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AN ELEMENTARY PROOF OF GLOBAL OR ALMOST GLOBAL
EXISTENCE FOR QUASI-LINEAR WAVE EQUATIONS
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Abstract. We give a new, elementary proof of the global or almost global existence
theorem of S. Klainerman. Our result also covers the almost global existence theorem of
M. Keel, F. Smith, and C. D. Sogge. The proof is carried out in line with S. Klainerman and
T. C. Sideris.

1. Introduction. Since the classic work of John [9] on the finite-time blow-up of
smooth solutions to quadratic quasi-linear wave equations in three space dimensions with
small data, a large amount of effort has been made to clarify the relation among the life-span
(the maximal existence time of unique local solutions), the structure of quadratic nonlinear
terms, and the number of space dimensions. One of the most striking results in this direction
is due to Klainerman [15], [17], who proved the global existence theorem in space dimensions
n ≥ 4 and the “almost global” existence theorem in three space dimensions, for small data.
As is explained widely in excellent monographs such as [3], [7], [11], [22], [26] and [28],
the heart of the method of Klainerman is an effective use of the Killing vector fields as well
as the scaling operatort∂t + x · ∇ to prove global Sobolev inequalities in the Minkowski
spaceRn+1, known by the name of the Klainerman inequality [17]. Thanks to the good
commutation relation between the d’Alembertian∂2

t − � and the generators of the Poincaré
group, the Klainerman inequality plays a central role in the proof of global or almost global
existence of small amplitude solutions.

Interestingly enough, the method of vector fields has been evolving into new versions,
as is seen in, e.g., [2], [8], [10], [14], [18], [19], [23]–[25], [27] and [29] from motives for
studying the Cauchy problem of nonlinear elastic equations as well as the initial-boundary
value problem of quasi-linear wave equations in an exterior of a compact, nontrapping or
star-shaped set with a smooth boundary. See also technical innovations in Keel, Smith and
Sogge [13] and Metcalfe [20], where they have further evolved the method of vector fields to
consider semi-linear wave equations in exterior domains as well as in the Minkowski space.
The common feature of the revised methods lies in that the use of Lorentz boosts, which
is ill-suited for the analysis of these problems, is completely avoided. The lack of Lorentz
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boosts in the list of vector fields are compensated for by direct estimates of the fundamental
solution [2], [8], [10], [14], [19], [29] or bysomewhat weak Sobolev-type inequalities [6],
[18], [23]–[25] to get someL∞-decay estimates of local solutions. The main purpose of
this paper is to develop the recent superb version of Klainerman and Sideris [18], and cover
the global or almost global existence theorem of Klainerman without the use of the Lorentz
boosts. Since the operatorΓ a contains at most one scaling operator in the definition of the
generalized energy forn = 3 in (2.4), our almost global existence theorem actually covers
Theorem 1.2 of Keel, Smith and Sogge [14]. The author believes that the present method
will evolve into an efficient technique of theanalysis of the initial-boundary value problem
for quasi-linear wave equations in an exterior of a 3-D compact and star-shaped set with a
smooth boundary.

We describe technical features in the present paper at length. Our analysis is in line with
that of Sideris [24] and Sideris and Tu [25], who have significantly improved an intriguing and
striking method of Klainerman and Sideris [18]. Via the Klainerman-Sideris inequality (see
(5.1) below) we can obtain some weightedL2(Rn)-estimates of the second and higher-order
derivatives, as long as a local solution is sufficiently small in a suitable sense. The weight
involved has the form of〈ct − r〉 for a wave-propagation speedc, and the time decay thereby
obtained of theL2-norms compensates efficiently for some weak time decay of theL∞-norms
which can be obtained via the Sobolev-type inequality such as (4.2) below. It is noted that
we can handle semi-linear termsHk(u, u) of (3.3) by our analysis with an effective applica-
tion of the Hardy inequality as in Hidano [6], though the Klainerman-Sideris inequality does
not lead to weightedL2(Rn)-estimates of the first derivatives. We also add two comments.
First, it is possible to deal with non-divergence nonlinear terms by our analysis thanks to
significant technical improvements of Sideris [24], though the innovative paper of Klainer-
man and Sideris [18] discussed only nonlinear terms of the divergence form. Secondly, the
present analysis needs no direct estimates ofthe fundamental solution and, employing our
techniques, we have recently given a unified proof of the previous excellent results in two
or three space dimensions of Agemi and Yokoyama [2], Hoshiga and Kubo [8], Kovalyov
[19] and Yokoyama [29] whose proofs built heavily upon direct estimates of the fundamental
solution. See [6].

This paper is organized as follows. In the next section we give the notation used in this
paper. In Section 3 the main results are stated. Section 4 is devoted to the proof of some
Sobolev-type inequalities. After weightedL2-norms are shown to be bounded by generalized
energies in Section 5, we complete the energy integral argument in Sections 6 and 7 to prove
almost global and global existence theorem.

2. Notation. We explain the notation used in this paper. Letn denote the space di-
mensions. We shall consider systems ofm quasi-linear equations. Repeated indices are
summed if lowered and raised. Greek indices range from 0 ton, and Latin indices from 1 tom.
Points inRn+1+ are denoted by(x0, x1, . . . , xn) = (t, x). In addition to the usual partial dif-
ferential operators∂α = ∂/∂xα (α = 0, . . . , n) with the abbreviation∂ = (∂0, ∂1, . . . , ∂n) =
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(∂t ,∇), we shall use the generators of the Euclid rotationsΩ = (Ω12, . . . ,Ω1n,Ω23, . . . ,

Ωn−1n) with Ωjk = xj ∂k − xk∂j (1 ≤ j < k ≤ n), and the generators of the space-
time scalingS = xα∂α. The set of theseν = (n2 + n + 4)/2 vector fields is denoted by
Γ = (Γ0, Γ1, . . . , Γν−1) = (∂,Ω, S). We also denoteΓ \ {S} by Γ̄ = (Γ0, Γ1, . . . , Γν−2) =
(∂,Ω). For multi-indicesa = (a0, . . . , aν−1) andb = (b0, . . . , bν−2), we denote

Γ a = Γ
a0
0 · · ·Γ aν−1

ν−1 , Γ̄ b = Γ
b0
0 · · ·Γ bν−2

ν−2 .(2.1)

The D’Alembertian, which acts on vector-valued functionsu : Rn+1+ → Rm, is denoted by

� = diag(�1, . . . ,�m) , �k = ∂2

∂t2
− c2

k� .(2.2)

Associated with this operator, the energy is defined as

E1(u(t)) = 1

2

m∑
k=1

∫
Rn

|∂tuk(t, x)|2 + c2
k |∇uk(t, x)|2dx .(2.3)

We also introduce two types of generalized energy as

Eκ(u(t)) =
∑

|a|≤κ−1
|aν−1|≤1

E1(Γ
au(t)) if n = 3,

Eκ(u(t)) =
∑

|a|≤κ−1

E1(Γ
au(t)) if n ≥ 4 ,

(2.4)

Ēκ(u(t)) =
∑

|a|≤κ−1

E1(Γ̄
au(t))(2.5)

for κ = 2,3, . . . .
Two types of auxiliary norm

Mκ(u(t)) =




m∑
k=1

∑
|a|=2

∑
|b|≤κ−2

‖〈ckt − r〉∂aΓ̄ buk(t)‖L2(R3) , n = 3 ,

m∑
k=1

∑
|a|=2

∑
|b|≤κ−2

‖〈ckt − r〉∂aΓ buk(t)‖L2(Rn) , n ≥ 4 ,

(2.6)

M̄κ (u(t)) =
m∑
k=1

∑
|a|=2

∑
|b|≤κ−2

‖〈ckt − r〉∂aΓ̄ buk(t)‖L2(Rn)(2.7)

(henceM̄κ (u(t)) = Mκ(u(t)) for n = 3) will play an intermediary role in the energy integral
argument below. Here and later on as well we use the notation〈A〉 = √

1 + |A|2 for a scalar
or vectorA. For simplicity we shall often denote theLp(Rn)-norm by‖ · ‖Lp .

3. Results. We consider the Cauchy problem for a system of quasi-linear wave equa-
tions

� u = F(∂u, ∂2u) in R1+n+(3.1)
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(n ≥ 3) subject to the smooth, compactly supported initial data

u(0) = ϕ , ∂tu(0) = ψ .(3.2)

We may suppose that the nonlinear termF is quadratic, because higher-order terms have no
influence over the theory of large-time existence of small amplitude solutions. We assume
the k-th component of the vector functionF to be of the formFk(∂u, ∂2u) = Gk(u, u) +
Hk(u, u), where

Gk(u, v) = G
k,αβγ

ij ∂αu
i∂β∂γ v

j , H k(u, v) = H
k,αβ
ij ∂αu

i∂βv
j(3.3)

for real constantsGk,αβγij ,Hk,αβ
ij . Since our proof is based on the energy integral method, we

naturally assume the symmetry condition

G
k,αβγ
ij = G

k,αγβ
ij = G

j,αβγ
ik .(3.4)

The main theorems of this paper are stated as follows.

THEOREM 3.1. Let n = 3 and κ ≥ 6. There exists a constant δ > 0 with the following
property: If the initial data satisfy E1/2

κ (u(0)) < ε for ε < δ, then the existence time of a
unique, local smooth solution to (3.1) and (3.2) exceeds A exp[B/ε], where A and B are
positive constants independent of ε.

THEOREM 3.2. Let n ≥ 4 and let κ be large so that[
κ

2

]
+

[
n

2

]
+ 2 ≤ κ −

[
n

2

]
− 1 .(3.5)

There exist positive constants δ and C0 with the following property: If the initial data satisfy

E1/2
µ (u(0)) exp[C0E

1/2
κ (u(0))] < δ

(
µ ≡ κ −

[
n

2

]
− 1

)
,(3.6)

then there exists a unique, smooth global solution to (3.1) and (3.2).

4. Preliminaries. In addition to the well-known facts

[∂,�] = 0, [Ω,�] = 0, [S,�] = −2� ,(4.1)

we shall need the following Sobolev-type inequalities.

LEMMA 4.1. (i) Let n ≥ 3. The inequality

〈r〉(n/2)−1〈cj t − r〉|∂uj (t, x)| ≤ CĒ
1/2
[n/2]+1(u(t))+ CM̄[n/2]+2(u(t))(4.2)

holds.
(ii) Let n = 3. The inequality

〈r〉|∂u(t, x)| ≤ CĒ
1/2
3 (u(t))(4.3)

holds.
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(iii ) Let n = 4 and 0 ≤ ε < 1/2. The inequality

〈r〉1+ε|u(t, x)| ≤ C
∑
|a|≤2

‖Ωau(t)‖ε
L2‖Ωau(t)‖1−ε

Ḣ1
2

+ C

3∑
|a|=1

‖∂ax u(t)‖L2(4.4)

holds.
(iv) Let n ≥ 3. The inequality

〈r〉(n/2)−1|u(t, x)| ≤ C
∑

|a|≤[n/2]
‖Ωau(t)‖Ḣ1

2
+ C

[n/2]+1∑
|a|=1

‖∂ax u(t)‖L2(4.5)

holds.

PROOF. The inequality (4.3) was shown by Sideris (see (3.20b) of [24], and also (6.2) of
Sideris and Tu [25]). The proof of (4.4) starts with the following radius-angular mixed-norm
inequality which has been shown in Hidano [4]:

r(n/2)−s
( ∫

Sn−1
|v(rω)|2dω

)1/2

≤ C‖v‖Ḣ s
2
,

1

2
< s <

n

2
.(4.6)

Sets = 1 − ε. It then follows from the Sobolev embedding on the unit sphereS3 in R4 that

r1+ε|u(t, x)| ≤ C
∑
|a|≤2

r1+ε
( ∫

S3
|Ωau(t, x)|2dω

)1/2

≤ C
∑
|a|≤2

‖Ωau(t)‖
Ḣ1−ε

2
≤ C

∑
|a|≤2

‖Ωau(t)‖ε
L2‖Ωau(t)‖1−ε

Ḣ1
2
, r > 0 .

(4.7)

Let us introduce a smooth cut-off functionΦ ∈ C∞
0 (R

4), Φ = 1 for |x| ≤ 1, Φ = 0 for
|x| ≥ 2. For|x| ≤ 1 we see

|u(t, x)| = |Φ(x)u(t, x)| ≤ C‖Φu(t)‖H3

≤ C‖u(t)‖L2(1<|x|<2) + C

3∑
|a|=1

‖∂ax u(t)‖L2

≤ C sup
1<|x|<2

|u(t, x)| + C

3∑
|a|=1

‖∂ax u(t)‖L2

≤ C
∑
|a|≤2

‖Ωau(t)‖ε
L2‖Ωau(t)‖1−ε

Ḣ1
2

+ C

3∑
|a|=1

‖∂ax u(t)‖L2 ,

(4.8)

which together with (4.7) leads to (4.4).
In order to show (4.5) we make use of the following inequality due to Nakanishi (see

Proposition 3.7 of [21]):

r(n/p)−1
( ∫

Sn−1
|v(rω)|qdω

)1/q

≤ C‖v‖Ḣ1
p
,(4.9)
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for 1 ≤ p < n, n/p−(n−1)/q = 1. Choosingp = 2 and modifying (4.7) and (4.8) properly,
we can easily show (4.5).

The inequality (4.2) remains to be proved. Getting back to (4.9) withp = 2, we see for
r > 0

r(n/2)−1|〈cj t − r〉∂uj (t, x)|

≤ Cr(n/2)−1
∑

|a|≤[n/2]

( ∫
Sn−1

|Ωa(〈cj t − r〉∂uj (t, x))|qdω
)1/q

≤ C
∑

|a|≤[n/2]
‖〈cj t − r〉Ωa∂uj(t)‖Ḣ1

2

≤ C
∑
|a|≥1

∑
|a|+|b|≤[n/2]+1

‖〈cj t − r〉∂aΩbuj (t)‖Ḣ1
2

≤ C
∑
|a|≥1

∑
|a|+|b|≤[n/2]+1

‖∂aΩbuj (t)‖L2

+ C
∑
|a|≥2

∑
|a|+|b|≤[n/2]+2

‖〈cj t − r〉∂aΩbuj (t)‖L2 .

(4.10)

Let us again introduce a smooth cut-off functionΦ ∈ C∞
0 (R

n),Φ = 1 for |x| ≤ 1,Φ = 0 for
|x| ≥ 2. Forr ≤ 1 we see, assumingcj t ≥ 3 without loss of generality,

|〈cj t − r〉∂uj (t, x)| ≤ (1 + cj t)|Φ(x)∂uj (t, x)|

≤ C(1 + cj t)‖Φ∂uj (t)‖H [n/2]+1 ≤ C(1 + cj t)

[n/2]+1∑
|a|=1

‖∂ax (Φ∂uj (t))‖L2

≤ C(1 + cj t)

( [n/2]+1∑
|a|=1

‖∂ax ∂uj (t)‖L2(|x|<2) + sup
1<|x|<2

|∂uj (t, x)|
)

≤ C

[n/2]+2∑
|a|=2

‖〈cj t − r〉∂auj (t)‖L2 + C
∑
|a|≥1

∑
|a|+|b|≤[n/2]+1

‖∂aΩbuj (t)‖L2

+ C
∑
|a|≥2

∑
|a|+|b|≤[n/2]+2

‖〈cj t − r〉∂aΩbuj (t)‖L2 ,

(4.11)

where we have employed (4.10) at the last inequality. The inequality (4.2) is an immediate
consequence of (4.10) and (4.11). �

The next corollary follows directly from (4.4) and (4.5).

COROLLARY 4.2. (i) Let n = 4 and 0 ≤ ε < 1/2. The inequality

〈r〉1+ε|∂u(t, x)| ≤ CĒ
1/2
4 (u(t))(4.12)

holds.



QUASI-LINEAR WAVE EQUATIONS 277

(ii) Suppose n ≥ 5. The inequality

〈r〉(n/2)−1|∂u(t, x)| ≤ CĒ
1/2
[n/2]+2(u(t))(4.13)

holds.

5. WeightedL2-estimates. Since weightedL2-normsM̄κ (u(t)) appear on the right-
hand side of the Sobolev-type inequalities presented in the previous section, it is necessary
to bound the weighted normsMκ(u(t)) or M̄κ(u(t)) byE1/2

κ (u(t)) for the completion of the
energy integral argument. The next crucial inequality, which is due to Klainerman and Sideris,
is the starting point of our proof.

LEMMA 5.1 (Klainerman-Sideris inequality).Let κ ≥ 2.
(i) Let n = 3. The inequality

Mκ(u(t)) ≤ CE1/2
κ (u(t))+ C

∑
|a|≤κ−2

‖(t + r)�Γ̄ au(t)‖L2(5.1)

holds for any smooth function u : R3+1+ → Rm with the finite right-hand side.
(ii) Let n ≥ 4. The inequality

Mκ(u(t)) ≤ CE1/2
κ (u(t))+ C

∑
|a|≤κ−2

‖(t + r)�Γ au(t)‖L2(5.2)

holds for any smooth function u : Rn+1+ → Rm with the finite right-hand side.

PROOF. See Lemma 3.1 of Klainerman and Sideris [18] and Lemma 7.1 of Sideris and
Tu [25]. Note that their proof is obviously valid for alln ≥ 2. �

LEMMA 5.2. Let u be a smooth solution of (3.1) and (3.2). Set κ ′ = [(κ − 1)/2] +
[n/2] + 2. Then for all |a| ≤ κ − 2

‖(t + r)�Γ̂ au(t)‖L2

≤ CE
1/2
κ ′ (u(t))E1/2

κ (u(t))+ CMκ ′(u(t))E1/2
κ (u(t))+ CE

1/2
κ ′ (u(t))Mκ(u(t)) .

(5.3)

Here and later on as well Γ̂ a = Γ̄ a for n = 3, Γ̂ a = Γ a for n ≥ 4.

PROOF. We may focus on the estimate of theL2-norm of t�Γ̂ au, because that of
r�Γ̂ au is treated in an easier way. Setp = [(κ − 1)/2]. It is necessary to estimate the
contribution from the quasi-linear parts

t‖∂Γ̂ bui(t)∂2Γ̂ cuj (t)‖L2 , |b| + |c| ≤ κ − 2(5.4)

as well as the contribution from the semi-linear parts

t‖∂Γ̂ bui(t)∂Γ̂ cuj (t)‖L2 , |b| + |c| ≤ κ − 2 .(5.5)
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Setc0 = min{cj /2; j = 1, . . . ,m}. We shall start with the estimate of (5.5). Let us assume
|b| ≤ p without loss of generality. It follows from (4.2), (4.3) and (4.5) that

t‖∂Γ̂ bui∂Γ̂ cuj‖L2

≤ C‖〈ci t − r〉∂Γ̂ bui∂Γ̂ cuj‖L2(r<c0t )
+ C‖r∂Γ̂ bui∂Γ̂ cuj‖L2(r>c0t )

≤ C(‖〈ci t − r〉∂Γ̂ bui‖L∞ + ‖r∂Γ̂ bui‖L∞)‖∂Γ̂ cuj‖L2

≤ C
(
E

1/2
|b|+[n/2]+2(u(t))+M|b|+[n/2]+2(u(t))

)
E

1/2
|c|+1(u(t))

≤ C
(
E

1/2
p+[n/2]+2(u(t))+Mp+[n/2]+2(u(t))

)
E

1/2
κ−1(u(t))

≤ C
(
E

1/2
κ ′ (u(t))+Mκ ′(u(t))

)
E

1/2
κ−1(u(t)) .

(5.6)

For the estimate of (5.4) we separate two cases:|b| ≤ p or |c| ≤ p − 1. For the former case
the estimate is carried out as

t‖∂Γ̂ bui∂2Γ̂ cuj‖L2

≤ C‖∂Γ̂ bui〈cj t − r〉∂2Γ̂ cuj‖L2(r<c0t )
+ C‖r∂Γ̂ bui∂2Γ̂ cuj‖L2(r>c0t )

≤ C‖∂Γ̂ bui‖L∞‖〈cj t − r〉∂2Γ̂ cuj‖L2 + C‖r∂Γ̂ bui‖L∞‖∂2Γ̂ cuj‖L2

≤ CE
1/2
|b|+[n/2]+2(u(t))

(
M|c|+2(u(t))+ E

1/2
|c|+2(u(t))

)
≤ CE

1/2
κ ′ (u(t))

(
Mκ(u(t))+ E1/2

κ (u(t))
)
.

(5.7)

On the other hand, for|c| ≤ p − 1, we proceed as

t‖∂Γ̂ bui∂2Γ̂ cuj‖L2

≤ C‖∂Γ̂ bui‖L2(‖〈cj t − r〉∂2Γ̂ cuj‖L∞ + ‖r∂2Γ̂ cuj‖L∞)

≤ CE
1/2
|b|+1(u(t))

(
E

1/2
|c|+[n/2]+3(u(t))+M|c|+[n/2]+3(u(t))

)
≤ CE1/2

κ (u(t))
(
E

1/2
κ ′ (u(t))+Mκ ′(u(t))

)
,

(5.8)

where we have used (4.2), (4.3) and (4.5) at the second inequality. The proof of Lemma 5.2
has been completed. �

LEMMA 5.3. (i) Let n = 3 and κ ≥ 5. Suppose that, for a local smooth solution u
of (3.1) and (3.2), the supremum of E1/2

κ (u(t)) on an interval [0, T )
ε0 := sup

0≤t<T
E1/2
κ (u(t))(5.9)

is sufficiently small. Then

Mκ(u(t)) ≤ CE1/2
κ (u(t)) , 0 ≤ t < T(5.10)

holds.
(ii) Let n ≥ 4 and let κ be large so that[

κ − 1

2

]
+

[
n

2

]
+ 2 ≤ κ − 1 −

[
n

2

]
.(5.11)
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Set µ = κ − 1 − [n/2]. Suppose that, for a local smooth solution u of (3.1) and (3.2), the
supremum of E1/2

µ (u(t)) on an interval

ε0 := sup
0≤t<T

E1/2
µ (u(t))(5.12)

is sufficiently small. Then the following hold:
Mµ(u(t)) ≤ CE1/2

µ (u(t)) , 0 ≤ t < T ,(5.13)

Mκ(u(t)) ≤ CE1/2
κ (u(t)) , 0 ≤ t < T .(5.14)

PROOF. Part (i) is an immediate consequence of (5.1) and (5.3). We may focus on the
proof of Part (ii). Set

µ′ =
[
µ− 1

2

]
+

[
n

2

]
+ 2 , κ ′ =

[
κ − 1

2

]
+

[
n

2

]
+ 2 .

Recalling (5.11), we see simply but cruciallyµ′ ≤ κ ′ ≤ µ ≤ κ . We first employ (5.1) and
(5.3), settingκ ≡ µ in the notation of lemmas 5.1 and 5.2, to get

Mµ(u(t)) ≤ CE1/2
µ (u(t))+ C

∑
|a|≤µ−2

‖(t + r)�Γ au(t)‖L2

≤ CE1/2
µ (u(t))+ CE

1/2
µ′ (u(t))E1/2

µ (u(t))

+ CMµ′(u(t))E1/2
µ (u(t))+ CE

1/2
µ′ (u(t))Mµ(u(t))

≤ CE1/2
µ (u(t))+ Cε0E

1/2
µ (u(t))+ Cε0Mµ(u(t)) ,

(5.15)

which yields (5.13). Getting back to (5.1) and (5.3) and notingκ ′ ≤ µ, we find

Mκ(u(t)) ≤ CE1/2
κ (u(t))+ C

∑
|a|≤κ−2

‖(t + r)�Γ au(t)‖L2

≤ CE1/2
κ (u(t))+ CE

1/2
κ ′ (u(t))E1/2

κ (u(t))

+ CMκ ′ (u(t))E1/2
κ (u(t))+ CE

1/2
κ ′ (u(t))Mκ(u(t))

≤ CE1/2
κ (u(t))+ Cε0E

1/2
κ (u(t))+ Cε0Mκ(u(t)) ,

(5.16)

which leads to (5.14). The proof has been completed. �

6. Energy estimates n = 3. Carrying out the estimates of the nonlinear term care-
fully, we shall find in the casen = 3 that the generalized energy norm in (2.4), which contains
at most one scaling operatorS, indeed works well for our energy integral argument of the
almost global existence. For the proof of the global existence theorem in higher dimensions,
we shall get a pair of coupled differential inequalities for a higher-order energyEκ(u(t)) and
a lower-order energyEµ(u(t)),µ = κ−[n/2]−1. Since the equation (3.1) is quasi-linear, we
must actually consider modified energies (see (6.1)) which are equivalent to the original ones
for small solutions. Allowing the higher-order (modified) energy to grow polynomially in
time but bounding the lower-order (modified) energy uniformly in time, we shall accomplish
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our energy integral argument. This strategy has already been employed in previous papers,
such as Sideris and Tu [25].

Taking account of the difference between the definitions of the generalized energies (see
(2.4)), we shall carry out the energy integral argument forn = 3 in this section, and put it off
for n ≥ 4 until the next section.

Three space dimensions. Supposeκ ≥ 6. For the initial data(ϕ,ψ) with components
(ϕk, ψk) ∈ C∞

0 (R
3) × C∞

0 (R
3) (k = 1, . . . ,m), let us assumeE1/2

κ (u(0)) < ε for a suf-
ficiently small ε such that 3ε ≤ ε0 (as forε0, see (5.9)). By the standard local existence
theorem we know that a unique smooth solution exists locally in time. Suppose thatT0 is the
largest time such thatE1/2

κ (u(t)) < 3ε for 0 ≤ t < T0. It is shown thatE1/2
κ (u(t)) < 3ε for

0 ≤ t ≤ A exp[B/ε] for suitable constantsA andB independent ofε. Therefore the existence
time of the local solution exceedsA exp[B/ε].

Suppose 0≤ t < T0 in what follows. Introducing the modified energy

Ẽκ(u(t)) = Eκ(u(t))− 1

2

∑
|a|=κ−1
|a7|≤1

m∑
k=1

G
k,αβγ

ij ηδγ

∫
R3
∂αu

i∂βΓ
auj ∂δΓ

aukdx(6.1)

(ηδγ = diag(1,−1,−1,−1)) and following Sideris and Tu [25] on pages 484–485, we get

Ẽ′
κ(u(t)) ≤ C

∑
i,j,k

∑
|a|≤κ−1
|a7|≤1

∑
|b|+|c|≤|a|,c �=a
b7+c7≤1

‖∂Γ bui∂2Γ cuj‖L2‖∂Γ auk‖L2

+ C
∑
i,j,k

∑
|a|≤κ−1
|a7|≤1

∑
|b|+|c|≤|a|
b7+c7≤1

‖∂Γ bui∂Γ cuj‖L2‖∂Γ auk‖L2 .
(6.2)

Since it follows easily from the Sobolev embedding that

1

2
Eκ(u(t)) ≤ Ẽκ(u(t)) ≤ 2Eκ(u(t)) , 0 ≤ t < T0(6.3)

for the small solutionu under consideration, we may replace the normE1/2
κ (u(t)) with

Ẽ
1/2
κ (u(t)) in the estimates below.

Setq = [κ/2] andc0 = min{cj /2 : j = 1, . . . ,m} as before. We start with the estimate
of the first term on the right-hand side of (6.2), which is the contribution from the quasi-linear
part.

Quasi-linear part. We separate two cases:|b| ≤ q or |c| ≤ q − 1.
Case |b| ≤ q. If Γ b contains the operatorS, then we have by (4.3)

‖∂Γ bui∂2Γ cuj‖L2

≤ C〈t〉−1(‖∂Γ bui〈cj t − r〉∂2Γ̄ cuj‖L2(r<c0t )
+ ‖〈r〉∂Γ bui∂2Γ̄ cuj‖L2(r>c0t )

)

≤ C〈t〉−1(‖∂Γ bui‖L∞‖〈cj t − r〉∂2Γ̄ cuj‖L2 + ‖〈r〉∂Γ bui‖L∞‖∂2Γ̄ cuj‖L2)

≤ C〈t〉−1(E1/2
|b|+3(u(t))M|c|+2(u(t))+ E

1/2
|b|+3(u(t))E

1/2
|c|+2(u(t))

)
≤ C〈t〉−1E

1/2
q+3(u(t))(E

1/2
κ (u(t))+Mκ(u(t))) ≤ C〈t〉−1Eκ(u(t)) .

(6.4)



QUASI-LINEAR WAVE EQUATIONS 281

If Γ b does not containS, then we obtain by (4.2) and (4.3)

‖∂Γ bui∂2Γ cuj‖L2

≤ C〈t〉−1(‖〈ci t − r〉∂Γ̄ bui∂2Γ cuj‖L2(r<c0t )
+ ‖〈r〉∂Γ̄ bui∂2Γ cuj‖L2(r>c0t )

)

≤ C〈t〉−1(‖〈ci t − r〉∂Γ̄ bui‖L∞ + ‖〈r〉∂Γ̄ bui‖L∞)‖∂2Γ cuj‖L2

≤ C〈t〉−1(E1/2
|b|+3(u(t))+M|b|+3(u(t))

)
E

1/2
|c|+2(u(t)) ≤ C〈t〉−1Eκ(u(t)) .

(6.5)

Case |c| ≤ q − 1. If Γ b containsS, then we easily have

‖∂Γ bui∂2Γ cuj‖L2

≤ C〈t〉−1(‖∂Γ bui〈cj t − r〉∂2Γ̄ cuj‖L2(r<c0t )
+ ‖∂Γ bui〈r〉∂2Γ̄ cuj‖L2(r>c0t )

)

≤ C〈t〉−1‖∂Γ bui‖L2(‖〈cj t − r〉∂2Γ̄ cuj‖L∞ + ‖〈r〉∂2Γ̄ cuj‖L∞)

≤ C〈t〉−1E
1/2
|b|+1(u(t))

(
E

1/2
|c|+4(u(t))+M|c|+4(u(t))

)
≤ C〈t〉−1E1/2

κ (u(t))
(
E

1/2
q+3(u(t))+Mq+3(u(t))

) ≤ C〈t〉−1Eκ(u(t)) .

(6.6)

If Γ b does not containS, then we see, noting|b| ≤ κ − 2 in this case,

‖∂Γ bui∂2Γ cuj‖L2

≤ C〈t〉−1
(∥∥∥∥1

r
〈ci t − r〉∂Γ̄ buir∂2Γ cuj

∥∥∥∥
L2(r<c0t )

+ ‖∂Γ̄ bui〈r〉∂2Γ cuj‖L2(r>c0t )

)

≤ C〈t〉−1
(∥∥∥∥1

r
〈ci t − r〉∂Γ̄ bui

∥∥∥∥
L2

+ ‖∂Γ̄ bui‖L2

)
‖〈r〉∂2Γ cuj‖L∞

≤ C〈t〉−1(E1/2
|b|+1(u(t))+M|b|+2(u(t))

)
E

1/2
|c|+4(u(t))

≤ C〈t〉−1(E1/2
κ−1(u(t))+Mκ(u(t))

)
E

1/2
q+3(u(t)) ≤ C〈t〉−1Eκ(u(t)) ,

(6.7)

where we have used the Hardy inequality at the third inequality.
Semi-linear part. In estimating the second term on the right-hand side of (6.2), we may

assume|b| ≤ q (q = [κ/2]) without loss of generality. IfΓ b contains the operatorS, then
we have, noting|c| ≤ κ − 2 in this case,

‖∂Γ bui∂Γ cuj‖L2

≤ C〈t〉−1
(∥∥∥∥r∂Γ bui 1r 〈cj t − r〉∂Γ̄ cuj

∥∥∥∥
L2(r<c0t )

+ ‖〈r〉∂Γ bui∂Γ̄ cuj‖L2(r>c0t )

)

≤ C〈t〉−1‖〈r〉∂Γ bui‖L∞
(∥∥∥∥1

r
〈cj t − r〉∂Γ̄ cuj

∥∥∥∥
L2

+ ‖∂Γ̄ cuj‖L2

)

≤ C〈t〉−1E
1/2
|b|+3(u(t))

(
E

1/2
|c|+1(u(t))+M|c|+2(u(t))

)
≤ C〈t〉−1E

1/2
q+3(u(t))

(
E

1/2
κ−1(u(t))+Mκ(u(t))

) ≤ C〈t〉−1Eκ(u(t)) .

(6.8)
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If Γ b does not containS, then, using (4.2), we get

‖∂Γ bui∂Γ cuj‖L2

≤ C〈t〉−1(‖〈ci t − r〉∂Γ̄ bui∂Γ cuj‖L2(r<c0t )
+ ‖〈r〉∂Γ̄ bui∂Γ cuj‖L2(r>c0t )

)

≤ C〈t〉−1(‖〈ci t − r〉∂Γ̄ bui‖L∞ + ‖〈r〉∂Γ̄ bui‖L∞)‖∂Γ cuj‖L2

≤ C〈t〉−1(E1/2
|b|+3(u(t))+M|b|+3(u(t))

)
E

1/2
|c|+1(u(t))

≤ C〈t〉−1E
1/2
q+3(u(t))E

1/2
κ (u(t)) ≤ C〈t〉−1Eκ(u(t)) .

(6.9)

Conclusion of the proof. Using the equivalence (6.3), we have from (6.2), (6.4) through
(6.9)

Ẽ′
κ(u(t)) ≤ Cε〈t〉−1Ẽκ(u(t)) , 0 ≤ t < T0 ,(6.10)

which yields

1

2
Eκ(u(t)) ≤ Ẽκ(u(t)) ≤ Ẽκ(u(0))(1 + t)Cε ≤ 2Eκ(u(0))(1 + t)Cε.

Therefore,

E1/2
κ (u(t)) ≤ 2E1/2

κ (u(0))(1 + t)Bε < 2ε(1 + t)Bε(6.11)

for a suitable constantB. Choosingt so that 2(1 + t)Bε ≤ 3, we seeE1/2
κ (u(t)) < 3ε,

which implies that there exist suitable constantsA andB, and the existence time of the local
solution exceedsA exp[B/ε] for all smallε > 0. We have completed the proof of the theorem
for n = 3. �

7. Energy estimates n ≥ 4. Choose an integerκ large so that[
κ

2

]
+

[
n

2

]
+ 2 ≤ κ −

[
n

2

]
− 1 .(7.1)

Setµ = κ − [n/2] − 1. Let us assume that the initial data satisfy

E1/2
µ (u(0)) exp[C0E

1/2
κ (u(0))] < 3

4
ε(7.2)

for a sufficiently smallε such that 2ε ≤ ε0 (see (5.10) as forε0), whereC0 is a constant
appearing in (7.18) below. Let us spell out the plan of our energy integral argument. Suppose
thatT0 is the largest time such that the local solution satisfiesE

1/2
µ (u(t)) < 2ε for 0 ≤ t < T0.

It will be shown thatE1/2
µ (u(t)) < 2ε for 0 ≤ t ≤ T0. Therefore we can continue the local

solution to all time.
Suppose 0≤ t < T0 in what follows. As in Sideris [24], and Sideris and Tu [25], we

carry out the energy integral argument by deriving a pair of coupled differential inequalities
for a higher-order energyEκ(u(t)) and a lower-order energyEµ(u(t)). As we did in the
previous section, it is of course necessary to introduce the modified energy

Ẽl(u(t)) = El(u(t))− 1

2

∑
|a|=l−1

m∑
k=1

G
k,αβγ

ij ηδγ

∫
Rn
∂αu

i∂βΓ
auj ∂δΓ

aukdx(7.3)
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(ηδγ = diag(1,−1, . . . ,−1)) for l = 1,2, . . . , κ . We note that it is easy to verify

1

2
El(u(t)) ≤ Ẽl(u(t)) ≤ 2El(u(t)) , l = µ, κ(7.4)

under the smallness of the lower-order energyE
1/2
µ (u(t)). Allowing the higher-order energy

Eκ(u(t)) to grow polynomially in time but bounding the lower-order oneEµ(u(t)) uniformly
in time, we complete the energy integral argument.

The starting point of the proof is the standard energy inequality

Ẽ′
l (u(t)) ≤ C

∑
i,j,k

∑
|a|≤l−1

∑
|b|+|c|≤|a|

c �=a

‖∂Γ bui∂2Γ cuj‖L2‖∂Γ auk‖L2

+ C
∑
i,j,k

∑
|a|≤l−1

∑
|b|+|c|≤|a|

‖∂Γ bui∂Γ cuj‖L2‖∂Γ auk‖L2 .

(7.5)

Note that we may use Lemma 5.3 (ii) freely below, because (5.11) is automatically satisfied
thanks to (7.1).

Higher-order energy. Choosel = κ in (7.5) and setq = [κ/2]. We have a simple but
crucial inequalityq + [n/2] + 2 ≤ µ because of (7.1). Setc0 = min{cj /2 : j = 1, . . . ,m}
as before. The right-hand side of (7.5) is estimated as in the proof of (5.6) through (5.8).
Therefore our proof here is a little sketchy.

We start with the estimate of the second term on the right-hand side of (7.5). Assuming
|b| ≤ q without loss of generality, we have

‖∂Γ bui∂Γ cuj‖L2

≤ C〈t〉−1(‖〈ci t − r〉∂Γ bui∂Γ cuj‖L2(r<c0t )
+ ‖〈r〉∂Γ bui∂Γ cuj‖L2(r>c0t )

)

≤ C〈t〉−1(‖〈ci t − r〉∂Γ bui‖L∞ + ‖〈r〉∂Γ bui‖L∞)‖∂Γ cuj‖L2

≤ C〈t〉−1(E1/2
q+[n/2]+2(u(t))+Mq+[n/2]+2(u(t))

)
E1/2
κ (u(t))

≤ C〈t〉−1E1/2
µ (u(t))E1/2

κ (u(t)) .

(7.6)

For the estimate of the first term on the right-hand side of (7.5) we separate two cases:|b| ≤ q

or |c| ≤ q − 1. In the former case we proceed as in (5.7) to obtain

‖∂Γ bui∂2Γ cuj‖L2

≤ C〈t〉−1(‖∂Γ bui〈cj t − r〉∂2Γ cuj‖L2(r<c0t )
+ ‖〈r〉∂Γ bui∂2Γ cuj‖L2(r>c0t )

)

≤ C〈t〉−1E
1/2
|b|+[n/2]+2(u(t))(M|c|+2(u(t))+ E

1/2
|c|+2(u(t)))

≤ C〈t〉−1E1/2
µ (u(t))E1/2

κ (u(t)) .

(7.7)
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Otherwise,we have|c| ≤ q − 1 and

‖∂Γ bui∂2Γ cuj‖L2

≤ C〈t〉−1‖∂Γ bui‖L2(‖〈cj t − r〉∂2Γ cuj‖L∞ + ‖〈r〉∂2Γ cuj‖L∞)

≤ C〈t〉−1E
1/2
|b|+1(u(t))

(
E

1/2
|c|+[n/2]+3(u(t))+M|c|+[n/2]+3(u(t))

)
≤ C〈t〉−1E1/2

κ (u(t))E1/2
µ (u(t))

(7.8)

as in (5.8). Collecting (7.5) through (7.8), we finally have

Ẽ′
κ(u(t)) ≤ C〈t〉−1E1/2

µ (u(t))Eκ(u(t)) , 0 ≤ t < T0 .(7.9)

Lower-order energy. Takel = µ in (7.5). Making use of the Hardy inequality effec-
tively, we improve the decay estimates presented above, when|a| ≤ µ. Let 0 < η < 1/2.
Employing (4.2), (4.4), (4.5) and (4.12), we get for|b| + |c| ≤ µ− 1, |b| ≤ [µ/2]

‖∂Γ bui∂Γ cuj‖L2

≤ C〈t〉−1−η
(∥∥∥∥r〈ci t − r〉∂Γ bui 1

r
〈cj t − r〉∂Γ cuj

∥∥∥∥
L2(r<c0t )

+ ‖〈r〉1+η∂Γ bui∂Γ cuj‖L2(r>c0t )

)

≤ C〈t〉−1−η(‖r〈ci t − r〉∂Γ bui‖L∞ + ‖〈r〉1+η∂Γ bui‖L∞)

× (‖∂Γ cuj‖L2 + ‖〈cj t − r〉∂2Γ cuj‖L2)

≤ C〈t〉−1−η(E1/2
|b|+[n/2]+2(u(t))+M|b|+[n/2]+2(u(t))

)(
E

1/2
|c|+1(u(t))+M|c|+2(u(t))

)
≤ C〈t〉−1−ηE1/2

µ (u(t))E1/2
κ (u(t)).

(7.10)

For the estimate of the first term on the right-hand side of (7.5) we separate two cases:|b| ≤
[µ/2] or |c| ≤ [µ/2] − 1. For the former case we proceed as

‖∂Γ bui∂2Γ cuj‖L2

≤ C〈t〉−1−η(‖〈ci t − r〉∂Γ bui〈cj t − r〉∂2Γ cuj‖L2(r<c0t )

+ ‖〈r〉1+η∂Γ bui∂2Γ cuj‖L2(r>c0t )
)

≤ C〈t〉−1−η(‖〈ci t − r〉∂Γ bui‖L∞‖〈cj t − r〉∂2Γ cuj‖L2

+ ‖〈r〉1+η∂Γ bui‖L∞‖∂2Γ cuj‖L2)

≤ C〈t〉−1−η(E1/2
|b|+[n/2]+2(u(t))+M|b|+[n/2]+2(u(t))

)
× (

E
1/2
|c|+2(u(t))+M|c|+2(u(t))

)
≤ C〈t〉−1−ηE1/2

µ (u(t))E1/2
κ (u(t)) .

(7.11)



QUASI-LINEAR WAVE EQUATIONS 285

Otherwise, we have|c| ≤ [µ/2] − 1 and

‖∂Γ bui∂2Γ cuj‖L2

≤ C〈t〉−1−η
(∥∥∥∥1

r
〈cit − r〉∂Γ buir〈cj t − r〉∂2Γ cuj

∥∥∥∥
L2(r<c0t )

+ ‖∂Γ bui〈r〉1+η∂2Γ cuj‖L2(r>c0t )

)

≤ C〈t〉−1−η
(∥∥∥∥1

r
〈cit − r〉∂Γ bui

∥∥∥∥
L2

‖r〈cj t − r〉∂2Γ cuj‖L∞

+ ‖∂Γ bui‖L2‖〈r〉1+η∂2Γ cuj‖L∞
)

≤ C〈t〉−1−η(E1/2
|b|+1(u(t))+M|b|+2(u(t))

)
× (

E
1/2
|c|+[n/2]+3(u(t))+M|c|+[n/2]+3(u(t))

)
≤ C〈t〉−1−ηE1/2

κ (u(t))E1/2
µ (u(t)) .

(7.12)

Gathering (7.5), (7.10) through (7.12) together, we have shown

Ẽ′
µ(u(t)) ≤ C〈t〉−1−ηE1/2

κ (u(t))Eµ(u(t)) .(7.13)

Conclusion of the proof. It follows from (7.4) and (7.9) that

Ẽ′
κ(u(t)) ≤ Cε〈t〉−1Ẽκ(u(t)) , 0 ≤ t < T0 ,(7.14)

which yields

1

2
Eκ(u(t)) ≤ Ẽκ(u(t)) ≤ Ẽκ(u(0))〈t〉Cε ≤ 2Eκ(u(0))〈t〉Cε , 0 ≤ t < T0 .(7.15)

We insert the inequalityE1/2
κ (u(t)) ≤ 2E1/2

κ (u(0))〈t〉Cε (0 ≤ t < T0) into (7.13), thereby
obtaining

Ẽ′
µ(u(t)) ≤ C〈t〉−1−η+CεE1/2

κ (u(0))Ẽµ(u(t)) , 0 ≤ t < T0 .(7.16)

If necessary, we chooseε still smaller so thatCε < η holds above. We finally find

1

2
Eµ(u(t)) ≤ Ẽµ(u(t)) ≤ Ẽµ(u(0)) exp[CE1/2

κ (u(0))]
≤ 2Eµ(u(0)) exp[CE1/2

κ (u(0))] , 0 ≤ t < T0 .

(7.17)

The last inequality, combined with (7.2), proves

E1/2
µ (u(t)) ≤ 2E1/2

µ (u(0)) exp[C0E
1/2
κ (u(0))] < 3

2
ε , 0 ≤ t < T0 .(7.18)

We therefore conclude thatE1/2
µ (u(t)) < 2ε on the closed interval[0, T0]. The proof has been

completed. �
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