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SUMMARY

For modelling large-scale 3-D scalar-wave propagation, the finite-difference (FD) method with
high-order accuracy in space but second-order accuracy in time is widely used because of its
relatively low requirements of computer memory. We develop a novel staggered-grid (SG) FD
method with high-order accuracy not only in space, but also in time, for solving 2- and 3-D
scalar-wave equations. We determine the coefficients of the FD operator in the joint time-space
domain to achieve high-order accuracy in time while preserving high-order accuracy in space.
Our new FD scheme is based on a stencil that contains a few more grid points than the standard
stencil. It is 2 M-th-order accurate in space and fourth-order accurate in time when using 2M
grid points along each axis and wavefields at one time step as the standard SGFD method.
We validate the accuracy and efficiency of our new FD scheme using dispersion analysis and
numerical modelling of scalar-wave propagation in 2- and 3-D complex models with a wide
range of velocity contrasts. For media with a velocity contrast up to five, our new FD scheme is
approximately two times more computationally efficient than the standard SGFD scheme with
almost the same computer-memory requirement as the latter. Further numerical experiments
demonstrate that our new FD scheme loses its advantages over the standard SGFD scheme if
the velocity contrast is 10. However, for most large-scale geophysical applications, the velocity
contrasts often range approximately from 1 to 3. Our new method is thus particularly useful
for large-scale 3-D scalar-wave modelling and full-waveform inversion.

Key words: Numerical solutions; Numerical approximations and analysis; Computational
seismology; Wave propagation.

1 INTRODUCTION

Large-scale seismic imaging and inversion requires an efficient and accurate algorithm for numerous simulations of forward and backward
wave propagation, as required by reverse-time migration (e.g. Etgen et al. 2009) and full-waveform inversion (e.g. Virieux & Operto 2009).
Various finite-difference (FD) methods have been developed for this purpose during the past decades. The staggered-grid (SG) FD method is
widely used (Virieux 1984, 1986). It is naturally connected with the velocity-stress formulation of the wave equation, which allows convenient
implementation of both pressure sources and displacement sources. The SGFD method has better stability for models with high velocity
contrasts and generally is more accurate than conventional FD methods (e.g. Zingg 2000; Moczo et al. 2007). The idea of SGFD schemes
traces back to a seminal paper by Yee (1966) for the simulation of electromagnetic waves. Virieux (1984, 1986) introduced the idea for
modelling seismic-wave propagation.

Controlling both space and time dispersion errors is one of the biggest challenges for FD modelling of seismic-wave propagation. In a
seismogram, the space dispersion error usually exists in the form of a phase lag, while the time dispersion error usually results in a phase
lead. High-order approximations to the spatial derivatives have been developed to successfully control space dispersion errors. For example,
Levander (1988) extended Virieux’s scheme to fourth-order accuracy in space. Arbitrary even-order accuracy in space can be achieved by
increasing the length of FD operators. The coefficients of the operators are usually determined using Taylor expansion (e.g. Fornberg 1998).
Other methods have emerged to derive the coefficients of the FD operators using the optimization technique (Holberg 1987; Tam & Webb
1993), the scaled binomial windows (Chu & Stoffa 2012) and the low-rank approximation (Song et al. 2013).

Although very high-order accuracy has been achieved in space, second-order time discretization is popular because of its relatively low
requirements of computer memory and its capability of preserving wave energy. In the following, we refer the scheme with 2 M-th-order
accuracy in space and second-order accuracy in time as the standard SGFD scheme, and denote it by (2M, 2). For the standard SGFD scheme,
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one often has to use a time interval as small as one-fourth to one-third of the maximum allowed time interval determined by stability conditions
to control time dispersion errors during long-distance wave propagation.

To enhance the temporal order of accuracy without significantly increasing computer memory requirement, Dablain (1986) applied
the Lax-Wendroff approach (Lax & Wendroff 1964) for modelling scalar-wave propagation. High-order temporal derivatives are replaced
by spatial derivatives using the wave equation. In practice, Dablain (1986) demonstrated that it is sufficient to assume homogeneous media
when converting the derivatives. Similar technique was developed by Blanch & Robertsson (1997) for modelling wave propagation in media
described by Zener elements. Both methods mentioned above are up to fourth-order accurate in time and 10th-order accurate in space. For
large-scale 3-D modelling, higher-order accuracy in space, for example, 16th-order, is sometimes preferable because a large grid spacing can
be used to reduce the computer-memory requirements. It is not clear whether fourth-order accuracy in time is necessary or sufficient when
combined with very high-order approximation in space. Moreover, the Lax-Wendroft approach involves expensive calculations of high-order
spatial derivatives for 3-D modelling (e.g. Chen 2011).

Geller & Takeuchi (1995, 1998) developed optimally accurate FD schemes for modelling elastic-wave propagation. Their derivations
yield implicit schemes which are solved by an explicit predictor-corrector algorithm (Geller & Takeuchi 1998; Takeuchi & Geller 2000).
The predictor-corrector optimally accurate FD scheme is essentially equivalent to the Lax-Wendroft scheme with fourth-order accuracy in
both space and time (Mizutani et al. 2000). The optimally accurate schemes have not yet been widely used in practical FD modelling. The
unpopularity might result from the relatively complicated theory compared to the standard SGFD schemes and the lack of user-friendly codes
(e.g. Moczo et al. 2007).

To reduce time dispersion errors, Liu & Sen (2009, 2011) derived FD schemes on both conventional and staggered grids using the Taylor
expansion of dispersion relations in the joint time-space domain. They demonstrated that their schemes can reach 2M-th-order accuracy
both in space and time along eight wave propagation directions in 2-D and 48 directions in 3-D. However, the temporal accuracy is still
second-order along other propagation directions. Recently, Liu & Sen (2013) developed a diamond-shaped stencil on conventional grids for
2-D modelling of scalar-wave propagation, and showed that their scheme can reach 2 M-th-order accuracy both in space and time along all
propagation directions. The number of grid points in the diamond-shaped stencil is ~M? for their 2M-th-order scheme, as opposed to ~M in
the standard stencil. The diamond-shaped stencil contains ~M? grid points for 3-D modelling, which requires a large amount of floating-point
operations and thus is very computationally expensive for large-scale 3-D modelling.

To achieve both accuracy and efficiency, we develop FD schemes in the time-space domain using new stencils with only a few more grid
points than the standard stencil. The new scheme, denoted as (2M, 4) or (2M, 6), is 2 M-th-order accurate in space and fourth- or sixth-order
accurate in time. Our new FD schemes preserve the advantages of the standard SGFD scheme in controlling space dispersion errors, while
significantly increase the capability of suppressing time dispersion errors with only slightly larger stencils than the latter. Our new FD scheme
(2M, 4) is similar to a Lax-Wendroff FD approach where the high-order derivatives are approximated using a special discretization scheme.
However, our method is preferable to the Lax-Wendroff approach (Dablain 1986; Chen 2011) for the following reasons. First, to achieve given
orders of accuracy in time and space, our schemes require a smaller amount of floating-point operations than the Lax-Wendroff schemes.
Second, we derive analytical expressions of the FD coefficients for our new schemes with arbitrary even-order accuracy in space, while the
FD coefficients for the Lax-Wendroff schemes with up to 10th-order accuracy in space are tabulated (Dablain 1986; Chen 2011). The first
advantage of our new FD schemes is particularly important for efficient modelling of large-scale 3-D scalar-wave propagation.

We perform dispersion analysis for our new FD schemes with 16th-order accuracy in space and fourth- or sixth-order accuracy in time,
and use the schemes to conduct numerical modelling of scalar-wave propagation in 2- and 3-D complex media. Our results demonstrate that
the computational efficiency of our new FD scheme (2M, 4) is approximately two times higher than that of the standard SGFD scheme for a
given 2- or 3-D modelling problem involving velocity contrasts up to five. Although our scheme (21, 4) is fourth-order in time, we show that
it is generally more efficient than the scheme (2M/, 6) for complex media. This confirms that fourth-order accuracy in time is necessary and
sufficient when combined with a high-order approximation of spatial derivatives in the wave equation.

This paper is organized as follows. We first derive our new FD schemes with 2 M -th-order accuracy in space and fourth- and sixth-order
accuracy in time. This is followed by dispersion, stability and efficiency analyses. We then conduct numerical modelling of scalar-wave
propagation in 2- and 3-D complex media with various velocity contrasts and compare the efficiency and accuracy of our new FD results with
those obtained using the standard SGFD scheme.

2 EFFICIENT FD SCHEMES WITH 2M-TH-ORDER ACCURACY IN SPACE AND
FOURTH- OR SIXTH-ORDER ACCURACY IN TIME

The velocity-stress formulation of the scalar-wave equation is given by

ap

Z 4+ Kx)V-v=0,

8t+ x)V-v
v 1
—+—-Vp =0, 1
8t+,0 p )]

where p is the constant density, K (x) is the bulk modulus, p(x, ¢) is the pressure and v(x, ) = (u(x, 1), v(x, t), w(x, £))" is the vector of the
velocity wavefield. The spatial variable x is in 2- or 3-D. We develop efficient FD schemes with 2 M -th-order accuracy in space and fourth- or
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e o
(a) 2D stencil (b) 3D stencil

Figure 1. Illustration of the finite-difference stencils of our new FD scheme (2M, 4) when 2M = 8 for (a) 2-D and (b) 3-D modelling. Grid points #1-12 in the
shaded plane in (b) are the same as the 2-D case in (a), while grid points #13—16 in the perpendicular plane are added for the 3-D case.

sixth-order accuracy in time denoted by (2M, 4) or (2M, 6). Our new FD scheme (2M, 4) is based on the stencils depicted in Fig. 1. Compared
with the stencil for the standard SG scheme, the new stencils contain a few additional grid points off the axis.

2.1 2-D modelling problems

The usual SGFD discretization of eq. (1) leads to

j i1 i—1/2 M4 j—1)2
P(j).o = poo — Koo (DfMA“{).o e D§M4w6,o / ) At,

) ) 1 )
jH12 o j-1/2 2M4
Uipo =Uipo — =D P AL,

. . 1 .
JH2 =12 2M 4 j
Woi2 = Woip2 _;Dz Do.1pAt, )

where D?Y# and D> are FD operators along x- and z-axis, respectively. The superscript (2M, 4) indicates that our scheme (2) has 2 M-th-
order accuracy in space and fourth-order accuracy in time. Term p/ represents the discretized pressure wavefield p(x + mh, z + nh, jA?)

m.n

and u/t!/> and w/ /> denote the discretized velocity wavefield. Ky o is the discretized bulk modulus at (x, z). For the case of constant density,

m,n

eq. (2) becomes a discretized scalar-wave equation for pressure

j+l j -1

Poo — 2Py + Poo
Ar?

= o [ (D2 + (D2)’] ph )

where ¢p o =,/ % is the wave speed, and (0, 0) stands for the spatial position (x, z).

At each time step, we define D?M* on the stencil shown in Fig. 1(a) using

M
ap 1
7%D2-M’4 =7 dm m— — F-m d - V- -1 7 /- - ) 4
o o= E O(Pm=1/2.0 = P-mt172.0) +dr.1(P121 — P-121 + P1j2.-1 — P-1/2.-1) “4)

m=1

where / denotes the spatial grid spacing, and we omit the superscripts for denoting time steps without causing confusion. Similarly, we define
D>M4 ysing

ap

M
1
e ~ DZZM’4P0,0 = h|:de‘0(p0,ml/2 — Po,—m+12) + di (P2 — Pr—12+ P2 — P1,1/2)i|- ®)

m=1

We determine coefficients d,, o and d; | using dispersion relations in the frequency-wavenumber domain. Fourier transforms of
eqs (4) and (5) lead to

. M
ik, ~ % |:Z dyosin((m — 1/2)k.h) + 2d, 1 sin(k,h/2) cos(kzh):| , (6)

m=1

. M
ik, ~ % [Z dy o sin((m — 1/2)k.h) + 2d; , sin(k.h/2) cos(kxh):| . 7

m=1

Substituting eqs (6) and (7) in the Fourier transform of eq. (3), we obtain the truncation error

M 2 M 2
e = [Z dy o sin((m — 1/2)k, ) + 2d, ; sin(k,h/2) cos(kzh)i| + {Z dy.osin ((m — 1/2)k.h) + 2d,  sin(k.h/2) cos(kxh):|

m=1 m=1

1
— 730 [1 - cos(ro.okh)] , ®)
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where k = \/kZ + k? and
ro,0 = C(),()Al‘/h

is the local Courant-Friedrichs-Lewy (CFL) number. Taylor expansion of eq. (8) leads to

&€= Z /35‘17]?%7}](:2(&7”)}125 + O(hZMJrZ),

M &
§=1n=[§/21

where [£/2] stands for the largest integer that is not greater than £ /2, B¢ , are polynomials of CFL number ¢ ¢, and coefficients d,, o and
dy, 1. We design our new FD scheme to have 2 M-th-order accuracy in space and fourth-order accuracy in time, such that

Be:e=0, £=12---,M,

Bo1=0.

Then we obtain a system of equations for coefficients d,, o and d;_; given by

M
Z(zm - 1)2571d771,0 + 2dl.l - V(ig(;2 = 01 5 = 17 2, Ty M7

m=1

M 2
7
di, |:Z(2m — Ddy +2d1,1:| - % =0. ©9)
m=1
The solution of eq. (9) gives
7
dy =22,
24
M
dig=1-2d;, - 2(2’” = D dy.o,
m=2
_1»l+l M 2[—12—}”2
dm.0=( ) l_[ ( ) 0.0 , m=2,3,---,M.
2m — 1 |(2m — 1)2 — (21 — 1)?|
I1=1,l#m

Note that the FD coefficients d,, o and d; ; depend on r o and thus on the local wave speed ¢, for a given spatial grid spacing 4 and a
time interval At. If we have ry o — 0 or At — 0, this limit case is exactly the standard SG scheme with coefficients (e.g. Liu & Sen 2011)

dl_l — 0, as roo — 0,

(—1ym! Q1 —1)?
2m — [1 12— 1) —@2m — 1)’

dpo — m=1,---,M, asrgg— 0.

1<I<M,l#m

The fact that d; | = r&o /24 # 0 in our new FD scheme indicates that including the grid points lying off the axis in the stencil is necessary
to obtain fourth-order accuracy in time. The rotated-SG (or partially SG) FD scheme (e.g. Saenger et al. 2000) also involves approximation
of the spatial derivatives using grid points lying off the axis. However, all components of velocity wavefields are located at the same grid
position in the rotated-SGFD scheme, while each velocity component is defined at a different grid position in our scheme as the standard
SGFD scheme.

In a heterogeneous medium, ¢y o is determined according to the wave speed at each spatial grid point. For challenging cases with a large
grid spacing and large velocity contrasts, the averaging strategy developed by Moczo et al. (2002) can be used to reduce errors caused by
material heterogeneities.

Since the FD coefficients vary spatially in a heterogeneous medium, one may compute and store the coefficients in computer memory
for each grid point before numerical modelling of wave propagation. However, a large amount of computer memory is needed to store these
coefficients for large-scale 3-D modelling. Our implementation strategy is to compute and store the values of the FD coefficients for the wave
speed values in a given model. For example, for a given model with the wave speed ranging from 1500 to 5000 m s~', we calculate and store
the FD coefficients for wave speeds of 1500, 1501, - - -, 5000 m s~' with an increment of 1 m s~'. Approximately only 0.1 MB of computer
memory is needed to store the values of the FD coefficients using our new FD scheme with 16th-order accuracy in space. Therefore, our new
FD scheme requires almost the same amount of computer memory as the standard SGFD scheme for large-scale 3-D modelling.

Similar to our new FD scheme, the Lax-Wendroff FD approach (e.g. Dablain 1986; Chen 2011) has fourth-order accuracy in time using
wavefields at one time step to compute those at the next time step. In the Appendix, we demonstrate the relationship between our new FD
scheme and a Lax-Wendroff FD approach where the high-order derivatives are approximated using a special discretization scheme. Compared
with the Lax-Wendroff approach (Dablain 1986; Chen 2011), our FD scheme (A2) written in the form of the Lax-Wendroff formulation
contains an additional term involving the fifth derivative for the 2-D case. A direct implementation of scheme (A2) requires calculation of
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1254  S. Tan and L. Huang

Figure 2. Illustration of the finite-difference stencil of our new FD scheme (2M, 6) when 2M = 8 for 2-D modelling.

the derivatives in eq. (A3). Obviously, our new FD scheme (A5) requires a smaller amount of floating-point operations than the standard
Lax-Wendroft FD scheme because the FD coefficients of each grid point in the stencil of our new FD scheme are combined. Therefore, our
scheme is computationally more efficient than the standard Lax-Wendroff FD scheme for modelling of wave propagation in large-scale 3-D
media.

In the following, we derive a new FD scheme (2M, 6) with 2 M-th-order accuracy in space and sixth-order accuracy in time on the stencil

shown in Fig. 2. The FD operator is
op 1|
™ x DiM’Gpo,o = h|:Zam.0(pm—l/2,0 = P-m+1/2.0) T ar1(prja1 — p-121 + P — P-1j2.-1)

m=1

+ a1(p3ja1 — P-3pa + P3p—1 — P31t P2 — Poipat Pipo — Pl/z.z)i|' (10)

The analytical expressions of the coefficients in eq. (10) are

2
0.0
@1 = 3205 (230 —21rg ),
”g.o 2
a) = 384O(— 10+ 3r5,).
aio = fi —3a,
b
20 = T
_lm+l M 2[_12_},-2
am,oz(z ) : 2( 12) 2101012, m=3,4,---, M,
m—1, 4., 1@m—=17 =0 =1y
where
M
fi=1-2a, —8ay, — Z(Zm — Dagy.0,
m=3
M
fr =140 —2a11 = 56a31 — Y _(2m — 1)’a,.
m=3

We compare the computational efficiency and accuracy of our FD schemes (2M, 4) and (2M, 6) in Section 2.3 to demonstrate which
scheme is preferable.

2.2 3-D modelling problems

Extending our new FD schemes to 3-D modelling problems is straightforward. To derive our new 3-D FD scheme (2M, 4), we define the FD
operators on the stencil shown in Fig. 1(b) when the spatial order of accuracy is 2M = 8. There are 16 grid points in the stencil. Grid points
#1-12 in the shaded plane in Fig. 1(b) are the same as Fig. 1(a) for the 2-D case, while grid points #13—16 in the perpendicular plane are
added for the 3-D case.
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The approximation to 3—’; for our (2M, 4) scheme is given by

M
WD ouma 1 1
a ~ D" pooo = Z de,o.o(l)m—l/z,o,o - P—m+1/2,0,0) + zdl,LO(p]/Z,].() — P-1/2,1,0 + P1/2,-1.,0 — P-1/2.-1.0

m=1
+ p12.01 — P-12,01 + P1j2,0-1 — P—l/z,o.—l), (11)

where p,, .1 = p(x + mh, y + nh, z + lh) and thus pg o o = p(x, y, z). The coefficients in eq. (11) are

2
d 1000
L1L0 = &~

dioo=1—4d 10— Z(Z”’l = Ddn0.0,

m=2

J 3 (_1)m+1 ﬁ (2[—])2—7'3_0,0 m=23---.M
m,0,0 — 2m— 1 i |(2m — 1)2 — (21 — l)zl’ — 4 5 5

where

70,00 = Co,00At/ h.

To achieve sixth-order accuracy in time, our new FD scheme (2M, 6) uses the following approximation:

M
1
Pooo0 = Z Zﬂm,o,o(pmfl/z.o.o - P—m+1/2.0,0) + Zal.l,o(pl/z,l.o — P-1/21,0 T P1/2.-1.,0 — P-1/2.-1.0

m=1

ap ~ p2M6
ox .

1
+ P1j2.01 — P-172.01 + P12.0-1 — 17—1/2,0.71) + 202,1.0(173/2,1,0 — P-3,21.0 F P3/2.-1.0 — P-3/2.-1,0
+ P3s2.01 — P-372.01 + P3/2.0-1 — P-3/2.0.-1 + P1/2.2.0 — P-1/2.2.0 + P1/2.-2,0 — P—1/2.-2.0 + P1/2.02 — P-1/2.0.2
1
+ Pij2.0-2 — P—I/Z.O.—Z) + Zal.l.l(Pl/Z,l,l —P-1210 F P1j2.-110 — P-172.-1.1 F Pija1.-1 — P-1/2.1.-1

+ P11 = P-12.-1.-1) (12)

The coefficients in eq. (12) are

2
70,0,0
au0=3MOQM—2w@Q,

2
70,0,0
a0 = 3840 ( — 10 =+ 37‘&0’0),

4
70,00

ain = %,

a0 = f3 — 3az0.0,

e f
200 = T
—pymt M 2 — 17—}
am.0‘0=(2 ) ] 2( 12) 210'0’012 ; =3,4,---, M,
m—=1 m [(2m — 1) — (21 — 1)*|
where
M
fs=1—4ay 10— 16ay,0—4a;;; — Z(Zm = Day 0.0,
m=3
M

Ja =130 =410 — 112a1 0 — 4ar 1 — Z(Zm — D’ay 00

m=3
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Figure 3. The maximum allowed CFL number r for the standard staggered-grid finite-difference (FD) scheme (2M, 2), our new FD schemes (2M, 4) and (2M,
6) in (a) 2-D and (b) 3-D cases.
2.3 Comparison with the standard SGFD scheme

We compare our new FD schemes (2M, 4) and (2M, 6) with the standard SG scheme (2M, 2) using dispersion and stability analyses. Since
the spatial order of accuracy is the same for all schemes, space dispersion errors should be similar if the same spatial grid spacing 4 is used.
On one hand, we expect our new FD schemes are able to control time dispersion errors with a larger A¢ than the standard SG scheme because
the former has higher-order accuracy in time than the latter. On the other hand, the numerical stencils of our new FD schemes are larger than
that of the standard SG scheme. This leaves the question of the overall computational efficiency of these schemes.

2.3.1 Stability analysis

We obtain the stability condition of the FD schemes using standard von Neumann analysis (e.g. Moczo et al. 2000; Liu & Sen 2009; Chen
2011). Fig. 3 displays the maximum allowed CFL number r for the standard SG scheme and our new FD schemes. Here r is defined as
r = cAt/h for homogeneous wave speed c. With increasing order of accuracy in time, the stability condition becomes less stringent.

2.3.2 Dispersion analysis
We use a plane wave for dispersion analysis. A pressure plane wave p is given by
p(x, t) = expli(k - x — kcaumt)], (13)

where ¢, is the numerical wave speed and the wavenumber k& = |k|. Substituting eq. (13) into eq. (3), we obtain the ratio of the numerical
wave speed of our new FD scheme (214, 4) to the true wave speed for 2-D modelling problems

Cnum
(S =

1
- = A arccos(l — 2g2r2),

where

M 2 M 2
& = |:Z dm,O sin ((m - 1/2)kxh) + 2dl.l sin (krh/z) cos(kzh)i| + |:Z dm,O sin ((m - l/z)kzh) + 2d1_1 sin (kzh/Z) COS(th)i| .

m=1 m=1

We assume the plane wave propagates in the direction of 6, that is, k = (k,, k.)T = k(cos @, sin@)". Then § depends on angle §. Because of
symmetry, it is sufficient to investigate the cases with 6 € [0, 7 /4].

Fig. 4 shows the dispersion errors of the standard SGFD scheme (2M, 2) and our new FD schemes (2M, 4) and (2M, 6) when 2M = 16
for 2-D modelling. Even for a small time interval with » = 0.15, the standard SGFD scheme (2M, 2) (Fig. 4a) is a little less accurate than
our new FD scheme (2M, 4) (Fig. 4c). When increasing the time interval such that » = 0.4, the dispersion errors of our new FD schemes
(2M, 4) and (2M, 6) (Figs 4d and e) are much smaller than those of the standard SGFD scheme (2M, 2) (Fig. 4b). Further increasing the time
interval such that » = 0.6, the dispersion errors of our new FD scheme (2M, 6) (Fig. 4f) are still similar to those of our new FD scheme (2M,
4) with r = 0.4 (Fig. 4d). The dispersion errors in Fig. 4(a) and those in Figs 4(c)—(f) are similar to one another. Note that » = 0.6 is close to
the maximum allowed value determined by stability condition for the scheme (2M, 6). We have similar observations for 3-D modelling, as
demonstrated in Fig. 5.
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(a) Standard staggered-grid FD (2M, 2) with r = 0.15 (b) Standard staggered-grid FD (2M, 2) with r = 0.4
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(e) New FD scheme (2M, 6) with r = 0.4 (f) New FD scheme (2M, 6) with r = 0.6

Figure 4. Dispersion relations for the standard staggered-grid (SG) FD scheme (2, 2) (top row), our new FD scheme (2M, 4) (middle row) and our new FD
scheme (2M, 6) (bottom row) for 2-D modelling. The spatial order of accuracy is 2M = 16. The five red curves in each panel represent propagation angles
6 =0,7m/16, ---, 4 /16. The dispersion errors of the new scheme (2M, 4) with » = 0.4 in (d) are much smaller than those of the standard SGFD scheme with
the same value of 7 in (b). The new scheme (2M, 6) further decreases the dispersion errors in (e). The dispersion curves in (a) and (¢)—(f) are similar to one
another.

2.3.3 Analysis of the computational efficiency for the new FD schemes

We compare the overall computational efficiency of the new FD schemes with the standard SGFD scheme for homogeneous media, and give
the theoretical speed-up factors of our new schemes in Table 1 for 2-D modelling when 2M = 16 (16th-order accuracy in space). The new
schemes generally speed up the calculation by a factor of two to three compared to the standard SGFD scheme for a given 2-D modelling
problem. Our new FD scheme (2, 6) is the most efficient one among the three schemes.

We carry out the same analysis for 3-D modelling when 2M = 16, as demonstrated in Table 2. Our new FD scheme (2, 6) becomes less
efficient than the scheme (2, 4), since the former significantly increases the amount of floating-point operations at each time step compared
to the standard SGFD scheme. Our new FD scheme (2M, 4) speeds up the calculation by a factor of approximately two compared to the
standard SGFD scheme for a given 3-D modelling problem.
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(a) Standard staggered-grid FD (2M, 2) with r = 0.15
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(c) New FD scheme (2M, 4) withr = 0.15 (d) New FD scheme (2M, 4) with r = 0.4
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(e) New FD scheme (2M, 6) withr = 0.4 (f) New FD scheme (2M, 6) withr = 0.5

Figure 5. Dispersion relations for the standard staggered-grid (SG) FD scheme (2M, 2) (top row), our new FD scheme (2M, 4) (middle row) and our new FD
scheme (2M, 6) (bottom row) for 3-D modelling. The spatial order of accuracy is 2M = 16. The 25 red curves in each panel represent propagation angles 6 = 0,
/16, -, 41 /16,¢ =0, /16, ---, 47 /16. Note that many of the 25 dispersion curves overlap with one another. The dispersion errors of the new scheme (2M,
4) with » = 0.4 in (d) are much smaller than those of the standard SG scheme with the same value of » in (b). The new scheme (2M, 6) further decreases the
dispersion errors in (e). The dispersion curves in (a) and (¢)—(f) are similar to one another. (a) Standard SGFD (2M, 2) with r = 0.15; (b) standard SGFD (2M,
2) with » = 0.4; (c) new FD scheme (2M, 4) with » = 0.15; (d) new FD scheme (2M, 4) with » = 0.4; (e) new FD scheme (2M, 6) with » = 0.4; (f) new FD
scheme (2M, 6) with » = 0.5.

3 NUMERICAL EXAMPLES

We employ our new FD schemes to simulate scalar-wave propagation in 2- and 3-D models, and compare the waveforms with analytical
solutions and those obtained with a fine time interval. In all examples, we keep the spatial grid spacing 4 and the spatial order of accuracy
2M the same for our new FD schemes and the standard SGFD scheme. We vary the time interval Af to study the effect of time dispersion
errors. For the ease of comparison, we specify Ar using the global CFL number 7y, through A¢ = 7./ /Cmax, Where ¢y 1s the maximum
wave speed of a model.
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Table 1. The first two columns compare the standard staggered-grid (SG) scheme with our new FD schemes
in the stencil size and the number of floating-point operations needed to compute one spatial derivative
for 2-D modelling. To have similar dispersion errors when 2M = 16, relative time intervals determined by
dispersion analysis in Fig. 4 are listed in the third column. Combining the second and third columns, we
obtain the theoretical speed-up factors of the new FD schemes compared with the standard SGFD scheme
for 2-D modelling, as listed in the last column.

Stencil size ~ Number of operations ~ Time interval ~ Theoretical speed-up

Standard SGFD (2MM, 2) 2M 3IM At 1.0
New scheme (2M, 4) 2M + 4 IM+5 2.7At 2.2
New scheme (2M, 6) 2M 4 12 3IM+ 14 4At 2.5

Table 2. The first two columns compare the standard staggered-grid (SG) FD scheme with our new FD
schemes in the stencil size and the number of floating-point operations needed to compute one spatial
derivative for 3-D modelling. To have similar dispersion errors when 2M = 16, relative time intervals
determined by dispersion analysis in Fig. 5 are listed in the third column. Combining the second and third
columns, we obtain the theoretical speed-up factors of the new FD schemes compared with the standard
SGFD scheme for 3-D modelling, as listed in the last column.

Stencil size ~ Number of operations ~ Time interval ~ Theoretical speed-up

Standard SGFD (2M, 2) 2M 3IM At 1.0
New scheme (2M, 4) 2M + 8 3IM+9 2.7At 1.9
New scheme (2M, 6) 2M + 32 3M + 35 3.3At 1.4

We use the coda-wave interferometry method to quantify the time-shift between synthetic waveforms u,(¢) and u,(¢) obtained using
different approaches (Snieder ef al. 2002). We compute the time-shifted cross-correlation over a time window with a width of #, at the centre
time 7 using

1+ /
L7 u (s (t + t5) de’
k) = 1+t ~ [+t 1/
[0 aen? dor [0 o + 1)) e

where ¢ is the time-shift. When u,(f) = u; (¢ — 7) is a time-shifted version of u,(¥), R(#) attains its maximum at 7, = 7. In the general case,

5 (14)

we obtain #,,,, as the time-shift between two waveforms u,(7) and u,(f) when R(%;) attains its maximum at #; = #,,,. When the two waveforms
are identical, the maximum value of the time-shifted cross-correlation is equal to unity at the zero lag time, that is R(#;, = 0) = 1.

3.1 2-D examples

3.1.1 Two-layer model with a low velocity contrast
Our first example is modelling of scalar-wave propagation in a 2-D layered velocity model defined by

ci, O0m <z <3000m;
c(x,z) = (15)
¢, 3000 m < z <4000 m.
We first set ¢; = 3000 ms~' and ¢, = 3300 ms~' such that the velocity contrast is low: ¢,/c; = 1.1. The model is defined on a 2-D
grid with x € [-2000 m, 2000 m] and z € [0 m, 4000 m]. A Ricker-wavelet source with a central frequency of f, = 40 Hz is located at
(—1534 m, 80 m). The receiver is located at (0 m, 1880 m) (a receiver for vertical seismic profiling survey). The spatial grid spacing of the
model is # = 8m. We use our new FD schemes and the standard SGFD scheme, all with 16th-order accuracy in space, to generate synthetic
waveforms at the receiver.

Fig. 6 shows the waveforms calculated using (I) the standard SGFD scheme with 7, = 0.15, (II) the standard SGFD scheme with
rmax = 0.33, (IIT) the new FD scheme (2M, 4) with 7, = 0.33, (IV) the new FD scheme (2M, 4) with 7., = 0.4, (V) the new FD scheme (2M,
6) with 7., = 0.4, and (VI) the new FD scheme (2M, 6) with ry,, = 0.6. We observe huge time dispersion errors in both the direct-arrival
waveform and reflected waveform calculated using the standard SGFD scheme with r,,, = 0.33 (Trace II in Figs 6a and b). To reduce the
dispersion errors, we have to reduce the time interval to less than a half such that 7, = 0.15 for the standard SGFD scheme. Even so, the
modelling error is still significant in the reflected waveform (Trace I in Fig. 6b). By contrast, our new FD scheme (2M, 4) is able to accurately
model the waves with the large time interval with 7,,,,x = 0.33 (Trace III in Figs 6a and b). Using an even larger time interval with 7,,,, = 0.4
in our new FD schemes (2M, 4) and (2M, 6) gives satisfactory modelling results (Traces IV and V in Figs 6a and b). Our new FD scheme
(2M, 6) is able to handle the largest time interval with r,, = 0.6 among the three schemes (Trace VI in Figs 6a and b).

The time dispersion errors are quantified in Table 3 using coda-wave interferometry. We use the Cagniard—de Hoop method to generate
reference waveforms for comparison with FD modelling results (e.g. Cagniard 1962). Table 3 shows that the relative time-shift errors #,,.,/ To
are all 0.0 per cent for our new FD schemes, where 7 is the central period of waveforms. These errors are 1.5 per cent for the direct-arrival
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Figure 6. (a) Direct-arrival waveforms and (b) reflected waveforms calculated using (I) the standard staggered-grid (SG) FD scheme with rp,x = 0.15, (IT) the
standard SGFD scheme with ry,x = 0.33, (III) the new FD scheme (2M, 4) with rpax = 0.33, (IV) the new FD scheme (2M, 4) with ryax = 0.4, (V) the new
FD scheme (2M, 6) with rmax = 0.4 and (VI) the new FD scheme (2M, 6) with . = 0.6 for the 2-D layered model (15) with velocity contrast ¢ /c; = 1.1.
The red line is the reference waveform obtained using the Cagniard—de Hoop method (e.g. Cagniard 1962); the blue line is the calculated waveform. Significant
time dispersion errors exist in (I) and (II). The new FD schemes give accurate waveforms in (IIT)-(VI).

Table 3. Relative time-shift 7nax/ 7o and maximum time-shifted cross-correlation R(#max) between the calculated waveform
and the reference waveform for the 2-D layered model with velocity contrast ¢/c; = 1.1. Top = 1/fy is the central wave
period. The new FD schemes obviously give more accurate results than the standard staggered-grid (SG) FD scheme. The
actual speed-up factors listed in the last column are calculated using the CPU times listed in the second-to-last column. To
obtain the same modelling accuracy, our new FD scheme (2M/, 6) is the most efficient among all the schemes.

Direct-arrival waveform Reflected waveform CPU time (s)  Speed-up
tmax/ To R(Zmax) tmax/ To R(tmax)

Standard SGFD (rmax = 0.15) 1.5 per cent 0.995 4.4 per cent 0.988 224 1.0
Standard SGFD (rmax = 0.33) 9.6 per cent 0.930 58 per cent 0.904 102 -

New FD scheme (2M, 4) (rmax = 0.33) 0.0 per cent 0.999 0.0 per cent 0.998 140 1.6
New FD scheme (2M, 4) (rmax = 0.4) 0.0 per cent 0.999 0.0 per cent 0.997 116 1.9
New FD scheme (2M, 6) (rmax = 0.4) 0.0 per cent 1.000 0.0 per cent 0.999 133 1.7
New FD scheme (2M, 6) (rmax = 0.6) 0.0 per cent 1.000 0.0 per cent 0.998 89 2.5

waveform and 4.4 per cent for the reflected waveform for the standard SGFD scheme with 7, = 0.15, and these errors increase up to almost
60 per cent when ry,,, = 0.33. The maximum values of the time-shifted cross-correlations between simulated waveforms and the reference
waveforms are at least 0.997 for our new FD schemes (rows 3—6 in Table 3), and those for the standard SGFD modelings range from 0.930
to 0.995 for the direct-arrival waveforms and 0.904 to 0.988 for the reflected waveforms. CPU times used by different schemes and speed-up
factors are listed in the last two columns of Table 3. The speed-up factors of our new FD schemes relative to the standard SGFD scheme with
rmax = 0.15 range from 1.6 to 2.5, and our new FD schemes generate more accurate synthetic waveforms than the standard SGFD scheme.
Among our new FD schemes, the scheme (2, 6) speeds up the most for this 2-D modelling example. The actual speed-up factor of our new
FD scheme (2M, 4) is 1.9, which is a little lower than the theoretical estimate of 2.2 as listed in Table 1.

3.1.2 Two-layer model with a large velocity contrast

We next perform numerical modelings for this 2-D model with a large velocity contrast of 5, and compare the accuracy and computational
efficiency of different FD schemes. We set ¢; = 1500 ms™' and ¢, = 7500 ms~' such that the velocity contrast c,/c; = 5. The central
frequency of the Ricker wavelet is f, = 20 Hz, while all the other parameters are the same as the previous example. The dispersion errors
and computational times of the standard SGFD schemes and our new FD schemes (2M, 4) and (2M, 6) are tabulated in Table 4. The values
of relative time-shift errors #,,,x/ Ty are similar for all FD schemes. The standard SGFD scheme gives much smaller errors compared with the
low velocity contrast case, as shown in Table 3. This is mainly because the modelling for the large velocity contrast has to use a much smaller
time interval than that used in the numerical modelling for the model with a low velocity contrast. Our new FD schemes (2M, 4) and (2M, 6)
are approximately twice faster than the standard SGFD scheme. Our FD scheme (2M, 6) is a little less efficient than our FD scheme (2M, 4)
for this large velocity contrast example because the maximum time interval is limited by the stability condition.

Our numerical experiments demonstrate that our new FD schemes lose their advantages over the standard SGFD scheme if the velocity
contrast increases to 10. However, for most large-scale geophysical applications, the velocity contrasts often range approximately from 1 to 3.
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Table 4. Relative time-shift 7max / 7o and maximum time-shifted cross-correlation R(#max) between the calculated waveform
and the reference waveform for the 2-D layered model with velocity contrast ¢; /c; = 5. Ty = 1/fj is the central wave period.
The actual speed-up factors listed in the last column are calculated using the CPU times listed in the second-to-last column.
The standard staggered-grid (SG) FD scheme gives much smaller errors compared with the low velocity contrast case, as
shown in Table 3. To obtain the same modelling accuracy, our new FD scheme (2M/, 4) is the most efficient among all the

schemes.
Direct-arrival waveform Reflected waveform CPU time (s)  Speed-up
tmax/ To R(tmax) tmax/TO R(’max)
Standard SGFD (rmax = 0.2) 0.2 per cent 1.000 0.6 per cent 1.000 805 1.0
New FD scheme (2M, 4) (rmax = 0.5) 0.0 per cent 1.000 0.2 per cent 1.000 434 1.9
New FD scheme (2M, 4) (rmax = 0.6) 0.0 per cent 1.000 0.6 per cent 1.000 361 2.2
New FD scheme (2M, 6) (rmax = 0.63) 0.0 per cent 1.000 0.4 per cent 1.000 392 2.0

Horizontal Distance (km)
-2 0

Depth (km)

2
3
4

| —— |
1.5 2.0 25 3.0 3.5 4.0 45
P-wave Velocity (km/s)

Figure 7. The 2-D Society of Exploration Geophysicists/European Association of Geoscientists and Engineers (SEG/EAGE) salt model for scalar-wave
modelling.

3.1.3 2-D SEG/EAGE salt model

Next, we study the accuracy and efficiency of our new FD schemes for modelling scalar-wave propagation in 2-D complex media. We compare
synthetic waveforms obtained using our new FD scheme (2M, 4) with those produced with the standard SGFD scheme for the 2-D Society
of Exploration Geophysicists/European Association of Geoscientists and Engineers (SEG/EAGE) salt model depicted in Fig. 7. Both FD
schemes have 16th-order accuracy in space. A Ricker-wavelet source with a central frequency of 8 Hz is located at (0 m, 125 m), and the
receiver array is located at the same depth. The model grid spacing is # = 25 m. We use the standard SGFD scheme with a tiny time interval
with . = 0.025 to generate reference waveforms, and the resulting common-shot gather is shown in Fig. 8.

Fig. 9 shows the waveforms calculated using (I) the standard SGFD scheme with r,,x = 0.2, (I) the standard SGFD scheme with
7max = 0.5, (III) the new FD scheme (2M, 4) with 7, = 0.5 and (IV) the new FD scheme (2M, 4) with r,,, = 0.6 at Receivers #1 and #2
with offsets —2000 m and 2000 m, respectively. The time dispersion errors are quantified in Figs 10 and 11. The standard SGFD scheme with
rmax = 0.5 gives significant mismatch between the calculated waveforms and the reference waveforms. The errors are mostly reduced if we
decrease the time interval such that r,, = 0.2 for the standard SGFD scheme. Our new FD scheme (2M, 4) with ry,, = 0.6 introduces few
time-shift errors at both receivers. According to the CPU times listed in Table 5, our new FD scheme (2M, 4) is 2.1 times more efficient than
the standard SGFD scheme. For this salt model with the largest velocity contrast of 2.94, our new FD scheme (2M, 6) is not able to further
improve the efficiency, since its time interval is restricted by the stability condition.

Offset (km)

Figure 8. The common-shot gather calculated using the standard staggered-grid FD scheme with a tiny time interval with ryax = 0.025 for the 2-D SEG/EAGE
salt model.
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(a) Receiver #1 (b) Receiver #2

Figure 9. Waveforms at (a) Receiver #1 and (b) Receiver #2 calculated using (I) the standard staggered-grid (SG) FD scheme with 7y = 0.2, (II) the standard
SGFD scheme with ry, = 0.5, (IIT) the new FD scheme (2M, 4) with rax = 0.5, and (IV) the new FD scheme (2M, 4) with . = 0.6 for the 2-D SEG/EAGE
salt model. The red line is the reference waveform calculated using the standard SGFD scheme with a tiny time interval with ry,x = 0.025; the blue line is the
calculated waveform. The waveforms in (II) mismatch the reference waveforms. We have to use a small time interval for the standard SGFD scheme to reduce
the errors, as shown in (I). Our new FD scheme (24, 4) is able to handle large time intervals and gives well-matched waveforms in (IIT) and (IV).
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Figure 10. Maximum time-shifted cross-correlation R(#max) between the calculated waveform and the reference waveform at (a) Receiver #1 and (b) Receiver
#2 for the 2-D SEG/EAGE salt model. Dark green line: the standard staggered-grid (SG) FD scheme with 7, = 0.2; black line: the standard SGFD scheme
with 7max = 0.5; red line: the new FD scheme (2M, 4) with rpax = 0.5; blue symbols: the new FD scheme (2M, 4) with rpax = 0.6. The width of the time
window is ty, = 27 in eq. (14), where T is the central wave period. The new FD scheme (2M, 4) gives more accurate waveforms than the standard SGFD
scheme.

3.2 3-D examples

We conduct modelling of scalar-wave propagation in a 3-D layered model and the 3-D SEG/EAGE salt model using our new FD schemes and
the standard SGFD scheme, and compare the accuracy and efficiency of the schemes.

3.2.1 Two-layer model
The velocity of the layered model is defined by

c; =3000ms™!, Om <z <2000m;
c(x,y,z)= (16)
¢ =3300ms~!, 2000 m <z < 3000 m.
A Ricker-wavelet source with a central frequency of 40 Hz is located at (—1000 m, 1000 m, 180 m). The receiver is located at
(0 m, 0 m, 1080 m). The model grid spacing for the 3-D layered model is # = 8 m. The FD schemes used have 16th-order accuracy in
space to control the spatial dispersion error. Fig. 12 displays the waveforms calculated using (I) the standard SGFD scheme with 7, = 0.15,
(IT) the standard SGFD scheme with 7., = 0.29, (IIT) the new FD scheme (2M, 4) with 7y, = 0.29, (IV) the new FD scheme (2M, 4) with
rmax = 0.4, (V) the new FD scheme (2M, 6) with r,,, = 0.4 and (VI) the new FD scheme (2M, 6) with r,,x = 0.5. The time dispersion errors
are quantified in Table 6. From this table, we observe that the standard SGFD scheme with r,,,c = 0.29 gives large dispersion errors. Reducing
the time interval such that r,,, = 0.15 suppresses the dispersion errors, but they are still quite significant. Our new FD scheme (2M, 4) with
Fmax = 0.29 or i, = 0.4 generates waveforms with very small dispersion errors. The new FD scheme (2M, 6) is able to handle a large time
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Figure 11. Relative time-shift #ax/ 7o between the calculated waveform and the reference waveform at (a) Receiver #1 and (b) Receiver #2 for the 2-D
SEG/EAGE salt model. Dark green line: the standard staggered-grid (SG) FD scheme with ryax = 0.2; black line: the standard SGFD scheme with ryax = 0.5;
red line: the new FD scheme (2M, 4) with rmax = 0.5; blue symbols: the new FD scheme (2M, 4) with ryax = 0.6. The standard SGFD scheme with 7, = 0.5
leads to significant time-shift errors in the calculated waveforms, while our new FD scheme (2M, 4) introduces few time-shift errors at both receivers.

Table 5. Comparison of the CPU times needed by the standard staggered-grid (SG) FD scheme
with 7max = 0.2 and our new FD scheme (2M, 4) with ryax = 0.6 for the 2-D SEG/EAGE salt
model. Both schemes lead to similar modelling accuracy, while our new FD scheme (2M, 4) is
2.1 times faster.

Standard SGFD with rmax = 0.2 New scheme (2M, 4) with rpax = 0.6

CPU time (s) 119 55.6
Speed-up factor 1.0 2.1

interval such that r,x = 0.5. Our new FD scheme (2M, 4) is the most efficient among all the schemes according to the CPU times listed in
Table 6. It speeds up the calculation by a factor of 1.8 relative to the standard SGFD scheme.

As demonstrated for the 2-D layered model, our numerical tests show that our new FD scheme (2M, 6) becomes even less efficient than
the FD scheme (2M, 4) for the 3-D layered model with a large velocity contrast.

3.2.2 3-D SEG/EAGE salt model

Our last modelling example is simulation of scalar-wave propagation in the 3-D SEG/EAGE salt model in Fig. 13. A Ricker-wavelet source
with a central frequency of 12 Hz is located at (0 m, 0 m, 100 m). The model grid spacing is # = 20 m. The FD schemes used have 32nd-order
accuracy in space. Fig. 14 shows the reference common-shot gather calculated using the standard SGFD scheme with a tiny time interval
with 7,x = 0.025. This common-shot gather contains more complicated waveforms than those in 2-D case as shown in Fig. 8 because of

(1) (I

(i (i

ﬁ%%ﬁTi

{oeeote

(V) (V)
V) V)
(Vi) (V1)
0.5 . 0.7 0.9 1 1.1
Time (s) Time (s)
(a) Direct-arrival waveform (b) Reflected waveform

Figure 12. (a) Direct-arrival waveforms and (b) reflected waveforms calculated using (I) the standard staggered-grid (SG) FD scheme with ryax = 0.15, (II)
the standard SGFD scheme with ryax = 0.29, (IIT) the new FD scheme (2M, 4) with 7 = 0.29, (IV) the new FD scheme (2M, 4) with ry.x = 0.4, (V) the
new FD scheme (2M, 6) with rmax = 0.4 and (VI) the new FD scheme (2M, 6) with rmax = 0.5. The red line is the reference waveform; the blue line is the
calculated waveform. Significant time dispersion errors exist if we use the standard SGFD scheme. The new FD schemes give accurate waveforms in (III-VT).
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Table 6. Relative time-shift 7./ 7o and maximum time-shifted cross-correlation R(#max) between the calculated waveform
and the reference waveform for the 3-D layered model with velocity contrast ¢;/c; = 1.1. Tp = 1/f is the central wave
period. The new FD schemes obviously give more accurate results than the standard staggered-grid (SG) FD scheme. The
actual speed-up factors listed in the last column are calculated using the CPU times listed in the second-to-last column. To
obtain the same modelling accuracy, our new FD scheme (214, 4) is the most efficient among all the schemes.

Direct-arrival waveform Reflected waveform CPU time (s)  Speed-up
tmax/ To R(fmax) tmax/ To R(fmax)

Standard SGFD (rmax = 0.15) 1.5 per cent 0.999 2.9 per cent 0.994 2.35E5 1.0
Standard SGFD (rmax = 0.29) 5.6 per cent 0.982 8.4 per cent 0.949 1.21ES -

New FD scheme (2M, 4) (rmax = 0.29) 0.0 per cent 1.000 0.0 per cent 0.999 1.81ES 1.3
New FD scheme (2M, 4) (rmax = 0.4) 0.0 per cent 1.000 0.0 per cent 0.998 1.31E5 1.8
New FD scheme (2M, 6) (rmax = 0.4) 0.0 per cent 1.000 0.0 per cent 0.999 1.67ES 1.4
New FD scheme (2M, 6) (rmax = 0.5) 0.0 per cent 1.000 0.0 per cent 0.998 1.34E5 1.8

Distance in X-Direction (km)
- 2

N

W)
< 0“ec,\'\o‘\ «

n
‘5\5\3“09 !

Depth (km)

o ——— |
1.5 2.0 25 3.0 35 4.0 45
P-wave Velocity (km/s)

Figure 13. The 3-D SEG/EAGE salt model for scalar-wave modelling.

the 3-D propagation/reflection effects. Fig. 15 shows a comparison among waveforms calculated using (1) the standard SGFD scheme with
7max = 0.15, (IT) the standard SGFD scheme with r,,x = 0.38, (III) the new FD scheme (2M, 4) with ry,,, = 0.38 and (IV) the new FD scheme
(2M, 4) with r,,x = 0.45 at Receivers #1 and #2 with offsets of —2000 m and 2000 m along the x-direction, respectively. The time dispersion
errors are quantified in Figs 16 and 17. Significant errors are observed for the standard SGFD scheme with r,,x = 0.38. Both results of the
standard SGFD scheme with 7, = 0.15 and our new FD scheme (2M, 4) with r,,x = 0.45 well match the reference waveforms. Our new
FD scheme (2M, 4) is again superior to the standard SGFD scheme because our new FD scheme speeds up the calculation by a factor of 2.2
relative to the latter, as shown in Table 7.

4 CONCLUSIONS

We have developed novel FD methods for solving 2- and 3-D scalar-wave equations on SGs. Our new FD schemes, denoted by (2M, 4) or
(2M, 6), are 2 M-th-order accurate in space and fourth- or sixth-order accurate in time. The requirement of our new methods for computer

Offset in X-Direction (km)
-6 -4 -2 0 2 4 6

Figure 14. The common-shot gather calculated using the standard staggered-grid FD scheme with a tiny time interval with 7,y = 0.025 for the 3-D SEG/EAGE
salt model. The receiver array is along x-axis.
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(amt 1

(V) 1 (V)

25 3.0 3.5 4.0 25 3.0 3.5 4.0
Time (s) Time (s)

(a) Receiver #1 (b) Receiver #2

Figure 15. Waveforms at (a) Receiver #1 and (b) Receiver #2 calculated using (I) the standard staggered-grid (SG) FD scheme with ryax = 0.15, (I) the
standard SGFD scheme with rmax = 0.38, (1II) the new FD scheme (2M, 4) with rmax = 0.38 and (IV) the new FD scheme (2M, 4) with rpax = 0.45 for the
3-D SEG/EAGE salt model. The red line is the reference waveform calculated using the standard SGFD scheme with a tiny time interval with ry,x = 0.025;
the blue line is the calculated waveform. The waveforms in (II) mismatch the reference waveforms. We have to use a small time interval for the standard SGFD
scheme to reduce the errors, as shown in (I). Our new FD scheme (2M, 4) is able to handle large time intervals and gives well-matched waveforms in (III)
and (IV).
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Time (s) Time (s)
(a) Receiver #1 (b) Receiver #2

Figure 16. Maximum time-shifted cross-correlation R(#yax) between the calculated waveform and the reference waveform at (a) Receiver #1 and (b) Receiver
#2 for the 3-D SEG/EAGE salt model. Dark green line: the standard staggered-grid (SG) FD scheme with 7, = 0.15; black line: the standard SGFD scheme
with 7max = 0.38; red line: the new FD scheme (2M, 4) with rmax = 0.38; blue symbols: the new FD scheme (2M, 4) with rmax = 0.45. The width of the time
window is #y, = 27} in eq. (14), where 7 is the central wave period. The new FD scheme (2M, 4) gives more accurate waveforms than the standard SGFD
scheme.
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25 3.0 3.5 4.0 25 3.0 35 4.0
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(a) Receiver #1 (b) Receiver #2

Figure 17. Relative time-shift #y,ax/ 7Ty between the calculated waveform and the reference waveform at (a) Receiver #1 and (b) Receiver #2 for the 3-
D SEG/EAGE salt model. Dark green line: the standard staggered-grid (SG) FD scheme with rmax = 0.15; black line: the standard SGFD scheme with
rmax = 0.38; red line: the new FD scheme (2M, 4) with rimax = 0.38; blue symbols: the new FD scheme (2M, 4) with ryax = 0.45. The standard SGFD scheme
with 7max = 0.38 leads to significant time-shift errors in the calculated waveform, while our new FD scheme (2M, 4) introduces very small time-shift errors at
both receivers.
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Table 7. Comparison of the CPU times needed by the standard staggered-grid (SG) FD scheme
With rmax = 0.15 and our new FD scheme (2M, 4) with e = 0.45. Both schemes lead to similar
modelling accuracy, while our new FD scheme (2M, 4) is 2.2 times more efficient.

Standard SGFD with rpax = 0.15  New scheme (2M, 4) with . = 0.45

CPU time (s) 6.43E5 2.91ES
Speed-up factor 1.0 2.2

memory is almost the same as the standard SGFD scheme with second-order accuracy in time. We have validated the improved accuracy and
computational efficiency of our new FD schemes using dispersion analysis and numerical modelling of scalar-wave propagation in 2- and 3-D
complex models involving a wide range of velocity contrasts. Our scheme (2M, 4) is generally more efficient than our scheme (2M, 6) for
complex media. For media with a velocity contrast up to five, our scheme (2M, 4) is approximately two times faster than the standard SGFD
scheme to achieve the same modelling accuracy. Further numerical experiments demonstrate that our scheme (2M, 4) loses its advantages
over the standard SGFD scheme if the velocity contrast is 10. However, for most large scale geophysical applications, the velocity contrasts
often range approximately from 1 to 3. Our new FD scheme can significantly reduce the computational costs for large-scale 3-D reverse-time
migration and full-waveform inversion. The strategy of our new FD scheme for scalar-wave propagation can be employed to improve the
computational efficiency of FD modelling of elastic-wave propagation.
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APPENDIX: RELATIONSHIP BETWEEN OUR NEW FD SCHEME (2M, 4)
AND A LAX-WENDROFF SCHEME

We show in the following that our new FD scheme (2M, 4) is similar to a Lax-Wendroff scheme where the high-order derivatives are
approximated using a special discretization method. Without loss of generality, we consider 2-D modelling and assume the spatial order of
accuracy 2M = 6.
The Taylor expansion of the velocity wavefield with respect to time gives
AP

) o ) AL ) )
ukf)r)l/z = ut/)_ol/z + At (ur)(j),o + ﬁ (uttt)(j),() + @ (utztrr)t/)_o s

(AT)

where (0, 0) is the spatial grid point at (x, z). Assuming homogeneous media and replacing the time derivatives in eq. (A1) by spatial derivatives
using eq. (1), we obtain a Lax-Wendroff scheme

; ; At r? h3 r* h’
J+172 J=1/2
= ——|h X XXX xzz xXXXxx | s
Uy,0 Uo,0 oh |: Px + 2 (Daxx + Przz) + ]920P ]

(A2)
where we discard all mixed fifth derivatives and terms p_ are given in the following. We approximate the derivatives along x-axis using a
six-point stencil

75 25 3
hpe = = D) — = . = —pspo)
)2 64(171/2.0 P-1/2,0) 384(P3/2,0 P-320) + 64O(p5/2‘0 P-5/2.0)

3 17 13 1
R Prax = —I(Pl/z,o — P-120) + g(l?s/z.o — P-3/20) — g(pS/z,o — P-5/2.0)
hspxxxxx = 10(P1/2,0 - P—l/z.o) - 5(]73/2,0 - P—s/z.o) + (P5/2.0 - P—5/2,0)~ (A3)

The mixed derivative p,.. is approximated using a six-point stencil containing two points on the axis and four points off the axis. Namely,

h3px:z = Pip1 — P-121 — 2P1j2,0 +2p-120 + Pij2-1 — P—1/2,—1- (A4)
Substituting eqs (A3) and (A4) into eq. (A2), we obtain our new FD scheme (2M, 4):

) ) At )
+1/2 —1/2 2M .4
gy =uly" - DM ph (A5)

where the FD operator D?M# is defined in eq. (4). Note that the standard Lax-Wendroff FD schemes (Dablain 1986; Chen 2011) do not
contain term %(u,,m){).o in eq. (Al).
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