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An Efficient Method for Computing Green’s Functions for a Layered
Half-Space with Sources and Receivers at Close Depths (Part 2)
by Yoshiaki Hisada

Abstract In this study, we improve Hisada’s (1994) method to efficiently compute
Green’s functions for viscoelastic layered half-spaces with sources and receivers
located at equal or nearly equal depths. Compared with Hisada (1994), we can sig-
nificantly reduce the range of wavenumber integration especially for the case that
sources and receivers are close to the free surface or to boundaries of the source
layer. This can be done by deriving analytical asymptotic solutions for both the direct
wave and the reflected/transmitted waves from the boundaries, which are neglected
in Hisada (1994). We demonstrate the validity and efficiency of our new method for
several cases. The FORTRAN codes for this method for both point and dipole sources
are open to academic use through anonymous FTP.

Introduction

As described in Hisada (1994), it is difficult to compute
Green’s functions for layered half-spaces with sources and
receivers at nearly equidistant depths, because their inte-
grands oscillate with slowly decreasing and increasing am-
plitudes for displacements and stresses, respectively. To
remedy this problem, Apsel and Luco (1983) proposed an
asymptotic technique, in which we subtract asymptotic so-
Iutions from the integrands and integrate them analytically,
and numerically integrate the remaining integrands. These
procedures can be summarized in the following equation:

G = f {((V — V)b, + (H — H)b,}dkS + AV + AH,
1)

where G is a displacement or stress Green’s function, b, is a
Bessel function, S is a sinusoidal function, k is the horizontal
wavenumber, and V and H are displacement-stress vectors
for P-SV and SH waves, respectively. V is the solution as-
ymptotic to V as & goes to infinity, AV is the analytical in-
tegration corresponding to V. H and AH are those for SH
waves [see equations (20) and (21) in Hisada (1994) for
details].

It is clear that the more accurate asymptotic solutions
are, the shorter the range of integration is. However, more
accurate solutions are also more complicated mathemati-
cally. Apsel and Luco (1983) used the static solutions of a
homogeneous half-space as asymptotic solutions for layered
half-spaces. Herrmann and Wang (1985) and Herrmann
(1993) computed numerically asymptotic solutions using
Haskell’s propagator matrix. On the other hand, Zeng and
Anderson (1995) recently used the analytic solutions of the

direct waves from sources as asymptotic solutions. Hisada
(1994) derived generalized forms for the direct waves and
showed that the technique was very efficient even for the
case that sources and/or receivers are located in layers dif-
ferent from the source layer. However, Hisada (1994) found
that the convergences of the asymptotic solutions are rather
slow, when sources and/or receivers are very close to layer
boundaries, because the reflected waves from the boundaries
are not included in the solutions [see case 3 in the Results
section of Hisada (1994)]. Recently, Zeng (1995) indepen-
dently improved Hisada’s method by deriving a numerical
generalized asymptotic solution including the reflected
waves.

In this study, we derive the analytic asymptotic solu-
tions of the direct, reflected, and transmitted waves from
layer boundaries and show the procedure for computing
Green’s functions due to point and dipole sources. The FOR-
TRAN codes of this method are open to the public. Finally,
we demonstrate the validity and efficiency of our new
method for a number of cases by comparing our results with
Hisada (1994).

We will refer to Hisada (1994) as H94 hereafter, be-
cause this article uses many equations from Hisada (1994).

An Asymptotic Method to Compute Green’s
Function of Layered Half-Space

Green’s Functions Due to Point Sources

As discussed in H94, we adopt the generalized R/T (re-
flection and transmission) coefficient method of Luco and
Apsel (1983) rather than Kennett (1974) and Kennett and
Kerry (1979). It should be noted that we improved Luco and
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Apsel (1983) in H94 by completely eliminating the expo-
nential terms that grow in amplitude with wavenumbers and/
or frequencies and that hinder analytical evaluation of as-
ymptotic solutions.

As shown in Figure 1, we employ the same layered half-
space model and notations as those of H94. Point sources,
with vector components (Q,,0,0), (0,0,,0), and (0,0,Q,) in
the Cartesian coordinate system, are located at (0,0,k) in the
Sth layer. To express source conditions, we divide the Sth
layer into the upper (S—) and lower layer (S+) at the source
depth h. A receiver is located at (7,6,z) or (x,y,2) in the cy-
lindrical or Cartesian coordinate system, respectively, in the
jth layer. We assume that the receivers are located in the Sth
layer or its adjacent layers,j = § — 1, §-, 8", 0or§ + 1,
because our purpose is to derive the asymptotic solutions for
the case in which the source depths are close to those of
receivers.

Static and dynamic Green’s functions due to point
sources are summarized in equations (11) and (12) in H94,
and their displacement-stress vectors are given in Appendix
A of H94.

i
G

7%

Receiver Point|

2(N- 1)z
Nth layer

Z

Figure 1. The multi-layered half-space model
considered in this study. Point sources are located at
(0,0,h) in the Sth layer, with the vector components
(@..0,0), (0,0,,0) and (0,0,2,) in the Cartesian coor-
dinate system. The receiver is located at (7,6,2) in the
jth layer, with the displacement components (U, U,
U) in the cylindrical coordinate system.
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Asymptotic Solutions of the Displacement-Stress
Vectors

SH Waves. We derive asymptotic solutions for the dis-
placement-stress vectors including the reflected/transmitted
waves from layer boundaries. We derive those of SH waves
first in detail, because they have much simpler forms. From
equations (A1), (A7), (A13), and (A14) in Appendix A of
H94, the displacement-stress vectors of SH waves will be
the following forms:

{H’iq(z; h)} _ [E E] [Af,;(z) 0 ch,,,(h)}
Hy W ~|EL ELll 0 ANelldm)
(@ = xory), )

where

2 -1 A

Ei, EL|  |-wk pkl

Aifz) = exp{—k(z — 207"},

and A(z) = exp{ —k(z® — 2)}. 3)

G, and G, are the down- and upgoing coefficients of the
jth layer, the subscript g represents a direction of the point
source, i is the rigidity of the jth layer, and zV—V is the depth
of the boundary between the §j — 1th and jth layers (see Fig.
1). We used the static solutions in the above equations, be-
cause dynamic solutions converge to static ones with in-
creasing wavenumber (see, €.g., Luco and Apsel, 1983).

As shown in Appendix A of H94, the down/upgoing
coefficients are determined from the boundary and source
conditions using the generalized R/T coefficients. There are
three cases for formulating asymptotic solutions.

Case 1 (" V=hz=,andS# lnorN + 1)

This case is same as case 1 of Appendix A in H94.
Figure 2 shows all the down/upgoing coefficients existing in
the § — 1,8, S*, and § + 1 layers. We can assume in-
coming waves from the S — 1 and S + 1 layers quickly
converge to zero with increasing wavenumber, because we
do not have any growing exponential terms in our formu-
lation:

C3;land C33t — 0. 4)
Substituting equation (4) in equation (A16) of H94, we can

derive the asymptotic solutions of the down/upgoing coef-
ficientsin the S — 1, S, S*,and S + 1 layers:

CS:t = RS-0CS; ' + TE-CS; — TE-ICS;

uq

(A S—1 S—1 S—1 S S— -
Cs; = T§-VCS; ' + RE-DCS; — RS-VCS,
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CSt = RPCS; + TOCS: — ROCS!,
)

— + +
s+l = TOCST + ROCSH — TOCS,,

where T¢~D etc. are the modified R/T coefficients. Their
asymptotic forms are analytically obtained by substituting
equation (3) into equation (A18) of H94:

T$ R® e 1 ‘ .2’uj A 7 - W
Ry) ]y) ‘u,+1 + W _(ﬂJH — /1]) 2ﬂ’+1
% exp{ —k(z® — zU-1)} 0
0 exp{ —k(zv*Y — zM} |

(6)

On the other hand, by comparing equation (5) with
equations (A19) and (A20) of H94, we obtain

T(S—1 §—1 RS —1 S—1
TE-0 - T, RS- - RS,

R® > RY, and T® — TY. (N
This shows that the generalized R/T coefficients (751 etc.)
converge to the corresponding modified coefficients.

Substituting equations from (3) to (7) into equations
(A26) and (A27) of H94, we obtain the asymptotic solutions
of the down/upgoing coefficients of the § — 1, S—, §¥, and
S + 1 layers:

Figure 2. The asymptotic down/upgoing coeffi-
cientsinthe § — 1,8, §*,and § + 1 layers for case
1: 728" V=sh=<Z79 S#1,and S# N + 1.

Y. Hisada
o211~ RO exp(~ 2k — Wy},
“ drus
i _)4_QL: [1 + RS-Dexp{—2k(h — z5-1)}],
U
57— 2 Re-) exp{—k(h — 25-1)),
q 47T/.ls
st o —24 RO expl~ k(@ — W),
uq 4mys
_ Q _ _
Cli' 2 s TV exp{ =kl — 207),
5+ 1 9, ) () =
s+ T® exp{ —k(z® — h)}, (g ==xory), (8)
4mpe
where
RS- = M’ RS = u,
U+ s ust 4 ps
TE-1 = A , T® = —"“*ZH"S—— 9)
Ius + ‘us_1 Ius+1 + ‘us

In the derivation of equation (8), we took only the first-order
terms in k and neglected higher orders except exp{ — 2k(z®

— h)} in G and exp{ —2k(h — z*~Y)} in

S+
dg *

which

represent the reflected waves from the (§) and (S — 1)

boundaries, respectively.

Finally, we obtain the asymptotic solutions of the dis-
placement-stress vectors by substituting equations (3), (4),

and (8) into equation (2):

{Hf;w} N {Elfg‘(z)} _ {H}
B 8w T ki

for the § — 1 layer (z6-2 = z=26-9)

;@) 8@ B e
{ng— (z>} - {H (z>} = {kﬁz} et

J(s—1) 1(S)
{H_lq } e~ Kh+z~245—10y {I{Iq
(S~ 1) ()
kqu kqu

for the S~ layer (z- P =z < h).
{Hf; (z>} N {fjlf; <z>}
H5 (2) H1 (2)

75~ 1
kA

H,
— kHS

ig

2q

e ~k(h —-z),

} e_k(zz(.v)_},_z),

} e ke—h
q.

HS
— z7—285— 1
}e k(h+2z—2: ) 4 [kH(S)

} ek ~h=2)
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for the S* layer (h = z = 7).

'@ B [ H ] s
{Hi;‘(z) 2ol = e 40
for the § + 1 layer (9 = z < z*V), where
I'—IS — _Qﬁ_ 7S — %
Y Amus M 4An
I_ffq_‘ — T(S“)I:Ifq, Hg;1 — ﬂs—lflfq—l’
g(l.fl—l) — R(S_I)qu, H(Z.fl—l) = _R(s—l)[—_lgq,
HY = —ROH, HY = —R9H,
Hi}{-l — T(S)qu, Hg;—l — _#s+1['{iv;1’
(g = xory). an

In equation (10), the first terms for the S~ and S+ layers
represent the direct waves from the source, and the second
and third terms are the reflected waves from the (S — 1) and
(S) boundaries, respectively. On the other hand, the asymp-
totic solutions for the S — 1 and § + 1 layers consist of the
transmitted waves through the (S — 1) and (S) boundaries,
respectively. Comparing equation (10) with equations (13)
and (14) in H94, we confirm that those in H94 have a gen-
eralized form of the direct and transmitted waves, but not
the reflected waves. It is also clear from equation (10) that
the asymptotic solutions of H94 are also valid for & = 75—
when we neglect the reflected wave from the z*© boundary.
The same is true for & = z©.

Case2(0sh=sz9, 8 = 1)

This case includes case 2 of Appendix A in H94. Figure
2 illustrates all the down/upgoing coefficients in the first and
second layers. The difference between this case and case 1
is the reflected coefficient from the upper boundary: the free
surface. The asymptotic solution for the reflected coefficient
is given from equation (A18) of H94 using equation (3):
RY = —(E})'ELALO) — exp(—kh). (12)
Using the same procedure as equations (4) to (11), we
obtain asymptotic solutions similar to equation (10). The
only difference is the coefficients corresponding to the re-
flected wave from the free surface in equation (11):

_%1__ H(O) [ 2‘1

HO =
1 2
7 Amut d A’

(g =xory). (13)
Case3 (M =h,S=N+1)

This case is same as case 3 of Appendix A in H94.
Figure 4 illustrates all the down/upgoing coefficients in the
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Nand N + 1 layers. The only difference between this case
and case 1 is that there are no reflected waves from the lower
boundary. Therefore, we obtain the asymptotic solutions for
the two layers by substituting

H{+Y = HY+Y = 0, (g = xory) (14)

in equation (10).

(0) boundary (free surface)

Figure 3. The asymptotic down/upgoing coeffi-
cients in the 1-, 17, and 2nd layers for case 2: Z0 <
h=Z®and § = 1.

Figure 4. The asymptotic down/upgoing coeffi-
cients in the N, N + 1-,and N + 1* layers for case
3:ZM<handS = N + 1.
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It should be mentioned here that, in the case of the ho-
mogeneous half-space, we can easily derive the displace-
ment-stress vectors by combining cases 2 and 3; we just
substitute equations (13) and (14) in equation (10).

P-SV Waves. We can derive asymptotic solutions of the
displacement-stress vectors for P-SV waves using the same
procedures as those for SH waves, although they are much
more complicated. From equations (Al), (A2), (A3), (All),
and (A12) in H94, the static displacement-stress vectors for
P-SV waves are expressed as

{szz; h)} _ [ E{, Ej MA{}(Z) 0 ch;q(h)}
Sim ] LwEil kELI[ 0 A@]LCMm)

(@ =x 1y orz), (15)
where
it — 1Y@ h) ity = 1Vi@ R
D‘I(Z, h) - {VJZq(Z’ h)}’ Sq(Zs h) {Vaq(z, h)}’ (16)

< [em®) o o [l
cun = ) ={E0Lam

| 1] 11
B = [—(kf ~ 1) 1]’ B = [Kf —1 ~1]’

_ o -3 =2] & [-w-3 2
EJZI_I:Kj_l _2:|7 E’zz_[ -1 _2]’

,_ 1+ @ray

¥ =y o

CS_ I = { = =
1 — — —
AR (R e

Aj@) = [—k(z i V=) (1)] exp{ —k(z — U™},

1 0

— k(9 — 2) 1] exp{ —k(z — 2)}, (19)

AR = [

and the complex P and S velocities (@/ and /) are given in
equation (A6) of H94.

Case 1 (2 V=h)z® and S# 1norN + 1)

Equations (4) to (7) for SH waves are also true for this
case. In order to obtain the modified R/T coefficients for
P-SV waves, which are defined in equation (A18) of H94,
we need to invert 4 by 4 matrices. Using the analytical in-
verse of a 4 by 4 matrix given in Appendix A, we obtain the
asymptotic solutions of the modified R/T coefficients:

Y. Hisada

T$ RY TY RO | | Ajz?) 0
[Ry) T(u/)] - [Ry) Tg)][ d() A{‘+l(z(ﬁ)]’ (20)

where the components of T{ etc. are given in Appendix B.

Using the same procedures as the SH case, we obtain
the asymptotic solutions of the displacement-stress vectors
inthe S — 1,8, 8§, and § + 1 layers:

D] | [D@h] [ B o
Sy TS @ ] T ks T

for the § — 1 layer (z¥ 2 =z 275 Y)
{Di‘(z; h)} . {1:)2‘(2; h)} _ [ E, Ej; ] ({ 0 }
Sﬁ‘(z; h) Si_(ﬁ h) LTS D T O qu_

ce-v] [0
* { 0 } ¥ {Cs,f;})’

for the S~ layer -V =z=<h)

{Dg+(z; h)}_) {I}y(z; h)}E[ E, E; ]({cg;
S5tz h) S5*(z h) kusEs,  kusES, | \| O

Cg-v 0
* [ 0 } ¥ {Cszz])’
for the §* layer (h =z = 79)

{Df,“(z; h)} 5 {ﬁ§+l(z; h)}

pol Ef st1 (21)
Ss+i(z; h) S5+i(z; h)

- [k,uE] Car'

for the § + 1 layer (z =< z < z5+Y), where

(st — k(h — 25-0)C3;

uagl < _ }e~k(h—z)’
— k@ = Gt + B(h — 2570 - 05

Cs- = éiu_q _ }e—k(h—z)
“ |G, — kh — C, ’
CS+
S+ — J _ dag - ~k(z—h)
Ca {czﬁ; — kz — h)cg,;,} e
Cs-1 = { ~ Clen o - &) o _
“ S — k(h — 25"0)C5, — Kz — 25 V)Cian

_— e—k(z+h—2z(5—‘>)
+ kB — 25 )z — z‘s‘”)Cﬁaqz} ’

S P Sl - S
S — KES — WG, — K — DCZ,

+ KBz — (S — Z)CS+ } o=k -z,

uog2
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o= 1 Gl — k@2 — Gy
“ Cipi — k(Z® — WO — Kz — 29)C

e—k(z—h),

-+ kZ(Z(S) — h)(z — Z(S))C‘i:—q% (22)

and

- _(ds’{ 0@} @3)

&t - (& - sl
Sl G T dmps ks + 1 s - 1)

forg = xory,

(- - &l
pre Cos dmpSkS+ 11 )

forg = z

(24)

In equation (21), the first terms in ( ) for the $- and S*
layers represent the direct waves from the source, and the
second and third terms are the reflected waves from the (S
— 1) and (S) boundaries, respectively. On the other hand,
the asymptotic solutions for the § — 1 and § + 1 layers
consist of the transmitted waves through the (§ — 1) and
(S) layers, respectively. As in the SH case, we find from
equation (21) that equations (13) and (14) of H94 have gen-
eralized forms of the direct and transmitted waves, but not
of the reflected waves.

Case2 (Osh=z%8=1)

As in the SH case, the only difference between this case
and case 1 is the reflected coefficients from the free surface.
Their asymptotic solutions are given by substituting equa-
tions (16) to (19) into equation (A18) of H94:

RO = RO AL0), (25)

where

—(! —2)

=0 2
R = [—o.socl — Dt —3) K — 2]' (26)
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Replacing RS-V in equation (23) by equation (26), we
obtained an equation similar to equation (21) for this case.

Case3 (M =sh-S=N+1)

And again, as with the SH case, the difference between
this case and case 1 is that there are no reflected waves from
the lower boundary. Therefore, we can use equation (21) by
substituting

Co = Co+v = {0} 27
Analytical Integrations for Asymptotic Solutions

SH Waves. We derive the analytical wavenumber integra-
tions of the asymptotic solutions obtained above, by substi-
tuting them into equations (11) and (12) in H94. We need
the following integrations for SH waves:

{Af‘ljﬁ;l} _ Jw {[?fq—l (Z)} J,(kr) dk = {qu—qlﬂ}
Ar'HS! o U3 (D)) &k H '}

forthe § — 1 layer (z6-2 = z=2z657D)
{Af‘b:(fq‘} _ J {I?f;(z)} A [E[fqlf‘}
APHS ] b B @)k HI?

. {Hsz-w; M} N {1?‘1?11‘ 1@}
H(zi_l)l?(s_l) H(ZS(;)[(I)(S) ’

for the S~ layer (z6- Y=z < h)

{Ar‘f?f;} _ f {I?f;@} Lk o[BI
ADE] T b B & —H, I

lf{(lfl— DI 1= 1)} {H(l?lf 1(5)}
7S~ DJOS—1 7 ’
HE-v1ys-n Hgf;)l?‘s)

for the S§* layer (h <z £ 7®)

{Arll?f;l} _ f {f}’f;‘(z)} L) {H_f;‘lr‘}
ATHSY b Bk B

(28)

for the § + 1 layer (z¥ < 7 < z¢+1),

where I1, I7 16D efc. are given in Appendix C. Coefficients
Hf,iq are given in equation (11) for case 1, plus equations (13)
and (14) for cases 2 and 3, respectively.

We also need

{Az,bjrf;q} _ J - {fjlaq(z)] k)
AL, o \HA@)) dkr T

G=S—-1.,8,88+ 1. (29)
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The analytical solutions of the above integrations are ob- for the S~ layer (z5-P =z=h)
tained by replacing I;!, I7'¢~D efc. in equation (28) as fol-

lows:
R — Jl(k )
I! J-165-D ArtDgr = f Ds+( M=
VI8 — 1_, I716-D 5 Jos-D — 1_’
r r
ACSF ACE-D 0
09 Rl 'o“} A lakel)
1S 5 [ — LI — 2, 1%ug
r r
- ~ J (k )
195-1 5 Jis-n — e l)’ 199 > 1 — I(I)(_S)’ (30) A8yt = J St @)=
r r
where I§ etc. are also given in Appendix C. = ui[Rs, E, ({Azgﬁi] + {A (i)ﬁ; 1)} {A (é(s)]),
P-SV Waves. From equations (11) and (12) of H%4, we 2
need the following integrations:
for the S* layer (h <z = 79)
{A Ds- }: L { “(z h)} Jkr)
1 S 1 S~ 1
Ar S S @h) k {A le“} J {DS“(Z, h)} J,(kr) i
[ Fmacs ) S T b (8@ n] Tk
T s B ACS) {MEf;IA G5 } 31
for the S — 1 layer 2 =z= Z5-1) - s+1Es+1A Cs+1 s ( )
J, (k )
A ‘DS* = DS (z; ) —dk = [ES, E5, for the S + 1 layer (z9 = z = z¢* V) where
0 Acg™m Lo }) . AWz b
({A,CL-] ¥ { o J¥lacgl) AT D@D = A vi )

J (kr) .
AI_IV'.,?q(Z; h)} (32)

A‘SS"“JSS(h) 1§ ) =

s wa([,0 ) e 0]
= wiEs, Ei] ({Azci;} +{ 0 ]+ {Achf,)} ’ and

acs =1 Co IT' = (h — £7) CLht }
ua Col It — {(h — 250 C5t + (& — 2 CS M + (h ~ 250D — 2) CSAL

ACS- [_ Cf,;[l'l _ }
1™ uq Ciﬂ_qll_l_(h_Z)Cfa—qI(l’,
Cs+l 1
S+
AIqu {Csﬂqll Z _ h) Cg;q 1}
ACS—D = Csndi 6™ — (b — 2570) G5, B
G =\l = (= 2579 Ty + (@ — 2579) G W0 + (h = 25-0)(z — 27) Gl 1>]
ACS = ol — (29 = h) Ciip I }
g = CS;,I ® - {@Ez® - b Cwng + (@9 — ) G + 2 — h)(E® — 2) G, 1o
S+1)y-1 S A5+ 1 70
A APl e b (33)

s+1 — 1 _
G {Cﬁﬂt,i I = (@~ W) Gyt + @~ 29) CRllIE + @ — e — 29) Gl
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where coefficients Ci,,, efc. are given in equations (23) to
(26).
We obtain A,C, for A;"'S] in equation (31) by perform-
ing the following replacements in equation (33):
IIt-> 1,

oI, II-nh,

—1(S—-1 os—1 oS—1 1(s—-1 15—1 2(S—-1
[716-D 5 JOs=D JOS-D _ JI6=D [I6=D — JAS-D,

[['© 5[0, [9% 5o, [10 5120, (34)

where I? etc. are given in Appendix C.
We also need to perform the following integrations:

AYDIY _ (= [Ditz; b)) di(kr)

{ASJS{I}_L {S{,(z; h)} L (35)
D3] _ [~ [Diz by

{A?Sg}"L [S{,(z; h)}Jl(kr)dk' (36)
AD] _ J - {1:)f(z; h)}

{Agsz} b sg(z; py | Jotknidk (37

We obtain the analytical integrations of Ag,f)z;, in equa-
tion (35) using equation (30) plus the following replace-
ments in equation (33):

I 6-»
R R Ly

1)

I
[ 5 J2S — ‘T (38)

Similarly, those for Af’,,g{, in equation (35) are obtained
by the following replacements in equation (33):

I I! 12
It - o I? <X n -
1 > 1p , I{= 15 ——, 11— s
r r
({)(S—l)
[[16-D 5 [I6-D — .
r

I}(S—i) [f(s—l)
RS-V — [265-1 — [6-D — pE-D — —

1(1)(5')
Il—l(S) - ](1)(3) — -—;-,

1(S)

)
& s _ 12 e o _ B2

RS — I » 9> R -
r r

(39)

Also, we obtain the analytical integrations of A‘,’ﬁ{l in equa-
tion (36) using equation (34). The rest of integrations in
equations (36) and (37) are similarly obtained by the follow-
ing replacements in equation (33):
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-1, -5 Ii-hL

11-1(S—1) - I}(S—l)’ I(l)(S—l) - I%(S—l), I}(S——l) - I%(S—l),

— O 2 3
I[[1© 5 11O, [0 — [2, [IO 5 [39,

(40)
for AS/ in equation (36),

'sIg B, NI

Il—l(S—-l) - Ig(S—l), I(l)(S—l) - I[l)(S—l)’ I%(S—I) - I%(S—l)’

Il_ 15 .y 18(5)’ I(l)(S) - I(l)(S)’ [%(S) - I%(S), (41)

for Agf)g in equation (37), and

i1, -1 It -1}

I]—l(S‘l) - Ié(S—l), I(l)(S—l) - I%(S—I), I%(S—l) - Ig(S-—l)’

1O S [0, [9 5 20, 1O 5 [36, (42)

for AYS/, in equation (37).

Procedure for Green’s Function Due to Point Sources
Using the Asymptotic Technique

The procedure for computing Green’s functions due to
point sources can be summarized in equations (20) and (21)
of H94. In this study, the asymptotic solutions of the dis-
placement-stress vectors are given in equations (10) to (14)
for FII,I,I and from equations (21) to (27) for VJ,I,I. The analytical
integrations of those asymptotic solutions, which correspond
to equations (15) and (16) in H94, are expressed as follows:

. - | B cos 0
vif) = {Afﬂ Vig) + 74 ‘H’l(;)} (sin e)

~ . f{cos@
i(?) (sin 0)’

ﬁjrz = —“A(l)‘?]}z‘

1, - - sin 8
{; A )t AL H (;)} (cos 0)

o - {cos @
Ougy = ~ iy (20 5),

J,

UL = - AV, (43)
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for displacement, and

~ - 1, - cos 0
= a0 gy + L g (02 0),

~ _ _ 0"‘.
ajnz - A1V13

29

- =\ |1, . s, s sin 6
GJGZ(;) - (+) {; AV @ + Al HZ@} (cos 0)’

. . [cos @
ufy) = —A Vi) (sin 0)’

6, = MV, (44)
for stress, where the upper and lower values within the pa-
rentheses are allotted to the solutions due to Q, and Q,, re-
spectively. Aglﬁf,?q and A,—II:I{q are given in equations (28),
(29), and (30), respectively, and A;'Vi, etc. are obtained
from equations (31) to (42).

It is easy to confirm that the static Green’s function for
the homogeneous full-space is equal to the direct wave part
in equations (43) and (44).

Green’s Function Due to Dipole Sources Using the
Asymptotic Technique

We obtain Green'’s functions due to dipole sources using
the same procedure as equations (22) to (34) in H94. The
only difference is the use of our new asymptotic solutions.
We can derive the equations corresponding to (32) in H9%4
by differentiating equation (43) with respect to j (=x or y)
and using equation (28) of H94, as follows:

Oy = o g o i

LN A BN Y
+CATH l(y)} (Sin 9) ) (Sin 9),,7

= NV

1z,

Y. Hisada

U, = —r, MV, (45)

where u/, and u/, are defined in equation (43), and

Al_1 Hjlq,r = AS] ﬁ’iq’
0 Ei 10"‘ 1—1"" 1 Ji
Adl Hjlq,r = _; Adl Hjlq + ; Al H’lq - A1 Hjlq’
(46)
for SH waves, and
Al_1 ~Jiq,r = ASIV{q’
AT, = 2 ALTL, + L AT, — ATV
a1 Y 1g.r , Ca Vg 251 Vg 1Y g
ov/j 1V7i 1 (3771
Alvjlz,r = AOVJIZ - ; Alvllz’
AT, = AL, — = A0V
1% 2q,r 07 29 r 17 2
NV, = — AV, 47

for P-SV waves. In equation (46), a new analytical integra-
tion A}H/, is obtained by replacing /i ! etc. in equation (28)
as follows:
V=1, I76-D 5 [e-b [ 5 1o (48)
Similarly, new analytical integrations in equation (47) are
obtained from equations (31) and (32) by performing the
following replacements in equation (33):
I =1},

-1 I3

I]—l(S— 1) — I(l)(S——l), I(l)(S— 1 - I(Z)(S— l)’ I%(S—- 1 - 13(5—1)’

I71O 5 [)O, J9S — [29, [KO 5 [3®),

(49)
for AYV, and A}V4, and

=1, N> I

11—1(5—1) - I%(S— l), I(ll(S—l) - I%(S—l)’ I%(S— 1) - IC]‘)(S-—I)’

I 5 10, [0 5 [%9 [16) - [3® (50)
for A}V{q and AlVi,

On the other hand, we can derive the equations corre-
sponding to equation (34) in H94 by differentiating equation
(43) with respect to z and using equations (30) and (31) of
H94, as follows:
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_ . 1, -~ cos 0
. = o vag. + Tar gy (50

= —AVVj

Uj 1z,z2

rZ,z

g = () 5o v + on A ()

~ ~ cos 0
Vi) - -t V(i) (sin 0)’

Uho = =M Vi (51)
where
A7 E,, = = A1 HS
1 1gz — /,tf 1 2q°
- 1 ~
Agl Hjlq,z == Ag] Hqu (52)
lu]

for SH waves, and

3 1 . 3
AV, = /;A;l Vi, + AV,

- - - |
Agl VJ] 2'1 Vj?oq + A(l) Vj2q - ;A(l) Vj2q,

az

A Vi

1zz

| o
= ;A? Vi + Al Vi,

- 1 - e
A} Vi, = PR {AWVi, — ¥ AL Vi)

0 —
A0 VJZz.z -

1 ~ e,
7T o {A3 Vi, — ¥ AJ Vi) (53)

for P-SV waves.

Dissemination of the FORTRAN Codes

The FORTRAN codes described above are available to
academic users using the anonymous FIP. The address is
“coda.usc.edu” or “128.125.23.15,” and the user name is
“anonymous.” The source codes for point and dislocation
sources with examples of data are located in the directory
“pub/hisada/green.” Users can see manuals in the directory
for the details.

Results

We test our new method using the three-layer model
shown in Figure 5, which is the same as the test model used
in H94. We compare results obtained by our new method
with those of H94. We only present a couple of results for
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z

Figure 5. The layered half-space model to check
our new method. In the following computations, we
use a point source with @, = @, = O, = 1 for the
caseof v = 1.

the following limited cases here, which are for point sources
and circular frequency @ = 1, because we reached the same
conclusions for all the other cases we tried.

Case 1 (a Source at the Middle of the First Layer)

In the first case, we fix a source and a receiver at the
middle of the first layer (4 = z = 500 m), and take r =
2000m, § = 0,and Q, = Q, = Q, = 1.In order to construct
asymptotic solations of H94, we take k, = 0.05 and k =
k, = 0.06.

Figure 6a shows the wavenumber versus the integrand
of the original Uj,, the integrands applied by the asymptotic
techniques of H94 and this study. Similarly, Figure 6b shows
those for o7,,. As discussed in case 5 of H94, the original
integrands oscillate with very slowly decreasing and increas-
ing amplitude for displacement and stress, respectively. In
contrast, the integrands by H94 and our new method quickly
converge to zero. Note that the integrands by the new
method converge more quickly than those of H94, which is
clear for the stress shown in Figure 6b. This shows that the
reflected waves from the free surface and the lower boundary
still affect the asymptotic solutions even for the case in
which a source and a receiver lie at the middle of a layer.

Case 2 (a Source Close to a Boundary)

In this case, we put the source 50 m above the first
boundary (A = 950 m) and locate the receivers at two dif-
ferent depths (z = 960 and 1050 m). This case is the same
as case 3 in H94. Note that the receiver at z = 1050 m is
located in a different layer from the source layer. For the
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Figure 6. Wavenumber versus the real parts of the
integrand (a: upper figure) U/, and (b: lower figure)
oi, for case 1 (h = z = 500 m). The solid lines
represent the original integrands without asymptotic
techniques, and the other kinds of lines represent the
integrands with the methods in Hisada (1994) and this
study.

same reason mentioned for case 3 in H94, we use the larger
values for the asymptotic solutions of H94: k, = 0.2 and k
=k, = 0.21.

Figure 7a shows the wavenumber versus the integrand
of the original U/, the integrands applied by H94 and the
new method for z = 960 m. Figure 7b shows those for ¢/ ,.
Similar to case 1, the original integrands oscillate with very
slowly decreasing amplitudes. However, contrary to case 1,
the integrands by H94 do not show quick convergence; they
do not converge until about £ = 0.03 for U/, and 0.12 for
o4, as shown in Figures 6 and 7 of H94 and also case 3
shown below. This is because H94 neglects the reflected
waves from the lower boundary. On the contrary, the inte-
grands by our new method immediately converge to zero
after passing the Love and Rayleigh poles.
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Figure 7. Same as Figure 6 but for (a) Ui, and (b)
al, for case 2 (h = 950 m and z = 960 m). Note
that the integrands by this method immediately con-
verge to zero after passing the poles.

Similarly, Figure 8 shows the integrands o7, for z =
1050 m. In this case, both integrands by H94 and the new
method quickly converge to zero. This is because the as-
ymptotic solution of H94 also correctly expresses the trans-
mitted waves as explained in the paragraphs below equations
(11) and (21).

Case 3 (Final Green’s Functions)

Finally, we compare the final values of the Green’s
functions obtained by the original integrations, those by H94
and by the new method. We adopt the same parameters used
in case 2 and carry out the numerical integrations using
Simpson’s rule with increments of 0.000001 for wavenums-
bers between 0.000001 and 0.0006, and with increments of
0.0001 for wavenumbers greater than 0.0006. These are
same as those of case 6 of H94.

Figures 9a and 9b show the upper limit of the integration
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(=]

Figure 8. Same as Figure 7 but for o/, for case 2
(h = 950 m and z = 1050 m). The integrands by
H94 and this method share almost the same trajecto-
ries in this case.

range (maximum wavenumber) versus the absolute values
of IUL, + U}, + Ul and lg}, + o}, + oll, for z = 960
m. Both displacement and stress by our new method show
much faster and more stable convergence with the increasing
upper limit than those of H94. In this case, the new method
can reduce the integration ranges down to about one-hun-
dredth of those of the original integrations, and about one-
tenth of H94.

Conclusions

We derived the analytical asymptotic solutions of the
direct waves from a source and the reflected/transmitted
waves from the layers adjacent to the source layer. This im-
proves Hisada (1994) and more efficiently computes Green’s
functions due to point and dipole sources for viscoelastic
layered half-spaces with near equal source and receiver
depths. We confirmed that we can significantly reduce the
range of wavenumber integration especially when a source
and a receiver are close to the free surface or to the bound-
aries adjacent to the source layer. In one case (case 3), we
could reduce the integration range down to about one-hun-
dredth of the original and to ome-tenth of those Hisada
(1994). We made the FORTRAN codes of this method avail-
able to the public through the anonymous FTP.
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displacement (radial: h = 950 m, z = 960 m)
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Figure 9. The relations between the upper limit of
the integration range and the absolute values of (a)
displacement (U., + UL, + U}l and (b) stress U, +
gl + o} | of Green’s functions, for case 3 (& = 950
m and z = 960 m).
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Appendix A

Analytical Solution of a 4 X 4 Inverse Matrix

One of the most CPU time consuming parts in the R/T
coefficient method is to compute the inverse matrix of a 4
by 4 matrix, which is given in equation (A18) of H94 to
obtain the modified R/T coefficients for P-SV waves. There-
fore, it is convenient to give the analytical solution of the 4
by 4 inverse matrix.

We define a 4 by 4 inverse matrix of [E] as [A]:

-1

Ay Ap A Ay E, E, E; E,
Ay Ap Ay Ay = E, E, E; E
Ay Ay Ay As E, Ey, Ey E,
Ay Ap Ap Ay E, E, Es E,

(A1)

Using the elimination method, we obtain the elements in the
first column of [A] as follows:

A, = (—E,d, + E,,d, — E,c))/A,,
A, = (E,d, — End, — E,0)/A,,
A, = (—E,d, + E,d, — E,c;)/A,
Ay = (Eyc + Epc, + Excy)lAy, (A2)

where
A, = acc, + axc, + axc; + bd, + bd, + bd,, (A3)
a, = EE, — E.E,, a,=FELE, — E,E,,

a, = EE,; — EE,,

bl = E13E22 - E12E23’ b2 = E11E23 - El3E21’
b, = ELE,, — E\ By,
¢, = ExEy — ExEgy, ¢, = EjEyy — EnEy,

Y. Hisada
¢; = EyE, — Ey\E,,,
d, = E,E, — EyE,, d, = EyE, — EE,,
d, = EyE;, — EjE,,. (A4)

The second column of [A] is obtained using the following
replacements in equations (A2) to (A4):

A, — A, inequation (A2) (i = 1,2, 3, and 4),

A, = A, in equations (A2) and (A3),
E,>E,,E,—E,E,>E,E,—>E,
in equation (A4) (( =1,2,3,and4). (AS)

Similarly, we obtain the third and fourth columns of [A]
using the following replacements:

A, = A, inequation (A2) (i = 1,2,3,and 4),
A, = A, in equations (A2) and (A3),
E,—E,, E,, > E,, E,, > E,, E,, > E,

in equation (A4) (i = 1,2,3,and4). (A6)
for the third column of [A], and

A, > A, inequation (A2) (i = 1,2,3, and 4),

A, — A, in equations (A2) and (A3),
E,—E,E,;, >E,E;>E,E,>E,

in equation (A4) (i =1,2,3,and4) (A7)
for the fourth column of [A].

Appendix B

Analytical Asymptotic Solution of Equation (20)

We can analytically derive the asymptotic solutions of
the 4 by 4 R/T coefficients given in equation (20). We ex-
press those elements as follows:

_ - Bll BIZ B13 B14
T RY]_|Bu Bn Bn Bu E1)
Ry T~ |B, B, By B

B

3

Elements B, in the above equation are given using Appendix
A in this study and equation (A18) in H94 as follows:
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B,, = 2(x/ + Dai(a’ + x/)IB7
B,, = (k/ + Dai{(ki+! — 3x/ + 2)
— (it — 3kt + 2)}/BY,
B, = 2(x/ — 2)(1 — a)(1 + a/W*')/BY,
B, = [a/(w*! — D(kix? — 3x/ + 4)

— (k) — D{4 + dlai(x’/ — 3) k/*'})/B,

B,, = 2(x/ + 1) a’(1 + a’xi*')/B/,
B, = 4’/ — DA + a/x/+Y)IB/,
B, = —B,,
B, = 2(W*! — 2)(a’ — 1)(& + w)/B,
By, = [ai(x/ — D(rc/+ /™t — 3+t + 4)
~ (/! — WM4a'a’ + (k/+' — 3)x/}VBY,
By, = 2+t + 1A + a'xi*1)/BY,
By = (&) + D{a/(w/x/+' — 3x/*1 + 2)
— (kik/*1 — 3k/ + 2)}/B],

B, = —4@ — 1)@ + w)/B,

B,, = —B,,
B, =0,
B, = 2(x/*' + 1)a’ + w))/B/, (B2)
where
@ = g,
Bi = 2{x/ + dlaix/*' + ai(xixi*' + 1)}, (B3)

and «/ is given in equation (A11) in H94.

Appendix C

The analytical integrations, which are used in the for-
mulation in this study, are given as follows:

3=

- J lexp{ —Klz — A1}, (kr)ldk

=

1003
Z—h [
= - f lexp{ —kiz — hI}kJ,(kn)dk,
R o
o1, e=-hm
1= {3 — 1}
- r [exp{ —Klz — hI}ReJ (kr))dk,
0
s _ = H| G- hP
peaE Bl
- f " lexpl{ — Mz — HYERI kDI, (C1)
0
and
U S TR {0
I‘]—R Far— = L [exp{ kliz — hl} k ]dk,
- r  _I I TR
I = RR T 2 < 7D L [exp{ —klz — AHI}J (kr)]dk,
n=L- r lexp{ —kiz — hl}kJ (kr))dk
'R o ! ’
=3 ”ZR: o L " lexp{ —kiz ~ hIYRJ,(kr)dk,
N (z — hP
n=3= {5 - 1}
- L " fexp{ —kiz — HYeskldk,  (C2)
where
R=Jr’+ (z — hp (C3)

Similarly, I§5-0, I¥® etc. corresponding to the reflected
waves are obtained using the following replacements in
equations (C1), (C2), and (C3):

z—h—z+ h— 2 (C4)
for 13-V etc. and

22— h—>29 —z—h (C5)

for I3 etc.
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