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ABSTRACT An index mapping algorithm that efficiently associates the subcarrier activation pattern (SAP)
or constellation mode pattern (CMP) sequences with the index selecting bit (ISB) sequences is pro-
posed to improve the error performances of two OFDM-‘index modulation’ (IM) variants, OFDM-‘in-
phase/quadrature’ (IQ)-IM and ‘coordinate interleaving’ (CI)-‘multiple-mode’ (MM)-OFDM-IM. If the
Hamming distances between every combinational pair of the Gray-coded ISB sequences are written in a
2-dimensional Hamming distance table, the minimum Hamming distances (i.e., 1’s) are located in an
X-shaped cross. In the proposed index mapping algorithm, the selection and ordering of the SAP or CMP
sequences is determined by a mapping strategy of locating the minimum Hamming distances (i.e., 2’s) of
the SAP or CMP sequences in the same X-shaped cross as that of the minimum Hamming distances (i.e.,
1’s) of the Gray-coded ISB sequences. A pseudo-code is provided to reify the proposed index mapping
algorithm. We show by numerical simulation that the proposed index mapping algorithm can provide
substantial performance improvement for various IM schemes such as OFDM-I1Q-IM, CI-MM-OFDM-IM,

and OFDM-IM, especially when an error correction code is applied simultaneously.

INDEX TERMS Communication system signaling, modulation, wireless communication.

I. INTRODUCTION

Index modulation (IM) is a promising technique for 5G
and beyond wireless networks to achieve extra data rate by
using the indices of the active resources, where the resources
can be any transmission entities such as transmit antennas,
subcarriers, modulation types, precoders, time slots, chan-
nel states and so on. Spatial modulation (SM) is another
prospective technique that considers IM for the transmit
antennas of a multiple-input multiple-output system. For an
overview of SM and IM related literatures, interested readers
are referred to [1] and the references therein. A compre-
hensive overview of the latest results and progresses in SM
research were presented in [2]. A comprehensive overview
of the latest existing IM schemes and their principles were
presented in [3]. In IM, the status of resources is set to either
active or inactive and the indices of the active resources
are used as an additional dimension to convey the informa-
tion. In [4], the idea of IM was merged with orthogonal
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frequency division multiplexing (OFDM) systems to come
up with the subcarrier index modulation OFDM scheme
(named SIM therein and OFDM-IM in other literatures).
Since then, numerous OFDM-IM variants have been sug-
gested [5]. OFDM-IM conveys extra information bits besides
those transmitted by the data symbols, which can achieve
an increased spectral efficiency (SE) and a superior bit error
rate (BER) performance with a low modulation order when
compared to classical OFDM [1]. In [6], the diversity order
of OFDM-IM was derived analytically and the combinato-
rial method was suggested for one-to-one mapping between
natural numbers and active subcarrier combinations. In [7],
the OFDM scheme with generalized IM (OFDM-GIM) varied
the number of active subcarriers according to the information
bits for a higher SE. In [8], OFDM-IM was applied indepen-
dently to the in-phase/quadrature (IQ) components of each
subcarrier symbol, which was termed OFDM-GIM2 therein
and OFDM-IQ-IM in other literatures (e.g., [9] and [10]).
In [11], the dual mode OFDM-IM scheme (DM-OFDM-
IM) employed two symbol constellation modes to trans-
mit different modulation symbols not only over the active
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subcarriers but also over the inactive subcarriers. In [12],
the generalized DM-OFDM-IM scheme (GDM-OFDM-IM)
varied the number of subcarriers modulated by the same con-
stellation alphabet according to the information bits to further
improve the SE of DM-OFDM-IM. In [13], the scheme of
multiple-mode OFDM-IM (MM-OFDM-IM) and the scheme
of multiple-mode OFDM-1Q-IM (MM-OFDM-IQ-IM) were
proposed, where the full permutation of symbol constella-
tion modes were adopted according to the information bits.
In [14], the scheme of layered OFDM-IM (L-OFDM-IM) was
proposed, where the subcarriers in each subblock are divided
into multiple layers and the active subcarriers and their mod-
ulated symbols were determined separately in each layer to
increase the index bits. In order to improve the BER perfor-
mance of OFDM-IM, numerous techniques have been devel-
oped. In [15], subcarrier level interleaving was introduced
to improve the BER performance of OFDM-IM by benefit-
ing from uncorrelated frequency-domain fading coefficients.
In [16], the CI-OFDM-IM (CI-OFDM-IM) applied interleav-
ing to the real and imaginary parts of every two complex sym-
bols to obtain additional diversity gains. In [17], the scheme
of enhanced CI-OFDM-IM (ECI-OFDM-IM) was proposed,
where the subcarrier activation pattern (SAP) sequences with
aminimum Hamming distance greater than or equal to 4 were
used for CI-OFDM-IM to enhance the BER performance of
the index bits. In [14], the scheme of CI-L-OFDM-IM was
proposed to enhance diversity performance of L-OFDM-IM
by using the CI technique. In [9], the linear constellation pre-
coding (LCP) technique was applied to OFDM-1Q-IM, which
was termed LCP-OFDM-IQ-IM. Inspired by [9] and [16],
the coordinate interleaving was applied to MM-OFDM-IM
and the LCP technique was applied to MM-OFDM-IQ-IM
in [10], which were termed CI-MM-OFDM-IM and LCP-
MM-OFDM-IQ-IM, respectively. In [18], the scheme of gen-
eralized MM-OFDM-IM (GMM-OFDM-IM) was proposed,
where different subcarriers in a subblock used different signal
constellation achieving better BER performance in the high
SNR region. In [19], an equiprobable subcarrier activation
approach was suggested, where all the OFDM-IM subcar-
riers were rendered to have equal chance of activation to
improve SNR gain over the combinatorial method [6]. How-
ever, the equiprobable subcarrier activation approach could
attain a significant SNR gain only for specific numbers of
active subcarriers given a subblock. Moreover, it attained no
gain for higher symbol modulation alphabets such as 16 phase
shift keying (PSK) modulation. In [20] and [21], the lexi-
cographic codebook design for OFDM-IM was introduced,
where the SAP sequences were selected by using the channel
state information (CSI). Since the lexicographic codebook
requires closed-loop control over wireless networks for CSI
feedback and entails its redesign according to the updated
CSI, its applications should be limited to very slowly faded
channels. In [22], the Gray-order mapping that associated the
Gray-ordered antenna activation order (ACO) sequences with
the index selecting bit (ISB) sequences was suggested for
a differential spatial modulation (DSM) system to eliminate
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the necessity of using a mapping table. However, since the
Gray-order mapping itself could not improve the BER per-
formance, it required an additional technique such as coordi-
nate interleaving. In [23], a Gray-coded index mapping was
introduced for efficient mapping between the constellation
mode pattern (CMP) sequences and the ISB sequences in
DM-OFDM-IM. The Gray-coded index mapping led to a
better BER performance of the index bits because it asso-
ciated a pair of similar ISB sequences with a pair of sim-
ilar CMP sequences and a pair of more contrasting ISB
sequences with a pair of more contrasting CMP sequences.
However, the application of the Gray-coded index mapping
was limited only to the cases of small subblock sizes such
as 2 and 4.

The purpose of this paper is to extend the idea of an effi-
cient index mapping in [23] for subblock sizes larger than 4
and to other OFDM-IM schemes. Note that a false detection
of a desired SAP sequence by an OFDM-IM demodulator
leads to a false detection of an ISB sequence because every
ISB sequence is mapped to a separate SAP sequence in a
one-to-one manner. To reduce the bit errors occurring due
to falsely detected SAP sequences, every pair of the SAP
sequences that have minimum Hamming distance 2 should
be associated with a separate pair of the ISB sequences that
have minimum Hamming distance 1 because the probabil-
ity that the OFDM-IM demodulator detects a wrong SAP
sequence instead of the desired SAP sequence becomes the
highest when the desired SAP sequence is different from the
falsely detected SAP sequence in only two active subcarrier
positions. Likewise, to reduce the bit errors occurring due
to falsely detected CMP sequences, every pair of the CMP
sequences that have minimum Hamming distance 2 should be
associated with a separate pair of the ISB sequences that have
minimum Hamming distance 1. However, it is very difficult
to associate every pair of the SAP or CMP sequences that
have minimum Hamming distance 2 with a separate pair of
the ISB sequences that have minimum Hamming distance 1 if
the subblock size is large.

In this paper, an index mapping algorithm that effi-
ciently associates the SAP or CMP sequences with the ISB
sequences is proposed to improve the error performances of
two OFDM-IM variants, OFDM-1Q-IM and CI-MM-OFDM-
IM. If the Hamming distances between every combinational
pair of the Gray-coded ISB sequences are written in a
2-dimensional (2D) Hamming distance table, the minimum
Hamming distances (i.e., 1’s) are located in an X-shaped
cross. In the proposed index mapping algorithm, the selection
and ordering of the SAP or CMP sequences is determined
by a mapping strategy of locating the minimum Hamming
distances (i.e., 2’s) of the SAP or CMP sequences in the same
X-shaped cross as that of the minimum Hamming distances
(i.e., 1’s) of the Gray-coded ISB sequences. A pseudo-code
is provided to reify the proposed index mapping algorithm.
We show by numerical simulation that the proposed index
mapping algorithm can provide substantial performance
improvement for various IM schemes such as OFDM-1Q-IM,
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CI-MM-OFDM-IM, and OFDM-IM, especially when an
error correction code is applied simultaneously.

The remainder of this paper is organized as follows.
Section-II describes the system models for OFDM-1Q-IM
and CP-MM-OFDM-IM, respectively. Section-III proposes
a mapping algorithm which can be used to efficiently asso-
ciate the ISB sequences not only with the SAP sequences
in OFDM-IQ-IM, but also with the CMP sequences in CP-
OFDM-MM-IM. Section-IV discusses several issues related
with the proposed index mapping algorithm. Section-V
presents simulation results to evaluate merits of the proposed
index mapping algorithm and investigate the impact of an
error correction code on the performance of the proposed
index mapping algorithm. Section-VI provides with conclud-
ing remarks.

Notatons: (-)T denotes the transpose operator. |x | denotes
the greatest integer less than or equal to its argument. N(-)
and J(-) denote the real and imaginary parts of its argu-
ment, respectively. diag(x) denotes a diagonal matrix with
its diagonal components given by a vector x. @ denotes the
XOR operator. dist(xy, Xxp) denotes the Hamming distance
between x| and x; or the number of the non-zero components
in X; — Xp, where x; and x, are two vectors of the same
length. len(x) denotes the number of the components of a
vector X. X(i) denotes the i-th component of a vector x for
i=1,2,---,len(x). A — B denotes set difference defined by
{x: xe Aand x ¢ B}.

Il. SYSTEM MODEL

While our index mapping algorithm can be applied to various
IM schemes, in order to emphasize the merits of our index
mapping algorithm, we apply our index mapping algorithm
to two OFDM-IM schemes, OFDM-IQ-IM and CP-MM-
OFDM-IM, which are known to outperform classical OFDM
in terms of BER performance. Firstly, in OFDM-IQ-IM, our
index mapping algorithm is used to find the mapping between
the ISB and SAP sequences. Secondly, in CP-MM-OFDM-
IM, our index mapping algorithm is used to find the map-
ping between the ISB and CMP sequences. In the following,
the system properties that are common to OFDM-IQ-IM and
CP-MM-OFDM-IM are described first. Then, the system
properties unique to each system are described in separate
subsections.

Consider an OFDM system operating in a frequency-
selective channel environment. The frequency-selective
channel is modeled as a tapped delay-line of length v, where
the channel impulse response is given by

h=[hoh - hy_1]". (1

The channel coefficients {h[}}:(} are assumed to be uncor-
related with each other and have zero-mean circularly sym-
metric complex Gaussian distribution with CA/(0, 1/v). We
assume that the OFDM block consists of N subcarriers and
conveys N information bits per OFDM block. In order to
apply IM, the OFDM block is divided into Np subblocks,
where each subblock with n = N /Np subcarriers conveys
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p = Ny /Np information bits. The OFDM block comprising
Np subblocks can be written as

X = [xO7 x@" x0T @)
where X# denotes the S-th subblock,
T
x® = [xPxP ... xP]" 3)

Since subcarrier-level interleaving can improve the error per-
formance by turning the frequency domain channel into a
uncorrelated one ([15]), we assume that the OFDM block, X,
passes through a symbol-level interleaver to give

X = [Xl(l). .. X](NB) Xél). .. XéNB) Xr(ll). .. X’(INB) ]T_ )

X’ undergoes inverse fast Fourier transform and addition
of the cyclic prefix of length L., before transmission. At
the receiver, the processes of cyclic prefix elimination, fast
Fourier transform, and de-interleaving are applied to the
received signal. Then, the received signal for the B-th sub-
block, 8 = 1,2, ---, Np, can be written as

YR = diag(X(ﬂ))H(ﬂ) + W(ﬂ), (3)
where H®) denotes the frequency domain channel vector,
T
H® — [Hl(ﬂ) Hém H’Eﬂ)] , (6)

with its component defined by
v—1
HP =Y hye I T XIX(B=Dntm=1) )
=0

W®) denotes an additive noise vector,

T
wo = [wP wP o] (8)

where W,(,,ﬁ ) has circularly symmetric complex Gaussian dis-
tribution with mean O and variance Ny. The signal-to-noise
ratio (SNR) is defined as p = Ep/No, where E;, = (N +
L.)/Ny denotes the average energy per bit. The spectral effi-
ciency of the OFDM-IM scheme is given by Ny /(N + L;)
[bits/s/Hz].

A. THE OFDM-IQ-IM SCHEME

The transmitter structure of OFDM-IQ-IM is depicted
in Fig. 1 (a). The p bits given for a subblock are equally
divided into p’ and p? bits and used for the in-phase (/—) and
quadrature (Q—) branches, respectively. Due to the similarity
of the modulation procedures on the /— and Q— branches,
we focus on the / —branch in the following. With a subblock
consisting of k active and (n — k) inactive subcarriers, the
total number of possible SAP candidate sequences is given
by Nsap = »Ck, where ,Cr denotes the k-combinations
from a set of n components. We represent an SAP sequence
with a binary sequence consisting of k 1’s and (n — k) O’s,
where 1 and 0 denote active and inactive subcarriers, respec-
tively. The ~/M-ary pulse amplitude modulation (PAM)
constellation is adopted by the I—branch of OFDM-IQ-
IM for fair comparison in terms of SE with the classical
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FIGURE 1. The transmitter structures of two OFDM-IM schemes: (a) OFDM-1Q-IM and

(b) CI-MM-OFDM-IM.

OFDM that adopts the M -ary quadrature amplitude modula-
tion (QAM) constellation. The p’ bits are separated into p{ =
[log,(Nsap)] index bits and pé =k logz(\/ﬂ_/l ) data symbol
bits. Since the Q—branch applies the same procedure as the
I —branch, each subblock conveys total p = 2|log,(Nsap)| +
k log, (M) information bits. An ISB sequence of length p’1 is
formed with p{ index bits. Each ISB sequence is associated
with a separate SAP sequence,

SAP, = [by1 by2 -+ byal, )

where by, € {0,1}, m = 1,2, ---, n, denotes the subcarrier
activation bit and 1 denotes the SAP sequence index belong-
ingto {1,2,---, P }. For maximal SE, p{ is chosen as p{ =
[log,(Nsap)]. 2”{ SAP sequences should be selected from
Nsap SAP candidate sequences because the SAP sequences
are associated with the 2”1 ISB sequences in a one-to-one
manner. We assume that the information on the mapping
between the ISB and SAP sequences is saved in a look-up
table. According to SAP,, the data symbol vector for the
I—branch of the B-th subblock is generated with the pé data
symbol bits as

B) B) (B) (B)
S, = [Sl,n,l 51,7,,2 Sl,n,n]’ (10)

where S;"?ym e {0US,m = 1,2,---,n, and S denotes

the \/]\_/I -ary PAM constellation. Note that a \/M -ary PAM
symbol is conveyed over the m-th subcarrier of a subblock
only if the m-th component of SAP, (i.e., b, ) is given
by 1. Similarly to the above, the data symbol vector for the
Q—branch of the S-th subblock is generated as S(Qﬁ). Then,
the S-th subblock, X®, B=1,2,---, Np,is determined as

XP =8P + 89 (10
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At the OFDM-IQ-IM demodulator, the index of the SAP
sequence for the / —branch of the S-th subblock can be found
by using the maximum-likelihood (ML) method,

n = arg min
n (B)
m=1 Sl,n,m

min |n(rP/HP) - s
oINS o

12)

One may refer to [8] for the log-likelihood ratio (LLR)
detection method with reduced implementation complexity.
Given the SAP sequence, the pl1 index bits representing the
ISB sequence can be retrieved by referring to the look-up
table. Once the SAP sequence or equivalently, the SAP
sequence index, 7, is estimated, the data symbol vector for
the I —branch of the §-th subblock can be found by using the
ML method,

n
) 2
¢ = arg min " [P )~ s, " a3
S/ m=1

1

The SAP sequence and the data symbol vector for the
Q—branch can also be retrieved analogously. However, for
the Q-branch, the ER(Y,E,’S ) /H,(,fS )) term, the S}ﬂ ”)m term, and the

S;ﬂ f]) ,, termas shown in (12) and (13) should be replaced with

S P, s B B

0num> S0 5.m> respectively.

B. THE CI-MM-OFDM-IM SCHEME

The transmitter structure of CI-MM-OFDM-IM is depicted
in Fig. 1 (b). The incoming p bits are divided into p; index
bits and p, data symbol bits. An ISB sequence of length p; is
formed with p; index bits. Each ISB sequence is associated
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with a separate CMP sequence,

CMP’] =[My 1 Mys -+ Mynl, (14)

where M, ,, € {1,2,---,n}, m = 1,2,---, n, denotes the
symbol constellation mode and n denotes the CMP sequence
index belonging to {1, 2, - - -, 2P1}. The total number of pos-
sible CMP candidate sequences is given by Ncyp = n!
(i.e., n factorial). For maximal SE, p; is chosen as p; =
[log,(Ncmp)]. 2P CMP sequences should be selected from
Ncwvmp CMP candidate sequences because the CMP sequences
are associated with the 27! ISB sequences in a one-to-one
manner. We assume that the information on the mapping
between the ISB and CMP sequences is saved in a look-up
table. The n symbol constellations of CI-MM-OFDM-IM,
M1, My, -+, My, can be prepared by partitioning
the nM-ary PSK constellation as suggested in [10]. Each
subblock conveys total p = [log,(Ncmp)| + nlog,(M)
information bits. According to CMP,;, the data symbol vector
for the B-th subblock is generated with the p» = nlog,(M)
data symbol bits as

R
where S,(,ﬁ,:l € My mm=1,2,---,n. Then, the data symbol
vector 8% is multiplied by ¢ to extract a CI effect. In [10],
the optimal 6 was derived analytically in terms of n and M.
For n being an even number, the B-th subblock, X8 B =
1,2, .-, Np,is formed by applying the CI technique to every
two symbols of ¢/S®) as

T T 71T
X(ﬁ>=[x(1’3) xP X ] : (16)

where
0 o(B) (70 <(B)
X/((ﬂ) — |:X2gﬂ)1 i| _ |:Eﬁ(e]08,(7’32)k—1) +J«5§€] (/‘39)"’2]() :| (17)
Xok (S ) +i3(€7S, 5 )
fork =1,2,---,n/2. At the CI-MM-OFDM-IM demodula-

tor, the index of the CMP sequence can be found by using the
ML method,

n/2
2
oS o [50-d
k=152 —1EMn.2k—1
S:fz)ke-/\/lnlk
(18)
where
T
Yz(f)=[Y2(f)_1 Yz(,’f)] , (19)
and
T
(B) (B) (B)
H) =[H2k—1 sz] . (20)

Given the CMP sequence, the p; index bits representing the
ISB sequence can be retrieved by referring to the look-up
table. Once the CMP sequence or equivalently, the CMP
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sequence index 7] is estimated, the data symbol vector for the
B-th subblock can be found by using the ML method,

Sy 85¢) =arg  min
Spp—q €M 21
S;f)GMﬁlk

2
| - diag(x{”)H |

21

for k = 1,2,---,n/2. One may refer to [10] for the ML
methods with reduced implementation complexity.

IIl. PROPOSED INDEX MAPPING ALGORITHM

In this section, the proposed index mapping algorithm is
explained for OFDM-IQ-IM first. Then, at the last part of this
section, the proposed index mapping algorithm is explained
for CI-MM-OFDM-IM.

A. INDEX MAPPING FOR OFDM-IQ-IM

Once again, we focus on the / —branch of the B-th subblock
in OFDM-IQ-IM. For notational convenience, p{ is written
as pp in the following. The i-th binary sequence of length p;
fori=1,2,---,2P" is defined as

B; =1[bip, bip—1 -~ bi1l, (22)

where b;; € {0,1},1 = 1,2,---, p1. Note that b; ,, and
b; 1 represent the most significant bit (MSB) and the least
significant bit (LSB) of B;, respectively. The i-th Gray-coded
ISB sequence fori =1, 2, - - -, 2P! is defined ([24]) as

ISB; = [dip, dip,—1 -+ di1], (23)
where
b; if [ =
dg={"" LT 24)
biy®biy4 ifl=12,---,p—1

The Hamming distance between two adjacent ISB sequences
(i.e., ISB; and ISB;y| for i = 1,2,---,p; — 1) is always
given by 1 due to the property of a Gray-code. It can be shown
that the Hamming distance between ISB; and ISByri _;
fori = 1,2,.--,2P! is given by 1 (Refer to Appendix).
Therefore, if the Hamming distances between every combi-
national pair of the Gray-coded ISB sequences are written
in a 2D Hamming distance table, their minimum Hamming
distances (i.e., 1’s) are located in an X-shaped cross. In Fig. 2,
the 2D Hamming distance table of {ISB,-}%:1 in the case
of pi1 = 4 is presented. It can be seen that the minimum
Hamming distances (i.e., 1’s) of {ISB,-}?Q1 are located in
an X-shaped cross, which are highlighted in gray color. In
order to associate as many pairs of the SAP sequences that
have minimum Hamming distance 2 as possible with sepa-
rate pairs of the Gray-coded ISB sequences that have mini-
mum Hamming distance 1, we generate Nsap SAP candidate
sequences with k 1’s and (n—k) O’s, select 2”! sequences from
those sequences, and then reorder the selected SAP candidate
sequences according to a strategy of locating the minimum
Hamming distances (i.e., 2’s) of the 2°! SAP sequences in
the same X-shaped cross as that of the minimum Hamming
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FIGURE 2. The 2D Hamming distance table of the Gray-coded ISB
sequences when p; = 4.

distances (i.e., 1’s) of the Gray-coded ISB sequences. The i-th

binary sequences of length nfori =1, 2, - - -, 2" is defined as
Vi=[VinVin-1 - vi1l, (25)
where v;; € {0,1}, ! = 1,2,-.-,n. Note that v; , and

vi,1 correspond to the MSB and the LSB of V;, respectively.
The SAP candidate sequences are generated by selecting the
Nsap sequences with k£ 1’s and (n — k) 0’s from {V,-}izi1
in consecutive order. The i-th SAP candidate sequence for
i=1,2,---, Nsap is defined as

Gi=1[gn&n1 - &1l (26)

, . Ny
Since every sequence in {G;},°}"

0’s, the minimum Hamming distance of {G is given
by 2. The proposed index mapping algorithm selects 2P!
SAP candidate sequences from {G,-}i.vzsi“’ in a desired order.
The indices of the selected SAP candidate sequences can be

written in a vector form as

consists of k 1’s and (n — k)
S
=

Isap = [i1, 02, -+, iop1 |, 27

where 1 < iy < ip < --- < ippy < Nsap. If a suitable Zgap
is found, the SAP sequences that are mapped to {ISB,,}%;;'1 in
consecutive order are determined by

SAP, =G,

forn = 1,2,--.,2P1. The purpose of the proposed index
mapping algorithm is to find a suitable Zgap, which can
make the minimum Hamming distances (i.e., 2’s) of {G;, }%]21
be located in the same X-shaped cross as that of the mini-
mum Hamming distances of {ISB,7}%}21 on the 2D Hamming
distance table. In the proposed index mapping algorithm,
a suitable Zgap is searched on an iteration basis by inducing
G, to have minimum Hamming distance 2 not only with
Gin+1 but also with Gizm - forn =1,2,---,2°1 — 1. The
proposed index mapping algorithm is reified as a pseudo-code
in Algorithm 1. The parameters and the variables used in

Algorithm 1 are as follows:

(28)

o dmin: the target minimum Hamming distance of the SAP
sequences, which is set as 2.
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Algorithm 1 Pseudo-Code for the Proposed Index Map-
ping Algorithm

1
2

e e NN AW

10
11
12
13
14
15
16

17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32

34
35
36

dmin =2
p1 = [log,(Nsap)]
P={1,2,---, Nsap}
Ip =[], I =11
while len(Zr) + len(Zr) < 2P and len(P) > 0 do
Pasce = sort(P, ‘ascending’)
for iEneW S Pasce do

if len(Zp) =0 or dist(Gyy,,,,» Gif,,;;) = dmin then

‘ break

end
end
Pdesc = sort(P, ‘descending’)
flag=0
for iL,new € Pesc do
if dist(Gy .., » Gigyer,) = dmin then

if len(Z1) =0 or dist(Gy, ,,,,» Gi;, ) = dmin

then

flag =1
break

end
end
end
if flag = I then
Ip = [Zp(1), Zp(2), - - -, Zp(len(Zp)), iFnew ]
L = [iLnew, ZL(1), ZL(2), - - -, Z(len(Z1)) ]
iF,old = iF,new
iL,o]d = iL,I‘lCW
P=P-— {iF,l’lCW7 iL,new}

end
else

‘ P=P-— {iF,neW}
end

end
Isap =
[Zr(1), - -+, Zp(len(Zg)), Zr.(1), - -+, Zr(len(ZL)) ]
if len(ISAp) 75 2P! then
| p1 = [log, (len(Zsap))]
end

. {G,-}?;S‘l“): the SAP candidates sequences, from which the
SAP sequences, {SAP,,}%’;'I, are selected.

o Tr:the index vector representing the former part of Zgap.
It is initialized as Zg = [ ].

o 71 :the index vector representing the latter part of Zgap.
It is initialized as 71, = [ ].

« ‘P: the index pool set, whose components correspond to
the index candidates for selecting a new SAP sequence
from {G, )34, Itis initialized as P = {1, 2, - - , Nsap).

o Pasce: the index pool set sorted in ascending order.

o Pdesc: the index pool set sorted in descending order.

e iEnew: the foremost component of Pygce satisfying (30).

e IEold: the value of igpew chosen previously.
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e iLnew: the foremost component of Pyesc satisfying
(32) and (33).

e i old: the value of if new chosen previously.
In Algorithm 1, an algorithmic loop is repeated as long as
len(Zr)+len(Zy) < 2P! and len(P) > 0.If P = [ ], the algo-
rithmic loop terminates because a new index cannot be chosen
from P. Pjygce is prepared by sorting the components of P in
ascending order, which is expressed as

Pasce = sort (P, ‘ascending’) . (29)

In the first step of the algorithmic loop, if len(Zr) =0, iFnew
is chosen as 1 (i.e., the foremost component of Py at the
beginning) and if len(Zg) > 0, i pew is chosen as the foremost
component of Pygce satisfying

dist(Gig ey, » Gigoig) = dimin- (30)

The constraint of (30) is necessary to induce SAP, to
have minimum Hamming distance 2 with SAP, for n =
1,2,---,2Pt — 1. If any component is chosen from Py for
iFnew, then Pyesc 1s prepared by sorting the components of P
in descending order as

Pdesc = sort (P, ‘descending’) . (€29)

In the second step of the algorithmic loop, if len(Zy) = 0,
i new 1S chosen as Nsap (i.e., the foremost component of
Pdesc at the beginning) and if len(Zy,) > 0, if_ pew iS chosen as
the foremost component of Pgegc satisfying
diSt(G,’L_new, G,‘F’new) =2, (32)
dist(G G g0) = 2. (33)

1L new °

The constraint of (32) is necessary to induce SAP;, to have
minimum Hamming distance 2 with SAPy; _, 1 for n =
1,2,---,2P1~1 whereas the constraint of (33) is necessary
to induce SAP;, to have minimum Hamming distance 2 with
SAP, i forn=1,2,...,2°" —1.If no component is found
from Pyesc for i new, the value of ig pew is removed from P as

P=P-— {iF,new } (34)

and the algorithmic loop restarts at the first step. If any
component is chosen from Pesc for ir new, the values of igpew
and i pew are added to Zg and 7, respectively, as

Ir = [Ip(1), - -, Zp(len(ZF)), iEnew (35)
1. = [iLnew, ZL(1), - -+, Zr(len(ZL)) ]. (36)
Then, the values of iroq and ir c1q are updated as
iFold = IFnew> 37
iL,old = iL,new: (38)
and P is updated as
P=P-— {iF,nCW1 iL,new}~ (39)

In this manner, the algorithmic loop repeats as long as the
condition of len(Zg) + len(Zg) < 2P! or that of len(P) > 0
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100 1]1 01071 0| [T 000 1|1 0001010
1 0 00]1001710] [10000]1 00001710

FIGURE 3. The proposed index mapping between the SAP and ISB
sequences in three cases of (a) (n, k, p1)=(4,2,2),
(b) (n’ k’P1)=(6, 3, 4)' and (C) (n? k7pl)=(87 3, 5)-

holds. Once the search of Zg and Z;, finishes under the con-
straint of len{Zr } +1len{Z; } = 2P, Zgap is finally determined
as

Isap = [Zp(D), - --, Ip(en(Zp)), ZL(1), ---, Zr(Ien(ZL)) ].
(40)

If the algorithmic loop terminates under the constraint of
len(P) = 0, the number of the components in Zgap may
be different from 2”1, which implies that the proposed index
mapping strategy does not hold with the given value of p.
In such a case, the value of p; should be changed as p; =
[log; (len(Zsap))] to fulfill our mapping strategy. In Fig. 3,
the mapping results by the proposed index mapping algorithm
are provided for three cases of (a) (n,k,p1) = 4,2,2)
(b) (n,k,p1) = (6,3,4), and (c) (n,k,p1) = (8,3,5). In
Fig. 4 (a), the 2D Hamming distance table of the searched
SAP sequences for the case of (n, k, p1) = (6, 3,4) is pre-
sented. It can be seen that the minimum Hamming distances
(i.e., 2’s) of the 16 SAP sequences are located in the same
X-shaped cross as that of the minimum Hamming distances
(i.e., 1’s) of the 16 Gray-coded ISB sequences as shown
in Fig. 2. The minimum Hamming distances of the SAP
sequences that were found by the proposed index mapping
algorithm for the case of (n, k, p1) =(4,2,2) or (n, k,p1)=
(8,3, 5) are also located in the same X-shaped cross as that
of the minimum Hamming distances of the corresponding
Gray-coded ISB sequences.
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FIGURE 4. The 2D Hamming distance tables of (a) the SAP sequences in
the case of (n, k, p;)=(6, 3, 4) and (b) the CMP sequences in the case of
("5 P1 )=(4’ 4)-

B. INDEX MAPPING FOR CI-MM-OFDM-IM

The proposed index mapping algorithm can also be applied to
CI-MM-OFDM-IM to find a mapping between the ISB and
CMP sequences. In order to apply Algorithm 1 for CI-MM-
OFDM-IM, it is necessary to change the following:

1. Zsap in Algorithm 1 should be replaced with Zcmp.
2. Nsap in Algorithm 1 should be replaced with Ncmp
whose value is given by n!.
3. {G,-}?’:Cf“’ in Algorithm 1 should be determined by n!
permutations of {1, 2, - - -, n} in consecutive order, where
G| and G, are given by [1,2,---,n] and [n,n —
1,---, 1], respectively.
Once a suitable Zcyp is found by Algorithm 1, the CMP
sequences that are mapped to the Gray-coded ISB sequences,

{ISB}%p:ll, in consecutive order are determined by
CMP, = G,, 41
forn = 1,2,.--,2P!, where i, denotes the n-th compo-

nent of Zcyp. In Fig. 4 (b), the 2D Hamming distance
table of the CMP sequences is presented for the case of
(n, p1) = (4, 4). By comparing Fig. 4 (b) with Fig. 2, it can be
seen that the minimum Hamming distances (i.e., 2’s) of the
16 CMP sequences are located in the same X-shaped cross
as that of the minimum Hamming distances (i.e., 1’s) of the
16 Gray-coded ISB sequences.

VOLUME 7, 2019

IV. DISCUSSION

e If exhaustive search were used instead of Algorithm 1 in
finding an optimal mapping, the ‘dist’ function would be
executed Nsap! X Nsap(Nsap — 1) or Nemp! X (Nemp — 1)
times. However, it is too large a number for practical use even
with small-sized n. For example, given (n, k, p1) = (8,3, 5)
for OFDM-IQ-IM, exhaustive search needs to execute the
‘dist’ function 2.19 x 1078 times, whereas Algorithm 1 needs
to execute the ‘dist’ and ‘sort’ functions only 58 and 32 times,
respectively.

e In Algorithm 1, dpip of the SAP (or CMP) sequences
can be chosen larger than 2 to further enhance the BER per-
formance. If the SAP (or CMP) candidate sequences {G;},>}"
with minimum Hamming distance larger than 2 are inputted
into Algorithm 1 and dp;, is set to the same value as the
minimum Hamming distance of {Gi}fy:s’l“’, Algorithm 1 can
generate the SAP (or CMP) sequences that enhance the BER
performance further because of the increased minimum Ham-
ming distance as well as the effect of the proposed index map-
ping strategy. However, by choosing dpi, larger than 2 the
number of the searched SAP (or CMP) sequences decreases
due to the limited degree of freedom in generating those
sequences. In other words, choosing dp;, larger than 2 may
result in the reduced spectral efficiency of an OFDM-IM
system. Since the primary purpose of our paper is to improve
the BER performance of an OFDM-IM system without losing
spectral efficiency for a given subblock size, we focus on the
search of the SAP (or CMP) sequences under the assumption
of minimum Hamming distance 2.

e The conventional index mapping according to the com-
binatorial method does not require a mapping table because
the combinatorial method computes the index of an SAP
sequence directly by using an ISB sequence. However,
the combinatorial method may incur an unexpected catas-
trophic failure in retrieving the SAP sequence ([6]). There-
fore, the proposed index mapping that uses a mapping table
can outperform the conventional index mapping.

e In the proposed index mapping, since the SAP (or CMP)
sequences are determined by a mapping strategy of locating
the minimum Hamming distances (i.e., 2’s) of the SAP (or
CMP) sequences in the same X-shaped cross as that of the
minimum Hamming distances (i.e., 1’s) of the Gray-coded
ISB sequences, not every pair of the SAP (or CMP) sequences
which have minimum distance 2 is associated with a sepa-
rate pair of ISB sequences which have minimum distance 1.
For example, in the case of (n, k,p;) = (6,3,4), the 2D
Hamming distance table of the SAP sequences as shown
in Fig. 4 (a) contains 114 2’s, where only 48 2’s (i.e. 42.1%
of 2’s) in the table are mapped to the 48 1’s in the 2D Ham-
ming distance table of the ISB sequences as shown in Fig. 2.
As n increases, the proposed index mapping can associate
a less portion of the pairs of SAP (or CMP) sequences
which have minimum distance 2 with a separate pair of ISB
sequences which have minimum distance 1. For example,
in the case of (n, k, p1) = (8, 3, 5), the 2D Hamming distance
table of the SAP sequences contains 298 2’s, where only 106
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2’s (i.e. 35.6% of 2’s) in the table are mapped to the 106
I’s in the 2D Hamming distance table of the ISB sequences.
Therefore, the gain of the proposed index mapping over the
conventional index mapping decreases as the subblock size,
n, increases.

e The BER performance of OFDM-IQ-IM can be further
improved by generating SAP (or CMP) sequences by con-
catenating multiple short SAP (or CMP) sequences designed
for smaller-sized subblocks because short SAP (or CMP)
sequences are less affected by error propagation. However,
generating SAP (or CMP) sequences by concatenating multi-
ple short SAP (or CMP) sequences may reduce the number
of the index bits due to the limited degree of freedom in
generating the SAP (or CMP) sequences. In [25], it was
shown that in the three cases of (n,k) = 4,2), (n,k) =
(8, 2),and (n, k) = (8, 6), the approach of generating SAP (or
CMP) sequences by concatenating two short SAP (or CMP)
sequences does not reduce the number of index bits. For
example, in the case of a dual-mode IM with (n, k) = (4, 2),
the number of index bits is given by p; = [log,(4C2)] = 2,
whereas the number of index bits for the CMP sequences
generated by concatenating 2 short CMP sequences designed
for the case of a dual-mode IM with (n, k) = (2, 1) is given
by [log,(oC1 x 2C1)] = 2. Therefore, in the case of a
dual-mode IM with (n, k) = (4, 2), total 4 CMP sequences
of length 4 can be generated by concatenating 2 CMP
sequences of length 2 designed for the case of a dual-mode
IM with (n, k) = (2, 1) for a better BER performance but
without losing SE. The resultant CMP sequences are given
as [Ma Mp M Mp], [Ma MpMpMu], [MpMp Ms Mg], and
[Mp My Mp M4], where M4 and Mp denote two symbol con-
stellation modes. If these sequences are used as the CMP
candidate sequences, {G; ?;Ci‘“’, in Algorithm 1 with the initial
values of Ncyp = 4 and p; = 2, Algorithm 1 can generate
the CMP sequences that comply with the proposed index
mapping strategy as CMP| = [Mj Mp M4 Mp], CMP; =
[MA MBMB MA], CMP3 = [MB MA MBMA], and CMP4 =
[Mp M4 M4 Mg]. Note that these CMP sequences are consec-
utively mapped to the Gray-coded ISB sequences, ISB| =
[00], ISB, = [01], ISB3 = [11], and ISB4 = [10]. This
mapping results are the same as those suggested in [23].

V. SIMULATION RESULTS
With the conventional index mapping in OFDM-IQ-IM, the
ISB sequences, {ISBn}f’Ql, are generated by

ISB, =B, (42)

forn = 1,2,.--,2P! and the SAP sequences, {SAP,]}%F;I,
are generated by selecting the first 27! sequences consist-
ing of k 1’s and (n — k) 0’s from {Vn}%":l. Note that the

conventional index mapping that associates {SAP,I}zg1 with

{ISB,7}3;’:1 | in consecutive order is equivalent to the index
mapping based on the combinatorial method in [6]. With
the conventional index mapping in CI-MM-OFDM-IM, the
ISB sequences, {ISB,,}%’;II, are generated by (42) and the
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CMP sequences, {CMP,I}%p:ll, are generated by selecting the
first 27! sequences from the n! permutations of {1, 2, - - -, n}.
The simulation parameters commonly used in this section are
summarized in Table 1.

TABLE 1. The simulation parameters commonly used in Section V.

Parameter Value

OFDM block size N 128

Cyclic prefix length L. 16

Effective channel length v 10
Convolutional code rate R 1/3, 172, or 2/3

Generation polynomial for R=1/3 is (133,171,165) in octal ( [26]),
that for R=1/2 is (171,133) in octal ( [27]), and that for R=2/3 is
(23,35,0;0,5,13) in octal ( [28]).

-------- Classical OFDM
—e— OFDM-IM-IQ with the conventional mapping
—O— OFDM-IM-IQ with the proposed mapping

102 ¢

o
0 104k
o 10 !
Index bits only
108 3
D
-8 . . . . . .
10
0 5 10 15 20 25 30 35

SNR(dB)

FIGURE 5. Comparison of the BER results of classical OFDM and two
OFDM-1Q-IM schemes in the case of (n, k, p;)=(8, 3, 5), where the BERs
of the index and data symbol bits are evaluated separately.

In Fig. 5, the BER performances of classical OFDM,
OFDM-IQ-IM with the proposed index mapping, and
OFDM-IQ-IM with the conventional index mapping are com-
pared in the case of (n, k, p1)=(8, 3, 5) when 4QAM is used
for classical OFDM and binary PAM is used for the /- and
Q- branches of OFDM-IQ-IM. The spectral efficiencies of
all the three schemes are given by 1.78 bits/s/Hz. Herein,
the BERs of the index and data symbol bits are evaluated
separately. From the figure, we observe that at a high SNR,
the BER performance of the index bits is much better than that
of the data symbol bits in both the OFDM-IQ-IM schemes.
This observation is consistent with the derivation result of the
pairwise error probability for an OFDM-IM system in [6],
which showed that at a high SNR the diversity order of the
index bits is greater than or equal to 2, whereas that of the data
symbol bits is 1. In addition, we observe that the proposed
index mapping improves the BER performance of the index
bits compared to that of the conventional index mapping; the
proposed index mapping attains 0.9dB SNR gain over the
conventional index mapping at the BER of 1074,

In Fig. 6, the BER performances of classical OFDM,
OFDM-IQ-IM with the proposed index mapping, and
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FIGURE 6. Comparison of the BER results of classical OFDM and two
OFDM-1Q-IM schemes in the case of (n, k, p;)=(8, 3, 5).

OFDM-IQ-IM with the conventional index mapping are com-
pared under the same parameters as given for Fig. 5, but
herein, the BERs are found by evaluating the index and data
symbol bits together. From the BER curves without using
an error correction code, we observe that whereas the gain
of the proposed index mapping over the conventional index
mapping tends to increase as the SNR decreases, the pro-
posed index mapping attains only a trivial SNR gain over
the conventional index mapping at the BER of 1074, It is
because the gain of the proposed index mapping over the
conventional index mapping obtained with the index bits is
concealed by the comparably worse performance of the data
symbol bits. Note that if the BER of the data symbol bits
becomes comparable to that of the index bits by help of error
correction coding, the proposed index mapping can improve
the BER performance more conspicuously even when the
index and data symbol bits are evaluated simultaneously. In
order to investigate the impact of an error correction code on
the performance of IM, the BERs of the three schemes are
evaluated by applying a rate-half convolutional code ([26])
and a random interleaver which rearranges the elements of
the coded bits using a random permutation ([29]). Provided
with a rate-half convolutional code, the spectral efficiencies
of all the three schemes are given by 0.89 bits/s/Hz. From the
BER curves obtained by applying a rate-half convolutional
code, we observe that the proposed index mapping attains
1dB SNR gain over the conventional index mapping at the
BER of 10~*. It corroborates our argument that the proposed
index mapping can extract more gain over the conventional
index mapping by applying an error-correction code.

In Fig. 7, the BER performances are evaluated under the
same parameters as given for Fig. 6, but herein, by applying
three convolutional codes with code rates of R = %, R =
%, and R = % From the figure, we observe that the gain
of the proposed index mapping over the conventional index
mapping increases as the code rate decreases at the BER of

10~%; with the error-correction code of code rate R = %,
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FIGURE 7. Comparison of the BER results of classical OFDM and two

OFDM-1Q-IM schemes in the case of (n, k, p;)=(8, 3, 5) when different

error-correction code rates are applied.

the gain of the proposed index mapping over the conventional
index mapping reaches 1.2dB at the BER of 10~#. It certifies
that since using an intense error-correction code helps the
BER of data symbol bits be further comparable to that of the
index bits, it can enhance performance of an efficient index
mapping.

In Fig. 8, the impact of the symbol constellation size on
the performance gain of the proposed index mapping was
investigated by comparing the BER performances in two
cases. In the first case, 4QAM is used for classical OFDM
and binary PAM is used for the /- and Q- branches of OFDM-
IQ-IM as in Fig. 6. In the second case, 16QAM is used for
classical OFDM and 4-ary PAM is used for the /- and Q-
branches of OFDM-IQ-IM. From the figure, we observe that
the gain of the proposed index mapping over the conventional
index mapping reduces as the adopted symbol constellation
size increases; while the proposed index mapping obtained
1dB SNR gain over the conventional index at the BER of 10™*
in the first case, the proposed index mapping obtained only
0.8dB SNR gain in the second case. The gain of the proposed
index mapping over the conventional index mapping dimin-
ishes with a larger symbol constellation size because the BER
improvement of the index bits given by the proposed index
mapping is blurred out by the worse BER of the data symbols
selected from a larger symbol constellation.

In Fig. 9, the BER performances of classical OFDM,
CI-MM-OFDM-IM with the proposed index mapping, and
CI-MM-OFDM-IM with the conventional index mapping are
compared in the case of (n,p1) = (4,4) when 4QAM is
used for classical OFDM and 8-ary PSK is used for CI-MM-
OFDM-IM. The value of 6 is set as 8 = 8.6° as given in [10].
In order to investigate the impact of an error correction code
on the performance of IM, the BERs of the three schemes are
found by applying three convolutional codes with code rates

of R = %, R = %, and R = 2 and a random interleaver

3
([29]). Without an error correction code, the proposed index
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FIGURE 8. Comparison of the BER results of classical OFDM and two
OFDM-1Q-IM schemes in the case of (n, k, p;)=(8, 3, 5) when different
symbol constellation sizes are adopted.
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FIGURE 9. Comparison of the BER results of classical OFDM and two
CI-MM-OFDM-IM schemes in the case of (n, p;)=(4, 4).

mapping attained 0.59dB SNR gain over the conventional
index mapping at the BER of 107®. By applying an error
correction code, the proposed index mapping extracted a
larger gain over the conventional index mapping. Similarly to
the case of OFDM-IQ-IM in Fig. 7, we observe from Fig. 9
that the gain of the proposed index mapping in the case of
CC-MM-OFDM-IM increases as the code rate decreases.

In Fig. 10, the BER performances of classical OFDM,
OFDM-IM ([6]) with the proposed index mapping, and
OFDM-IM with the conventional index mapping are com-
pared in the case of (1, k, p1)=(8, 3, 5) when 4QAM is used
for all the three schemes. In order to investigate the impact of
an error correction code on the performance of IM, the BERs
of the three schemes are found by applying three convolu-
tional codes with code rates of R = % R = % and R = %
and a random interleaver ([29]). Without an error correction
code, we observe that the proposed index mapping attains a
negligible SNR gain over the conventional index mapping
at the BER of 10™*. By applying an error correction code,
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FIGURE 10. Comparison of the BER results of classical OFDM and two

OFDM-IM schemes in the case of (n, k, p;)=(8, 3, 5) when 4QAM is used

for all the three schemes.
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-------- Classical OFDM
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FIGURE 11. Comparison of the BER results of classical OFDM,
OFDM-1Q-IM with the proposed index mapping, and OFDM-IQ-IM with
the ESA mapping ( [22]) in two cases of (a) (n, k, p;)=(8, 2, 4) and

(b) (n, k, p1)=(8, 4,5).

however, the gain of the proposed index mapping over the
conventional index mapping tends to increase as the code rate
decreases. We conclude that by applying an error correction
code, the proposed index mapping can extract a substantial
SNR gain over the conventional index mapping in various
IM schemes such as OFDM-IQ-IM, CI-MM-OFDM-IM, and
OFDM-IM.

In Fig. 11, the BER performances of classical OFDM,
OFDM-IQ-IM with the proposed index mapping, and
OFDM-IQ-IM with the equiprobable subcarrier activa-
tion (ESA) mapping ( [22]) are compared in two cases of
(@) (n,k,p1) = (8,2,4) and (b) (n, k, p1) = (8,4,5) with
code rate R = % when 4QAM is used for classical OFDM
and binary PAM is used for the I- and Q- branches of
OFDM-IQ-IM. From the figure, we observe that the proposed
index mapping outperforms the ESA mapping in both the
cases of (n,k,p1) = (8,2,4) and (n,k,p1) = (§8,4,5).
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Other simulation results not provided herein showed that
the proposed index mapping and the ESA mapping yielded
almost identical BER performance in the case of (n, k, p1)=
(8, 3, 5) when 4QAM was used. Hereby, it can be summarized
that while the SNR gain obtained by ESA mapping heavily
depends on the number of active subcarriers given for a sub-
block, the proposed index mapping can extract a considerable
SNR gain for all the given values of the active subcarrier
number.

VI. CONCLUSION

An index mapping algorithm that efficiently associates the
ISB sequences with the SAP or CMP sequences was pro-
posed. It was shown by numerical simulation that the
proposed index mapping provided substantial performance
improvement for various IM schemes such as OFDM-IQ-
IM, CI-MM-OFDM-IM, and OFDM-IM, especially when an
error correction code was applied simultaneously. An inter-
esting future work is to expand the application of the pro-
posed index mapping algorithm to various index modulation
schemes with other transmission entities such as transmit
antennas, time slots, etc.

APPENDIX

Herein, we prove that the i-th Gray-coded ISB sequence (i.e.,
ISB;) and the (27! — i+ 1)-th Gray-coded ISB sequence (i.e.,
ISByri _;+1) have Hamming distance 1. The number of the
Gray-coded ISB sequences of length p; is 2P!. The binary
sequence Byri ;1 can be obtained by complementing each
element of B;, i.e.,

b —iz10=b;y®1 forl=1,2,---,n 43)

According to (23), ISB; and ISByy; _;j4 fori=1,2, .-, 2P
can be written as

ISB; =[dip, dip,—1 - di1] (44)
and
ISBori i1 = [dor1—i1py dor1—it1py—1 - dopi—iv11 ],
(45)
respectively. From (24), it follows that
P bori—it1. if [=p;
W1 —it1,0= .
by —iv11 ® by —iv1041 if I=1,---,p1—1
(46)
fori = 1,2,---,2P". Based on (43), the expression of
dopi —i41,1 in (46) can be rewritten as
bi;®1 if [ =p
dy iy =1, . 47)
bit®bij ifl=1,---,p1—1,
where the identity of (b;; ® 1) ® (bi1+1 ® 1) = bi; ® b 141
was used. Since d;,, = b;p, and d;; = b;; ® b; 11 for
I=1,2,---,p1 — 1 as given in (24), it follows from (47) that
dig®1 ifl=p
dom—ip11 =1 | . (48)
di,l 1fl=1,2,---,p1—1
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fori = 1,2,---, 2P, Therefore, from (44), (45), and (48),
it is easy to see that the Hamming distance between ISB; and
ISByri _;41 is given by 1.
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