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An Efficient 3D Model
of Heterogeneous Materials
for Elastic Contact Applications
Using Multigrid Methods
A 3D graded coating/substrate model based on multigrid techniques within a finite differ-
ence frame work is presented. Localized refinement is implemented to optimize memory
requirement and computing time. Validation of the solver is performed through a com-
parison with analytical results for (i) a homogeneous material and (ii) a graded material.
The algorithm performance is analyzed through a parametric study describing the influ-
ence of layer thickness (0.01 < t/a < 10) and mechanical properties (0.005 < Ec/Es < 10) 
of the coating on the contact parameters (Ph, a). Three-dimensional examples are then 

presented to illustrate the efficiency and the large range of possibilities of the model. The
influence of different gradations of Young’s modulus, constant, linear and sinusoidal,
through the coating thickness on the maximum tensile stress is analyzed, showing that the
sinusoidal gradation best accommodates the property mismatch of two successive layers.
A final case is designed to show that full 3D spatial property variations can be accounted
for. Two spherical inclusions of different size made from elastic solids with Young’s mod-
ulus and Poisson’s ratio are embedded within an elastically mismatched finite domain and
the stress field is computed.

1 Introduction

The actual contact between solid surfaces is generally rough
and the stresses induced can only be correctly described using a
detailed 3D model. Current manufacturing processes allow one to
obtain functional graded materials, i.e., materials with 3D varying
properties. A traditional application is a coated material. Never-
theless, the rough coated contact problem is strongly multi-scale:
the characteristic dimensions of the contact, the coating and the
roughness range from the millimeter to the nanometer. A straight-
forward discretization of this multi-scale problem would exceed
the memory and CPU capacity of current (and next generation)
computers. This paper proposes an efficient numerical model that
can handle such multi-scale problem requiring O(109) points and
locally refined grids.

The development and coating selection becomes a complex and
costly task for designers. Numerical simulations can thus guide
the choice of the designer and reduce the cost of an experimental
approach. Substrate and coating are generally elastically dissimi-
lar; thus the contact stresses and the internal stresses will differ
from those generated in the uncoated case and quantification is
necessary. The actual stress distribution is mostly calculated using
numerical or semi-numerical techniques for layered materials.
These numerical simulations can become very difficult when
varying properties and thin coatings are involved. These computa-
tions can aid in fine tuning the material choice to the specific oper-
ating conditions, such as layer thickness, property variations, etc.
Several studies have been performed on this topic and will be out-
lined later on.

Most of the models consider discrete isotropic layers with con-
stant properties and a sharp transition at the interface. Moreover,
perfect bounds at interfaces are assumed and this leads to inherent
stress discontinuities at the interface. The methods used are gener-

ally based on integral transform combined with a Fast Fourier
Transform (FFT) algorithm or on Finite Element (FE) methods.

Ju and Liu [1] and Leroy et al. [2] used the Fourier transform to
study the thermo-mechanical deformation of a 2D layered elastic
half space subjected to a moving heat source. Plumet and Dubourg
[3] used these techniques to study the 3D mechanical case. FFT
methods introduce a numerical periodicity error which can vanish
if one extends the surface grid sufficiently far beyond the contact
area. In their work, Polonsky and Keer [4,5] remedy the periodic-
ity error by using a special correction term. Nogi and Kato [6]
combined the conjugate gradient method with the FFT technique
for solving the rough contact problem for both homogeneous and
layered solids. FFT methods can deal with coated materials but
are not appropriated for graded ones when property variations do
not follow a single space direction.

Kesler et al. [7,8] worked on experimental methods to deter-
mine the residual stresses and the intrinsic stresses resulting from
the deposition process. They also studied the Young’s modulus of
a layered or graded material as a function of depth in the deposit.
Giannakopoulos and Suresh [9] developed semi-analytical models
to adress graded materials with properties varying either as expo-
nential or power laws. More recently, Prasad et al. [10] studied
the steady-state frictional sliding contact on surfaces of plastically
graded materials using FE techniques.

In 3D mechanical studies, simulations are mostly performed
using FE techniques [11,12]. Holmberg et al. [11] used these
methods to calculate the real stress components and fracture
toughness of a coated surface and to investigate the effect of resid-
ual stress in the coating. This approach presents a major disad-
vantage for thin layers, which is the large system of equations
arising from the fine mesh. Conventional numerical methods take
unacceptably long times even on modern computers. The compu-
tation speed can be increased by using advanced numerical techni-
ques such as multigrid methods [13].

Semi-analytical methods have also been used in the case of
graded and coated materials to determine displacement and stress
fields. Fretigny et al. [14] developed an analytical approach to the
mechanics of adhesive contacts between coated substrates and
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rigid axisymmetric probes as an extension of a model developed
by Perriot [15] for the non-adhesive case. Giannakopoulos and
Suresh [9] studied the stresses in the case of a graded material
with an exponential variation of its Young’s modulus in depth.
The methods used cannot deal with all types of variations.

Watremetz et al. [16] developed a 2D thermomechanical nu-
merical model based on multigrid methods to solve mechanical
problems including both coated and graded materials. His model
is able to solve problems with any type of property variation. He
particularly showed how a graded variation avoids the discontinu-
ity in the stress components.

Starting from Ref. [16], extensions were realized to propose a
3D multigrid model for homogeneous bodies submitted to a mov-
ing heat source [17]. Then a 3D multigrid elastic contact model
for coated and graded materials with 3D spatial property varia-
tions has been developed. This work is based on the finite differ-
ence method which allows one to account for property variations
in all space dimensions. A local refinement strategy is used to
reduce computation time.

The model is presented in the first section. The validation is
outlined in Sec. 2. Comparisons are performed with classical
Hertzian solutions given by Johnson [18] and analytical solutions
proposed by Giannakopoulos and Suresh [9]. In Sec. 3, a paramet-
ric study of a coated substrate is conducted. A large range of coat-
ing thickness and Ec/Es ratio is considered to illustrate the
efficiency and robustness of the model. Three-dimensional numer-
ical examples are then presented in Sec. 4 to illustrate the effi-
ciency and the large range of possibilities of the model. Coating/
substrate systems with different property gradations through the
coating thickness, constant, linear and sinusoidal, are submitted to
contact loading. The resulting stress fields within the coating and
the substrate and at the interface are analyzed. A final case is then
designed to show that full 3D spatial property variations can be
accounted for. Two spherical inclusions of different size made
from different materials (a compliant and a stiff one) are embed-
ded within an elastically mismatched finite domain. The stress
field is computed.

2 3D Model and Numerical Method

3D Numerical tools dealing with coating problems are gener-
ally based on Finite Element Methods (FEM) or on semi-
analytical techniques combined with Fast Fourier Transform
(FFT). FEM demand a huge computational effort (CPU and mem-
ory) if one requires locally very fine meshes. FFT methods cannot
deal with three-dimensional varying mechanical properties. A fi-
nite difference discretization can handle such three-dimensional
varying properties, but requires rather important computational
efforts. Using multigrid methods (MG) the convergence speed can
be accelerated and large scale problems can be solved with a lim-
ited computational effort. Moreover, these methods can easily be
coupled with mesh refinement strategies allowing one to deal with
the different contact scales [13,19].

The first to apply these techniques to a 2D elastic model was
Watremetz et al. [16]. He studied a material with graded trans-
verse elastic properties.

2.1 Equations. The work is based on a second order finite
difference formulation of 3D Lamé equations, written for a finite
rectangular domain. The Lamé coefficients can vary as a function
of space, i.e., k¼ f(x,y,z), l¼ g(x,y,z). Hence the Young’s modu-
lus and Poisson’s ratio of this elastic solid are obviously 3D spa-
tial varying functions (E(x,y,z),�(x,y,z)). Thus any property
gradation can be accounted for through the depth, but also along x
and y directions. Applications like embedded inclusions within a
mismatched elastic solid can be addressed as it will be shown in
Sec. 4. These equations can be generalized in terms of displace-
ments (u(x,y,z)) to:

ðkuj; jÞ; i þ ðlui; jÞ; j þ ðluj; iÞ; j ¼ 0 i; j ¼ 1; 2; 3 (1)

The partial differential equations PDE are discretized using a sec-
ond order finite difference scheme in the bulk except on the boun-
daries. One of the originalities of this work is that the cross
derivative terms are taken into account as @
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due to the prop-
erty variations along all spatial dimensions.

Displacements are determined using boundary conditions (BC).
Dirichlet BC (displacements) are imposed on the five boundaries
and Neuman BC prescribe the load on the top free surface accord-
ing to the following equation:
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2.2 Multigrid Methods. Conventional iterative methods
converge slowly as the long wavelength error present in the solu-
tion slowly diminishes with successive relaxation sweeps. Multi-
grid techniques overcome this difficulty by using a sequence of
grids. The grids communicate with one another through restriction
and prolongation operators [20,21]. Efficient multigrid algorithms
for the solution of PDE require good ellipticity, which implies
that non-smooth error components can be solved by local process-
ing. The elasticity equations are elliptic and one can expect a
good multigrid efficiency. The treatment of the Dirichlet BC is
straight forward, however, Neumann BC can seriously degrade
the solver efficiency.

2.3 Boundary Conditions. The boundary conditions should
not modify the efficiency of the multigrid techniques. The Dirich-
let conditions are easily implemented. Concerning the Neumann
ones, in order to maintain the multigrid solver efficiency, the BC
have to fulfil two criteria:

• consistency on the various grids
• no introduction of local errors.

Venner and Lubrecht [13] relax the interior problem on the sur-
face using the Neumann condition to fulfill both criteria. Some
pre-relaxations are necessary to decrease the residual near the
boundaries before solving the entire problem, as described by
Brandt [21].

2.4 Refinement Strategy. Coated and graded systems are
multi-scale problems as a large difference between coating thick-
ness, loaded zone and the substrate dimensions exists. A uniform
level of resolution is not required everywhere and a proper spatial
resolution, fine for instance around the coating and the interface
and coarse elsewhere, allows a considerable reduction of the com-
putational work. This is especially true if one considers a coated
semi-infinite bulk (bulk size � coating thickness and/or contact
width). MG techniques are easily combined with local mesh
refinements techniques. In such cases, the finest grids can be re-
stricted to smaller and smaller subdomains, whereas the coarse
grids cover the entire domain.

The refinement strategy consists in defining successive subdo-
mains corresponding to successive levels where grid refinement is
performed only locally (Fig. 1). The fine grid residuals and the
coarse grid correction are only carried out in the local part where
the fine grid exists [19]. The refinement strategy is centered on M
(0,0,0). A refined level corresponds to a reduction of the coarsen
volume with a ratio of 3/4 in the x and y directions and 1/2 in the
z direction. The 1/2 z-ratio allows one to maintain a constant num-
ber of grid-points along the z direction. In order to show the effi-
ciency of the refinement strategy, a simple case is studied. A
Hertzian loading is imposed at the surface of a rectangular do-
main. Numerical simulations are conducted with a different
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number of levels of local refinement, from a one-level to six-level
local refinements. The case considered as the reference includes
six grid levels and no local refinement (number of grid-points on
the finest grid around 67M and uref the reference solution). This
number of grid-points reduces drastically, down to 14K for the
five-level local refinement case. The difference between the refer-
ence solution uref and the solution uapp obtained using p-level
local grid refinement and the corresponding reduction in computa-
tional time, are summarized in Table 1. A maximum and a mean
displacement error norm are defined respectively as:

uref � uapp
�

�

�

�

1 ¼ max
uref � uapp

uref

�

�

�

�

�

�

�

�
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�

�

�

�

1
¼ 1

N
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The maximum error increases with increasing number of local
refined levels, but the accuracy remains pretty good. The time
reduction increases very significantly with the increasing number
of local refined levels and the calculation can be performed up to
300 times faster with almost the same accuracy in this case. These
results show the ability of the model to deal with local refinement
techniques combined with MG. This was required to address large
3D problems requiring high resolution sub-domains.

3 Validation

The next step consists in validating the model and illustrating
its accuracy. Three problems are considered and the numerical

results are compared with analytical solutions to validate (i) the
multigrid model, (ii) the contact solution within the multigrid
framework, and (iii) the description of coatings with elastic prop-
erty gradients through the depth. Calculations based on multigrid
techniques were performed using different number of levels
without local refinement, ranging from 1 (monogrid) to 7 grid
levels. A rectangular domain is considered of length Lx/a¼ Ly/
a¼ 2 * Lz/a¼ 16. The coarse grid involves 9*9*5 points and the
finest one 513*513*257 points with a mesh size of 1/32.

3.1 Multigrid Model Validation. A homogeneous bulk sub-
mitted to an Hertzian loading is considered. The solution can be
found [18] in terms of surface displacement (i.e., z¼ 0).

In the contact zone (�r � 1):

�wð�rÞ ¼ 1

4
ð2� �r2Þ (3)

�uð�rÞ ¼ � ð1� 2�Þ
ð1� �Þ

1

3p�r
ð1� ð1� �r2Þ3=2Þ �x

�r
(4)

�vð�rÞ ¼ � ð1� 2�Þ
ð1� �Þ

1

3p�r
ð1� ð1� �r2Þ3=2Þ �y

�r
(5)

In the center of the contact (�r ¼ 0):

�rxx ¼ �ryy ¼ ð1þ 2�Þ=2 (6)

On the edge of the contact (�r ¼ 1):

�rxx ¼ ð1� 2�Þ=3 (7)

�ryy ¼ ��rxx (8)

With : �x ¼ x=a0; �y ¼ y=a0; �r ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

�x2 þ �y2
p

, �u ¼ u=d0; �v ¼ v=d0;
�w ¼ w=d0, �rxx ¼ rxx=Ph0; �ryy ¼ ryy=Ph0.
The mean error is defined as g ¼ wana � wapp

�

�

�

�

1
, where wana

and wapp are, respectively, the analytical and the approximate nu-
merical solutions of the vertical displacement calculated at each
surface point. This error is plotted versus the mesh size in Fig. 2.

This curve shows a slope of 3.5 which is close to the expected
second order convergence speed value of 4. The difference

Fig. 1 Local refinement technique: (a) coarsen grid, (b) one-level local refinement,
(c) two-level local refinement

Table 1 Computational time reduction and accuracy of the
solver versus the number of p-level local refinements

p uref � uapp
�

�

�

�

1 uref � uapp
�

�

�

�

1
Time reduction

1 6.8 * 10�5 3.6 * 10�5 3.0
2 2.8 * 10�4 1.6 * 10�5 10.0
3 6.2 * 10�4 3.2 * 10�4 34.5
4 1.5 * 10�3 5.0 * 10�4 142.8
5 2.1 * 10�3 6.5 * 10�4 384.6
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is probably due to the stress singularity at the edge of the
contact. Our results are in a very good agreement with the exact
solution. An accuracy better than 10–3 is obtained using a mesh
size of 1/32.

3.2 Contact Solution Using MG. The numerical relation
between the displacement w at point M due to a point loading at a
different point N gives the influence coefficients which can be
applied in a contact algorithm [22]. This algorithm has success-
fully addressed rough homogeneous contact problems. Combining
this algorithm with MG numerical coefficients allows us to
numerically solve contact problems involving materials with vary-
ing properties throughout the depth. A spherical indenter pressed
normally against a half-space is considered. The contact pressure
is numerically determined and compared to the analytical Hertz-
ian solution. The relative error w between the maximum Hertzian
pressure Ph0 and the numerical one is plotted as a function of the
number of grid points in Fig. 3. An accuracy of 10�3 is reached
for a grid spacing smaller than 1/32. This result validates the use
of the numerical influence coefficients within the MG framework.

3.3 Contact Solution for Coatings With Graded Elastic
Properties Through the Depth. Giannakopoulos and Suresh [9]
gave approximate analytical solutions for both the dimensionless
pressure distribution and contact half-width for a spherical rigid
(parabolic) indenter pressed against a material with a specific
Young’s modulus variation with depth. E is varying according
to an exponential law: Eð�zÞ ¼ pe�a�z, with �a ¼ a0a and
�z ¼ z=a0; � ¼ 0.

�pðrÞ �
ffiffiffiffiffiffiffiffiffiffiffiffiffi

1� �r2
p

for 0 � r � a (9)

�a3 � 1þ C1�a
3

3

� ��1

(10)

With �pðrÞ ¼ pðrÞ=ph0 and �a ¼ a=a0. Note that a¼ 0 corresponds
to the Hertzian case. The C1 value is determined and stability
issues concerning the exponential law case are described in
Ref. [23].

For these conditions, MG calculations were performed for
�0:25 � �a � 0:25. The maximum contact pressure and contact
half-width are compared to the reference values given by equa-
tions (9) and (10) and plotted in Figs. 4 and 5.

The error is of the order of one percent independently of the
value of �a. It is thus shown that the agreement between analytical
and numerical solutions is excellent, validating, therefore, the
ability of the MG model to address materials with property grada-
tions versus depth. The next section is devoted to the analysis of
the influence of the in-depth gradation on the internal stress field
with a particular interest to the coating/substrate.

4 Results

In Fig. 6, a half cube of finite dimensions Lx¼ Ly¼ 2 * Lz is
shown. The Poisson’s ratio is �s¼ �c in the substrate and in the
coating. The Young’s modulus in the substrate is also assumed
constant and its value is Es. The layer is either considered with
constant Young’s modulus throughout the thickness (called a
coating) leading to a discontinuity in material constant across the
coating/substrate interface, or with a specific gradient in Ec (lin-
ear, sinusoidal…) resulting in a continuous variation in material
constant across the interface. A spherical indenter is pressed on
the domain with a certain load Q. The contact problem is solved
numerically using the MG numerical influence coefficients and
the contact algorithm. In the first subsection, coated materials are

Fig. 2 Surface displacement error

Fig. 3 Relative error in the maximum Hertzian pressure

Fig. 4 Comparison between analytical (GS) and numerical
(MG) dimensionless central pressure �p (0,0) using the exponen-
tial law

Fig. 5 Comparison between analytical (GS) and numerical
(MG) dimensionless contact radius �a using the exponential law
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studied. In a following subsection, it will be shown how graded
materials can reduce mechanical damage.

4.1 Coated Materials. In this subsection, results obtained by
the MG solver for coated materials are outlined. First, the algo-
rithm performance is analyzed through a parametric study describ-
ing the influence of layer thickness (0.01< t/a< 10) and
mechanical properties (0.005<Ec/Es< 10) of the coating on the
contact parameters (Ph, a). This problem has been studied previ-
ously by Plumet and Dubourg [3] using discrete transforms for a
smaller parameter range (0.5<Ec/Es< 3). Fretigny and Chateau-
minois [14] calculated the stress and displacement for a rigid axi-
symmetric punch, assuming zero friction. They studied compliant
coatings (0.01<Ec/Es< 0.1) with varying Poisson coefficients.
Figure 7 shows some results obtained using the MG solver. Calcu-
lations have been performed using up to eight levels in order to
have more than 10 points within coating thicknesses. Three or
four global levels are used before local refinement is used. This
ensures the solution accuracy to correctly capture the strong dis-
placement gradients. The bulk size depends on the coating com-
pliance in order to determine the complete contact area: for a
large t/a0 ratio, the contact radius tends to (Es/Ec)

1/3. The domain
size can vary between 8Lx/a * 8Ly/a * 4Lz/a for a stiff coating to
64Lx/a * 64Ly/a * 32Lz/a for compliant ones. For the calculation,
one uses h¼ 1 on the coarsest grid: this configuration gives up to
513 points (eight levels) in the contact area in each direction.

The key feature of the Local Multigrid (LMG) coating model is
its ability to handle both small t/a0 ratios (0.01 - 10) and large
Ec/Es ratios (0.005 - 10).

Using the displacement obtained using the MG algorithm, the
stress field within the bulk is computed separately for the coating
and the substrate. Two loading conditions are considered, a nor-
mal (f¼ 0) and a sliding contact (f¼ 0.3). The stresses are plotted
in Figs. 8 and 9 for t/a0¼ 0.5, Ec/Es¼ 3 and for f¼ 0 and f¼ 0.3,

respectively. These figures highlight the Von Mises stress discon-
tinuity at the coating-substrate interface. The material property
mismatch at the interface generates a discontinuity in tensile
stresses, generating debonding and/or delamination risks. These
discontinuities are known to increase as Ec/Es increases. Further-
more, the use of stiff coatings leads to a Von Mises stress
increase. A smooth transition from the coating free surface to the
coating/substrate interface reduces the stress concentration and
leads to higher cracking resistance.

4.2 Graded Layers. The use of a graded material is a way to
reduce the stress discontinuity, limit interfacial problems and thus
enhance the resistance against cracking and debonding [23]. A lin-
ear variation of the Young’s modulus within the coating thickness
is first considered. A layer of thickness (t/a0¼ 0.5) is considered.
Its Young’s modulus varies linearly from Ec/Es¼ 3 at the top sur-
face to Ec/Es¼ 1 at the interface (graded material). The reference
is a coated substrate with constant Young’s modulus through the
thickness (Ec/Es¼ 3).

Both normal contact (f¼ 0) and sliding contact (f¼ 0.3) are
considered. Calculations are performed using the discretization
described in Sec. 4.1. Under these conditions, one obtains 65
points within the depth of the layer (i.e. 0 � z � 0.5). The maxi-
mum tensile stress �rxx versus depth is plotted in Figs. 10 and 11
for f¼ 0 and f¼ 0.3, respectively. Von Mises stress �rVM in the
plane (x, y¼ 0, z) is plotted in Figs. 12 and 13 for the same load-
ing conditions.

Figures 10 and 11 show a rather strong discontinuity of the ten-
sile stress at the interface for the coated case. Please note that the
maximum value is positive (traction) and its amplitude is

Fig. 6 Rigid spherical punch pressed against (a) a coating/
substrate system, (b) a linear graded layer/substrate system,
and (c) a sinusoidal graded layer/substrate system

Fig. 7 Normalized contact pressure as a function of normal-
ized layer thickness for several Ec/Es values

Fig. 8 �rVM for a coated material, Ec/Es5 3, normal loading,
t/a05 0.5

Fig. 9 �rVM for a coated material, Ec/Es5 3, normal and tangen-
tial loading f50.3, t/a05 0.5

Fig. 10 Max(�rxx ), t/a05 0.52 f5 0
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approximately 0.3 * Ph0, meaning that there is a strong tensile
effect at the interface vicinity, that can lead to cracking. At the top
free surface, friction increases the stresses as shown in Fig. 11.
The comparison of Figs. 12 and 13 to Figs. 8 and 9 shows how the
linear Young’s modulus gradation acts on the Von Mises stress: a
significant decrease in the maximum value is obtained and the dis-
continuity at the interface vanishes. The use of a graded layer,
with a high Young’s modulus at the top surface, improves the tri-
bological performances and the wear resistance without inducing
tensile stresses at the layer/substrate interface (see Fig. 10). Con-
sequently, this solution may limit the occurrence of cracks at the
interface while maintaining the top surface protection under nor-
mal and sliding contact.

This 3D multigrid solver can thus aid to design the coating
structure by defining the gradient property to tailor performance
requirements for an intended application. Moreover, all types of
graded properties can be considered.

To get a deeper understanding of the property gradation role,
the influence of gradients in Young’s modulus on the cracking
risk and the Von Mises resistance under normal contact are stud-
ied. A sinusoidal variation is used to represent a controlled change
in Young’s modulus over the depth t of the layer, from the top sur-
face to the interface.

A three layer configuration is considered (Fig. 14): at the top
surface, a layer of thickness t � l/2 with a constant Ec value such
as Ec/Es¼ 3, an intermediate layer of thickness l with a smooth
sinusoidal variation of E and a third layer of thickness t � l/2 of
Es value. This intermediate layer acts as an interlayer and the pa-
rameter l is defined as the transition length between the coating
and the substrate. Figure 15 shows the evolution of the tensile

stress �rxx(x¼ y¼ 0) versus depth. A smooth behavior of the ten-
sile stress within the bulk is obtained with peak values located at
the top surface. At the interlayer, the discontinuity vanishes and
the tensile stresses in the coating and in the substrate decrease as
the dimensionless parameter �l ¼ l=t (which characterizes the tran-
sition) increases. The dimensionless Von Mises stress �rVM is plot-
ted in Fig. 16 for l/t¼ 2. The comparison with Von Mises
variations obtained for the coated (Fig. 8) and the linear graded
(Fig. 12) cases highlights the benefits of the gradation in proper-
ties. The coated case is obviously the most detrimental
configuration.

4.3 Discussion on Precision. To close this section, numerical
results are briefly presented. A convergence study similar to the
one conducted in Sec. 2.4 was carried out for these three specific
property gradations: constant, linear, and sinusoidal. The accuracy
of the solver versus the number of refined levels was studied. The
maximum of the relative error on the displacements was calcu-
lated and is given in Table 2.

The results are similar to the ones obtained for the homogene-
ous cases. The elastic property evolution does not reduce the
solver efficiency.

Fig. 11 Max(�rxx ), t/a05 0.52 f5 0.3

Fig. 12 �rVM for a linear graded layer, Ec/Es5 3, normal loading,
t/a05 0.5

Fig. 13 �rVM for a linear graded layer, Ec/Es5 3, normal and tan-
gential loading f5 0.3, t/a050.5

Fig. 14 Sinusoidal variation of the Young’s Modulus,
E zð Þ ¼ Es � Ecð Þ=2 � sinð2p=�l � z=t � 1ð ÞÞ þ Ec þ Esð Þ=2

Fig. 15 �rxx (x5 y5 0), t/a05 0.5 2 f50 - for a sinusoidal varia-
tion (Fig. 14)

Fig. 16 �rVM in the case of a sinusoidal variation,
t=a0 ¼ 0:5� f ¼ 0� �l ¼ 2
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4.4 Discussion on Computational Efficiency. The authors
have attempted to compare the multigrid code efficiency with a
commercial finite element code. The calculations were performed
on similar PCs. The largest finite element solid mechanics calcula-
tion contained 10M points (30M DoF). The computing time was
of the order of 10 h. A similar calculation using the MG code took
less than 30 mins. Furthermore, the memory requirements of the
commercial FE code were roughly 2000 times higher than of the
MG code. The authors consider that this memory requirement
might hamper large FEM calculations more than the normal com-
puting times compared to MG methods. A comparison between
FFT and MG methods applied to contact problems was performed
by Sainsot and Lubrecht [22]. The paper concluded that the FFT
methods had the advantage of extreme robustness and easy imple-
mentation, but required slightly higher computing times than the
MG methods, partially because of the zero-padding required.

4.5 3D Spherical Inclusions. A final case is designed to
show that full 3D spatial property variations can be accounted for.
Two spherical inclusions of different size made from elastic solids
with Young’s modulus and Poisson’s ratio (a compliant and a stiff
one) are embedded within an elastically mismatched finite do-
main. The stress field is computed. The elastic stress and strain
field due to an ellipsoidal inclusion/inhomogeneity was solved by
Eshelby [24,25], and exact solutions are available for different
configurations. Numerical solutions are also available. Recently,
Leroux et al. [26] developed a fast method based on FFT techni-
ques for solving contact problems when one of the mating bodies
contains multiple heterogeneous inclusions. The proposed model
allows one to deal with inclusions having different properties and
random locations in the bulk. The case designed here aims at illus-
trating the model generality. Two spherical inclusions, with differ-
ent radii Rinc1/a0¼ 0.05 and Rinc2/a0¼ 0.1 and elastic properties
Einc1¼ 0.01E and Einc2¼ 5E, are embedded within an finite elastic
body. Their respective locations are:

xinc1=a0 ¼ 0:2; yinc1=a0 ¼ 0; zinc1=a0 ¼ 0:3ð Þ
xinc2=a0 ¼ 0:3; yinc2=a0 ¼ 0; zinc2=a0 ¼ 0:5ð Þ

A Hertzian pressure is imposed at the top free surface of a rectan-
gular domain (Lx/a¼ Ly/a¼ 2 * Lz/a¼ 8). Eight grid levels are

used for the computation. The refinement strategy produces three
refined local levels, from the sixth to the eighth. The coarse grid
involves 9*9*5 points and the finest one 257*257*129 points with
a mesh size of 1/128. The total computing time is 15 mins on a
PC. Inclusions 1 and 2 are modeled with more than 70,000 and
8000 points, respectively.

The Von Mises stress is plotted in Fig. 17. The influence of the
inclusions on the global stress field and their interaction are
clearly visible. This application outlines that any inclusion shape
can be modeled as well as any property gradation within the inclu-
sion. Furthermore, this is performed at a reduced computational
cost whereas a large number of discretization points are considered.

5 Conclusion and Future Research

A 3D elastic model for heterogeneous materials is presented
based on the Lamé equation for nonhomogeneous media (Eq. (1)).
These equations are discretized using second order finite differen-
ces. Multigrid techniques combined with a local refinement strat-
egy allow us to solve this problem with a limited computing cost
together with a high resolution. The proposed model is validated
by comparing numerical results with Hertzian solutions. A com-
parison with literature results [3] shows the ability of the model to
address coating/substrate systems with thin layers and with large
difference in substrate and coating mechanical property. An excel-
lent agreement is obtained. Furthermore, this 3D model allows
one to deal with larger property ranges Ec/Es.

Numerical applications were then presented to illustrate the
possibilities of the model. Two types of graded materials were
studied, linear and sinusoidal Young’s modulus variations
throughout the layer thickness and its influence on the stress
fields. The replacement of the property discontinuity across the
coating/substrate interface by a continuous transition decreases
the stress concentration at the interface and improves the material
response. Furthermore, using the discretization based on finite dif-
ferences, any three dimensional spatial property gradation can be
addressed with a high resolution.

This is illustrated with the final case. Two spherical inclusions
of different size and mechanical properties embedded within an
elastic mismatched bulk is submitted to an Hertzian pressure. De-
spite the large number of discretization points, the computation of
the stress field is fast and straightforward whatever the number,
the complexity of the shape and the heterogeneity of the proper-
ties of the inclusions.

Nomenclature
Ec ¼ Young’s modulus of the coating
Es ¼ Young’s modulus of the substrate
Ph0 ¼ uncoated Hertzian pressure
Ph ¼ coated maximum pressure
h ¼ grid spacing
a0 ¼ uncoated Hertzian contact radius
a ¼ coated contact radius
t ¼ coating thickness

i; j; k ¼ index in x-y-z direction
u; v; w ¼ displacements in x-y-z direction

k; l ¼ Lamé coefficients
�rVM ¼ rVM=Ph0 ¼ dimensionless Von Mises stress

�rxx; �ryy ¼ dimensionless tensile stresses
f ¼ friction coefficient

Lx; Ly; Lz ¼ half cube dimensions in x-y-z direction
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