F/Q we let np = [F' : Q] and set
Dp = |Disc F/Q)|.

Theorem A (Conditional on GRH, [LO75, Theorem 1.1], [Ser82, Théoréme 4|). There exists an
effectively computable absolute constant Cy > 0 such that for any Galois extension L/k of number
fields, if GRH holds for the Dedekind zeta function (1, and G := Gal(L/k), then for any fized
conjugacy class € C G and every x > 2,

%\, . ¢ "
g (x, L/k) — HLI({L‘) < Co||G’£L'1/2 log(Dra"").

Lagarias and Odlyzko also proved an unconditional result:

Theorem B ([LOTE, Corollary 1.3]). There exist effectively computable absolute constants Cy,Cy >
0 such that the following holds. Let L/k be a Galois extension of number fields with G := Gal(L/k).
If ng, > 1 then (r(s) has at most one zero s = o + it in the region

(1.3) o>1-(4logDy)™",  |t| < (4logDy)" "

This exceptional zero, denoted By if it ewists, is real and simple. For all x > exp(10n(log D1)?),

€ ¢ _
T (@, L/k) — ||G,|Li(rv) < |G||Li(xﬂ0) + Craexp(—Cyny Y (log z)'/?),

with the understanding that the By term is present only if By exists.

(1.4)

Theorem |A| holds for all x > 2. Theorem [B|requires at least that x > Diom, a power of the dis-
criminant that is too large for many applications. Consequently, citations of the Lagarias-Odlyzko
work often use Theorem [A]l and are hence conditional on GRH. Recent unconditional work that con-
siders lower or upper bounds for my (z, L/k) instead of asymptotics also leads to thresholds for = that
are too large for certain applications. For example, [TZ17b|, [TZ17al, Eqn. 1.6] prove lower bounds
for my(x, L/k) that require x to be as large as a relatively large power of Dy ; upper bounds for
7 (x, L/k) in the classic work [LMOT9, Thm. 1.4] require x > Cexp{(log Dr.)(loglog Dy,)(logloglog Dr,)},
for some constant C, with improvements e.g. in [TZ17al [Deb16].

1.2. New results I: effective Chebotarev theorems. We prove a new effective Chebotarev
theorem that includes two breakthroughs: we remove the term corresponding to the exceptional
z€ero in , and simultaneously we obtain an asymptotic with an effective error term, which in
particular holds for = as small as Di for any small fixed 6 > 0 (for Dy, sufficiently large). Both
aspects are critical to applications such as our new bound for ¢-torsion in class groups. It is unlikely
that we could accomplish these goals for all fields without proving something significant toward
GRH; instead, we prove that within appropriate families of fields, “almost all” of the fields satisfy
such an effective Chebotarev theorem.

We first state an inexplicit, general version of our result for a “family” .%(G) of fields (precise
quantitative statements appear in Theorems 3.11] [3.13] B.14]} and Corollary [3.16]of §3). By

a family . (G) we mean a set of degree n extensions K/Q with corresponding Galois closures K /Q
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having Gal(K /Q) ~ G for a fixed transitive subgroup G C S,,. We use .Z(G; X) to denote those
fields K € #(G) with Dg < X. We also use Vinogradov’s notation: A < B denotes that there
exists a constant C' such that |A| < CB, and A <, B denotes that C' may depend on x.

Theorem 1.1. Fiz an appropriate family % (G) (described explicitly in , and constants A > 2
and e > 0. Then there exist constants 0 < 7 < 8 and k1, ke, k3 > 0, such that for all X > 1 we have
|\Z(G; X)| > XP, and aside from at most <z 4. X+ possible exceptions, each field K € F(G; X)
has the property that for every conjugacy class € C G,

2 ] . €]«
for all
(1.6) x > k1 exp{ka(log log(D?))‘r’/g(log log 10g(D?~<))1/3}.

In comparison to Theorem [B] for each field to which this result applies, this theorem removes the
effect of the possible exceptional zero on the error term, and holds for x as small as an arbitrarily
small power of Dy (and hence of Dg), capabilities critical for many applications.

1.2.1. The appropriate families of fields. In general, we construct a set (or “family”) of fields as
follows. For a number field k, we let

Zn(k,G;X) = {K/k: K C Q,deg K/k = n,Gal(K /k) ~ G,Nmy, gDisc K/k < X},

where K is the Galois closure of K over k, the Galois group is considered as a permutation group
on the n embeddings of K in Q, and the isomorphism with G is one of permutation groups. We
let Z,(k,G) = Z,(k,G;00). For our main results we will work over @, and study families of the
form Z7(Q,G; X), defined to be the subset of those fields K € Z,(Q,G; X) such that for each
rational prime p that is tamely ramified in K (i.e. those p not dividing any of the exponents of
their factorization into prime ideals in the ring of integers of K), the inertia group in Gal(K /k) of
every prime ideal p of K dividing p is generated by an element of ., where .# specifies one or more
conjugacy classes in G. The use of ramification restrictions will play a large role in our method of
proof.

The most general families we treat are degree n extensions with square-free discriminant, which
are a positive proportion of all degree n fields for n < 5, and conjecturally so for n > 6. (These
families are recorded in entries , , @ in the lists below; square-free discriminant corresponds
to .# being transpositions, as explained in ) We give further examples to show the range of the
method. We prove, unconditionally, that Theorem applies to the following families Z;f (Q,G)
of fields:

(1) G a cyclic group of order n > 2, with .# comprised of all generators of G' (equivalently every
rational prime that is tamely ramified in K is totally ramified).
(2) n =p an odd prime, G = D,, the order 2p dihedral group of symmetries of a regular p-gon,
# being the conjugacy class of order 2 elements.
(3) n=3, G~ Ss, .# is transpositions.
(4) n=4, G~ Sy, # is transpositions.
(5) n =4, G~ Ay, 7 the two conjugacy classes in Ay of order 3 elements.
This is the content of Theorem Note for family that asymptotic counting of the fields is
essentially equivalent to knowing the exact average size of p-torsion of class groups of quadratic
fields (and thus is open and very difficult). Our method does not require this counting.
We furthermore prove, conditional on the strong Artin conjecture and (in some cases certain
hypotheses for counting number fields), that Theorem applies to the following families of fields:
(6) n>5, G~S,, & is transpositions (Theorems and [3.11]).
(7) n>5, G ~ Ay, no ramification restriction (Theorem [3.13)).
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(8) G C S, a transitive simple group, no ramification restriction (Theorem [3.14)).
In addition, in Corollary we record quantitative results for counting certain types of primes.

1.2.2. The proof strategy. To describe our strategy to prove Theorem we define the notion of a
d-exceptional field:

Property 1.2 (§-exceptional field). For a fized 0 < § < 1/2, a number field K is §-exceptional

precisely when the Dedekind zeta function of the Galois closure K of K over Q has the property that
C(5)/¢(s) has a zero in the region [1 — 0, 1] x [—(log Df()z/‘s, (log D[()Q/é].

(Under GRH, no field is d-exceptional for any 0 < ¢ < 1/2.) Our first step toward Theoremf

is to prove the following (for a quantitative version over any fixed number field k, see Theorem [3.1):

Theorem 1.3 (Effective Chebotarev for non-d-exceptional fields). For every integer n > 1, and
every transitive group G C Sy, for every A > 2 and every 0 < § < 1/(2A), there exist real numbers
Dy, k1, k2, k3 (depending on §,n, A) such that the following holds: for any extension K/Q with
Gal(f(/@) ~ G such that D > Dy and K/Q is not d-exceptional, we have that for any conjugacy

class € C G, holds for all x satisfying @

Theorem [I.]] relies on the following crucial step: we prove that within appropriate families,
for sufficiently small &, almost all fields are not 5—exceptionalE| We achieve this by developing
a new method for controlling zeroes of certain families of non-cuspidal L-functions. Previously,
work of Kowalski and Michel [KMO02| provided density results for zeroes within appropriate families
of cuspidal L-functions. But we require zero-free regions for Dedekind zeta functions of Galois
fields, and these correspond (in some cases conjecturally) to automorphic L-functions that are not
cuspidal. This restriction of [KMO02| to the cuspidal case has been a significant barrier in many
previous applications (such as an effective prime ideal theorem in [CK14], or [CK13|; see Remark
5.9). We expect that our new approach to proving density results for zeroes in a family of non-
cuspidal L-functions will have many further applications.

Precisely, let G be a fixed transitive subgroup of S, and let pg, p1, ..., ps denote the irreducible
representations of G, with pg being the trivial representation. Then for each K € Z,(Q, G; X), we
may write (z(s) as a product of Artin L-functions

(L.7) Ci(s) = (o) T L(s. pin K JQ) 0.

i=1
In particular, consider a set .Z#(X) of fields K € %n((@, G; X) with distinct Galois closures K

over Q, and denote the set of Galois closures by .#(X). For each field K € .#(X) and each
representation pj;, there is an associated cuspidal automorphic representation ; of GL(m;)/Q

(in some cases conditional on the Strong Artin Conjecture), and then L(s, 7 ;) = L(s, pj, K/Q).
For each 1 < j < s, we let .Z;(X) denote the set of cuspidal automorphic representations ;- j of

GL(m;)/Q associated to the fields K € .#(X) and the representation p;. We show using [KM02]
that for each j, .Z;(X) has the property that aside from at most a possible small “bad” exceptional
subset, each representation m € .Z;(X) is such that its associated L-function L(s,7) is zero-free
in an appropriate region. (Of course, if GRH is true, there are no such exceptional L-functions,
but we are working without GRH.) In order to deduce that amongst the Dedekind zeta functions
(i (s) for KeZ (X), almost all of them also possess this zero-free region, we need to build up
the products as in , and we need to understand the following question: given a representation

1See also on an unconditional approach to rule out exceptional zeroes in the standard zero-free region for
Cr(s), and thus remove the Sy term in , for extensions with no quadratic subfields. However, that approach does
not rule out the extensions being d-exceptional, and in particular, does not lead to an effective Chebotarev theorem
that can count primes small enough for our purposes.
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7 € Z(X) (i.e. possibly a “bad” exceptional representation), how many fields K € .7 (X) can have
the property that L(s, pj, K/Q) = L(s, m)?

This is subtle, and relies on delicate properties of the families considered. At its heart the question
is: for a fixed irreducible representation p; of G, for how many fields K, K» € #(X) C Z,(Q,G; X)
can we have L(s, p;, K1/Q) = L(s, pi, K2/Q)? We transform this into a question of counting how
many fields K, Ko € .7 (X) have fixed fields K = KX, where H = Ker(p;) (see Proposition .
A challenge then appears: for certain groups G, is it possible that such collisions can occur amongst
a positive proportion of K € Z,(Q,G; X)? (If so, a positive proportion of these fields could have
(jz(s) containing a factor that is not zero-free in the desired region.)

For certain G, the answer is yes (see . In contrast, we show that for the groups G and
the corresponding families of fields we construct in our main theorems, the answer is no. Precisely,
we define each family .7 (X) C Z,(Q, G; X) according to carefully chosen ramification restrictions
on tamely ramified primes, and within these carefully constructed families we can transform the
problem of counting fields that share a certain fixed field into a problem of counting number fields
of degree n with fizxed discriminant. This method of constructing families of fields so that we can
control the zeroes of associated L-functions by counting number fields is a key innovation of this
paper.

Within our chosen families, by counting fields of fixed discriminant, we ultimately show that such
collisions of the fixed fields must be relatively rare. We can then prove that aside from at most
a possible “small” exceptional subset of .%(X), each field has the property that its Dedekind zeta
function is zero-free in an appropriate region.

In general, our approach can be seen as a new strategy that vastly generalizes the applicability of
the result of Kowalski and Michel to families of automorphic L-functions corresponding not just to
cuspidal automorphic representations but also to isobaric automorphic representations. We expect
this new method will be relevant to other problems of interest.

1.3. New results II: counting number fields. Our new effective Chebotarev theorem for families
of fields relies on quantitative counts for number fields in two ways. First, we must bound from
above the number of fields in the family that have a fixed discriminant; second we must bound from
below the number of fields in the family with bounded discriminant. In general, such questions lie
in the arena of Malle’s conjecture [Mal02] and the Malle-Bhargava principle [Wool6, Section 10],
and many questions remain open.

Definition 1.4. Within a certain family an((@, G), we say a subset E has density zero if for some
v >0 and some c; > 0, for all X > 1,

1Z](Q.G; X)|/|IENZ](Q,G; X)| > e1 X7,

Each of our main results takes the form of an effective Chebotarev density theorem that holds
for each field within a family of fields, except for fields belonging to a possible subfamily of density
zero. In all cases, proving an upper bound for |E N Z;7(Q,G; X)| is a significant part of our new
work; in many cases, proving a lower bound for |Z (Q, G; X)| is also a significant part of our new
work.

For certain of the families of fields we consider, we prove the first recorded lower bounds. For
example, we prove the following general result, from which we deduce the first lower bound in the
literature for |Z,,(Q, A,; X)| that grows like a power of X (Theorem [2.6)).

Theorem 1.5. Fiz an integer n > 2 and a transitive subgroup G C S,,. Suppose f(X,T1,...,T};) €
Q[X,Th,...,T}] is a reqular polynomial of total degree d in the T; and of degree n in X with transitive
Galois group G C Sy, over Q(T1,...,Tj). Then, for every X > 1 and every ¢ > 0,

1-|g|~!

1 Z,(Q,G; X)| >0 X d@n= %,
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Note that a recent paper of Débes [Déb17] proves an analogous result for counting the degree |G|
Galois extensions in Zg (Q, G; X) rather than the degree n extensions we consider in Theorem
(or equivalently, only in the case that G is simply transitive).

In a different direction, as mentioned above, at a key step of extending the Kowalski-Michel zero
density theorem to our setting (related to bounding |E N Z;” (Q, G; X)| from above), we require an
upper bound for how many fields have any given fized discriminant. To make things precise, we
define the following property (always defining extensions within Q):

Property 1.6 (D, (G,w)). Let n > 2 be fized and let G be a fized transitive subgroup of S,. We
say that property D, (G, w) holds if for every fized integer D > 1 and for every e > 0 there exist at
most < e DT fields K/Q of degree n and Gal(f(/@) ~ G such that Dg = D. Moreover, we
say that property D, (w) holds if for every fixed integer D > 1 and for every € > 0 there exist at
most K e D7V fields K/Q of degree n such that Dk = D.

For appropriate families, we can control |ENZ;7 (Q, G; X)| if we can prove Property D,,(G, @) for
a sufficiently small @. In particular we prove new results for Dy(Ay4, @), Ds(w), and Dpj (Dp,w),
in the latter case assuming a certain ramification restriction.

The way Property D,,(w) arises in our work on families of automorphic L-functions appears to
be completely new. But it is actually the subject of a well-known conjecture which occupies a rather
central role in number theory. Specifically, Duke [Duk98| §3] and Ellenberg and Venkatesh [EV05]
Conjecture 1.3] conjecture:

Conjecture 1.7 (Discriminant Multiplicity Conjecture). For each n > 2, D,,(0) holds.

Of course, D2(0) holds; for n > 3, much less is known, and results toward Conjecture would
have strong implications. First, the “pointwise” counts encapsulated in Property D, (w) relate
to “average” counts for the number of extensions of degree n with bounded discriminant. In one
direction, this is trivial: Property D, (w) immediately implies there are at most <, . X Itwte
degree n extensions of Q with discriminant at most X. It may be surprising that there is also an
implication in the other direction; this has been proved by Ellenberg and Venkatesh [EV05, Prop.
4.8].

Second, questions about D, (w) are directly connected to questions about ¢-torsion in class
groups, for primes . As just one example (see Duke [Duk95|), quartic fields of fixed discrimi-
nant —q (g prime) can be explicitly classified by odd octahedral Galois representations of conductor
q, and the number of such fields can be expressed as in [Hei71] as an appropriate average of the
number of 2-torsion elements in the class groups of cubic number fields of discriminant —q. More
generally, as noted in [EV05l p. 164], if Conjecture holds (for all n), then it implies the main
pointwise conjecture, Conjecture for upper bounds for ¢-torsion in class groups (for all n, /).
The way we employ property D, (w) in the present work is in some sense more efficient, since to
study (-torsion (for all £ > 1) in class groups of degree ng fields we only require information about
D,,(w) for n = ng, not for all n.

1.4. New results III: applications. We expect that the new effective Chebotarev theorems for
families of fields will have many applications, and we exhibit two. First, we prove nontrivial bounds
for /-torsion, for all integers £ > 1, in class groups of “almost all” fields in each of the families to which
our Chebotarev theorems apply (Theorem . In many cases, these are the first ever nontrivial
bounds for /-torsion, and in particular the first that apply to families of fields of arbitrarily large
degree. As a second (related) application, we prove a result on the density of number fields with
small generators, spurred by a question of Ruppert (Theorem [8.2). Further applications will be
described in later work.

1.5. Organization of the paper. In Part I, we state and prove the results we require for counting
number fields, both with bounded discriminant and with fixed discriminant. In Part II, we turn
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to the Chebotarev theorems: in §3] we state quantitative versions of all the effective Chebotarev
theorems; in §4] we prove the quantitative version of Theorem [I.3] and in §5] and §6] we prove the
quantitative versions of Theorem [I.1] In Part III, we treat the two applications mentioned above.

CONTENTS
Part I: Counting Number Fields [
Part II: Effective Chebotarev Theorems 4
Part III: Applications and /-torsion in class groups (44

Part I: Counting Number Fields

2. COUNTING FAMILIES OF FIELDS

As described in Section [1.3] we require results counting number fields, and we prove those in
this section. Our principal concern is families of the form Z{ (Q,G; X), defined to be the subset of
those fields K € Z,(Q, G; X) such that for each rational prime p that is tamely ramified in K, an
inertia group for p is generated by an element of .#. We require an upper bound for |Z7 (Q, G; X)|,
which can be an overestimate, a lower bound for \Z;f (Q, G; X)|, which we aim to make as sharp as
currently feasible, and upper bounds on the number of fields in Z; (Q, G) of discriminant D.

2.1. Cyclic fields. The strategy for counting cyclic extensions goes back to Cohn [Coh54]; see
IMak85l Wri89, [Wool0l [FLN15| for results counting abelian extensions of arbitrary degree. Let G
be cyclic of order n > 2 and let g denote the smallest prime divisor of n. Then we have (see, e.g.
[Wri89]) that

1
(2.1) |1Z0(Q,G; X)| ~ cX n=n/s
for a certain constant ¢ = ¢(n) > 0. We require the following refinement:

Proposition 2.1 (Cyclic groups). Let n > 2 be fized and let G be a cyclic group of order n. Let
Z7(Q,G; X) count those fields K € Z,(Q,G; X) such that every rational prime that ramifies tamely
in K is totally ramified in K, that is, the inertia group is generated by an element that is of full
order in G. Then there exists a constant ¢, > 0 such that

(22) 1Z(Q,G X)| ~ ep X7,
Furthermore, Property D, (G,0) holds.

Remark 2.2. If |G| = n is prime then 1/(n—n/g) = 1/(n—1). However, when |G| = n is not prime
then Z7 (Q, G; X) is itself of density zero in Z,(Q,G; X), by comparison of (2.1) and (2.2).

Proof. Let a; = 1 and for m > 2, let a,, be | Aut(G)| times the number of fields counted by
Z7(Q,G; X) with absolute discriminant m. We define a Dirichlet series A(s) := Y. o, amm™,
and by class field theory and now standard arguments we have -

(2:3) Als)=P(s) I @+ omp~ =07,
p=1 (mod n)

where P(s) is a product over p|n of polynomials in p~*. Briefly, by class field theory we are

counting certain homomorphisms from the idéle class group to G, by [Wool0, Lemma 4.2| we can
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replace the idéle class group with a product of p-adic units, and then we can easily count the local
homomorphisms (see, e.g. [Wool(, Section 4|, for a similar analysis in a more difficult case).

When a,, is non-zero, we have a,, < Cn¢(n)*™ where w(m) is the number of distinct prime
divisors of m and C), is a constant depending only on n. (In particular, C,, can be bounded above
by the sum of the absolute values of all coefficients of the polynomial factors in the finite product
P(s).) Thus an, <, m® for any € > 0, proving Property D,,(G;0).

For comparison to A(s) we consider the product B(s) over all Dirichlet characters defined modulo
n, given for N(s) > 1 by

B(s) =[] 2G.x) =TT T]0 —x(pp~)~"
X X P

which has a pole of order 1 at s = 1 and otherwise may be analytically continued as a holomorphic
function. Writing the Euler product as [, pp(8) 71, note that p,(s) =1 — X~ + O(p~%);
by orthogonality of characters, the coefficient >, x(p) = ¢(n) if p=1 (mod n) and zero otherwise.
We can then check that A(s)/B((n — 1)s) is holomorphic in R(s) > (2(n —1))~1. Thus A(s) has a
meromorphic continuation in R(s) > (2(n—1))~! with only a simple pole at s = (n—1)~!; moreover
A(s) inherits a standard convexity estimate from B(s) (see e.g. [IK04, Lemma 5.2, Thm. 5.23]).
So, by the main term in a standard Tauberian theorem (see for example [CLT0I, Thm. A.1] and
[Nar00, Section 6.4]), we have

|Z{(Q7 G; X)| = chl/(”_l) + O(Xl/(n—l))’
for a certain constant c,,. -

2.2. Dihedral groups D,. For p an odd prime, let D, be the order 2p group of symmetries
of the vertices of a regular p-gon. Kliiners [KIii06a, Theorem 3.5] obtained the lower bound
1Z,(Q, D,; X)| > X2/~ predicted by Malle’s conjecture [Mal02]. Kliiners also showed that
Malle’s conjectured upper bound X2/ (P—D+¢ follows from a special case of the Cohen-Lenstra heuris-
tics [Kli06a, Thm. 2.5], as well as proving [KIi06al Theorem 2.7] an unconditional upper bound
|Zp(Q, Dp; X)| <e X3/(=1)+e_ This has recently been improved by Cohen and Thorne [CT16, Thm
1.1], based on nontrivial bounds of [EPW17] for averages of ¢-torsion over quadratic fields, to

(2.4) 1Z,(Q, Dy: X)| < X1 70,

We require a lower bound that includes a ramification restriction. We let Property Df (Dp, @)
be the analog of Property D,(D,,w) in which we only count Dp-fields and with the ramification
restriction .# for all tamely ramified primes.

Proposition 2.3 (Dihedral group D), of order 2p). For p an odd prime, let D, act on the p vertices
of the reqular p-gon in the usual way, and let ij (Q, Dp; X) count those fields K € Z,(Q, Dy; X) with
the following ramification restriction % : every rational prime that ramifies tamely in K has inertia
group generated by an elemezt in the conjugacy class [(2 p)(3 p—1)--- (% %)] of reflections.
Then | Z;/ (Q, Dp; X)| >, X 1.

Further, Dpj(Dp’ 1/(p — 1)) holds. More generally, if we know that for all quadratic fields L we
have |Cl[p]| = O,(DY) for a certain exponent b > 0, then Df(Dp, 2b/(p — 1)) holds.

Note: here we use the notation Clz[p] to denote the p-torsion subgroup of the class group Cly, of
the field L/Q; see e.g. (7.1)) for the definition.

2.2.1. Proof of the upper bound. Next we count degree p D)-fields with a fixed discriminant. We
may trivially state that D,(D,,w) holds with @w = 3/(p — 1) — 1/p(p — 1), by applying .
We improve on this by only counting fields with a fixed discriminant and using our additional
ramification restriction.
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Let K € Zp‘ﬂ(Q, D,) be a degree p Dy-field with absolute discriminant D. Let K be the Galois

closure of K and L be the quadratic field inside K, so K /L is a cyclic p extension. Our ramification
restriction implies that K /L is unramified except perhaps at primes dividing 2p. We have, by our
ramification restriction, that |Disc K| = 20pPQP—1)/2 where Q is square-free and relatively prime
to 2p. Then |Disc L| = 2¢'pY @ for some o', b that are bounded in terms of p. Thus, given D, there
are a constant (in terms of p) possible quadratic fields L, and for each of them we will count the
possible cyclic p extensions K /L that could arise.

Let Jr, be the idéle class group of L. For a finite place v of L, let O, be the elements of non-
negative valuation in the completion L,, and for an infinite place v let O, = L,. From the exact
sequence [[, Oy — Jr, — Cl — 1 [Neu99, Ch. VI Prop. 1.3] (where the product is over all places
of L), and the left-exactness of Homs(—, Cp), we have an exact sequence

1 — Hom(Cly, ) = Homers(J1, Cp) — Homeo([] O, Cp),

where we can take the product just above over finite places v of L, since there are no continuous
homormorphisms from R* or C* into C), for p odd. Our desired Cp-extensions of L correspond
via class field theory to elements of Hom(Jr, Cp) that for each v { 2p map O} to the identity,
since they are unramified at such v. Thus the number of possible images in Home([ ], O}, Cp) for
our desired elements of Homeys(J1,, Cp) is [Hom(] ]9, OF, Cp)|- The number of v | 2p is at most 4
since L is quadratic. Since L, is either Q, or Q2 or quadratic over Q, or Q2 (and there are only
finitely many possibilities for the latter), the number of homomorphisms from O} to C), for v | 2p is
bounded in terms of p. Also, | Hom(Clg, C,)| = |Clg[p]|. Note Disc L = O,(|Disc K|*/=1). So if
we assume |Cly [p]| = O, (|Disc L|?), then the number of possible K, and thus the number of possible
K, is O,(D?/(r=1),

2.2.2. Proof of the lower bound. Given a quadratic field L, if Cly[p] is non-trivial, class field theory
gives an unramified cyclic degree p extension L'/L. The group Gal(L/Q) = (o) acts on Cly by
inversion (since for an ideal a of L, we have that ac(a) is principal). It follows that L'/Q is a degree
2p D,-extension, with all inertia trivial or in a subgroup generated by a reflection.

Now given an imaginary quadratic field L with units +1 such that Clz[p] is trivial and p splits
completely in L, we we will show by other means that we still can obtain a degree 2p D,-extension
L' /Q containing L, and with our required ramification condition. We will construct a surjection
¢ from Jp, to the cyclic group C), of order p. Let vi,v2 be the two places of L above p. We let
bv, : O — Cp be any surjection. We let ¢y, : O}, — C,, be defined by ¢y, (u) = ¢y, (0(u)) "t At
every other place v # v1,v2, we let ¢, : O — C), be trivial. Then at each place v, we pick an element
oy € L that has valuation 1 at v and valuation divisible by p at all other places (which we can do
since Cl[p] is trivial). We extend ¢, to ¢, : L} — C), by letting ¢, (ay) = Hw?év bw(ay)™t. The ¢,
combine to give a map ¢ : [[, L5 — C), that is trivial on the diagonal embeddings of pth powers,
the ay,, and units. These elements generate L* (since Cly[p] is trivial), and so ¢ descends to a map
¢ : J, — Cp. We can check that it follows from our definitions that ¢(o(x)) = ¢(z)~!. We recall
from class field theory that the Artin map for L is equivariant for the usual action of Gal(L/Q) on
Jr, and the action of Gal(L/Q) on Gal(L®/L) given by conjugation by a lift in Gal(L/Q) [Tat67,
Thm 11.5 (i)]. So since ker ¢ is Gal(L/Q) invariant, it follows from Galois theory that the degree p
cyclic extension L’ of L corresponding to ¢ (from class field theory) is actually Galois over Q. Since
p is odd, we have that Gal(L'/Q) is a semi-direct product Gal(L'/L) x Gal(K/Q), and the action
of Gal(K/Q) on the index p subgroup Gal(L'/L) given above shows that Gal(L'/Q) ~ D,. Since
L'/L has no tame ramification by choice of the ¢,|ox, all tame ramification of L'/Q has inertia in
the subgroup of a reflection.

So for all but finitely many imaginary quadratic fields L in which p splits completely, we have
constructed a degree 2p Dy-extension L’/Q containing L with our required ramification condition,
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which in particular contains a degree p Dp-extension K. At primes ¢ { 2p of Q, the exponent of
¢ in Disc K is (p — 1)/2 if £ is ramified in L and 0 otherwise. So we have that Disc K is within a
constant (depending on p) factor of (Disc L)P~1)/2. Since we have >, X of these quadratic fields
L, we conclude we have >, X2/(0=1) fields counted by ij((@, D,; X).

2.3. Symmetric groups S,,. Our work on S,-fields requires understanding the size of Z;” (Q, Sp; X)
with .# = [(1 2)]; this is equivalent to requiring that the tamely-ramified part of Dy is square-free.
This is a consequence of a standard fact (see Lemma that p is tamely ramified in K with inertia
group generated by a transposition if and only if p||Dg. We record for n = 3, 4,5, that by work of
Bhargava [Bhal4l Theorem 1.3],

(2.5) 12 (Q, Sn; X)| ~ cnX.

By the asymptotic counts of Ss-fields due to Davenport and Heilbronn [DHT71] and Sy-fields and
Ss-fields due to Bhargava [Bha05, Bhal(], the fields in Z;”(Q, S,,) are a positive proportion of all
Sy, fields for n = 3,4, 5. Moreover, it is conjectured by Malle [Mal02] and Bhargava [Bha07, Bhal4]
that asymptotics of order X hold for Z;7(Q, S,; X) and Z,(Q, S,; X) when n > 6.

For symmetric groups .S, with n > 6, the best proven results are much weaker. For n > 2, we
have an upper bound of Ellenberg and Venkatesh [EV06| on all degree n number fields Z,,(Q),

(2.6) 1 Z(Q; X)| < (00, X)XP(OVIogn)

where «a, is a constant depending only on n and C' is an absolute constant. The best known lower
bound for S,,-fields is | Z,,(Q, Sp; X)| >, X/2t1/" by Bhargava, Shankar and Wang [BSW16, Thm.
1.3], and importantly for us, all of the fields they construct to deduce this new lower bound have
square-free discriminant. As a consequence, for all n > 6 and & = [(1 2)],

(2.7) |2, (Q, S X)| >0 XH/2HUM,

We also require upper bounds on S,,-fields of a fixed discriminant, and we state the best known
results here. Ellenberg and Venkatesh [EVOT7, p. 1] prove Property D3(S3,1/3). Kliiners [KLi06b]
proves Property Dy(S4,1/2). From Bhargava’s count for quintic fields, we may trivially deduce that

D5(S5,1) holds. For our work, knowing D5 (S5, w) for any w < 1 would suffice, so we make the
following simple observation:

Proposition 2.4. Property Ds(w) holds for w = 199/200.

This follows immediately from the power-saving count for quintic Ss-fields proved by Shankar
and Tsimerman [ST14] (see also the power-saving count for all quintic fields in [EPWI17, Thm. 2.4]).
Indeed, letting Z5(Q; X) denote all quintic fields with Dg < X, we have a constant ¢z, > 0 such
that

|Z5(Q; X)| = c50X + O (X199/200%¢)
for every € > 0, so that upon differencing this for X = D and X = D — 1, Proposition [2.4] follows.

2.4. The alternating group Ay. For A4, it is known by Baily [Bai80] that the lower bound
conjectured by Malle [Mal02] holds, |Z4(Q, A4; X)| > X'/2, and by Wong [Won05] that a weaker
upper bound holds,

(2.8) |Z4(Q, Ag; X)| < X0,
We require a lower bound that includes a ramification restriction and an upper bound for fields

of fixed discriminant.

Proposition 2.5 (Alternating group Ay). Let Z{ (Q, Ay; X) count those fields K € Z4(Q, Ag; X)
such that every rational prime that ramifies tamely in K has inertia group generated by an element in
either of the conjugacy classes {(123),(134),(142),(243)} or{(132),(143),(124),(234)}.
Then | Z{ (Q, Ag; X)| > X2, Moreover, Dy(A4, @) holds for @ = 0.2784....
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Property Dy (A4, @) was previously known for @ = 3/4 due to Wong [Won99a), Thm. 6|, but this
is not small enough for our purposes.

2.4.1. The upper bound. To show that Dy(A4,w) holds with o = 0.2784..., we will apply Baily’s
connection [Bai80] of A4 fields to certain quadratic ray class characters of cyclic cubic fields, in
combination with the bound on the 2-torsion in class groups of cubic fields due to Bhargava, Shankar,
Taniguchi, Thorne, Tsimerman, and Zhao [BSTT17]. We thank Manjul Bhargava for suggesting
this approach.

Let K4 be a quartic As-field of discriminant D. Let K3 be the fixed field of the subgroup of
Ay generated by {(1 2)(3 4),(2 3)(1 4)}, and note that K3 is cyclic cubic. We can check using
Lemma that tame rational primes with inertia type in the conjugacy class of (1 2)(3 4) appear
squared in the discriminant of K4 and do not appear in the discriminant of K3. Similarly, tame
rational primes with inertia type in the conjugacy class of (1 2 3) appear squared in the discriminants
of both K, and K3. So Disc K3 | 223°Disc K4, for some absolute positive integers a, b.

Let K¢ be one of the (conjugate) sextic subfields of the Galois closure of K4. Note that K4 and
K¢ have the same Galois closure, and so to count K4 we may equivalently (up to a fixed constant)
count the associated Kg. By [Bai80, Lemmas 13 and 15| we have that Kg = K3(b'/?), where
b € O, \{ZUO%,} and N, jo(b) is a square rational integer. We have that Ny, jq(Disc (K¢/K3)) =
Disc K4 /Disc K3 (see |[Bai80, Lemma 11]).

Now, we sum over each divisor d of 243D the number of quartic A4-fields K4 of discriminant
D with Disc K3 = d. There are O(2¢(4) cyclic cubic fields of discriminant d [Coh54]. Given a
fixed cyclic cubic field K3 of discriminant d, for an upper bound, it suffices to bound the number
of sextic fields of the form K3(b'/?), where b € Ok, \ {Z U O%Q} and N, /g(b) is a square rational
integer. We do this following the argument in [Bai80, Lemma 10]. Such a sextic field corresponds
to a quadratic ray class character of conductor d with finite part 9* = Disc (Kg/K3), and such a
character is a product of a character on (Ok,/0*)*, a character on the class group of K3, and a
character on signature (see [Bai80l (4)]). Baily [Bai80, Lemma 8| describes the possible forms of
0, and in the proof of [Bai80, Lemma 9| gives a generating function for all the primitive quadratic
characters on (O, /0*)*. From this it follows there are O(3*(P/4)) choices of 0* with characters
on (Og,/0*)* such that we will have Disc (K¢/K3) = D/d. Let ha(K3) denote the size of the
2-torsion subgroup of the class group of K3. There are at most ho(K3) class group characters, and
ha(K3) = O (d*?™8*+¢) by [BSTT17, Equation (4)]. There are at most 8 characters of signature,
and so in conclusion, there are at most

0. Z 2w(d)3w(D/d)d0.2784...+6 _ 05(D0’2784'“+5)
d|D

quartic Ay-fields of discriminant D.

2.4.2. The lower bound. The lower bound on the number of quartic As-fields with our required
ramification condition follows from the proof of [Bai8(0, Theorem 3]. As stated in line 2 of the proof
of [Bai80, Lemma 16|, the degree 6 fields K¢ constructed by Baily are unramified over the relevant
degree 3 cyclic field K3, except perhaps at primes of K3 dividing 2. These fields K¢ have Galois
closure K12 of degree 12 with Galois group A4. The fact that K¢/ K3 is unramified except at primes
of K3 dividing 2 means that for each odd rational prime p the inertia groups of p in Gal(K12/Q)
must be trivial or generated by a three-cycle. The same holds for p = 2 if the primes of K3 that
divide 2 are unramified in K¢/Ks. If a prime dividing 2 is ramified in K¢/Ks3, it is wildly ramified,
and thus 2 in wildly ramified in K7s.

2.5. The alternating groups A, and proof of Theorem The fact that for n > 5, A, is
a simple group will make a later part of our argument much simpler, but on the other hand we
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require a lower bound for the number of degree n A,-extensions of Q with bounded discriminant,
which was not previously in the literature. We prove:

Theorem 2.6 (Alternating groups A,, n > 3). For each integer n > 3, there exists a real number
Bn > 0 such that for all X > 1, for every e > 0, |Z,(Q, Ap; X)| >n XPr7¢. In fact we may take

B = (1= 3)/(4n — 4).

We first observe that Theorem [I.5| implies Theorem [2.6] when we specialize G to A,,. For each
n > 3, Hilbert [Hil92] gave polynomials f(z,t) € Qx,t] that have Galois group A, over Q(¢) and
are degree n in x and degree 2 in ¢t. (Hilbert in turn credits Hurwitz with the examples: see [Hil92]
p. 125] for n even and [Hil92, p. 126] for n odd; see also [Ser97, Section 10.3].) Moreover, these
same polynomials (by the same argument) have Galois group A, over E(t), for any number field
E, and thus their splitting fields do not contain a non-trivial finite extension of Q (i.e. they are
regular). Thus Theorem [1.5| with |G| = |A4,| =n!/2, j =1, m = n and d = 2 verifies Theorem

We now prove Theorem [1.5; we thank Akshay Venkatesh and Manjul Bhargava for suggesting the
approach we use, and for a number of helpful discussions. The method of proof, in imprecise terms,
is as follows. Suppose that f(z,t) has Galois group G over Q(t), resulting in, say, y different fields
with Galois group G as t varies over all integral tuples with coordinates at most 7" in absolute value.
Then by showing that f(xz,t)f(z,t’) typically has Galois group G X G and very rarely has Galois
group G (which occurs when the fields provided by f(z,t) and f(z,t") collide), we will deduce that
f(x,t) must have produced many different fields to begin with, that is, y must grow at least like a
small power of T. See also [Ser97, p. 137] for a hint at a similar philosophy applied to generating
infinitely many G-extensions if one such extension is known.

In order to put this into action in precise terms, we require a quantitative version of the Hilbert
irreducibility theorem, for which we cite [CD16]:

Theorem C. Suppose f(X,T1,...,T;) € Q[X,T1,...,Tj] is an irreducible polynomial with splitting
field K over Q(T1,...,Tj) such that Gal(K/Q(T,...,T})) ~ G. For any subgroup H C G set

Ni(T;H) = #{t € 77 : |t|oo < T and the splitting field of f(X,t) over Q has Galois group ~ H}.
Then for every T > 1 and every e >0, Ny(T; H) <y TI—1HIG/H| " e
We also require the following key lemma:

Lemma 2.7. Let f(x,t1,...,t;) € Q(t1,...,tj)[z] be a polynomial with splitting field K over
Q(t1,...,t;) such that Gal(K/Q(t1,...,t;)) =~ G. Suppose that f(z,ti,...,t;) is reqular, i.e. K
does not contain a non-trivial finite extension of Q. Then f(x,t1,...,t;)f(x,s1,...,5;) has splitting
field with Galois group G x G over Q(t1,...,t;,51,...,5;).

2.5.1. Proof of Lemma[2.7, We will prove the lemma in the case j = 1; a straightforward extension
of this argument applies to the general case. Let F'(x,t) € Q[t, z] be a monic irreducible polynomial
of x with a root 6 that generates K over Q(t). We let all our splitting fields be in a fixed algebraic
closure of Q(s,t). Then KQ(s) is the splitting field of f(x,t) over Q(s,t). We will show below that
if G(s,z) € QIs, z] is a monic polynomial irreducible over Q(s) that generates a Galois extension
of Q(s) and does not contain a non-trivial finite extension of @, then G(s,z) is irreducible over
KQ(s). We will see now that this will suffice to prove the lemma. Applying this in the case
where F' is trivial, we will see that G(s, x) is irreducible over Q(s,t), and in particular, analogously
we will see that F(z,t) is irreducible over Q(s,t) and so [KQ(s) : Q(s,t)] = |G|. So if L is
the splitting field of f(s,z) over Q(s), then L is generated by F(s,z), and applying the above
with G(s,r) = F(s,r), we see that [KL : KQ(s)] = |G|. Thus Gal(KL/Q(s,t)) has order |G|
and injects into Gal(K/Q(t)) x Gal(L/Q(s)), and so Gal(KL/Q(s,t)) ~ G x G. Since KL is the
splitting field of f(z,t)f(x,s) over Q(s,t), this proves the lemma.
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Now we show that G(s,z) with the assumptions above is irreducible over KQ(s). Suppose that
G(s,x) factored into a(x)b(x) over KQ(s). We can write
i ni<37t70) 7

a(z) = di(s,1)

=0

where n;(y, z,w) € Q[y, z,w] and n;(y, z) € Qly, z]. (Since 6 is algebraic over Q(s,t), we can write
elements of KQ(s) as polynomials in 6 with coefficients in Q(s,t), and so we can arrange to have
no 0’s in the denominators.) Let n; j(z,w) be the coefficient of 3/ in n;(y, z, w). Let I, be the ideal
in Q[z, w] generated by all the n; j(z,w) for all j and for i > 1, and define I, analogously. We claim
that, as ideals of Q[z,w], we have (F(w,z)) D I,Iy. Suppose not. Then there are infinitely many
maximal ideals m of Q[z,w] that contain (F'(w,z)) but not I,I,. Each such maximal ideal gives
values tg, 8y € Q such that F (0, to) = 0, but upon substitution of z — to and w — 6y, some element
of I, and some element of I, remain non-zero, which gives a nontrivial factorization of G(s,x) over
Q(s) unless some denominator d;(s,tp) is identically zero (or similarly for the denominators in
b(x)). Since only finitely many to can make a denominator zero, and each have a finitely many
associated 6, we conclude that G(s,z) factors non-trivially over Q(s), and thus over E(s,z) for
some Galois number field E. Since Gal(E(s)/Q(s)) — Gal(E/Q) is an isomorphism, the subfields
of E(s) that contain Q(s) are E’'(s) for the subfields E’ of E. If M is the field generated by G(s,z)
over Q(s), then [ME(s) : E(s)] = [M : M N E(s)]. Since G(s,x) factors non-trivially over E(s),
we have [ME(s) : E(s)] < [M : Q(s)], and thus M N E(s) is a non-trivial extension of Q(s) inside
E(s), and thus contains some number field E’. In particular M contains a non-trivial number field,
which contradicts our assumption on G(s,z). Thus, we conclude that (F(w,z)) D I,Ip, and thus
(F(w, 2)) 1,1y, and thus either(F(w, 2))|I, or (F(w, z))|Ip, since (F(w, 2)) is prime. But this implies
that either a or b has all coefficients 0 except the constant one, and thus we conclude G(s,z) is
irreducible over KQ(s). This concludes the proof of Lemma

2.5.2. Proof of Theorem[I.5. With Lemmal[2.7 and Theorem [C|in hand, we may now prove Theorem
Suppose f(X,T1,...,T}) is a polynomial of total degree d in the T; with Galois group G over
Q(T1,...,T;) (with degree n in X). For t = (t1,...,t;), we define [t|c = maxi</<; |t(|, so that
there are > TV possible values of t € Z’ with [t| < T. For each t € Z7, let Ly be the splitting
field of f(X,t1,...,t;) in Q. Let y be the size of the set {L¢ : t € Z7, [t|oo < T, Gal(Lt/Q) ~ G}
(note it is possible that different t give the same Lg), and we also write Ly,. .., L, for the fields in
this set.
For each 1 < i <y, suppose A; of the values t have Ly = L;. So

A4+ A, = A,

where A is the total number of values of [t|oo < T with Gal(Ly/Q) ~ G. From Theorem |C| above,
we have that A > T7, since there are finitely many subgroups which each appear with an upper
bound with exponent strictly smaller than j.

For each t € Z%, let My be the splitting field of f(X,t1,...,¢;)f(X,tj41,...,t2;). We ask
how many t € Z% with [t|c < T have Gal(My/Q) ~ G? By Lemma and the assumption
that f is regular, we have that f(X,T4,...,T;)f(X,Tj41,...,T2;) has Galois group G x G over
Q(T1, ..., Tyj). Thus, by Theorem the number of t € Z% with |t|s, < T and Gal(M;/Q) ~ G is
L e T2%—1+IGI"+<  However, note that this occurs whenever f(X, ¢y, ... Jti) and f(X,tj1,...,t2)
have the same splitting field with Galois group G, and so

A4+ Af, e T25-1+|G| " e
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By Cauchy-Schwarz, (Ay +--- + Ay)? <y(A] +--- + A2), and we conclude that

(A1_|_..._|_Ay)2 T2i
y=z (A% 4+t Ag) > fe T2j—1+|G| = +e

— Tl—‘G‘fl—E.

Thus there are >, T1-1G17" =€ different fields with Galois group G that come from specializations
of f(X,T1,...,T}) tosome t with [t|oc < T'. For |t|oc < T, we have that f(X,t1,...,t;) is a degree

n polynomial in X with coefficients < T% and thus with absolute discriminant < f T42n=2) Thus

L has absolute discriminant <y T27=2) " In conclusion, there are >re X (1=|G|7 =e)/(d(2n-2))
degree n G-fields with absolute discriminant at most X, completing the proof of Theorem

Part 1I: Effective Chebotarev Theorems

3. QUANTITATIVE STATEMENTS OF CHEBOTAREV THEOREMS FOR FAMILIES

We now state quantitative versions of our main Chebotarev theorems, starting with a quantitative
version of Theorem [L.3]

Theorem 3.1 (Chebotarev conditional on zero-free region). Let k be a fized number field. Fix
A>20<0<1/(2A), and an integer n > 1. Let G be a fized transitive subgroup of S,. Then
there exists Dy > 1 and ki1, kg, k3 > 0 such that the following holds: for any Galois extension of
number fields L/k with Gal(L/k) ~ G such that Dy, > Dy and such that the Artin L-function
Cr(8)/Ck(s) is zero-free in the region

(3.1) [1—0,1] x [~(log Dr)*?, (log D1,)*°],
we have that for any conjugacy class € C G,
Py €l =

2 L/k)— —L < e
for all
(3.3) x > k1 exp{ra(loglog(D}?))?}.
If moreover k = Q, holds for all
(3.4) x> k1 exp{ra(loglog(D4*))/ (logloglog(D?))'/3}.

Remark 3.2. The parameters Dy and ki, ke, k3 depend on n, |G|, A,0, and the field k; they are
precisely specified in Remark and (4.47)), respectively.

We next state, in quantitative form, the cases of Theorem [I.1] that are completely unconditional.

Theorem 3.3. For each family Z;” (Q,G) specified in items (1)-(5) of the list below, there ewist
constants B,d with 0 < 8 < d such that for all X > 1,

(3.5) XP < 127(Q,G X)| <nor X

Moreover, there exists a constant T, with 0 < 1, < [, such that for every T > 7. and every
sufficiently small g > 0, there exists a constant D3 and a constant

(36) 0= 5(507 m, ’G|7d)

such that for all X > 1, there are at most D3 X710 §-exceptional fields in an((@, G; X); here m is
the mazximum dimension of an irreducible representation of G.

Moreover, fix any A > 2. Then for any eo > 0 such that & as defined in (3.6]) satisfies 6 < 1/(2A),
there exists a constant Ds > 1 and constants k1, ko, k3 > 0 such that for all X > 1, aside from a set
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E(X) of at most D5X~T+EO possible exceptions, each field K € Z(Q,G; X) has the property that
for its Galois closure K over Q, for every conjugacy class € C G,

~ % 4
e (v, K/Q) — ULi(m) = |\G||(10;55)A

G
for all x > Ky exp{ka(log log(D’;?))E’/?’(log log log(D?{))l/:s}.
The families Z;” (Q, G) are defined by:

(1) G a cyclic group of order n > 2, with % comprised of all generators of G (equivalently, every
rational prime that is tamely ramified in K is totally ramified). In this case |Z;” (Q, G5 X)| ~
en XYY and 7, = 0. (Hence, the density zero exceptional set E(X) is at most of size
<. XE for everye > 0.)

(2) n = 3, G ~ S3 acting on a set of 8 elements, & being the conjugacy class [(1 2)] of
transpositions. In this case, |Z5 (Q, S3; X)| ~ c3X and 7. = 1/3. (Hence the density zero
exceptional set E(X) is at most of size <. X'/3%¢ for every e > 0.)

(8) n = 4, G ~ Sy acting on a set of 4 elements, & being the conjugacy class [(1 2)] of
transpositions. In this case, |Z{ (Q, S4; X)| ~ c4X and 7. = 1/2. (Hence the density zero
exceptional set E(X) is at most of size <. X'/?%¢ for every e > 0.)

(4) n =p an odd prime, G = Dy, the order 2p dihedral group of symmetries of a regular p-gon,
S being the conjugacy class of order 2 elements. In this case, for all X > 1,

x2/(p—1) < |ij(Qva§X)| <pe x3/(p=1)—1/(p(p—1))+e

and 7. = 1/(p — 1). (Hence the density zero exceptional set E(X) is at most of size <.
XV @e=Dre for every e > 0.)

(5) n =4, G~ Ay as a subgroup of Sy acting on a set of 4 elements, & comprised of the two
conjugacy classes of order 8 elements. In this case, for all X > 1,

X1/2 < ‘Z4¢(Q,A4,X)| <. X5/6+€,

and T, = 0.2784.... (Hence the density zero exceptional set E(X) is at most of size <.
X0-2184--2 for every e > 0.)

Note we have that m < |G| (see [VK85| for asymptotics when G = S,,).
Remark 3.4. Kowalski and Michel’s result [KM02, Thm. 2| leads to the choice ¢ = Ws%.

Within a fixed family Z;”(Q,G), note that as we choose gy smaller (so that J correspondingly
decreases), the density of potential J-exceptional fields decreases, in accord with the fact that
the requirement that (z(s)/((s) be zero-free in a box to the right of $(s) = 1 — 0 becomes less
stringent, and fewer fields would be expected to violate it. Simultaneously, as § and accordingly
the width of the zero-free region decreases, the lower-bound threshold for x increases, since the
explicit expressions given for the parameters x; grow with 1/§ as specified in (4.47)). This is also as
expected.

Remark 3.5 (Cyclic fields of prime degree). If G is a cyclic group of prime order p > 2, then for
each Galois extension K/Q with Galois group ~ G, every ramified prime is totally ramified, so that
for .# as in Theorem Z]‘,ﬂ(Q,G;X) = 7,(Q,G; X).

Remark 3.6 (degree n S,-fields with square-free discriminant). Recall from that for each n > 2,
the family Z(Q, Sp; X) with .# = [(1 2)] includes all degree n S,-fields with square-free discrim-

inant, which are known in the case of n = 3,4,5 (and conjectured for n > 6) to be a positive
proportion of all degree n fields.

Remark 3.7 (degree p D,-fields). It is conjectured that |Z,(Q, Dp; X)| ~ chXQ/(p*I) for some
cp, > 0 (see [Mal04], [KILi06a, p. 608]); assuming this is the true order, our family of degree p
D,-fields exhibited in case (4) is a positive proportion of all degree p D,-fields.
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Remark 3.8 (degree 4 Ay-fields). Based on heuristics as well as numerical evidence, it is conjectured
that |Z4(Q, Ag; X)| ~ ca,XY?1log X for some ca, > 0 (see [CDyDO02, §2.7|, [Mal04, Ex. 3.2]);
assuming this is the true order, our family of degree 4 Ay-fields exhibited in case of Theorem
just fails to be a positive proportion of all degree 4 Ay-fields.

Finally, we state the quantitative forms of Theorem that are conditional on the strong Artin
conjecture, and in certain cases on hypotheses for counting number fields.

Theorem 3.9 (Quintic Ss-fields). Consider the family ZZ (Q, Ss) for . being the conjugacy class
[(12)] of transpositions, in which case |ZZ (Q, G; X)| ~ csX. The conclusions of Theorem hold
for Z'f (Q, G) if we assume the strong Artin congecture holds for all irreducible Galois representations
over Q with image Ss. In this case, 7. = 199/200. (Hence the density zero exceptional set E(X) is
at most of size <. X'199/200%¢ for every e > 0.)

Remark 3.10. An alternative formulation of Theorem [3.9| uses the work of F. Calegari [Call3]. Let
Y:”(Q, Ss) be the family of quintic Ss-fields K such that complex conjugation in Gal(K/Q) has
conjugacy class (1 2)(3 4), K/Q is unramified at 5, and the Frobenius element at 5 has conjugacy
class (1 2)(3 4). By [Bhald, Thm. 1.3], [Yz”(Q, S5; X)| ~ ¢, X. For these fields, Calegari verifies the
strong Artin conjecture for the dimension 4 and 6 irreducible representations of S5, and reduces the
verification for the dimension 5 irreducible representations to checking that a certain L-function is
non-vanishing for s € [0, 1]. Precisely, for K € Y5(Q, S5), let E be the quadratic subfield of K, F
be a subfield of K of degree 6 over Q, and H be the compositum of E and F. Then by [Call3l
Thm. 1.2], the strong Artin conjecture holds for the dimension 5 irreducible representations as long
as (g (s) is nonvanishing for s € [0,1]. (See [Boo06|, [Dwy14] for computational verification of this
nonvanishing, in a finite number of cases with small discriminant.) Thus we could alternatively
state Theorem for the family Yz’ (Q, S), assuming in place of the strong Artin conjecture that
for each field K € Ygﬂ (Q, S5) considered, the appropriate L-function (z(s) is nonvanishing for
s €10, 1].

Theorem 3.11 (degree n S,-fields). Consider for n > 6 the family Z;7 (Q,S,) with % being the
conjugacy class [(1 2)] of transpositions, in which case for all X > 1,

X1/2+1/n <n !ZK(Q,SmX)! <n Xexp(C\/logn).

The conclusions of Theorem hold for the family Z;” (Q, Sy) if we assume
(i) the strong Artin congjecture holds for all irreducible Galois representations over Q with image

Sn,
(ii) for some w, < 1/2+ 1/n, for every fixed integer D, there are at most <, D% fields
K € Z,(Q, S,) with Dg = D.
In this case, T« = wy. (Hence the density zero exceptional set E(X) is at most of size <. X®n+te
for every e > 0.)

Remark 3.12. If it is known that |Z;7 (Q, Sp; X)| >, X", then to deduce that the possible excep-
tional set has density zero, we need only know for some w, < B,.

Similarly our results for simple groups are conditional on the strong Artin conjecture; for A,,
we additionally apply our new lower bound for the number of degree n A,-fields with bounded
discriminant.

Theorem 3.13 (Alternating groups Ay, n > 5). For each n > 5, consider the family Z,(Q, A,)
(with no restriction on inertia type, that is, & = G). In this case, there exists a positive exponent
Bn > 0 such that for all X > 1,

XPn < 127(Q, Ay X)| < XOP(CVIET)
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for a certain absolute constant C. In fact we may take B, = (1 — 2/n!)/(4n — 4). Then under the
assumption that the strong Artin Conjecture holds for all irreducible Galois representations over Q
with image A, the conclusions of Theorem hold with 7. = 0. (Hence the density zero exceptional
set E(X) is at most of size <. X¢ for every e > 0.)

Finally, we state a result for families of fields parametrized by a fixed simple group; here we
simply assume that a lower bound that grows like a power of X is known for the number of such
fields (as may be obtained by Theorem if an appropriate generating polynomial is known).

Theorem 3.14 (Simple groups). For n > 2 and a fized transitive simple group G C Sy, the
conclusions of Theorem hold for the family Z,(Q, G) with no restriction on inertia type (that is,
S =G), if we assume

(i) the strong Artin conjecture for all irreducible representations over Q with image G,
(ii) a lower bound of the form |Z,(Q,G; X)| >n.c X? for some B >0, for all X > 1.

Then X? <, |Z,(Q,G; X)| < XOPCVIBN) for an absolute constant C, and 7. = 0. (Hence the
density zero exceptional set E(X) is at most of size <. X€ for every e > 0.)

Remark 3.15. At present we do not treat families Z,(Q,G) for G a non-cyclic abelian group, or
Z4(Q, Dy); we remark on difficulties encountered in these settings in Remarks and

We encapsulate two useful consequences in all the settings described above:

Corollary 3.16 (Quantitative counts for small primes). Let Z;7 (Q,G; X) be fized to be one of the
families of fields considered in Theorems [5.11],13.15 and|3.14), and correspondingly assume
the hypotheses (if any) of the relevant theorem. Recall the parameters 1. < 5 < d proved to exist
for the family in , and for any sufficiently small g > 0, let § < 1/4 be defined as in @

(1) For any o > 0, there exists a constant Dg such that for every X > 1, every field K €
Z;f(@, G; X) that has D > Dg and is not d-exceptional, has the property that for any fixved conju-
gacy class (or finite union of conjugacy classes) € in G,

g

~ D
3.7 % K ;- —o—.
( ) 7-‘-59”( K> /Q) >>G,TL, lOg DK
Here K denotes the Galois closure of K over Q.
(2) For any o > 0, there exists a constant D7 such that for every X > 1, every field K €
Z;f(@, G, X) that has Dg > Dy and is not d-exceptional, has the property that for any conjugacy
class € of G,

(3.8) ¢ (2D%, K/Q) — m¢(D%, K/Q) > 1.

Here K denotes the Galois closure of K over Q.
Finally, in either case, recall that for every T > 7, there exists a constant D3 such that for every
X > 1, at most D3 X770 fields K € Z{(Q,G;X) are d-exceptional.

4. A CHEBOTAREV DENSITY THEOREM CONDITIONAL UPON A ZERO-FREE REGION

The main goal of this section is to prove Theorem [3:I} A nice feature of Lagarias and Odlyzko’s
approach to the effective Chebotarev theorem is that it does not assume the Artin conjecture, so
that Theorem [B] is completely unconditional. Similarly, Theorem [3:1] is unconditional, aside from
the assumed zero-free region. This is made possible by using Lagarias and Odlyzko’s technical trick
(originally due to Deuring) of expressing (, as a product of Hecke L-functions, where L/k is a Galois
extension of number fields with Gal(L/k) ~ G. Fixing an element g € G and letting H = (g) be
the cyclic subgroup of G generated by g, then upon setting E to be the fixed field LY, Lagarias and
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Odlyzko obtain the product expression on the left, in which x varies over the irreducible characters
of H:

(41) H L(S,X,L/E) = CL(S) — HL(S7pj7L/k7)dimp‘j-

X irred P

Each such factor is a Hecke L-function and hence is known to be entire if x is nontrivial. On the
other hand, once we have Theorem to deduce the assumed zero-free region via Kowalski-Michel,
we will also factor (7, (s) as on the right-hand side, as a product of Artin L-functions, which we then
need to show (or assume) are automorphic L-functions with certain properties.

If one is willing to assume the Artin conjecture, so that each factor on the right-hand side of
(4.1) with p; nontrivial is entire, a Chebotarev density theorem with an effective error term is
relatively quick to prove, since either a standard zero-free region (or the GRH zero-free region) may
be applied to each of these Artin L-functions, obviating the alternative Hecke factorization; see for
example, [IK04, §5.13 and Thm. 4.13]. (The conjugacy class € of interest is picked out via trace
functions, much as in Dirichlet’s theorem on primes p = a (mod ¢), the residue class of interest is
picked out via Dirichlet characters.) In our application to families of fields we do indeed assume
the strong Artin conjecture (or it is known). Nevertheless, to prove Theorem we have used the
Lagarias-Odlyzko approach, as we expect its unconditionality to be useful for other applications.

4.1. Standard lemmas on zeroes. We recall the currently best known zero free region for ((s),
due to Vinogradov [Vin58| and Korobov [Kor5§].

Lemma 4.1 (Vinogradov-Korobov zero-free region for ((s)). There exists an absolute constant
cg > 0 such that {(s) has no zero s = o + it in the region

cQ
(4.2) o>1- (log(|t| + 2))%/3(log log([t| + 3))1/3

We will also use a standard zero-free region for any Dedekind zeta function [[K04, Theorem 5.33].

Lemma 4.2 ( Standard zero-free region for (x(s)). Let k/Q be a number field of degree ni > 1 and
with absolute discriminant Dy. There exists an absolute constant ¢, > 0 such that (i(s) has no zero
s = o + it in the region

ck
43 o>1— ,
(#3) 2 gDkl + 37

except possibly a simple real “exceptional” zero ﬂék) <1

We also recall a standard count for zeroes of Dedekind zeta functions at a fixed height:

Lemma 4.3 (|IK04, Theorem 5.31, Proposition 5.7]). Let k/Q be a number field of degree ny > 1
and with absolute discriminant Dy. For a real variable t, let ny(t) denote the number of zeroes
p=0B+1iy of (k(s) with0 < B <1 and |y —t| < 1. For all real t, ni(t) < log Dy, + ny log(|t| + 4).

The corresponding result for Hecke L-functions is:

Lemma 4.4 ([LOT75, Lemma 5.4]). Let n,(t) denote the number of zeroes p = 3 + iy of a Hecke
L-function L(s,x,L/E) with 0 < <1 and |y —t| < 1. Let F(x) denote the conductor of x, and
A(x) = DeNmgg(F(x)). For allt, ny(t) <log A(x) + nglog(|t| +2).

4.2. Explicit description of assumed zero-free region. We now prove Theorem using in
particular the assumption, in the theorem statement, that (z,(s)/x(s) is zero-free in the region

(4.4) [1—6,1] x [~(log D1)*?, (log D1.)?/°].
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For use in potential computational applications, we specify the dependencies of all parameters on
k,d, etc., although we do not now optimize them (e.g. compared to recent work conditional on
GRH in [GMI17]), as it is not relevant for our current applications.

We may assume that L has degree ny, > 1 over Q, since in the case L = k = Q, ng(x, L/k) is
simply counting rational primes p < z. Our proof will proceed in two stages: first, we deduce from
Theorem [B] of Lagarias and Odlyzko that the conclusion of Theorem is true if x is sufficiently
large. Second, for small x, we refine the method of Lagarias and Odlyzko, keeping track of the
assumed zero-free region. (This manner of partitioning into large and small = has appeared in the
proof of the prime ideal theorem of [CK14, Theorem 2.6].)

At each step, when we state that something holds for a number field &, it also applies to k = Q;
separately, we give refined statements so far applicable only to k = Q. We do not rule out a priori
the possibility of an exceptional zero of (1 (s), say [p. Instead, in our application of Theorem
the main idea is to assume that Dy, is sufficiently large that the real interval within the region
in Theorem [B| is contained inside the assumed zero-free region , and thus (7, cannot have an
exceptional zero fy. In order to carry this out rigorously, we must be more careful, since is an
assumed zero-free region for (z,/(; and not just (.

The function (x(s) may have an exceptional (real) zero in the standard region given in

Lemma we will denote this, if it exists, B(()k). (Of course when k = Q, (x(s) = ¢(s), and no such

exceptional zero exists.) Since k is fixed, Bék) is fixed. We now fix a new parameter dy so that
(4.5) 1-6>1-6, and 1-8 > 8%,

we set 09 = J if £ = Q. (Throughout this section we will use the notation dp; in the statement of

Theorem m any dependence on ¢y is equivalently a dependence on ﬂék) and §.) From now on,
instead of the zero-free region (4.4]), we work with the possibly smaller region

(4.6) [1— do,1] x [—(log D)%%, (log D1,)*/?],

which excludes the possible fixed zero B(()k)

By our hypothesis, the Artin L-function (1,(s)/(x(s) has no zeroes in the region , and it is an
entire function by the Aramata-Brauer theorem; (x(s) has no zeroes in the intersection of regions
and (respectively, no zeroes in the intersection of the regions { ) 4.2)) and (4.6} i if k = Q) and
is holomorphic there. Thus (7,(s) has no zeroes in the intersection of (4.3]) and (4.6|) (respectively,

[E2) and (LG if k = Q)

Thus we now specify (under the above hypotheses) the zero-free region of (1 (s) (see Figure [1)):
oc>1—20dg if’t’ST(),

(4.7
o>1-2(t) if Ty < [t| < (log D£)*/?,
where
Ck
(4.8) L) = {ni log (D ([t[+3)7k) general k
cQ ——
(o012 (oglog(izaniA 1 F=Q

and Ty is the height at which the zero-free region for (j (respectively for ¢) intersects the
line R(s) = 1 — dp. In our Chebotarev theorems we are interested in the range where Dy, — 0o, so
there is no harm in always assuming (for simplicity) that Dy, is sufficiently large that the left-hand
boundary R(s) = 1 — g of intersects the boundary of (respectively if k=Q) at a
height Ty < (log D,)?/%. For example, for a field k and the zero-free region , we compute that

(4.9) Ty = D, /™ exp < O ) — 3
(S()nk
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t

(log D.)*| z B,
Tor

(4log D)™} FZ

N g
172 58116, L1
-(4log D)™}
-To
~(log D,)¥%} ' \

FiGURE 1. The curved region represents the standard zero-free region for (; and
the point ﬁ((]k) denotes the possible (real) exceptional zero of (. The larger box Bj
is the assumed zero-free region for ¢1,/Cx. The shaded region represents the
consequent (assumed) zero-free region for (r, determined by the intersection of the
known standard zero-free region for (5 and B;. The box Bs is the zero-free region
known to hold for (s, aside from a possible exceptional (real) zero; we will
conclude no such zero can exist in By as long as Dy, is sufficiently large.

A similar computation may be done to find T in the case k = Q with the improved zero-free region
|D In either case, to have Ty < (log D L)2/ % it is sufficient to have

(4.10) Dy > {exp{exp(6k5/50)} general k

exp{(exp exp(cg/d))?/%} if k = Q;

we refer to this lower bound as Dj = Dj(cg, o, 9).

4.3. The proof of Theorem for large x. With this zero-free region in mind, we dispatch the
case of our Chebotarev theorem for large z, that is, for x > exp(10nz(log D1 )?). Recall the standard
zero-free region which is known to hold for (7 (s), aside from a possible real exceptional zero.
We may define a constant D = D1(dp) so that

(4.11) 1 -6y <1—(4logDy(d0)) .

For later purposes, we also assume Dj(dp) > 4. Our conclusion now is that for Dy > D;(dy), Cr
can have no (real, exceptional) zero in the region , and thus under the hypotheses of Theorem
the result of Theorem [B] holds without the Sy term.

Now in order to show the remaining error term in Theorem [B| (with absolute constants C7, C2)
is sufficiently small, as claimed in Theorem we need only verify that there exists a constant
D} = Dy(C1,Cq,np, A) such that as long as Dy, > D}, for all z > exp(10ny(log Dr.)?),

(4.12) Chz exp(—C'gnZl/2 (log z)*/?) < ||Cg|’~"3(10g z)
In fact it suffices that Dy, is sufficiently large that (4.12) holds at the endpoint = = exp(10n (log D1)?),
which is equivalent to requiring Dy, > ca(log D)% with co = (cl_l/(2A)(1OnL)1/2)(214)02711071/2 and
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c3 = 2AC;1107/2; this provides the necessary threshold D). As a consequence, the conclusion of
Theorem [3.1] holds for z > exp(10ny(log Dr,)?), as long as Dy, > max{Dy, D}}.

4.4. Small z. In the remaining region of small x (that is, for x < exp(10n(log D1)?)) we return
to the original strategy of Lagarias and Odlyzko, which will be our focus for the remainder of
As in the classical prime number theorem, it is convenient to work originally with a weighted
prime-counting function, defined in this case by

!/
Yoz, L/k)= > log(Nmygp);
Eo
the final result for m¢ (x, L/k) will then follow from partial summation. Here ¥’ denotes that the sum
L/’f]m ¢
. =
denotes the requirement that if we pick any prime ideal q C Op lying above p, then % is the

conjugacy class of the m-th power (o4)™ of the Frobenius element o4 inside G. (This is well-defined

no matter which prime q is chosen above p, since if ¢ = 7(q) for some nontrivial automorphism

T € G, then (oy)™ = (Toqm )™ = 7(0q)™ 7!, so that they lie in the same conjugacy class in G.)
Our main result for 14 in the region of small z is as follows:

is restricted to those prime ideals p in Oy that are unramified in Op. The notation

Proposition 4.5. Let k be a fized number field. Fix A >2,0< 6 < 1/(2A), and an integer n > 1.
Let G be a fized transitive subgroup of Sy. Then for any absolute constant 0 < co < 1 of our choice,
there exists a constant Dy and constants Ky, kb, k%4 such that for any Galois extension of number
fields L/k with Gal(L/k) ~ G such that Dy, > max{Dy,, D1, D2}, and such that the Artin L-function
Cr(8)/Ck(s) is zero-free in the region

(4.13) [1—6,1] x [~(log Dr,)*°, (log D1,)*°],
we have for every conjugacy class € in G that
i ¢ =
L/k) — —2z| < cg—or ————
¢%”(337 / ) |G‘x =G ‘G’ (logx)A—l’
as long as
(4.14) ) exp{r}(loglog(D*))2} < z < exp{10n, (log D1.)2}.

If moreover k = Q we may take x in the range
(4.15) K} exp {ﬁé(log log D?’)S/?’(log log log(D%))l/?’} <z < exp{10nz(log Dr)?}.

Remark 4.6. Recall that D} was fixed by (4.10), D; was fixed by (4.11); we will construct Ds
explicitly in Lemma The constants x}, k), k4 depend on ¢o, Dy, ng, nr, dp, 0, A and are chosen

in (L35

4.5. The passage to sums over zeroes of Hecke L-functions. To prove this proposition, we
rebuild the argument of Lagarias and Odlyzko, inserting the zero-free region at a key point.
With ¢ the fixed conjugacy class of interest, we fix any element g € € and let H = (g) be the
cyclic group generated by g. Then H defines a fixed field E = LY with k C E C L, and the cyclic
group H has an associated family of irreducible one-dimensional characters. For any such character
X, we consider the Hecke L-function L(s,x, L/E); in particular if y = xo is the trivial character
on H then L(s,x, L/E) = (g(s). The following statement provides the key framework for proving

Proposition
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Proposition 4.7 (Theorem 7.1 of [LOT5]). For L/k a finite Galois extension of number fields with
Gal(L/k) ~ G, cyclic subgroup H C G, and k C E C L as described above, there exists an absolute
constant Cs > 1 such that if x > 2 and T > 2, then

(4.16) \G] \G]

i which

n=Yxo| 3L Z- % L
X

p=pB+iy p=pB+iy P
IvI<T lpl<1/2

where the sum is over irreducible characters x of H, and for each character x the inner sums are
over nontrivial zeroes p = 8 + iy of the Hecke L-function L(s,x,L/E), and
(4.17) Ey = 2T 'logzlog Dy, + log Dy, + nplogz + npaT ' logzlog T,
(4.18) Ey =logzlog Dy, + npzT ' (log )%
Remark 4.8. Note that we may assume that C5 > 1, by enlarging it if necessary. As stated in (4.18)),
FEs is slightly refined over [LO75, Theorem 7.1], which in place of |€’||G|~'F> has

El =logzlog Dy, + npzT ! (log z)?,

(without a factor of |%||G|™!). As noted in [Ser82, Théoréme 4], the first term in E} may be
replaced by

|G| logzlog Dr, < |€||G| ' logxlog Dy,
by a refined estimate for a sum over prime ideals p C Oy that ramify in L. For the second term in
E), we use the trivial observation that ng|G| = nr, so that
npzT(logz)? = |G| tnpaeT logz)? < |€||G| tnpaT " (log z)?,
as claimed.

With Proposition in hand, Lagarias and Odlyzko use zero-free regions (either unconditional
or on GRH) to deduce a bound for S(z,T'), which indicates an appropriate choice for the height
T that guarantees all the error terms are sufficiently small. We proceed with a different zero-free
region and a different choice for T', namely

(4.19) T = (log D1)*/°,

where ¢ is provided from our assumed zero-free region (4.7)). (In particular, we may assume that
T > 2 as long as Dy, > 3 > exp(2%/2), upon recalling § < 1/4.)

4.6. Bounding the contribution of zeroes |p| < 1/2 in S(z,T). The contribution to S(z,T)
from |p| < 1/2 (so that certainly |y| < T with T as in (4.19)) is bounded by:

(1.20) > S AL <erE

X ‘T'Tif X |pl<1/2
Y

’ < 2'?np(log D)2,

in which the implied constant is absolute. The first inequality is clear; to prove the second inequality,
recall the factorization (4.1]) into Hecke L-functions,

(4.21) Cr(s) s) II L(s,x, L/E),

X#X0
with the product over non-trivial irreducible characters of H. The Hecke L-functions are entire,
and (g(s) and (g (s) each have their only pole at s = 1; thus (rigorously by multiplying both sides
of the identity by (s — 1)), it follows that none of the factors on the right hand side of have
a zero in the region (4.7). Recalling that contains the region (1.3 since Dy > Dj(dp) we
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may conclude (by the functional equation) that each L(s,x, L/E) is zero-free both in (|1.3) and in
0<o<(4logDp)~ 1, |t| < (4log Dy)~t. Thus the only zeroes that can appear in (4.20) must have
|p| > (41og D)~ ; recalling the notation of Lemmas and we then see that for each x,

(4.22) >

lpl<1/2

1
‘ < 4(log Diny (1) < (log Dy)(log A(x) + nlog 3)

with the implied constant being absolute. The conductor-discriminant formula [Neu99, Ch. VII
11.9] shows

(4.23) ) log A(x) = log

DNy q <H F(x))

Thus, summing (4.22)) over x we have

DY

X |p|<1/2

with an absolute implied constant, verifying (4.20)).

— log [D%:E]NmE/Q(DL/E) —log Dy

1
p‘ < (log Dp)? + np|H|log3 < ny(log D)2,

4.7. Bounding the contribution of |y| < T in S(z,T). Suppose that p = § + iy is a nontrivial
zero of L(s,x,L/E) with |y| < T and |p| > 1/2. Recalling the definition of the height T,
by the assumption of the zero-free region , we know that without exception, all zeroes p with
|v| < Tp have 8 < 1 — dg, so that |2°| = 27 < 217%. Similarly, all zeroes p with Ty < |y| < T have
B <1—.2(T),so that |z°] = 28 < 21=ZT), We also note that for any fixed x, by Lemma

Z 2 < gl™% Z LO)
ER i<ty 7
< 2'7%(log Tp) (log A(X) + ng log Tp)
< 217 (log T)(log A(x) + nglog T);
similarly,
Z 1: < 277D (log T) (log A(x) + nplog T).

To<|v|<T
Summing over all y as in (4.23)), we see that
zl=% Z(log T)(log A(x) + nglogT) < z'~%(log T){log Dy, + ny log T},
X
and, likewise,

g1=ZT) Z(log T)(log A(x) + nglogT) < ' =T (log T){log Dy, + ny, log T}.

X
Combining these estimates with (4.20]), we may conclude
(4.24) |S(z,T)| < C¢{Es+ E4+ E5},

for an absolute constant Cg (which we may assume satisfies Cg > 1), and
Es = 31;1/2nL(10gDL)2
Ey = 2% (log T') log(DT"F)
Es =24 (log T) log(DT™").
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The proof of Proposition [£.5 will then be complete, upon verification of two lemmas, which we
record as Lemma and Lemma [£.10] below.

Lemma 4.9. Let k be a fized number field. Let A > 2 be fized and let 0 < 6 < 1/(2A) be a fized
positive constant; define &y from § as in according to whether or not ((s) has an exceptional
zero. Let L/k be a Galois extension of number fields with Gal(L/k) ~ G, and assume that the Artin
L-function Cr,(s)/Ck(s) is zero-free in the region

(4.25) [1—0,1] x [~(log D1)*?, (log D1.)*/°].

For Dy, > D1(6y) (as defined in ({4.11))), for any choice of absolute constant 0 < ¢y < 1, we have
(4.26) 1S(z, T)| < 3¢c1Csa(log z) =AY

for all

(4.27) K exp{x4(log log(ng))2} <z < exp{10n(log D)%},

where

(4.28) K= (6¢7 1104ty /%0 5=2/%

Kh = max{245, ', 4Ac, 'nio 1}
Ky = 60171/(2A)DknL5_1/A.
Moreover, if k = Q we may consider all
(4.29) K exp {ng(log log(ng))E’/g(log log log(D%))I/?’} <z < exp{10nz(log D1)*}.

It is in Lemma that we fully utilize the fact that the zero-free region (4.6) has a width that
is independent of Dy ; this is key to obtaining a small lower threshold on z.

Proof. The lemma is proved by simple computations. For any field k, we see that in the range
z < exp(10nz(log D1)?), to guarantee |F3| < ciz(log z)~(A~1 it suffices that
x> cf2(10)2(A_1)n%A(10g Dp)*4;

here we have explicitly used the upper bound = < exp(10n(log Dr)?). Similarly for such an upper
bound for F, it suffices to have

v > (e (10)4 " n) /3052 (1og D 240,
provided that 7' = (log D1)%? and z < exp(10nz(log D1)?). Since dy < § < 1/4, both of the lower
bounds for z displayed above are satisfied if
(4.30) x> (6¢7 11047 Inty/%05=2/% exp{2Ad, ' loglog D1 }.

The distinction of £ = Q only appears in the treatment of Fs; in the case of £ = Q, it suffices to
find a lower bound on x such that

‘Q

z oa(T+2)?%(oglog(T+3) 1/ (log T)log(DLT™) < ¢yx(logz) =AY,

as long as « < exp(10nz(log D1,)?), T = (log D1)*/® and Dy, > D;(8). Here one sees that it would
suffice to have

x> exp{2Acg! (log(2(log D1)¥?))*/? (log log(2(log D1)*%))"/* 1ogley * 614 (log D1 )]},

with cg = 6¢;1(10)4 "4}, which can be simplified as the requirement that = is at least
(4.31)

max{28/2 ¢/ 24 5-1/ 5/3 1/3
o {4ACQ15_2/3(10g(25_1) +1)1° (IOg log Dy, e A}) (10g log log D%m) )
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Note that 2/2 < 2, log(2671) +1 < 67! for all § < 1/4, and c;/QAé_l/A < 60;1/(214)7%5_1/’4. Thus
upon comparing (4.30) and (4.31), we see that (4.29) suffices with «] defined as above (specialized
to the case k = Q); the case of other fields k follows from analogous computations. O

Lemma 4.10. Let k be a fixzed number field. Let A > 2 be fivred and let 0 < & < 1/(24) be a
fized positive constant. Let L/k be a Galois extension of number fields with Gal(L/k) ~ G. Set
T = (log DL)2/5. Given any absolute constant 0 < ¢} < 1, there exists a constant Dy such that for
Dy, > Do,

(4.32) |Ey| + | Bs| < 6¢)2(log z)~ (A~
for all
(4.33) (c'l)*llOAan(log Dp)** < 2 < exp(10ng(log Dp)?).

Proof. This is proved by simple computations checking error terms in the range of “small” z, that
is © < exp(10nz(log Dr)?), and recalling T = (log Dp,)?/°. Writing Ey = Fy4 + --- + Fj 4 and
Ey = By, + Eap we see that for example |Fy 4| < ¢hx(logx) A=Y for 2 < exp(10ny (log D1)?) if
0 <2/(2A+1) and

(4.34) Dy, > exp{(¢{ ! (10n,))1/9-24-1)""

Similarly, E1y, E1 ., Fa, are seen to be sufficiently small if x is bounded below as in (4.33]). The
remaining two terms Ej 4 and Ejj impose (respectively) the constraints § < 2/(24 4 1) and

(4.35) Dy > exp{(2- 10An£+1611—1>(2/6—2A—1)*1}’
and § < 1/(A+1),
(4.36) Dy > exp{(10A+1n?+26/171)(2/6—2(14—}—1))*1}.

It suffices to assume § < 1/(2A) and to take Dy = Do(c},d,nr, A) to be the maximum of (4.34)),
({4.35) and (4.36). U
4.8. Proof of Proposition To deduce Proposition for a fixed absolute constant cg, from
these lemmas, we will apply Lemma [.9] and Lemma with the respective choices

(4.37) e =¢co/(6C5C5), ¢ =co/(12C5),

where C5 and Cg are the absolute constants arising in (4.16)) and (4.24) from the Lagarias-Odlyzko
argument. After this choice in Lemma we could denote the dependencies of Do(c),d,nr, A)
by Da(co, C5,0,nr,A). The last step of the proof of Proposition is to check that we can ensure

that the parameters are such that (4.33]) holds whenever (4.27) (or (4.29) respectively) is satisfied.
Note that the lower bound in (4.33) will hold if we have

)—1/(2A+1)101/2nL ((c/l)—110Anf+1)1/(2A+1)

)} > exp{(24 + 1) loglog(D,
Thus either for general k or k = Q it suffices to set

(4.38) Ky =K >1, Kh=kl=max{y, 24+ 1}, kh= ()AL

x > exp{(24+ 1) log log(D(Lc/1

4.9. Partial summation back to prime counting. There are two remaining steps to pass from
Proposition to Theorem (in the regime of small z). First, we define the function

Oc(a, L/k) = Y log(Nmygp) = > l(og)log(Nmygp),
Nmk/pQPSZ Nmk/pQP§$
e
in which the sum is restricted to prime ideals p C O that are unramified in L, and we fix any prime
ideal q in Op, above p and let 14 detect whether the conjugacy class of the Frobenius element oy
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is €. A Chebyshev argument shows that 04 (z, L/k) is well-approximated by ¢4 (z, L/k) and then
partial summation passes from 64 (x, L/k) back to my(z, L/k); we only mention the highlights. We
note that

Ve LK)~ O, LR = 3 1g(of) - log(Nmy o (6™)),

pom>2
Nmk/megz

so that upon setting m to be the smallest integer such that xzt/m > 2 (so in particular m <
log z/log 2), the above difference is at most

log

1 1
<27r(:v1/2, L/E)+ -+ mﬂ(ac””‘,L/k)) < niz'/?log z,

log 2 ~ 2log?2

where we have denoted by 7 (z, L/k) the counting function for prime ideals (unramified in L) with
Nmy, /gp < . Thus we see that the statement of Proposition holds for 04 (x, L/k) in place of
Yg(x, L/k), with an additional error term of size at most 3ngz'/?logz, which is no bigger than
co|€ |G|tz (log z)~(A=1 (for an absolute constant ¢y < 1 we will choose later) as soon as the
sufficient condition 3|G|ny = 3ny < coz'/?(logx)~4 is met. It is simple to check that this holds

in the regimes (4.14]) or (4.15) we consider in Proposition 4.5 with the parameters ! as alread
g p p i y

defined. Thus for z in either range we have

i ¢l =
4.39 O (2, L)) — lpl <2¢pi 21 2
439 LR = iG] = 2016 Togay
Let xo denote the lower bound for z in (4.14)) for general k£ and for x in the range (4.15)) for £ = Q,
respectively. To pass from 64 (x) to m¢(x) (temporarily suppressing the notational dependence on
L/E for simplicity), we let A, be an increasing sequence of positive real numbers running over the
norms Nmy, /Q(p) attained by prime ideals of k (unramified in L). By partial summation, for any

z9 < z < exp{10n.(log D1)?},

(4.40) T () = Z Z/ Lo (0g) log A | (l0g )\n)_l _ /a: Oy (t)dt n O (x)

2 1 .
An<z \Nmy /gh=An z tlogt ogx

We split the integral into the region A\ < t < zg, in which the asymptotic has not been
verified, and the region xg < t < z, in which it has. For the first portion of the integral we apply
the trivial bound 04 (t) < ngtlogt to see that this integral contributes at most ngLi(xg). In the
remaining contributions to , we may replace Oy (t) by |€]|G| 7!t as in (deferring the error
terms for a moment), and similarly for 6 (z); this main contribution becomes after integration by
parts

|€| /”” d 1 x 1€ |, . _ xo
4.41 — t— | ——— ) dt =—|L — | L - .
(441) |G| |y dt \ logt * log x |G| i) i(o) log xg
The error terms accrued via this replacement are (in absolute value) at most
v dt
(4.42) Py Ay R Y (2 B

G| /s, Qogt)A1 " 1G] (logz)A”

In the first term of we may bound the contribution from, say, zo < t < z'/2 trivially
by 2¢0|€||G|~'2'/? while in the remaining portion we have logt > (1/2)logz, yielding a total
contribution of at most 2412¢y|%||G| ' z(logz)~A+D); we trivially dominate this from above by
24424 |€||G| 2 (log )4 so that we may combine it with the second term in (4.42). Finally,
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we crudely bound the last two terms in (4.41), in absolute value, by 2Li(zp). In total, we have
represented 7y () as |€¢||G|~Li(z) + E where

|E| < (ng + 2)Li(xo) + 200\%“@_1.@1/2 + (2‘4+2 + 2)00\‘5\]G\_1x(10gx)_‘4
(4.43) < (ng + 2)Li(z0) + (242 4+ 4)¢o|6||G| Lz (log z) 4.

Here we have used that z1/2 < z(logz)~ in the regime of z < exp{10n(log D1 )%} as soon as

1/2
10/2n;/

x > exp{4Aloglog(D;, )}, which holds for all > xy. The first term on the right-hand side
of (4.43)) is certainly dominated by the second as long as

x S |G| (ng + 2)
(logz)A = (2442 + 4)|%|co

(4.44) Li(zo),

for which it suffices to have x > nrcy Lo (log x)4. Of course, we are already assuming that z > xg;
recalling that we presently only consider x < exp{10n(log D1)?} we see that holds as long
as
(4.45) x> 10Ané+1calx0(log Dp)*4 = 10’4nf+1061 exp{2Aloglog D} - zo.
Under this condition, we have shown that

] < 20242 + 4)co|€]|G] " w(log 2) A < [#|G| a(log z) ™4,
upon making the choice
(4.46) co = (2413 4-8)7 L.
We may accommodate the requirement simply by enlarging the parameters s by setting
K1 = cy 'K}, ke = K+ 24, k3 = x> 1. We record the definitions here, with ¢y as in :

_ -1 €0 —110A—1_A\1/80 s—2/0
(4.47) K1 = Cqy (6(120506) 1077 ny) /%06
Ko = max{240, ', 4Ac, 'nio 1} + 24
_ €0 \—1/(24+41) €o —1/(24) —1/A
rs = 6(350,) (2c.c5) Do

To conclude, for x in the ranges (4.14) and (4.15) with «/ replaced by x;, we have verified the
effective error term in the asymptotic for 7w (2, L/k). This completes the treatment of small z, and
combining this with the result of §4.3] for large x, we may conclude that Theorem holds.

Remark 4.11. The threshold Dy = Dg(J, ck,ﬁék),nL,Cl,Cg,A) appearing in Theorem is the
maximum of Df in (4.10), D; in (4.11), D} defined in and Dy defined as the most restrictive
of (4.34), (4.35)), (4.36) (with the imposed choices ¢} = ¢o/12C5 and ¢ = (24%3 +8)71).

4.10. Remark: A Chebotarev theorem for fields without quadratic subfields. In the
introduction, we stated that one of our two goals was to remove the By term in Theorem [B] As an
aside, we note that for certain fields, the existence of an exceptional zero can already be ruled out,
so that an immediate application of Theorem [B] yields:

Theorem 4.12. Let k be a number field such that (i(s) has no real zeroes. Let L/k be a Galois
extension of relative degree at least 3 such that L/k contains no quadratic extension of k. Then there
exist absolute effectively computable constants C1,Co such that for all x > exp(10ny(log Dr)?),
(4.48) T (z, L/k) — :Z;Li(m) < Chz exp(—anzl/z(log z)1/?).

Remark 4.13. In particular, if ¥ = Q this theorem holds unconditionally for any L/Q such that
G = Gal(L/Q) with |G| > 3 has no subgroup of index 2 (for example, G >~ C,, for p an odd prime).
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Theorem is an application of a nice idea of Stark [Sta74l Theorem 3], in turn a refinement
of a theorem of Heilbronn [Hei72]. (See also further work on eliminating Siegel zeroes in towers of
fields in [Mur99, [0S93].)

Theorem D ([Sta74, Theorem 3|). Let L be a Galois extension of k with Gal(L/k) ~ G and let x
be a character of G. Suppose p is a simple zero of (r(s). Then L(s,x, L/k) is analytic at s = p.
Furthermore, there is a field F with k C F C L such that F/k is cyclic and for any field E with
kCECL,Ce(p) =0if and only if FF C E. If in particular p is real, then either F' =k or F is
quadratic over k.

By Theorem |B| we need only consider a possible real zero of (r(s), which by Theorem @ (and
the assumption that (x(s) has no real zero) can only occur if there is a quadratic extension F' of
k contained in L. No such F' can exist if Gal(L/k) has no index 2 subgroup. Nevertheless, as
remarked before, the lower bound on z in Theorem is too large for our ultimate application to
{-torsion, a problem which Theorem alleviates via careful attention to the assumed box-shaped
zero-free region.

5. A ZERO DENSITY RESULT FOR FAMILIES OF DEDEKIND ZETA FUNCTIONS

We have proved a Chebotarev density theorem conditional on a box-shaped zero-free region for
Cr(s)/Ck(s). Now we restrict our attention to kK = Q and show that within appropriate families of
Galois extensions of QQ, except for a possible exceptional subfamily of density zero within the family,
each (r(s)/((s) is in fact zero-free in the desired region. To do so we will build on the result of
Kowalski and Michel [KM02, Thm. 2] on the density of zeroes among a family of cuspidal automor-
phic L-functions. We describe our approach somewhat generally to facilitate future applications,
and then specialize to our present setting.

5.1. The Kowalski-Michel zero density estimate. Let m > 1 be fixed. For any cuspidal
automorphic representation p of GL(m)/Q, define the zero-counting function for the corresponding
automorphic L-function L(s, p) in a region with a € [1/2,1], T > 0 by

N(p;oz,T) = |{S =f+i1yv:B2>aq, |’Y’ < T,L(S,p) = 0}’7
counting with multiplicity. For an isobaric representation m = p; H---H p, with p; cuspidal, define
(5.1) N(m;a,T) = N(p1;,T)+---+ N(pr; 0, T),

again counting each zero with multiplicity.

The main outcome of [KM02] is a bound for N(p;a,T') that holds on average for an appropriate
family of cuspidal representations p. Our innovation is to develop a means to apply their results to
the case when 7 varies over an appropriate family of isobaric representations, in our case, obtained
from Dedekind zeta functions. We first recall the original setting for cuspidal representations, which
assumes the following conditions hold:

Condition 5.1. For each X > 1 let S(X) be a finite (possibly empty) set of cuspidal automorphic
representations p of GL(m)/Q such that the following properties hold for (S(X))x>1:

(i) Every p € S(X) satisfies the Ramanujan-Petersson conjecture at the finite places.
(ii) There exists A > 0 and a constant My such that for all X > 1, for all p € S(X), Cond(p) <
MoX4.
(iii) There exists d > 0 and a constant My such that for all X > 1, |S(X)| < M1 X<
(iv) For any € > 0 there exists a constant M. such that for all p € S(X) we have the convexity
bound

|L(s, p)| < Mae(Cond(p)(J¢] +2)™) N2+, for 0 <R(s) < 1.
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For any e > 0 there exists a constant Ms . such that for all p # p' € S(X) we have the
convexity bound

|L(s,p® p)] < My o(Cond(p @ p')(|#] +2)™ )1 RED/2 e, for 0 <R(s) < 1.

Remark 5.2. Kowalski and Michel call (S(X))x>1 a family of automorphic representations, with
associated automorphic L-functions; following their convention we will call the associated collection
of constants {m, A,d, My, My, Ms ., M3} the family parameters.

Remark 5.3. Tt is worth comparing precisely Condition [5.1]to the hypotheses originally stated in the
work of [KM02]. We note that the above criteria |(i)| - reduce to exactly the criteria of [KMO02,
Thm. 2|; Condition above replaces their assumption that all the L-functions in (S(X))x>1
have the same gamma factors at infinity. That condition is only used in order to attain the uniform
convexity bounds of [KM02, Lemma 10| (Kowalski, personal communication), and thus we merely
assume the relevant uniform convexity bounds directly.

In this context, we recall Kowalski and Michel’s original theorem:

Theorem E ([KM02, Theorem 2|). Let (S(X))x>1 be a family of cuspidal automorphic represen-
tations of GL(m)/Q satisfying Condition[5.1, Let a« > 3/4 and T > 2. Then there exists a constant
¢y = cp(m, A,d), in particular

(5.2) ch =5 +d,

and a constant B > 0, depending only on the family parameters, such that for every choice of ¢g > ¢
we have that there exists a constant My, depending only on co such that for all X > 1,

l—a
> N(pro,T) < My, TPX 02T,
pES(X)

5.2. Defining a family of automorphic representations. Fix n > 2 and a transitive subgroup
G C Sn. Let 7(Q,G) C Z)(Q,G) be a set of Galois extensions L/Q with Gal(L/Q) ~ G, and
let .Z(Q,G;X) denote the finite subset comprised of those fields with Dy = |Disc L/Q| < X.
(Momentarily we will construct such a set from each of the families Z7 (Q,G) of degree n fields
considered in our main theorems.)

Denote the irreducible representations of G by pg, p1, ..., ps, with pg being the trivial represen-
tation. For each field L € .#(Q, G; X), the Dedekind zeta function may be written as

(5.3) Cu(s) = C(s) [ ] Lis.pj L/Q)™.

J=1

The regular representation, of total dimension |G| =1+, i<s mjz», may be written as an isobaric
sum

regG:pOBﬂ(plE...Bﬂpl)ﬁﬂ...aﬂ(psﬁﬂ...ﬂﬂps)

in which p; appears m; = dim p; times. Thus for each field L € .#(Q, G; X) we may consider the
Artin L-function L(s,7) = (1(s)/{(s) for the representation

(5.4) T=(pB---Bp)B-- B (ps B Hps)

in which p; appears m; = dim p; times. Additionally, assuming the Strong Artin Conjecture (see
§6.2), to each field L € .#(Q,G; X) and each representation p;, there is an associated cuspidal
automorphic representation 7y j of GL(m;)/Q; we then have

L(Sa 7T-L,j) = L(Snoj?L/Q)'
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Now fix 1 < j <'s. Foreach X > 1, let .Z;(X) be the set of cuspidal automorphic representations
7r,; of GL(m;)/Q associated by the Strong Artin Conjecture to the fields L € .#(Q,G; X) and the
representation p;.

The main result of this section, and the key result underlying our effective Chebotarev theorem
in families, relates to the following phenomenon. For each j, under appropriate assumptions, we
show that Theorem [E| applies to the family (.£(X))x>1, so that for each X > 1, aside from very
few possible “bad” exceptional representations, for each representation = € Z;(X) the associated
L-function L(s,m) possesses a certain zero-free region. Now a key difficulty arises: in general,
depending on the group G and the family .#(Q, G; X), it could happen that a given L-function
L(s,m) corresponding to a representation m € Z;(X) occurs as a factor in (1(s)/((s) for “many”
fields L € .#(Q,G; X), indeed even possibly a positive proportion of such fields (see §6.3.2). We
need to rule out this possibility that a “bad” exceptional representation in .Z;(X) could lead to
an L-function that “contaminates” (1, /¢ for a positive proportion of fields in .#(Q, G; X). In this
section, we state appropriate conditions on a set .7 (Q, G; X) of Galois extensions that allow us to
rule out this problem (see in particular the condition below). In §6| we show that the families
of fields that we consider in our main theorems obey these conditions.

Now we state the conditions we assume on the set .7 (Q, G) of Galois extensions and the associated
families (.Z;(X))x>1 of automorphic representations (1 < j < s), building on Condition (Note
that we explicitly assume the Strong Artin Conjecture below, but for certain groups G it is known;

see §6.2])

Condition 5.4. Let #(Q,G) be a set of Galois extensions as specified above. For each 1 < j <'s
and each X > 1, define the set £;(X) of automorphic representations as above, assuming the Strong
Artin Conjecture.

Assume that for each 1 < j < s, the family (£;(X))x>1 satisfies C’ondition with correspond-
ing parameters {m;, A;,d;, Mo j, My j, Mo jc, M3 ;.}. In particular, for 1 < j <'s, (Z(X))x>1 is
a family in the sense of Theorem [}

Let A >0, My be such that for all X > 1, for every field L € F(Q,G; X), the representation 7
associated to L(s, ) = (1 (s)/¢(s) has Cond(m) < MoX4.

Let d, My be such that for all X > 1, |7 (Q,G; X)| < M1 X4,

We assume that for each 1 < j <'s, there exists 0 < 7; < d and a constant Ms ; such that for all
X > 1, for any fized m € Z5(X),

(5.5) #{Le FQGX):mpj=m} < M5 ;X7

We will call {My, M, A,d} and {mj,A]’,dj,ML]',MQ,]',E,Mg,j,E,M&j} for 1 < j < s the family
parameters for .7 (Q, G).

5.3. A zero density theorem for L-functions associated to the family .7 (Q,G). To bound
on average the number of zeroes of L-functions ((s)/((s) in a certain region, as the field L varies
over the family .7 (Q, G), we will apply Theorem [E| repeatedly, under the assumption of Condition

Y]

Theorem 5.5. Let #(Q,G) be a set of Galois extensions as specified above. For each 1 < j <'s
and each X > 1, define the set £;(X) of automorphic representations as above, assuming the Strong
Artin Conjecture.

Assume that 7 (Q,G) and the families (£;(X))x>1 for j =1,...,s, satisfy Condition [5.4]

Set 7 = max; 7; and m = maxm;. Then for any 0 < A <1 sufficiently small that A <1 —171/d,
and for any n < 1/4, there exists B depending only on the family parameters for F#(Q,G), and
0 < & < 1/4 depending only on A,m,d,A,T, such that for all X > 1, at most O(X1~(1=mA)d)
fields L € #(Q,G; X)) can have the property that (1.(s)/C(s) has a zero in the region

[1—5,1] x [-X"Ad/B xnad/B]
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The implied constant in the O(-) notation depends only on A,m,d, A, T and s (the number of non-
trivial irreducible representations of G).

Remark 5.6. We see that in the hypotheses there is a non-empty range of 0 < A < 1 — 7/d since
each 7; < d.

To deduce Theorem 5.5 we first apply Theorem [E|to the family (Z;(X))x>1 for each 1 < j <'s.
Let 1 < j < s be fixed. By Theorem for any a; > 3/4 and T; > 2, for all X > 1,

©8) S Nl T) <, X0

reZ;(X)

. . / . / _ / . . 3 . .
in which we may choose any c;o > ¢}, with ¢} = cj70(m], Aj,d;) as shown to exist in Theorem

the particular form is not critical, but we may for example take
bmjA;
/ 344
Cj,O = 9 + dj.
In the spirit of [KM02, Remark 3|, we pause to observe that although the parameter d; assumed to
exist in the upper bound of Condition may not provide a sharp upper bound, this does not
cause any contradictions in terms of its role in 0970; if d; is an over-estimate, then the right-hand side
of (5.6)) is similarly an overestimate (and similarly with respect to the possibly non-sharp parameter
A;). Indeed, for convenience we may choose ¢jg = ¢/ ;+¢1 (for a certain €1 to be chosen later) with
J 7 j:o
5m; A
"o J
(57) Cj70 = 9 + d.
Note that A > max; A;,d > max; d; so that this choice is valid.
Set 7 = maxi<j<s 7j. Recalling that A is given, we fix o; to be such that

cjo(l —aj)
(205 — 1)

We see that the right-hand side is positive, so that a; < 1, since A < 1 — 7/d. Theorem [E| applies
when a; > 3/4; if necessary one could simply impose this using monotonicity of the estimates, but
in fact it is simple to check that this holds in our scenario. (This will also easily be satisfied in our
ultimate applications, in which we will be working very close to the line R(s) = 1.) We compute
that

=(1-A)d—r.

_ Cj70+(1—A)d—T
a cio+2((1—A)d—71)’

so that a; > 3/4 as long as

(58) Cj,O Z 2((1 —A)d—T).
By assumption, A < 1 —7/d; let g > 0 be such that
(59) Azl—T/d—eg/Qd.

Then (5.8) is equivalent to the requirement that cjo > €2, which will always hold as long as we
choose €1 > &9, according to the definition (5.7]), upon recalling that A,d > 0. Upon setting
T, =X 1Ad/B;j e conclude that

(5.10) Z N(ma;,Tj) < xnAd xy (1-A)d— Ceso x1=A=n)A)d—7
TeZ;(X)
Now we assemble these results together for 1 < j < s. For notational convenience, given an

L-function L(s) (which could be an Artin L-function L(s,p, L/Q) or an automorphic L-function
L(s, ) corresponding to an automorphic representation ), we will let N'(L(s); o, T) denote the
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number of zeros § + iy with L(8 +4v) =0, and § > a, |y| < T. Set a = max; a; and T = min; T}.
(Note that o« > 3/4.) Then for each X > 1, assuming the Strong Artin Conjecture,

> N(/GaT) = > Y myN'(L(s,p;, L/Q); e, T)

LeZ(Q,G;X) Le7(Q,G;X) j=1

= > > mN'(L(s, 7L, L/Q); e, T)
LeZ(Q,G:X) j=1

S
—Zm] Y. N mieT) Y L

= reZ;(X) LEi(Q;G;;X)
)

Using condition (5.5)), we can bound the right-hand side from above by

<<Zm]XTJ Z N'(L(s,7);a,T).

reZ;(X
Thus by applying ((5.10)) for each 1 < j < s, we see that

Z N'(CL/C o, T) Legrom XI—UTMAN
LG@(@’G,X)

where ¢y = max;cjo. From this we conclude that at most Oy sm(X1~(=MA)) fields I €

Z(Q, G; X) can have the property that ¢z (s)/¢(s) has a zero in the region [a, 1] x [~ X1Ad/B xnAd/B]
where B = max B;. The implied constant depends on cg, s, m, and hence on A, m,d, 7, A, s,e1. Now

from , g2 is defined, and then we can choose €1 = e2 in the definition of ¢;p. Then we may

compute that upon setting 6 = 1 — o = 1 — max;{a;} (which we have therefore verified satisfies

0 <d<1/4), we have

£9 €9

5.11 _ _
( ) Smax;j{m;}A+2d+4es  5mA+ 2d + 4dey

as an allowable choice. Since €9 is determined by A, 7, d we can write the dependencies in terms of
these parameters. This yields the result of Theorem moreover with a specific description of §.

Remark 5.7. This argument shows that although the parameters A, d are only assumed to yield
valid upper bounds (not necessarily sharp) in Condition it is advantageous to make them as
small as possible. In a similar vein, it is worth asking why, if making 1 — A smaller gives better
control on the exceptional set, we do not in artificially inflate the size of d. The reason is that
1 — A only controls the density (roughly O(X(1=2)4)) of the exceptional set relative to the assumed
upper bound O(X d) for the family; thus in this instance also, it is advantageous to make d as sharp
as possible.

Remark 5.8. We see that the size of A, and hence of the possible exceptional set of bad fields in
Z(Q,G; X) depends on the largest value of 7; with 1 < j < s coming from the condition .
The larger max; 7; is, the smaller we must take A, and the less savings we have for the possible
exceptional set in #(Q, G; X).

Remark 5.9. We recall that Cho and Kim (e.g. [CK12, Theorem 3.1| and other works) have also
applied [KMO02] to certain families of isobaric representations, say 7 = 7 B --- B, of GL(m)/Q,
with m = m; + --- + m,, and each 7; a cuspidal automorphic representation of GL(m;)/Q. Let
us momentarily call the family of such 7 by S(X) and for each j the family of such 7; by S;(X).
In their work, item |(iv)| of Condition is replaced by the requirement that for each 1 < j < r,
for all p; € S;(X) the gamma factor of L(s, ;) is of the form [, I'(s + a;), where a; € R are
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fixed; this is a special case of the version of stated here. More importantly, instead of the key
item in Condition Cho and Kim assume that for any two inequivalent 7,7’ € S(X) with
n=m B - -Bm and 7’ =7 B--- B, they have 7; % 71, for all 1 < j, k < r. Relative to ,
this would be the statement that for each j, for any fixed p € S;(X), precisely one 7 € S(X) has
m; =~ p, which in our notation is even stronger than the case 7; = 0 for all 1 < j <. Cho and Kim
used this to deduce that [S;(X)| = |S(X)| for each j, which was crucial to their proof, but also
limited the types of families S(X) they could consider.

6. VERIFYING THE CONDITIONS OF THE ZERO DENSITY THEOREM FOR FAMILIES OF DEDEKIND
ZETA FUNCTIONS

The main result of this section is that Theorems .11 [3.13] and [3.174] may be deduced
from Theorem by verifying that for each of the families of fields considered in these theorems,
Condition is satisfied. Accordingly, in this section we fix Z;”(Q,G) to be one of the families
specified in the above theorems, under the associated hypotheses of the theorem (if any).

6.1. Passage to a family of Galois closures. We now pass from considering the original set
of the degree n fields in Z7(Q,G) to considering the set of Galois closures Z7(Q,G) = {K :
K € Z7(Q,G)}; each Galois closure corresponds to a constant number of fields in Z7 (Q, G) (only
depending on G as a permutation group). We now recall the notation of Using that notation,
we define .Z(Q, G) = Z7(Q, G) to be the set of Galois extensions we consider, and we accordingly
define the sets .Z;(X) for each 1 < j < s and every X > 1, and thereby the corresponding families
(Zj(X))x>1 of automorphic representations.

6.2. Verification of Condition @ — Now that we have constructed the appropriate
families .7 (Q, G) = Z;7(Q,G) and (.Z;(X))x>1 for each 1 < j < s, we must verify that Condition
is satisfied. We first note that for each family Z;”(Q,G) we consider, either the strong Artin
conjecture is known to apply to all the Galois representations considered (this is the case in Theorem
or it is explicitly assumed (this is the case in Theorems 13.11} [3.13|and [3.14)). To be precise,
let us write the Euler product of an Artin L-function as L(s, p) = [, L(s, py), and the Euler product
for an automorphic L-function as L(s,7) =[], L(s, my).

Conjecture F (Strong Artin Conjecture). Let L be a finite Galois extension of a number field k,
with Gal(L/Q) ~ G. Let p be an m-dimensional complex representation of G. There exists an
automorphic representation w(p) of GL(m)/Q such that the L-functions L(s,p) and L(s,m) agree
almost everywhere, i.e. except at a finite number of places v, L(s, p,) = L(s,m,). Moreover, if p is
wrreducible, then m is cuspidal.

This is known to hold for: 1-dimensional representations p, due to Artin [Art30]; nilpotent Galois
extensions L/k, due to Arthur and Clozel [AC89]; A4 and S4, due to Langlands [Lan80] and Tunnell
[Tun8&1], respectively; dihedral groups (and in particular S3), due to Langlands [Lan80]. We also
note that in the setting we will work in, a stronger identity is known. (See, for example, [DS74l
Theorem 4.6|, [Mar03, Proposition 2.1], [Mar04, Appendix Al, and [MR16l Proposition 1.5].)

Theorem G. If r is cuspidal and L(s,m,) = L(s, py) for almost all v, then in fact L(s, ) = L(s, p).

These considerations guarantee that in the settings we consider (with the relevant hypotheses we
assume), each .Z;(X) is a set of cuspidal automorphic representations.

We next confirm that for each 1 < j < s, the family (Z;(X))x>1 satisfies the four items in
Condition For item since the Ramanujan-Petersson conjecture holds for automorphic L-
functions associated to Artin L-functions once they are known to exist (see e.g. the comment
following [KMO02, Thm. 5|), under the assumption (or known truth) of the strong Artin conjecture,
the Ramanujan-Petersson conjecture holds for all the cuspidal automorphic L-functions in each set

Zi(X).
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For item note that if K € Z7(Q,G;X) then by construction Dg < X. The following
standard lemma relates to discriminants of a field and its Galois closure.

Lemma 6.1 (Discriminant comparisons). Let G be a transitive subgroup of Sy,. There exist constants

Cy = C1(G) and Cy = Co(G) such that for every field K € Z,(Q,G),
DIV < p < DI,

(The lemma follows from Lemmas |6.9| and recorded below, and for the left-hand inequality,
the fact that every cycle length in a permutation is at most the order of the permutation.)
Recall that in general for an Artin L-function L(s, p, L/k), if F'(x) denotes the Artin conductor

of x = Tr(p), then the conductor of L(s,p, L/k) is given by A(x) = Df(l)Nmk/QF(X). According
to the multiplicativity relation Dy = Dy, ]_[Xj A(Xj)xﬂ'(l) for the conductors in the identity 1} we

see that for each 1 < j < s, the conductors of L(s, p;, L/Q) are bounded by <, ¢ XIG1/2 and we
may take A; = A = |G|/2 for all j.

For , to control the size of the family of fields Z;L] (Q, G; X) it suffices to control the sizes of
the families Z;” (Q,G; X) (and moreover it suffices to bound from above the sizes of the families
Z,(Q, G; X)) without the ramification restriction). Thus we may apply the following known uncon-
ditional upper bounds to show the existence of d; = d for all j: G cyclic, Proposition G~S,
see ; G ~ D, see ; G ~ Ay see G C S, simple, we simply embed Z,(Q, G; X) in the
family of all fields of degree n and apply (2.6

For item |(iv), we use the known convexity bounds for automorphic L-functions, which apply
to our Artin L-functions under the strong Artin conjecture. Briefly, to be precise, we recall for
t € R the analytic conductor of L(s, ) (in terms of the arithmetic conductor Cond(w) and the local
parameters at infinity, p (7)),

Q~(t) = Cond(r H + it — px(5)])-

Then via the functional equation, Stirling’s formula, and an application of the Phragmen-Lindel6f
principle, one may derive the classical convexity bound (see e.g. [Har03l page 5]):

—R(s)
L(5,7) <re Qul(t) 275, 0<R(s) <1

For 7, 7’ unitary cuspidal automorphic representations of GL(m)/Q, GL(m')/Q, the Rankin-Selberg
L-function L(s,7®7) (see e.g. [Mic07, §1.1.2]) has a corresponding arithmetic conductor Cond(7w ®
7') and analytic conductor, given for ¢t € R by

mm/

Qrem (t) = Cond(r @ 7) [ (1 + Jit = pirgomr (4)])-

j=1
The convexity bound for L(s, 7 ® 7’) in the critical strip is known:

1-—R(s)
3 +57

L5, 7 @ 1) ot Qs (1) 0<R(s) < 1

Remark 6.2. Note that for each 1 < j < s, the uniformity of the convexity bounds assumed in Con-
dition with respect to m; is critically reliant on the fact that within a family Z7(Q,G; X),
all fields share a fixed degree and a fixed Galois group of the Galois closure.

6.3. Verification of condition ([5.5): controlling the propagation of bad L-function fac-
tors. Now we turn to the most difficult task: verifying that for each choice of the family Zn] (Q,G; X)
that we consider in our main theorems, condition ([5.5) of Condition is satisfied.
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6.3.1. Reframing the question in terms of subfields. Let Z;” (Q,G; X) be a fixed family of fields,
for a fixed transitive group G C S, and let p be an irreducible representation of G. Let Ly, Lo €

Z7(Q,G; X). Then Gal(L;/Q) ~ G while Gal(LlKer(p)/Q) ~ G /Ker(p). The following proposition
transforms the property of identical L-functions into a property of identical fixed fields.

Proposition 6.3. Let p be a fized representation of a fized transitive subgroup G C S,,. For Li/Q
and Lo /Q with Gal(L1/Q) ~ Gal(Ly/Q) ~ G, then if

(61> L(‘S?paLl/Q) :L<37107L2/Q)
it follows that L?er(ﬂ) _ L;(er(p).
We recall a standard lemma.

Lemma 6.4. Suppose for two Galois extensions F1/Q and F»/Q, that, aside from finitely many
exceptions, the set of rational primes that split completely in Fy is the same as the set of rational
primes that split completely in Fs. Then F} = F5.

Proof. By the Chebotarev density theorem, the density of rational primes that are split completely in
Fy, Fy, or F1 F are, respectively [Fy : Q]71,[Fy : Q]7!, [F1Fy : Q]~!. Since a prime is split completely
in F1F» if and only if it is split completely in F} and Fy, we have [F} : Q] = [Fy : Q] = [F1F» : Q)

and so F 1= FQ. O
Thus to prove Proposition [6.3] it suffices to show that for each fixed representation p of G,
aside from finitely many exceptions, the set of rational primes that split completely in Llfer(p ) is

the same as the set of rational primes that split completely in L?er(p ), under the assumption that
L(s,p,L1/Q) = L(s,p,L2/Q). First we assume that p is a rational prime that is unramified in

Ker Ker
k (p)7 L (p)) (p)

L1, Ly (and hence is unramified in L and splits completely in LIfer . In particular,

this means that for any p; in LIfer(p)
0p, is trivial in Gal(L?er(p)/Q) ~ G /Ker(p), that is to say, p(op,) is the identity matrix I.

Now letting po € L?er(p ) be any prime lying above p, by the assumption that the L-functions are
equal, we have that the factors corresponding to p are equal as functions of s and therefore

(6.2) det(I — p(op,)p~) ™" = det(I — p(op, )p~*) ™" =det(I — Ip~*)~".

Now recall that the Frobenius element oy, is necessarily finite order. We recall a simple observation.
Suppose M is an n xn matrix over C of finite order, say M* = I for some k, such that det(I—Mz) =
det(I —Iz) = (1—x)" for a formal variable . Then we claim M = I. Indeed, since M is finite order,
M is diagonalizable, for the minimal polynomial of M divides z* — 1 and so has no repeated roots.
By our second assumption, all the roots of the characteristic polynomial of M are equal to 1, so that
all the eigenvalues of M are 1 and M = I. We apply this in to conclude that p(oy,) = I as

well. Thus the conjugacy class of the Frobenius element oy, is trivial in Gal(L?er(p ) /Q) ~ G/Ker(p)

and p must split completely in Lger(p ).

that lies above p, the conjugacy class of the Frobenius element

In this fashion we see that any prime that is unramified in L, Ly and splits completely in Li(er(p 1)

Ker(p)

must split completely in L, . Starting from primes unramified in Lj, Ly that split completely

in L?er(p ) we can similarly show that they must split completely in Lll(er(p )

proof of Proposition [6.3}

Remark 6.5. Proposition can alternatively be deduced from [KN16, Theorem 5|, which also in-
cludes a converse, which we do not require in our application. To apply [KN16, Theorem 5| in our set-
ting, one first passes as in [KN16], p. 162] to the case of a faithful representation w(oKer(p)) = p(o)
acting on H = G/Ker(p). Kliners and Nicolae present a counterexample to the characterization
deduced in Proposition when working over k£ # Q [KN16, p. 167], but see their relative version

, and this concludes the
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[KN16, Thm. 6]. It is possible that certain other families Z;” (k,G; X) with k # Q and certain
choices of G can be treated by an adaptation of our methods with such a relative result. (When
working over k # QQ one would also need to take into account the more nuanced situation that arises
with regards to arithmetic equivalence.)

We now apply Proposition [6.3] As before, let G be a fixed transitive subgroup of S,, and let
p1,--.,ps be the nontrivial irreducible representations of G. For each 1 < j < s, consider the set of
fields

(LXered) . I e Z7(Q, G5 X))}

(Note that we define this as a set, not a multi-set.) Philosophically, we would like to show that the
cardinality of this set is “large,” or equivalently very few of the fields L share the same fixed field,
which would imply that “few” collisions L(s, p;j, L1/Q) = L(s, pj, L2/Q) could occur for Ly # Lo €
Z7 (Q.G: X).

Formally, recall the definition of the set .%;(X) in §5.2Jaccording to the family of fields .Z (Q, G; X) =
Z7(Q,G; X). Let us first consider the special case in which p; is faithful so that Ker(p;) is trivial.
Then by Proposition@ for two fields Ly # Lo € Zn](@, G; X), we cannot have L?er(pj) = L?er(pj)
and so we cannot have L(s, p;, L1/Q) = L(s, pj, L2/Q), and so in this case

(6.3) %5(X)| =12, (Q.G; X)).

Thus if p; is faithful, we have verified (5.5)) of Condition with 7; = 0, which certainly suffices.
More generally, even if p; is not a faithful representation, Proposition shows that the number

of fields L; € Z;{(Q, G; X)) for which L(s, pj, L;/Q) is identical to a specific L-function is bounded
above by the number of fields L; € Zh] (Q,G; X) for which L?er(p i) is identical to a specific field.
Thus we have translated the problem of verifying (5.5)) for a particular family .Z;(X) to a problem
of counting fields.

Precisely, we summarize the implications of Proposition [6.3] as the following statement:

Proposition 6.6. Let Z;7 (Q, G) be a set of fields considered in Theorem [3.11)13.15 or|3.1/|
under the associated hypotheses, if any. Let Z,‘f(@, Q) be the corresponding set of Galois closures.
Let p1,...,ps be the nontrivial irreducible representations of G. Define the families (£5(X))x>1
for 1 < j <'s accordingly, as in . Then Z7(Q,G) and the families (Z(X))x>1 for 1 <j <s
satisfy of Condition with parameters {7 }1<j<s if the following holds: for each irreducible
representation p; of G, given any field F' € Z,(Q,G/Ker(p;); X) (where u = |G /Ker(p;)|), at most
On.c.sr(XT) fields L € Z7(Q,G; X) have LK (es) = F.

6.3.2. Rationale for the restriction on ramification types of tamely ramified primes. For G not a
simple group, Proposition spurs us to quantify, for each proper normal subgroup H of G that
appears as the kernel of at least one (non-faithful, non-trivial) irreducible representation of G, how
often a particular field occurs as a fixed field L¥, as L varies over a relevant family of Galois
extensions of Q with Galois group G.

For certain groups G, fixed fields could collide with high repetition. For example, taking G =
Z/AZ, then for any fixed quadratic field such as F = Q(eQ”i/ 3), a positive proportion of quartic
Galois fields K € Z4(Q,Z/47; X) have K%/?2 = F. This can be seen for example via a counting
argument similar to that of (See also comments in Remarks and [6.12])

To eliminate such possibilities, we will critically use our restrictions on the ramification types of
the tamely ramified primes in the fields in Z;Z](Q, G; X). Given G, we will select .# so that it has
two properties:

(1) For Z(Q,G) to be infinite, we need the elements in .# to generate G.
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(2) We need .# to have the property that for each proper normal subgroup H in G that is the
kernel of a non-faithful irreducible representation of G, given any field K € Z,’f (Q,G; X)
with associated Galois closure K /Q, then p|Dg implies p|Dp, where F' = K.
(Of course the primes that appear in Dy are the same that appear in D but this need not a
priori be true of Dz and Dp.) Property (2) will enable us to obtain the information we seek in
Proposition that is, to count the number of K € Z7(Q,G; X) sharing the same fixed field
F = K" by applying quantitative information about D,,(G;w) (Property . This is one of the
most novel features of this paper.

6.4. The counting problem. We now define the counting problem that is the heart of the matter.

Property 6.7 (Property Mult,, (G, .#;7)). Let Mult,,(G, .%; 1) denote the property that for every
X > 1, for each irreducible representation p of G, given any particular field F' € Z,(Q, G /Ker(p))
(with v = |G /Ker(p)|) that arises as a fized field K¥®) for at least one field K € Z7(Q,G; X),
for every e > 0, at most Oy, .7 «(X77°) fields K € Z7(Q,G; X) have KKerlp) = F.

Given a family Z7 (Q, G; X), if we can prove that Mult,, (G, .#; ) holds for a sufficiently small 7,
then by Proposition|6.6| the relevant effective Chebotarev density theorem for the family Z; (Q, G; X)
will follow (that is, either Theorem 13.11} 13.13| or [3.14). Quantitatively, lowering the size
of 7 for which we can prove Mult,, (G, .#; ) will allow us to better control the size of the possible
exceptional set of fields.

Proposition 6.8 (Counting problem). We can prove the following:

(1) Mult,, (G, .#;0) for G a simple group, & imposing no restriction.

(2) Mult,, (G, .#;0) for G cyclic, F specifying totally ramified.

(8) Mult,,(Sy, ;@) for n > 3, F the conjugacy class [(1 2)], where ws = 1/3, wyq = 1/2,
ws = 199/200, and for n > 6, w, = w if we assume Property D, (S, ™).

(4) Multy,(D,, #; 1) holds for 7, = 1/(p — 1), p an odd prime, .# the conjugacy class of order
2 elements.

(5) Multy (A4, .#;0.2784...), & the two conjugacy classes of order 3 elements.

As observed above, Mult,, (G, .#;0) is tautologically true when G is a simple group (.# imposing
no restriction), since all the nontrivial irreducible representations are faithful and applies. All
the other cases of the counting problem require work. We first explicitly prove this for S, n # 4;
in particular, to aid the reader, we include our argumentation for choosing .# = [(1 2)].

6.4.1. Background lemmas on inertia groups and discriminants. We recall standard results on the
powers of primes dividing Dg.

Lemma 6.9 (Powers of tamely ramified primes in discriminants). Let K C KcQ with Gal(K/Q) ~
G and H = Gal(K/K). Let p be a rational prime that is tamely ramified in K and K, and has an
inertia group in Gal(K/Q) generated by m € G. The power « such that p®||Dg is

(6.4) [G : H] — number of orbits of m acting on the cosets G/H.
Proof. We have that Dy is the Artin conductor of K /Q for the permutation representation of

G on G/H [Neu99, Ch. VII, Corollary 11.8]. By definition, the Artin conductor of K/Q for a
representation V' of Gal(K/Q) is Hp pfr(V) where the product is over rational primes and

Ip,i . G
H(V) = == codim V"r,

for Gp; an ith ramification group for p in Gal(K/Q) and g,; := |Gpi|. Recall that G, is the
inertia group I, and that for tamely ramified p, we have G, ; = 1 for i > 1. So for tamely ramified
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p, we have f,(V) = codim Ve, The lemma follows, since for a permutation representation V, the
dimension of the fixed subspace V7™ is the number of orbits of . O

Lemma 6.10 (Maximum contribution of wild primes). Let G be a transitive subgroup of Sy. Then
for all fields K € Z,(Q,G), the total contribution to Dk from the rational primes that are wildly
ramified in K is at most a certain finite constant Cq depending only on G.

This lemma follows from |[Neu99, Ch. III, Thm. 2.6] and the fact that all wildly ramified primes
divide |G].

In order to consider only the tame part of the discriminant in our investigations below, it will be
convenient to use the following notation. Given a finite set of primes €, define Dgl) to denote the
contribution to the discriminant from primes p & €Q, i.e. Dg) is the maximal positive divisor of Dy
that is not divisible by any prime in 2. We will apply this in particular when € is comprised of the
primes dividing |G|.

6.4.2. FExemplar case: G = S,, n = 3 or n > 5. Recall that when n = 3 or n > 5, S5,, has one
nontrivial, proper normal subgroup, namely A,, which certainly appears as the kernel of the sign
representation. Thus we must specify a ramification type .# so that the counting problem for fixed
fields K4» can be handled. We wish, for a fixed quadratic field F' € Z5(Q, C3), to count the number
of degree n fields K € Z,(Q, Sp; X) such that K4» = F.

Gal(K/F) ~ A,

Using Lemma we can compute for fields K, K , F in such a constellation the exact power of
p that appears in the absolute discriminants Dy, Dy, Dp, for each prime p { |G|. We show these
exponents in Table|[l} the leftmost column specifies the conjugacy class of the generating element 7
of the (cyclic) inertia group for p, while the other columns specify the exact power of p appearing
in the discriminants. We only list a few of the p(n) conjugacy classes of S,; we set g, = 0 if n is
odd and ¢, = 1 if n is even.
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Exponent of p appearing in the discriminant of

Inertia type of p K K F =K
[0)] 0 0 0
[(12)] 1 n! —nl/2 1
[(123)] =[(12)(23)] 2 n!—nl/3 0
[(12)(34)] 2 n! —nl/2 0
[(123...n)] n—1 n! —nl/n En

TABLE 1. Table of exponents for p when Gal(K /Q) ~ S,,, for each pt n!

From Table [I| we observe that every p { |G| that has inertia group generated by a transposition
has pHDK,p"WHDf(,pHDF. This will allow us to control, for a fixed field F', how many K can yield
a constellation including F'. These observations from Table (1 motivated our choice of .# = [(1 2)]
for G~ S, (n=3,n2>05).

Now we come to the crux of the argument. Suppose that F' is fixed, and hence Dp > 1 is fixed.

Set 2 = {p : p|n!} and recall the notation Dg) defined above. Our discussion above shows that
any degree n extension K € Z(Q, Sp; X) such that K4» = F must have
(6.5) D = pl©.
Assuming Property D,,(S),, @) is known, then since the power of any p €  dividing D is bounded
in terms of n, for a given F' there are at most <, ¢ DET° <,,cc X¥ such K satisfying ,
for every ¢ > 0. Now to obtain the conclusion on Mult, (S, -#;w,) of Proposition for Sy,
n = 3,n > 5, we simply apply the currently best known upper bounds for Property D,,(Sy,,w) in
these cases, as stated in

Having completed this exemplar case of G = S,, (n # 4) in some detail, we are now more brief with
the remaining groups G, which follow similarly by using Lemma in order to fix an appropriate
choice of ramification type .# for which the counting problem can be resolved.

6.4.3. G ~ Sy. Recall that Sy has four nontrivial irreducible representations (see e.g. [Ser77, p.
43]): two three-dimensional faithful representations (the standard representation and the product
of the standard representation with the sign representation) and two non-faithful representations.
The subgroup Ay is the kernel of the one-dimensional sign representation, and Ky ~ Cy x (s the
Klein four group is the kernel of the irreducible two-dimensional representation of S4. We thus have
two counting problems to consider.

Relevant to the counting problem for fixed fields under A4, by choosing .# to be the conjugacy
class [(1 2)] of transpositions, we may conclude that triads K, K, F = K“4 behave exactly as in
the case of S, in 6.4.2}, so that for any p t 4!, p||DK,p12||DI~(,p||DF, and hence upon setting

Q = {2,3}, we have Dlg) = D%Q). Thus arguing as in any fixed F' corresponds to at most

e D?+E Kn,ce X¥T¢ possibilities for K € Z{(Q, Sy; X), if Property D4(Sy, @) is known.
Relevant to the counting problem for fixed fields under Ky, still choosing .# to be the conjugacy

class [(1 2)] of transpositions, for triads K, K, F' = K4 the exponents are different: for every p f 4!
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we have p|| Dy, p*?|| D, and p*||Dp. Thus upon setting Q = {2, 3}, we have

Q Q
(6.6) DI — (D)3,

and so any fixed F' corresponds to at most <. D?/ ste <KnGe X @+ possibilities (for every £ > 0)

for K € Z{(Q,Sy; X), if Property Dy(Sy, @) is known. (Here we have used the fact that if
K € Z,(Q,G;X) and (6.6) holds, then Dp <, ¢ X*.) We conclude that Multy(Sy, .#;1/2) holds
since Property D4(S4, 1/2) is known.

6.4.4. G ~ A,. Recall (see [Ser7T, Section 5.7, page 41]) that A4 has four nontrivial irreducible
representations: two faithful representations and two one-dimensional non-faithful representations,
each with kernel Ky ~ C3 x O3 the Klein-four group. Thus we need only complete the counting
problem for triads K, K, F = KX+, We will require all tamely ramified primes to have inertia type
belonging to either of the conjugacy classes 61, %, of order 3 elements (specified e.g. in Proposition
23).

Suppose we restrict to primes of inertia type in the conjugacy class €1. The image of this inertia
type in Ay/K4 ~ Cs is nontrivial, and we see that for any p { |As|, p?||Dx, p%|| K, p?|Dp. Thus
upon setting Q = {2,3}, within the triad we have Dgz) = D%Q), and so, any fixed F' corresponds
to at most <. DET® <, g XPT¢ possibilities for K € Z{ (Q, Ay; X), if Property Dy(A4, @) is
known. The computation for primes of inertia type in the conjugacy class %> is identical. Recalling
our result of Proposition we conclude that Multy(Sy, .#;0.2784...) holds.

6.4.5. G ~ D,, p an odd prime. We think of D,, (with p an odd prime) as the group of order 2p of
symmetries on a regular p-gon, acting in the usual way. Thus D), has one nontrivial, proper normal
subgroup, namely C),; this subgroup certainly appears as the kernel of the (one-dimensional) sign
representation. Thus we must consider the corresponding counting problem for fixed fields K©»
We restrict the inertia type .# to the conjugacy class [(2 p)(3 (p—1))-- (erl pH)] that is the
conjugacy class of reflections (each with with (p + 1)/2 orbits acting on p elements)

For a triad K, K, F = K we then have for every prime ¢ { 2p that ¢(P~V/2|| Dy, ¢P|| Dy, £|| Dp.
Thus upon setting Q = {2,p} we have

p—1

Q Q) p=1
(6.7) D = (D),

and so any fixed F' corresponds to at most < p, Dg_l)wﬂ% possibilities for K € pr (Q,Dp; X),
if Property DJ(D ,w) is known. Now if 1.' is known and K € Z'ﬂ(@, Dy; X) then Dr <, p,
X2/(P=1) 50 we have at most <p,D,,e X choices for such K if Property D‘ﬂ(Dp, w) is known. We
conclude from Proposition [2.3] that Mult,(Dj,.#;1/(p — 1)) holds unconditionally.

6.4.6. G a cyclic group. Finally, for G a cyclic group of order n, note that Z,(Q, G; X) already is
comprised of Galois fields, so we do not need to pass to the Galois closures. (As a special case,
if G ~ C}, with p prime, then G has no nontrivial proper (normal) subgroups, so all nontrivial
representations are faithful, without the need to artificially impose a ramification restriction. But
in this case, every ramified prime is naturally totally ramified, so we still group this with the general
case below.) In general, consider G an arbitrary cyclic group of order n, say G ~ C er X e X C pok

with distinct primes p1, ..., pr. We restrict to .# specifying that every tamely ramlﬁed prime must
be totally ramified, that is, its inertia group must be generated by an element of full order in G;
in particular, such an element does not belong to any proper, nontrivial subgroup C,, of C,. By
Lemma the following properties hold:
(1) for every prime £ {n we have "Dk = Dy;
(2) for every nontrivial proper (normal) subgroup C,, of C,, (corresponding to a proper divisor
m|n) there exists an integer 1 < a,;, < n — 1 (depending on m and Cy,) such that £*||Dp
where F = KCm.
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As a result, upon setting Q = {p : p|n}, for each nontrivial proper subgroup C,, of G, parametrized
by divisors m, we have that

0 ), =L
DI — (D5
when F = K¢m = KO Thus any fixed F' corresponds to at most <, ;. ¢, ¢ D?( Lnom,Co e

X@+e possibilities (for any ¢ > 0) for K € Z7(Q,Cp; X) if Property D,,(Cy, @) is known. By
Proposition [2.1) we have D,,(Cy,0), so that we have verified Mult,,(Cy, .#;0).

n—1)/am+e

Remark 6.11 (Non-cyclic abelian groups). The above arguments show that we are able to pick an
appropriate ramification restriction to control the propagation of bad L-function factors if there
exists a set that generates G and such that none of them lies in any (nontrivial, proper, normal)
subgroup H of GG that appears as the kernel of at least one nontrivial irreducible representation of
G. We may already observe the difficulty of adapting this general strategy to a non-cyclic abelian
group by considering the simple case of G ~ Cpe X C)s for a prime p. Consider an element in the

generating set of the form (a,b) with a # 0. Let p¥ be the highest power of p that divides both a
and b. Then for ¢, = e?™i/P the map Cpe x Cpy — C given by (1,7) — Czb/p —jalv* is a non-trivial

irreducible representation of Cp x C’IJ; , and our generator is in the kernel of this map.

Remark 6.12 (Quartic Dy-fields). Difficulties also arise for quartic Dy4-fields: there are irreducible
representations of Dy with kernels Ky, K} (two different subgroups isomorphic to the Klein-four
group) and Cjy, but no set of generators of Dy that avoid all three of these subgroups, and hence no
choice of ramification type .# for which the three counting problems can simultaneously be resolved.
It may be possible to apply our method to a particular subfamily of quartic Dy4-fields generated
from a fixed biquadratic field; in this case the counting problems will be trivial, although proving a
lower bound that grows with X for such a family may not be.

6.5. Deduction of Theorems and from Theorem We have
verified Conditi for each family Z;f (Q,G; X) considered in the above theorems; now we

apply Theorem The family parameters notated in Condition namely {My, M;, A,d} and
{mj, Aj,dj, My j, My ., M3 ., Ms;} for 1 < j <'s, all depend only on n,G,.#, and thus in the
following statements we can replace any dependence on family parameters by dependence on n, G, ..

Proposition 6.13. Fiz a family Z7 (Q,G; X) considered in Theorem |3.9 .! 13.11], [3.15 or|3. 14|
under the associated hypotheses (if any). If it is known that X <n g, |27 (Q,G; X)| <o x4
and that Mult, (G, Z; 7«) holds for some T, < (3, then the conclusions of the relevamf theorem hold
for those values of Ty, 3, d

Let 7 < 8 < d be as assumed in the proposition. Fix 7 = 7, + €3 for some sufficiently small e3
(in particular so that 7 < d) and fix €9 < min{1/2,2(d — 7)} sufficiently small. We apply Theorem

5.5 with
(6.8) A=1---2

d chosen as in ((5.11]) (according to A = |G|/2 and €2 = £¢ so that we obtain the expression for § in
Remark , and n = go9/2d. Then

(1—(1—77)A)d—7+—+ 01— 7/d — £0/2d) < T + 0.

2 2
Then there exists B depending only on n, G, .# such that for all X > 1, at most
(6.9) OnG, 7 rdeo (XTT0)

fields K € Z7(Q,G; X) are such that (/¢ can have a zero in the region
(6.10) [1—-06,1] x [-X", X7,
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where 5 = ¢eo(1 —7/d —e0/2d)/(2B).

Our goal now is to express this in terms of how many J-exceptional fields there can be. It is
temporarily convenient to work in terms of families of fields with discriminant in a dyadic range;
thus we set Zr‘f’ﬂ((@, G; X) to be the subset of Z;7(Q,G; X) with X/2 < Dx < X. We next verify
that for X sufficiently large, for every K € z7 ’#(Q, G; X) the region contains the region
, which we write now in the notation

(6.11) [1—6,1] x [~(log D;)*?, (log D)*?).

If K e Z;f’ﬁ(Q,G;X) then by Lemma Ci(n,G)(X/2)I61/" < Dy < Cy(n, G)XIE/2, for certain
constants C;j(n, G). Thus it suffices to show that there exists a threshold D3 = D3(n, G, ¥, 7,d, d,20)
such that if X > D3 then

(6.12) (log(Ca(n, G)XIG1/2))2/%0 < X8,

This is the claim that a fixed power of X is larger than any fixed power of log X, as long as X is
sufficiently large; thus an appropriate threshold Dj exists.

We have shown that for every X > 1 there are at most O, ¢ s r.4.c, (X7 1T°) fields K € Z7(Q,G; X)
such that (z /¢ can have a zero in ; consequently if X/2 > Ds, at most Oy, G714z (X7T0)
fields in K € Zf’#(Q,G;X) are such that (;/¢ can have a zero in , that is, can be §-
exceptional. Now we suppose that A > 2 has been fixed, and we recall the threshold Dy from
Theorem [3.1] As long as

(6.13) X/2 > Do,

any K € Z;Lﬂ ’#(Q,G;X ) that is not J-exceptional satisfies the hypothesis of Theorem and
therefore for every conjugacy class ¥ C G yields for all x sufficiently large as in . Upon
taking
D4 = D4(n, G, f, T, Cl, (5, €0, CQ; Cl, CQ, A) = max{Do, D3}

we have shown that for any X such that X/2 > D, we have that at most O, ¢ s 5., (X7T0)
fields in K € Z;«Lﬂ ’#(Q, G; X) can be J-exceptional, and for all remaining fields, |) holds for all
satisfying . We may in fact omit the dependence on ¢ in the notation, as it is defined in terms
of the other parameters.

The final step to complete the proof of Proposition [6.13]is to sum over dyadic ranges of discrim-
inants. Now for any X > 1 (say using log, temporarily),

1+log X
z/(Q.6x)c | z74Q G2,
7=0

We may dissect this into two pieces: those for which j is such that 2=! > Dy, in which case our
work above applies, and we conclude that the number of §-exceptional fields in

1+log X
U z/*Q a2)
20-1>Dy
is at most
14+log X
(6.14) Y 0nesmde(2)770) = Ongs e (XTH0).
20=1>Dy

For those j such that 2/~1 < Dy, we count all the fields as possible exceptions, noting that

U z74Q,G;2)| < 1Z7(Q,G;2Dy)| <n,G Dy.

1<2i-1<Dy
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We enlarge the implied constant in to include this constant, and call the resulting implied
constant D5, as appears in the theorem statements. This completes the proof of Proposition [6.13]
and in combination with the values of 7. supplied by Proposition [6.8] we have proved Theorems
13.11} [3.13| and [3.14] (and the non-quantitative Theorem [1.1]).

6.6. Proof of Corollary Let Z;f (Q, G; X) be a specified family, with corresponding parame-
ters 7. < B < d, set A =2 and let ¢( (sufficiently small) be fixed, with corresponding choice 6 < 1/4.
First, we verify that for o > 0 fixed, there is a threshold Dy = Dg(n, G, .#,d, cg, Cs, Cs, €0, 0) such
that for Dy > Dy,

D% > k1 exp{ka(log log(D?))‘r’/g(log log log(D%())l/g’},

where this lower bound is as stated in (3.4), and the parameters x; have the dependencies k; =
ki(n,G,d, cg,Cs,Cs,e0) (dropping the notational dependence on A = 2). In fact it suffices to
compute a threshold above which

D > k1 exp{ra(loglog(D%?))*}

where we set k5 = max{ks,2}. By Lemma Dy < Ca(n, G)D‘I?'/2 for a certain constant
Cy(n,G), so that it further suffices to show

D% > k1 exp{ra(loglog(ke D))}
where kg = Ca(n, G)" and k7 = k5|G|/2. This will hold when D is sufficiently large that
< logk1  ra(loglog(keD4Y))?
o
~ log Dk log D

and we denote this threshold by Dy = Dg(n, G, ., d, cg, Cs, Cs, €0, 0). Finally, recall the parameter
Dg provided in Theorem (3.]] H While this is used as a constraint Dz > Dy, we apply Lemma
G|/n

see that Dy > Cy1(n,G)D
if D > D0 with

(6.15) D}y := (C1(n, Q)" Do)/ 1€,

Now for part (1) of Corollary we may conclude from Theorem [3.1) with A = 2 that for every
X > 1, for every field in Z(Q,G; X) that has Dg > max{D}, D5} and is not d-exceptional,
€] el Dg
|Gl |G| (log D)

for a certain constant C1(n,G). Then Dz > Dy is certainly satisfied

(6.16) 7o (Dfe, K /Q) — L Li(D)| <
Finally, we enlarge max{D{, D} if necessary to a parameter Dg, so that for all D > Dg, the
error term in is at most (1/2)|G|'Li(D%) < (1/2)|%|G| " Li(D%). Then 74 (D%, K/Q) >
(1/2)|%||G|'Li(D%) > (1/2)|G|7'Li(DY%), and we can further enlarge Dg if necessary to write the
lower bound as in .

For part (2) of Corollary .16, we may follow e.g. Vaaler and Widmer [VWI3, Lemma 5.1] (but
without assuming GRH, as they do). Suppose that K is not d-exceptional and furthermore that
Dy > D{, with parameter D, as above in . Then for every z satisfying the lower bound ,
we apply with A = 2 to both 7g(z, K /Q) and 7y (2, K/Q). If the (non-negative) difference

were zero, this in combination with (3.2]) would imply that

2x T 3z

(6.18) Li(2z) — Li(z) < (log 272 + (log )2 = (log )2
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Yet certainly for x > 2,

/ gy x x

> > .
» logt ~ log2x — 2logx
Thus (6.18)) fails (so the difference in must be > 1) as soon as z > max{2, e®}. Given o > 0,
we apply this to 2 = D%, in which case we require D > D; = max{Dj, Dj},2,e5} with the
parameter Dy (depending on o) as above. This completes the verification of Corollary

Part I1I: Applications

7. BOUNDING /-TORSION IN CLASS GROUPS

For a finite extension K/Q, the ideal class group Clg is a finite abelian group that encodes
information about arithmetic in K, and interest in the class number |Clx| has a long history, going
back to the Gauss class number conjecture, early attempts at proving Fermat’s Last Theorem, and
Dirichlet’s development of the class number formula, which unites class numbers with L-functions.
We focus on the ¢-torsion subgroup of Clg, defined for any integer ¢ > 1 by

(7.1) Clk[f] := {[a] € Clg : [a]* = Id}.

For any number field K/Q of degree n and absolute discriminant Dg = |Disc K/Q|, we may trivially
bound the ¢-torsion subgroup by the full class group, which admits the following bound (see [Nar80),
Theorem 4.4]):

(7.2) 1 < |Clg[f)] < |Clg| <ne DIPTE,

for any integer ¢ > 1, and € > 0 arbitrarily small. We will refer to this as the trivial bound for
Cli[d])

Our work on ¢-torsion is inspired by the following well-known conjecture (e.g. see [BS96, “Question
CL(¢,d)”|, [Duk9§|, [Zha05, Conjecture 3.5|):

Conjecture 7.1 (¢-torsion Conjecture).
Let K/Q be a number field of degree n. Then for every integer £ > 1 and every e > 0,

|CIK[€]| <<n,€,e D?(

Now, with our new effective Chebotarev theorems for families of fields, we can make new progress
toward this conjecture: we improve on the trivial bound and in fact do as well as previous
bounds that assumed GRH, for all but a possible density zero subfamily of fields. In particular, we
prove the first unconditional nontrivial upper bounds for ¢-torsion, for all £ > 1, for almost all fields
in infinite families of fields of arbitrarily high degree.

Theorem 7.2. Let Z;/(Q,G) be fized to be one of the families of fields considered in Theorems
[3.11], [3.15 and |3.14, and correspondingly assume the hypotheses (if any) of the relevant
theorem. Let the parameters T, < B < d be those proved to exist for that family in . For every
T > T, sufficiently close to 7., every g9 > 0 sufficiently small, and every integer £ > 1, there exists

a constant Dg such that for for every X > 1, aside from at most DgX TV exceptions, every field
K € Z7(Q,G; X) satisfies

11 .
(7.3) IClk[(]] <nce D 277

for all e > 0.
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Recalling that for each family considered we have shown that |Z;”(Q,G; X)| >,c.» X” with
B > T4, the exceptional family has density zero once 7 is sufficiently close to 7, and gq is taken to
be sufficiently small. (In we re-state Theorem [7.2]in terms of averages of ¢-torsion.)

The deduction of Theorem [7.2] follows a general approach codified by Ellenberg and Venkatesh
for bounding ¢-torsion in Clg by finding many small rational primes that split completely in K:

Theorem H (|[EV0T7, Lemma 2.3]). Suppose K/Q is an extension of degree n, and let ¢ be a positive
integer. Set 0 < § < m and suppose that there are at least M rational primes with p < D‘IS(
that are unramified and split completely in K. Then for any e > 0,

1
|Clic[0)] <npe DEML.

To find small primes that split completely in K it is sufficient to find small primes that split
completely in the Galois closure K of K over Q, and to do so Ellenberg and Venkatesh applied
Lagarias and Odlzyko’s conditional Theorem [A] to obtain:

Theorem I (JEV07, Prop. 3.1]). Let K/Q be a number field of degree n and ¢ > 1 an integer.
Assuming GRH, then for any e > 0,

1 __ 1 ..
(7.4) Clic[l]| <nee Dy ™77

The argument in will show that any quantitative improvement to the exponent obtained in
Theorems [H| and [I| is expected to be similarly reflected in the exponent obtained in ([7.3)).

As n, ¢ grow large, to produce the primes required in Theorem [H] we must be allowed to count
primes as small as any fixed positive power of Dg. This in particular illuminates why previously
known lower bounds for w4 (x, L/k), such as obtained in the recent work of Thorner and Zaman
ITZ17D], [TZ17al Eqn. 1.6], or even the result of Theorem [B| (assuming no exceptional zero Sy
exists, or in the setting of Theorem , do not suffice for our application. The new results in
Theorem show that the following fields satisfy unconditionally, for all integers £ > 1:

(i) almost all degree p cyclic extensions of Q (p prime)
(ii) almost all totally ramified cyclic extensions of Q

(iii) almost all degree p Dp-extensions (.# the conjugacy class of order 2 elements, odd prime p)

(iv) almost all degree 4 A4-extensions (.# the two conjugacy classes of order 3 elements).
Furthermore, Theorem [7.2] shows that for every n > 2, almost all degree n S,-extensions of Q with
square-free discriminants satisfy for all £ > 1, where this result is

(v) unconditional if n = 2,3,4
(vi) if n =5, conditional on the strong Artin conjecture
(vii) if n» > 6, conditional on the strong Artin conjecture and D, (S, wy) for some w, < 1/2 +
1/n.
Finally, Theorem shows (among other results for simple groups) that holds

(vii) for every n > 5, almost all degree n A,-extensions of Q satisfy for all £ > 1, conditional

on the strong Artin conjecture.

Remark 7.3. In fact, our proof of Theorem works as well if we replace any of our families of
fields with the family of their Galois closures.

7.1. Previous results toward Conjecture To situate our results, we briefly review previous
results in the literature toward Conjecture in terms of a property we now define.

Property 7.4 (C,(A)). Given integers n,¢ > 1 and a fized real number A > 0, we say that
property C,, ¢(A) holds if it is known that for every e > 0 there is a constant Ca ¢ such that for
all fields K/Q of degree n,

|Cllf]] < Came-Di*e.
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Thus in particular, shows that C, (1/2) is trivially true for all n,¢ > 1. The strongest
type of result holds for all fields of a fixed degree. In this vein, Gauss [Gau0l] genus theory shows
C2,2(0) holds. This is the only case in which Conjecture is known to hold, for a certain prime
£, for all fields of a fixed degree. The only other known pointwise bounds for prime ¢ are: n = 2
and ¢ = 3, where initial progress occurred in [HV06], [Pie05], [Pie06], and [EVO07] holds the record
C23(1/3); C33(1/3) due to [EVOT7]; C43(1/2 — ) due to [EVOT7] where § = 1/168 if K is non-
Dy; C,2(0.2784...) for n = 3,4 and C,2(1/2 — 1/2n) where n > 5, due to [BSTT17]. Also in
[EV07], there is a proof of pointwise bounds for ¢-torsion for certain families of fields of arbitrarily
high degree, where these fields always contain ¢, + ¢, ! Conditional on the Birch-Swinnerton-Dyer
conjecture and GRH, Wong [Won99b| has observed that Cz3(1/4) holds.

For n = 2,3,4,5, bounds for ¢-torsion at least as strong as were already known to hold,
unconditionally, for almost all degree n S,-fields (without any ramification condition). For imag-
inary quadratic fields, Soundararajan [Sou00| showed that for each prime ¢, the nontrivial bound
|IClk[€]] <pe D}(/Q_l/ 277¢ holds for all but a possible family of exceptional fields of density zero.
Furthermore, Heath-Brown and the first author [HBP17| obtained for each prime ¢ > 5 the uncon-
ditional bound |Clg [f]| <. D%Qi:ﬁ/ 2+ for all but a possible density zero family of imaginary
quadratic fields; their methods also yield upper bounds for higher moments of ¢-torsion for all £ > 3.
For each degree n < 5, Ellenberg and the first and third authors [EPW17] proved the bound
holds unconditionally for all but a possible density zero exceptional family of degree n extensions of
Q. (In the case n = 4, this work had the additional requirement that the fields be non-D,4 quartic
fields and ¢ > 8 and for n = 5, the requirement ¢ > 25.) In both [HBP17| and [EPWIT|, the
upper bound for the possible exceptional family becomes weaker as ¢ increases (e.g. in [EPW17]
the number of exceptional fields is at most O, .(X'1~1/C{=1)+¢) for ¢ large); this is noticeably
different from the bound for the exceptional set in Theorem [7.2]

Remark 7.5. At the time of posting, the authors learned of the works of Frei and Widmer [FW17|
and Widmer [Wid17]. Frei and Widmer obtain the upper bound for /-torsion for almost all
totally ramified cyclic extensions of Q (see our case (ii) above), albeit with a larger upper bound for
the possible exceptional family of fields, analogous to that in [EPW17]. Frei and Widmer use the
sieve method of Ellenberg and the first and third authors [EPW17| combined with new counts for
the number of totally ramified cyclic extensions with a finite number of specified local conditions.
Notably, their method also works for totally ramified cyclic extensions of any fixed number field F'.
Moreover they remark, building on [Wid17], on the possibility of sharpening to 1/2 — 1/(¢(n + 1))
the exponent in for almost all fields in a family Z,(Q, G; X) that is sufficiently dense (e.g.
|Z,(Q,G; X)| > X). Of the families we consider, the latter strategy could conceivably similarly
improve the exponent in only for the family Z:7 (Q, S,; X), conditional on such a lower bound
being known for the family. We thank Frei and Widmer for sharing their preprint [FW17].

7.2. Proof of Theorem Theorem is an immediate consequence of Corollary We
suppose that a family an (Q,G; X) and a sufficiently small g > 0 have been fixed. We let 0 <
d < 1/4 be defined as in (3.6). We set ¢ = {id}, in which case we are counting primes that split
completely in K and hence in K. For any integer £ > 1, we take 7 > 7, sufficiently close and a
sufficiently small 1 > 0 and we set 0 = 1/(2¢(n — 1)) — 1. Then for every X > 1, for any field
K € Z7(Q,G; X) with Dg > Dg that is not one of the at most D3 X715 §-exceptional fields
in Z7(Q,G; X), there are ¢, e, sz(z(n_l))_el/log Dy primes p < D}</2(Z(n_1))_€l that split
completely in K. Thus for such a K that is not d-exceptional, by Theorem [H]

%—ﬁ—al'i‘EQ
(7.5) Clk[l]| <nGiteres Die ™" ;
for all sufficiently small €1,e2 > 0. Now we count all those fields that are J-exceptional and all

those fields in Z{ (Q,G; X) that have discriminant smaller than Dg, of which there are at most
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<nG, 7 D¢, by the definition of the parameter d. Defining Dg = Dg(n, ¢, G,.#,d,T,&0) to be an
appropriate maximum of D3 and the above multiple of Dgl, we see that for every X > 1 we may say
that holds for each field in Z;f (Q,G; X), apart from at most Dg X770 fields. This completes
the proof of Theorem

7.2.1. Averages of £-torsion. The results of Theorem can alternatively be stated in terms of
averages of (-torsion over a fixed family of degree n extensions. If |Z;7(Q,G;X)| <ng.r X9,
Theorem shows that for all X > 1, ¢ > 1, 7 > 7, sufficiently close, £g sufficiently small,

Z ’CIK[KH < Xd+%_m+€ +XT+%+£0+57
Kez7 (Q,G;:X)

for every € > 0, with an implied constant depending on n, ¢, G, % ,d, T,e9,e. For 7. < 1 < d, for ¢
sufficiently large we will obtain 7 < d — 1/(2¢(n — 1)), so that

S [Clklg] < XA e
KeZ# @GX)

for every € > 0. The “trivial bound” would be <, ¢ s - X3+ for all £ > 0.

8. NUMBER FIELDS WITH SMALL GENERATORS

For our second application, we turn to a question of whether all number fields have a “small”
generator. Given a number field K/Q of degree n (inside our fixed algebraic closure Q), one can
ask for the element o € K of smallest height H(«) such that K = Q(«); here H(a) denotes the
absolute multiplicative Weil height. Precisely, for an element a € K,

H(a) = [] max{1,|al.}*,

in which v runs over the places of K and for each place v, |-|, is the unique representative that either
extends the Archimedean absolute value on Q or a p-adic absolute value on Q, while d,, = [K, : Q,]
denotes the local degree at v. (By Northcott’s theorem |[Nor49, Thm.1|, there are finitely many
elements in K with height at most any fixed real number, and thus a generator of smallest height
does exist.)

In terms of lower bounds, it is known by Silverman [Sil84) Thm. 1| that for each n > 2, for all
fields K/Q of degree n, for any element a € K such that K = Q(«),

1
(8.1) H(a) > B1Dp" ™,

where we may take By = Bi(n) = n_ﬁ. In fact, this lower bound led to the numerology of the
savings in the exponent in Theorem [I} (See [EV07, Lemma 2.2|, with the lower bound now further
explored in the recent preprints [FWI17, Wid17], where it is shown that improving on for a
sufficiently dense class of fields can improve on Theorem [I|in an average sense.)

On the other hand, regarding upper bounds, Ruppert asked two questions [Rup98| of increasing
strength:

Question 8.1. Does there exist for each n > 2:
(1) a positive constant By = Ba(n) such that for every field K/Q of degree n there exists an
1

element o € K such that K = Q(a) and H(a) < BoD3?
(2) a positive constant Bs = Bs(n) such that for every field K/Q of degree n there exists an
1

element a € K such that K = Q(«) and H(a) < B3Dp" V7
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(Ruppert posed these questions in terms of the naive height, but up to constants this is equivalent
to the form given here, for which we cite the presentations of [VW13,[VW15].) The second question is
effectively asking whether the exponent in Silverman’s lower bound is sharp. For degree n = 2
the two questions are equivalent, and Ruppert [Rup98, Prop. 2| answered them in the affirmative.
Moreover, [Rup98|, Prop. 3| verified for totally real fields K of prime degree. Recently, Vaaler
and Widmer [VW13, Thm. 1.2] verified for all number fields with at least one real embedding,
with a constant Ba(n) < 1. In contrast, they provided in [VWI15], for each composite degree n,
an infinite family of fields violating . Furthermore, in [Wid17, §3 and §4], Widmer shows that
for n > 4, the number of degree n fields satisfying the bound in case of Question is o(X),
so that the answer to this case must be no. (For clarity, note that Widmer works in terms of the
relative Weil height.)

This leaves the question of whether case is true. As an application of our effective Chebotarev
density theorem, we show that within appropriate families of fields, is true for “almost all” fields.

Theorem 8.2. Let Z7(Q,G) be fived to be one of the families of fields considered in Theorems

[3.11), |3.15 and |3.14), and correspondingly assume the hypotheses (if any) of the relevant

theorem. Let the parameters 7, < B < d be those proved to exist for that family in . For every

T > Ty sufficiently close and every eq > 0 sufficiently small, there exists a constant Dg such that for

every X > 1, aside from at most Do X0 exceptions, every field K € Z{(Q,G;X) contains an
1

element o with K = Q(«) such that H(a) < 2D2.

The proof is a simple adaptation of an observation of Vaaler and Widmer in [VW13| Thm. 1.3],

which relies on finding primes that split completely in K that are of size around D}(/Q. They showed
that the bound in Question case holds whenever (; satisfies GRH, via an application of
Theorem [A] Now, independent of GRH, for every field that is not d-exceptional, with ¢ determined
by , we apply part (2) of Corollary with the choices ¥ = {1} and o0 = 1/2, in place of
[VW13, Lemma 5.1]. Then [VW13, Thm. 4.1] shows that for each field K to which the conclusion
applies, there exists an element a € K with K = Q(a) and H(a) < p'/" < ZD}(/%. We
use Theorem to bound the number of d-exceptional fields, with § determined by . We
use the trivial upper bound ]Z;Z](Q, G; Dr)| <nq.o D? for the number of fields in the family with
discriminant smaller than the threshold D7 required to apply part (2) of Corollary Then upon
setting Dg = Dyg(n, G, .7 ,d, T,e0) to be an appropriate maximum of D3 from Theorem and the
above multiple of D?, we may then conclude Theorem holds.
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