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Abstract We define an elliptic deformation of the Virasoro algebra. We conjecture that
the R* x T2 Nekrasov partition function reproduces the chiral blocks of this algebra.
We support this proposal by showing that at special points in the moduli space the
6d Nekrasov partition function reduces to the partition function of a 4d vortex theory
supported on R? x T2, which is in turn captured by a free field correlator of vertex
operators and screening charges of the elliptic Virasoro algebra.
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1 Introduction

The past few years have seen significant advances in our understanding of supersym-
metric gauge theories. Such progress has been largely possible due to the developments
of supersymmetric localization techniques which have allowed many exact results to
be obtained. One of these is the discovery by Alday, Gaiotto and Tachikawa (AGT)
[1] that certain BPS observables of class S theories [2] of A type can be computed
in Liouville CFT, or Toda for higher rank [3]. In particular, the AGT correspondence
identifies the R* Nekrasov instanton partition function (Z-R:t) [4,5] with the chiral

1n

blocks [6] of the Virasoro algebra (or Wy, algebra for Ays_ theories)
., N
Ziv = (ool [ | Vi G 170 vir-

i=1

The AGT relation is a powerful tool to get further insights into the gauge dynamics as
certain aspects can be efficiently addressed in the 2d CFT side, for example the study
of defect operators [7—14] (for a recent review we refer to [15-17]).

It seems to be quite important to understand whether AGT-like relations exist in
other dimensions as well, in particular in 6d where much of the 4d physics finds its
natural origin. One of the main motivations behind this work was indeed to explore the
possibility of studying 6d theories through AGT inspired methods, a topic which was
previously addressed also in [18,19]. Our results can be summarized in the proposal

N

4 2
Zo " ool T Vi ) 170) v

i=1

where the L.h.s. captures the supersymmetric partition function of a 6d (1, 0) theory on
a torus which can be engineered in M-theory by two M5-branes probing a transverse
A1 singularity [20], while the r.h.s. represents the chiral blocks of an elliptically
deformed Virasoro algebra, which we define in this paper.

This result can be read as the natural 1-parameter deformation (Table 1) of the 5d
AGT relation [21], which we briefly recall here to pave the way for our analysis in

Table 1 The AGT relation in

arious dimensions Zinst 0N Chiral blocks of
Vi U 1 1

R* Virasoro

R* x 8! g-Virasoro

R* x T2 e-Virasoro
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An elliptic Virasoro symmetry in 6d 2149

this work. The R* Nekrasov partition function and the Virasoro algebra have both
a natural trigonometric deformation. The deformation of the former corresponds to
the R* x S Nekrasov partition function [4,5], while the deformation of the latter
corresponds to the g-Virasoro algebra (g-Wj, algebra) of [22-24]. The identification
of the two deformations predicts the 5d AGT correspondence

N
4, ¢l
Zo S 2 ool [ Vir Gid 1y0) gvir-

i=1

Evidences supporting this idea were extensively discussed, for example, in [25-27],
and more recently in [28,29]. A complete 5d AGT relation beyond the chiral level
was also proposed in [30,31], where the S5 [32-39] and S* x S! [40-42] partition
functions of the 5d lift of class S theories [43] of A type were shown to be described by
correlators in two distinct QFTs with g-Virasoro symmetry, and hence called g-CFTs
(see also [44—46] for an analysis of the higher rank case).

Another neat argument in favor of the 5d AGT correspondence, which we also adopt
in this paper for the 6d analysis, was given in [47] (see also the review [48]). It was
shown that the R* x S' Nekrasov instanton partition function of the U (N) theory with
N fundamental and anti-fundamental flavors reproduces, upon suitable specializations
a = ay(r) of the Coulomb branch moduli, the (N + 2)-point chiral blocks of the g-
Virasoro algebra in the Dotsenko—Fateev free field integral representation [25,49]

R*x §!
Zinst

N r
oy oz G [TV ) [T 500 v

i=1 j=1

where the operator S(z) denotes the screening current and the integral is computed by
residues for specific choices of integration contours. The specialization of the Coulomb
branch moduli corresponds to the root of the Higgs branch where vortex solutions exist
and the dynamics can be effectively described by a 1/2 BPS codimension 2 theory on
Rg x S!. Partition functions of 3d ' = 2 gauge theories compactified on Rg x S! can
be computed by means of the 3d holomorphic block integrals (B8>%) introduced in [50]
(see also [51] for previous work on 3d block factorization and [52] for a derivation of
block integrals through localization)

dz
B — f 3.5,
el @

where the integral kernel Y34(z) is a meromorphic function determined by the specific
theory and the integration is over a basis of middle dimensional cycles in (C*)¢!, G
being the gauge group. It was pointed out in [47] that the free field integral repre-
sentation of g-Virasoro chiral blocks manifestly matches the 3d block integrals of the
U (r) theory with N fundamental and anti-fundamental flavors, 1 adjoint and Fayet—
Iliopoulos term. Combining all these observations, one gets the identifications
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2150 F. Nieri

R*x§!
Zinst

N r
e~ fdz Yool [T Vi ) [ | S0 govie = BHIU ).

i=1 j=1

In particular, the two parameters ¢, ¢ of the g-Virasoro algebra are identified with the
€1,2 parameters of the 5d 2-background R‘:l o XS !, and with the angular momentum
fugacity € and adjoint real mass in the 3d theory. The choice a = a.(r) determines
the rank r of the 3d gauge group and the number of screening currents, which must be
in turn distributed among the N flavors and insertion points according to a choice of
partitionr = Zflv:l r4. This choice corresponds to an integration contour and provides
additional discrete variables (filling fractions [53-55]) entering the allowed values of
the internal momenta in the correlator. This kind of “triality” can be extended to quiver
gauge theories and g- W), correlators [56] (the generalization to D E root systems and
applications to little string theories [57-59] can be found in [60]).

The natural lift of the 3d setup is provided by 4d NV = 1 gauge theories compactified
on Rg x T?. Partition functions on this background can be computed through the 4d
holomorphic block integrals (3*!) introduced in [61]. These objects can be thought
of as a 1-parameter deformation of 3d block integrals, in the sense that

d imi d
B — 7€—Z.T4d(z) Sl g3 f—":ﬁd(z).
2mwiz 2mwiz

Due to the algebraic interpretation of 3d holomorphic blocks with adjoint matter as g-
Virasoro chiral blocks in free field representation, we are naturally led to ask whether
4d holomorphic blocks with adjoint matter can be similarly interpreted as chiral blocks
of an elliptic deformation of the Virasoro algebra. A central result of the current paper
is that we can give an affirmative answer to that question, namely

N r
BYU(r)] ~ fdz Vool [ T Vi ) [T S 170D v

i=1 j=1

In turn, we are also able to match the evaluation of the 4d block integral with the
topological string partition function on the Calabi—Yau geometry obtained by gluing
two periodic strips [62—64], for special values of the Kdhler moduli. The latter captures
the M-theory partition function of two M5-branes extending in R* x T? and probing
a transverse A y_ singularity, and hence we can also argue that the 4d gauge theories
under examination describe vortices of 6d (1, 0) theories so engineered. This chain of
results, together with large r duality [65-68], strongly supports a 6d version of the AGT
correspondence (discussed also in [69] from the M-theory perspective) by identifying
generic chiral blocks of the elliptic Virasoro algebra with R* x T2 Nekrasov instanton
partition functions. Lately, 6d (1, 0) theories have attracted much attention [70-81].
We hope that the methods developed in this work will be useful to get further insights
into the elusive 6d physics.

The rest of this paper is organized as follows. In Sect. 2, we define an elliptic
deformation of the Virasoro algebra and compute free field correlators. In Sect. 3,
we briefly review the 4d block integral formalism and we consider its application to
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the U (r) theory with adjoint matter, manifestly matching free field correlators of the
elliptic Virasoro algebra. In Sect. 4, we compute the R* x T? Nekrasov instanton
partition function by using the topological vertex on the periodic strip, and we show
that at specific points it coincides with the elliptic vortex partition function of the 4d
theory. In Sect. 5, we discuss our results further as well as interesting directions for
future research. Other and more technical aspects of this work are discussed in several
appendices.

2 Elliptic Virasoro Algebra

In this section we define a 1-parameter deformation of the Deformed Virasoro Algebra
(DVA or g-Virasoro) of [22], which we call the Elliptic Virasoro Algebra (EVA or
e-Virasoro). We give a free field representation of the EVA and find its screening
currents. We then compute free field correlators of suitably defined vertex operators
and screening charges. The special functions used in this section are collected in
Appendix 1, while part of our notation is set in Appendix 2.

2.1 Defining relation

We define the EVA to an be associative algebra generated by the coefficients of the

current 7'(z) = Zn <7 Tnz™", with the defining relations encoded by

w
f (—) T@Tw) - T T [ ()
Z

z

w
@(mq/)@(r—l;q@( ( w) ( _lw))

= — ) — =94 — , 2.1
(4" 9)209(p; q") P P 3 2D

where the coefficients of the structure function f(x) =), fext are defined by the
series expansion of

C(x; p2 g (p2q~'x; p2 ¢HT (pgx; p*. q)

fx) = ,
L'(p2x; p2, ¢"\T(pqg~'x; p2, ¢\ (gx; p*, q")

2.2)

with the elliptic Gamma function defined in (6.9) in the region |p?|, |¢’| < 1, while
s(x) = Znez x™ is the multiplicative § function, i.e., §(x)¢(x) = 5(x)¢ (1) for any
Laurent series ¢ (x). The parameters ¢, t, ¢’ are complex, p = gt~ ', and for later
convenience we also define 8 € C such that 1 = ¢,

Remark The associativity of the algebra is equivalent to the requirement [82,83]
f@fep™) = fOTDfpxh) = k@ap™h = 5(x)), 2.3)

for some constant coefficient «, arising from the Yang—Baxter equation for 7'(z). The
validity of (2.3) can be explicitly verified by using (2.13), (2.14), (2.15).
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2152 F. Nieri

The choice of the structure function is motivated by the property above, the con-
struction given in Appendix 3, and by the fact that in the limit ¢’ — 0, (2.1) manifestly
reduces to the defining relation of the DVA by using

T(x; p%0) = , O(x;0)=1-x. 2.4)

(x; PPoo

This trigonometric limit can be verified at various stages of our construction below.

Remark By comparing the coefficients of z 7w ™", the defining relation (2.1) is equiv-

alent to the quadratic relation
_09(g;4)007 ¢)
(@":4)3%0 ;")

D fe(Tut Tt — TueTuge) =
Lel

(pn - p_n)3n+m,0' (25)

2.2 Free field representation

In order to find a free field representation of the EVA, we introduce two commut-
ing families of quantum bosonic oscillators {o, B,,n € Z\{0}}. They satisfy the
commutation relations (we display the non-trivial relations only)

[on, o] = %(1 —q") (q% —q’%) (t% - t’%) (p% +p’%) Sm-+n,0 06

[Bns Bl = %nl(l —q") (q% —q_%) (t% - t_%) (p% + p_%> Sim-+n,0-

We also introduce zero mode operators P, Q commuting with all the oscillators and
normalized according to

[P,Q] =2. 2.7
We then define the currents
Ao (@)= : & T Trpomiag iy n o Lo gy 1 o P ok ey 1y,
(2.8)
The symbol : : denotes normal ordering, i.e., all the positive oscillators are placed

to the right of the negative ones, and P to the right of the Q. Using the commutation
relations (2.6), the definition (6.9) of the elliptic Gamma function and the free boson
tools summarized in Appendix 2, we can verify that the current

T@ =A@ +A-(@ =) Tuz™" (2.9)

nez

satisfies the defining relation (2.1) of the EVA. The explicit verification of this claim
is straightforward but lengthy, and hence presented in Appendix 3. The key relations
to be used are

Ao (@DAp(w) =: A (DA, () & fop(wz™H7™ (0,p) € {£, 4}, (2.10)
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An elliptic Virasoro symmetry in 6d 2153

where

o-1—p-1 o-1—p-1 _ ol—p-1 op
F(p 2 x;pz,c/)F(p T pPq lx;pz,r/)F(p ? pq)c;pz,f/>
fo,p(x):
r

1

o-l—p-1

ol pl ol—p-1 P
F(p 2 pzx;pz,q/)l“(p 2 pq‘lx;pz,q’) (p 2 qx;pz,q’>

@2.11)

and
A (DA (pTl2) =1, (2.12)

One also needs

FO) = fra() = f-m@) = fry (pix) = foay (p702), @13)

where 1 |
O(p2q~'x;¢HO(p~2gx;4")
y(x) = 7 %4 49 (2.14)
O(p2x;9)O(p~ 2x; q)
as well as the equality
_ O(q;: ¢ 1 q) 1 1
y) —y ) =— 8(p2x) —8(p 2x)), (2.15)
(q":9)%0(p:q") ( )

which follows from the representation (8.14) of the § function. More details along
with technical comments are given in Appendix 3.

Remark Using (M — 1)-dimensional oscillators a,,, ,g,, associated with the A ;_ root
system, it is possible to extend our construction to define an elliptic version of the Wy,
algebra, along the lines of [23,24,84].

2.3 Screening currents

The screening current S(z) of the EVA in the free field representation (2.9) is defined
by the relation

d
[Tn, S(w)] = TP = 1 1 (2.16)
qW w (qi — q_§>

for some operator A, (w), so that the EVA generators and the screening charge
fdw S(w) commute for a suitable g-invariant integration contour (e.g., around the
origin). With the definition

,—n

S(z) =1 ¢ 2 W Y=g T R i o /BQ /P
(2.17)
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2154 F. Nieri

we can verify that (2.16) is satisfied. Since this particular choice of screening current
will be crucial for actual computations, in Appendix 4 we explicitly show how the
claim (2.16) can be verified.

Remark Another screening current can also be defined through the map g — ¢, —
q,dy — —An, Bn — —PBn, /B — —1/4/B, but we do not need it for our purposes.

The product of several screening currents can be written as

®(tzl'z;l;q)

- . e ’
[[8e) = :[[Sen:x [] —w&& @4 17
i=1 i=1

—1. —1.
I<i#j<r F(iji 4, C]/) I<i<j<r G)(Zizj 761)

,
< [Tz, (2.18)
i=1
The last factor arises from the normal ordering of the zero modes

[1(7057) =[] < [[2, @o)

i i<j

and it can also be rewritten as

2T 280 T g/PVPr-0) zi\P
[z =]]= =[]—x JI (). (2.20)

i<j i=1 i=1 Zi

where we defined

1
= - —. 2.21
0=B 73 (2.21)

The last factor in the r.h.s. of (2.20) can be put with the ®s in (2.18) to form the
q-constant1
NP O(ziz7 ' )
Z i )
cp(z;q) = ]—[ (—l> —h—. (222)
i/ Oz 5 q)

I<i<j<r 2

while we can use the product of the I's in (2.18) to define an elliptic Vandermonde-like

determinant
Agp(z) = l_[ = .
lfi#jfr F(lej 7‘], q/)

T(tziz7' 9, 4")
_VEzy - 4.9) (2.23)

When considering free field correlators with integrated screening currents, this object
will provide the integration measure. In fact, we can simply forget about the g-constant
(2.22) because of the integration contour that we will prescribe (see discussion in
Sect. 3).

! This is a function invariant w.r.t. to g-shifts of its arguments, i.e., cg(z; ¢)|z;—qz; = cp(z; ).
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An elliptic Virasoro symmetry in 6d 2155

2.4 Vertex operators

Let us define the following vertex operator built out of the bosonic oscillators and zero
modes

Z [u]nxin o _ Z [u]”x” ﬂ
e n#0 (qn/Z,qfn/Z)(lfq/\nb ’1e n#0 (qn/qu—n/Z)(lfq/ln\) no. e_%ﬂox_%ﬁp
. 9

(2.24)

V,(x)=:
where . .
uz —u 2
(2 =17 (p% +p7H)
The momentum y (or equivalently u) is a free parameter labeling the vertex operator.
The “OPE” between this vertex operator and the screening current can be written as

[]n u=t". (2.25)

1 1
I(q2u2zx7'q,q")

V,(x)S(z) = : Vu(x)S(2) : x — x x 7P, (2.26)
T(g2u2zx 4,49
where the last factor arises from the normal ordering of the zero modes
x " IVBPeVBQ _ oVBQ 3 VP o By (2.27)

In the following, we do not need the explicit form of the “OPE” between vertex
operators alone.

2.5 Correlators

Let us start by defining the zero momentum Fock space Fy. It is the left module over
the oscillator algebra (2.6) generated by the vacuum |0) defined by

an|0) = B,10) =0, n € Zo, (2.28)
namely
Fo=Spanfa_,f-.10), v € P}, (2.29)
where P is the set of partitions, and for length £(i), £(v) partitions we defined o, =
OCopy o Oepys B—v = By =+ By, - Let us also define the dual (right) Fock
module

Fi = Span{(0|au,3v, v e P}, (2.30)

generated by the dual vacuum (0| defined by (O|lo—, 8-y = 0,n,m € Z-0.2 Acting
with the exponential of the zero mode operator Q on the neutral vacua, we can define

charged Fock vacua generating the charged Fock modules F,, .7-"}’,"

2 We identify Otj; =a_y, /3;[ = B—n.
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2156 F. Nieri

y)=¢2900), (yI=(0le77?, yeC (2.31)
The charged vacua are eigenstates of the momentum operator P

Ply) =vly), (vIP=vy{yl, (2.32)

and we define the following pairing between the left and right charged Fock modules

(vly') =6, (2.33)

We are now ready to compute correlators of N vertex operators and r integrated
screening currents between external Fock states. We start by using the manipulations
of the previous subsection to write

]‘[vul(x, l_[S(z,)— ]_[vu,(x, ]_[8(21) x“OPE" x ]‘[ s

r f(fr r N F(qfuffz,‘x-_l;q,q’)
xcp(z; q) X Ag(z)]‘[—]‘[]‘[ S — , (2.34)

1 5 _
=1 ==l T(grulnx;'iq.q)

where we set u; = t7i. The “OPE” prefactor denotes all the normal ordering terms
arising from vertex operators alone, which are not important for the present analysis
and hence will be neglected in the following. Sandwiching (2.34) between two Fock
states |yp) and (yo| We get (up to constant, i.e., z;-independent factors)

(Yool ]"[vu, (xi) ]"[ Szi)In) o <yoo|yo +VBCr =Y y,->>

i=1

r f(VoJrfr Q) r N r(q%uf%

xcg(z; q) X AE(Z)H
el < ,1/1F(q2uz,-,q61’)

(2.35)

-,qq)

which is nonzero provided the neutrality condition /B (2r — Z,N: 1 Vi) +Y0— Ve =0
holds. In this case, the correlator integrated over the positions of the screening currents
reads

r N r
dz;
(N) | | ! | | . | | .
G}’oo Y0 %iZI i (Voo 1 Vu,- (xl)i:1 S(Zl)h/())

fn

- r l_'(q2u72 ‘l;q’q/)
Cﬂ(Z q) AE(Z)HZI(VO‘FI Q)l_[l_[ ,

i=1 j=I F(qzu ZiX; ,q q)
(2.36)
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An elliptic Virasoro symmetry in 6d 2157

where we left the integration contour momentarily unspecified. For later purposes,
it is useful to reorder the integration variables z; — z,_;41, perform the change
zi — 7; ,and set q'"%u -2 xj_l = y;. The combination of these transformations

acts as the 1dent1ty on Ag (z) and cg(z; g), and then, we have

N —1 ’

- Mz 34.9)
Cﬁ(z 9 AE(z)]_[z“ﬂQ % fr)l—“—[ J i .
i=1j= IF(ijjZl- ;q’q)

00 f 15
(2.37)

This integral looks like an elliptic deformation of the Dotsenko—Fateev representation
of the chiral blocks of the DVA.3 In fact, in the trigonometric limit ¢’ — 0 we get

Cﬁ(Z q) AT(Z)HZ\/»(Q Yo— \/>r)

i=1

(N)
hmo G)’oo VO f 1_[

(”]ij ,Q)oo
X (2.38)
ll_!,l_ll (ij ,CI)oo

where

L. ~
Ar@ = ] {az; i@ (2.39)

T
1=izjer (325 @)oo

is the trigonometric Vandermonde-like determinant appearing in the g-deformed -
ensemble studied, for example, in [25] in the context of the 5d AGT correspondence.
In the special case t = g#, B € Z-¢, we find

p—1
Ar@= [ [lew@sz"d), (2.40)
1<i#j<r k=0
which in the trigonometric limit ¢" — 0 reduces to

Ar@ = [] J]a-d*zzh. (2.41)

I<i#j<r k=0

The latter represents, apart for a factor of [];_; z “F=1 \Which can be reabsorbed
into the integrand factors, the ordinary g- deformatlon [26] of the B-deformed rational
Vandermonde determinant

Ar@ = [] G—-zp*. (2.42)

I<i<j<r

3 For the role of Dotsenko—Fateev integrals in the 5d AGT duality we refer to [25,26,28,29,47,56].
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2158 F. Nieri

3 4d holomorphic blocks

In [61] we have analyzed the structure of supersymmetric partition functions of 4d
N = 1 theories with R-symmetry on compact manifolds (Mg). This class of theories
can be coupled to new minimal supergravity backgrounds [85], and in the rigid limit
[86] 2 supercharges of opposite R-charge can be preserved. In this case M;‘ must be
a Hermitian manifold given by a T? fibration over a Riemann surface. When the base
has the topology of S2, Mg can be considered to be 3 x S!, §3/7Z; x S! or §2 x T2.

From our viewpoint, Mg is not an elementary geometry in the sense that it admits a
Heegaard-like splitting into solid tori D? x T? ~ R2 x T? (Fig. 1)

My ~ (D* x T?) Ug (D* x T?), (3.1

where g represents a certain element in SL(3,Z) implementing the T> boundary
homeomorphism realizing the compact geometry and acting on the fibration moduli
7, 0. In this construction T « € is to be identified with the disk equivariant parameter
(2-deformation) while o with the torus modular parameter. Eventually, one can map
7 and o to the complex structure parameters of M;‘ (see, for example, the discussion
in [87,88] and references therein).

These geometric observations acquire even more importance if we recall that the
compact space partition functions of the class of theories we are considering are quasi-
topological objects, as they depend on the complex structure but do not depend on the
Hermitian metric [85,89]. Assuming that there are deformations of ./\/t;‘ into a stretched
geometry which preserve the complex structure (similarly to the 3d case [90]), one
expects that the associated partition function (Z) can be factorized according to the
underlying geometric decomposition of ./\/lg

4d
Zaay = 2 |
c

2
) (3.2)
8

where de is identified with the Rg x T? partition function of the 4d theory and ¢
runs over the supersymmetric vacua of the effective 2d theory. The functions Bgd were
called 4d holomorphic blocks [61] because the g-pairing acts as an involution mapping
a block to the conjugate block, where the g-action is on 7, o and on a set of variables
parametrizing global fugacities.

Fig. 1 Decomposition of Mg
into solid tori D? x T2

<
S

I
!

Q

XTOXT>

‘
X TOX D
E %

NS
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An elliptic Virasoro symmetry in 6d 2159

In [61] we have explicitly proved this structure in rank 1 gauge theories and argued
its general validity for anomaly free theories by means of other arguments, such as
the existence of a commuting set of difference operators annihilating the partition
functions, Higgs branch localization [91] or the close relation to 7t* geometries [92].
In fact, for a given gauge theory we have found a specific recipe to compute B?d
through a block integral formalism, similar to that developed in [50] for the 3d case.
The fundamental object of this formalism is an integral kernel Y44 (z) whose contour
integrals produce the 4d holomorphic blocks*

d
B = jlg =y, (3.3)
P, 27‘[12

where P, belongs to a basis of middle dimensional integration cycles in (C*)!¢! which
can be determined by the specific matter content and gauge group G. The kernel Y44 (z)
can be assembled using the rules derived in [61], which can be briefly summarized as
follows (we refer to [61] for a full account):

e To a vector multiplet we associate a factor of

1
Be@=[]c——. 3.4)
vee 1:[ ['(zas g1y o)
where o denotes a gauge root.
e To a chiral multiplet we associate a factor of
1
B0 =] ]TG@pxidra0), o Bz = ,
l:[ l:[ T(g:zp ' x 7" gr. qo)
3.5

where p is a gauge weight while x is a global U (1) fugacity.

2wit 2mwio

The parameters g, = e and g, = e can be interpreted as fugacities for
rotations on the disk and translations on the torus. We should also observe that the
construction of the integral kernel suffers from some ambiguity represented by g--
constants.’

We can now apply the 4d block integral formalism to the higher rank example we
have mentioned in the introduction, namely the U (r) theory with N fundamentals and
anti-fundamental chirals, 1 adjoint and FI parameter (£). Using the rules summarized
above, the block integral for this theory can be written as

,
dz;

BH =7§ S ypdd gy

1_11 2miz; @

. . . jdz . .
4 In order to avoid cluttering, we will denote Zizi":HHJZnié -, with the range of j clear from the context.
- J J

5 We will see that this is also related to the discussion around (2.22).
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r

1. N -1,
T4d(z) — l_[ F(tzlzj ’ qr’ qa) l_[ZS l_[ F(yazi ? qfv q(T) (36)
Leidier D@50 a0) i)' o TWayaz; 5 de. do)

where for later convenience the global parameters have been encoded into 7, u, y.
In this parametrization the 4d block integral (3.6) is manifestly equal (up to pref-
actors) to the correlator (2.37) that we have introduced in the previous section
B o GV (3.7)
where the identification of parameters is as follows

9o
EVA ‘ q ‘ q'

AUIEI
t‘u‘y‘Q—Vo—\/ﬁr.

Gauge theory | q:

(3.8)

In particular, the gauge theory integration measure given by the adjoint and vector
multiplets and the elliptic Vandermonde-like determinant (2.23) coming from “OPE”
factor of the screening currents are identified. As we mentioned around (2.22), the
actual measures may differ by g-constants, but they give the same result (up to pro-
portionality factors) when integrating along paths enclosing the poles specified in the
following (3.14).” It then follows that (3.6) can be interpreted as the Dotsenko—Fateev
representation of the chiral blocks of the EVA, as summarized in (3.7).

We now turn to discussing the integration contour (C), which was left unspecified
so far, and the evaluation of the block integral/correlator (3.6) by residues. We assume
lg-| < 1,lqs| < 1, |t| < 1 and that they are generic, namely ¢" # gl} # t* for any
m, n, k € Z\{0}. We begin by studying the pole distribution of the block integrand in
(3.6), focusing on the u-independent ones. These are associated with anti-fundamental
matter in our conventions, and they determine C as we are going to explain. The poles
coming from the numerator of the matter contribution are located at

zi = Yaqlqk, n,k € Zso. (3.9)

Further poles come from the numerator of the integration measure (adjoint) and are
determined by the condition

; =1q"qgk, n. k€ Zso. (3.10)
J

Importantly, there are zeros coming from the denominator of the integration measure
(vector) whenever

= =q7q%, n.k e Zs. G.11)

6 The 6d origin of # will be clarified in Sect. 4.

7 See also an analogous discussion in appendix C of [25].
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The contour C is chosen to encircle only the poles of the form

zi = yat'ql, n.k € Zso. (3.12)

As explained in detail in [61], this prescription arises by interpreting the contributions
from poles containing powers of g, as unphysical replicas because of the quasi-
periodicity on T2. Moreover, this prescription works in rank 1 examples [61], and we
adopt it also in the present case. In order to completely specify the integration path,
we split the integration variables into N groups of r,, namely

N
r=Zra, {zi}={zwepla=1,...,N, £ =1,...,r4}, (3.13)

a=1

and we assign a contour to each group. Within each group, the sequence 2, ¢) = Yaqy
connects the points z¢, ¢y = 0 and z(4,¢) = Y4, and the contour is taken to go around
that path. In order to understand what are the contributing poles, let us focus on
the a™ group. First of all, we have a permutation symmetry among the Z(a,e) Which
we fix by starting to integrate from the last variable of the group all the way to the
first one, namely we perform the integrations in the order z(4,r,), Z(a,ra—1)» - - -+ » Z(a, 1)-
For the last variable the contributing poles are just those from the anti-fundamentals,
namely z(,r,) = Yaqr. Then, we perform the integration over the next-to-last vari-
able z(4,r,—1). The possible contributing poles arise from the anti-fundamentals at
Zara—1) = Yaq¥, or from the adjoint at z(,,,—1) = yatq"**. The first family does

not contribute because the condition Z(Z“(’L)” = 47 is satisfied and hence the vector
(a,rgq
contributes with a zero. Similarly, for the variable z(,,,,—2) we find the contributing

poles are those at z(4,,,—2) = Yat’qr et , and so on. The same reasoning applies to

each group, and we can eventually realize that the relevant poles are labeled by an
N-tuple of Young tableaux Y with at most r, rows of length Y/
¢ Y
2t =2y = Yal" gt Y{ =Y (3.14)
The sum of the residues of (3.6) over these poles can be evaluated by using the
properties in (6.12), and we can finally write

T4(z T4,
B = Res,—.. @) S (3.15)
s — T (Z)|z£;,
Y
The summands of the series reads as
Tl 5 1 O(tyayy, 'tre =tk g, qr)ya_yp
4d =4 I '
Y@l @0 @ Vayy 1 4o ) ya_yp
Oy, ' 17 gy, o) _ya
= AR o L (3.16)

-1,
a,b,@®(ubybya t ra+£;q0, QI)—YZ“
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where |V| = ZZIV:] v, Y and the ©-factorial is defined in (6.14). We see that Béd
is similar to a multiple elliptic hypergeometric series studied, for example, in [93].

In[61] we have shown that the Abelian blocks (» = 1) are annihilated by a difference
operator which is an elliptic deformation (in the shift operator) of the g-hypergeometric
operator. We believe that there should exist a similar operator annihilating the more
general block given in (3.15), and it would be interesting to determine it.

The 4d holomorphic block (3.15) has the form of an elliptic deformation of a
vortex partition function [94], similar to those appearing in [61,91,95,96]. Given
the relation between vortex and instanton counting [94,97-100], it is natural to ask
whether (3.15) can be seen as the vortex partition function of a 1/2 BPS codimension 2
theory in R‘E‘l o X T2. Granted the comment in the previous paragraph, this possibility
is also strongly supported by the very well-known fact that partition functions of
defect theories obey difference equations [44,98—102]. Indeed, in the next section
we will verify that the elliptic vortex sum in (3.15) equals the R* x T? Nekrasov
instanton partition function [62—64] of the U (N) theory with N fundamental and anti-
fundamental flavors for particular values of the Coulomb branch parameters of the 6d
theory.

4 6d Nekrasov partition function

In this section, we compute the instanton partition function on Rgl, o X T2, which
can be defined as the generating function of elliptic genera [103,104] of the instanton
moduli space. Our goal is to show that the elliptic Nekrasov instanton partition function
reduces to the elliptic vortex partition function (3.15) at specific points in the Coulomb
branch. In fact, in analogy with the lower dimensional cases, these should correspond
to the points where vortex solutions exist and where the low energy dynamics can be
described by a 1/2 BPS codimension 2 theory on Rz x T28

There are diverse methods [62] to compute the supersymmetric partition function
we are interested in, such as instanton calculus [4,5] or topological string methods
[106,107]. We adopt the second perspective. We start by considering an M-theory
setup provided by M parallel M5-branes wrapped on a torus and probing a transverse
Apn_1 singularity as in [63,64]

|T2| R‘H‘ |RL|AN*1_ .1

MM5|0 o|oooo| |
Our aim is then to compute the M-theory partition function on such background. The
result we are looking for can be found in [63], here we briefly review the points of that
construction which are more relevant for our analysis and adapt to our notation. For
coincident M5-branes the configuration leads to a 6d (1, 0) superconformal theory.
However, one can also consider a deformation away from the superconformal fixed
point by separating the M5-branes along a transverse direction, and suspending M2-
branes between consecutive M5-branes. The ends of the M2-branes appear as strings

8 A relation between A/ = 2 theories on S2 x T and M-strings (see below) is discussed in [105].
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from the M5-brane viewpoint, and hence were called M 4-strings in [63] (the N > 1
generalization of M-strings [108]). The M-theory partition function can be obtained
by computing the BPS degeneracies of the states arising from the M2-branes wrapping
T2. Through a chain of dualities, the M-theory background has a dual description in
type IIB string theory as the (p, g)-web [109,110]

15" S| Bl [Roo|R]
o o |(eceoe , “4.2)

M NS5
N D5

where the subindex denotes the (p, g)-cylinder. The (p, g)-web is dual to an ellip-
tically fibered toric Calabi—Yau threefold [111,112]. This geometry can be used to
compute ITA topological string amplitudes by using the refined topological vertex
[107,113,114]. The basic building block of the geometry is given by the periodic strip
depicted in Fig. 2 (left), where we have explicitly shown the external Young diagrams
and the various Kéhler parameters. Because of the periodic identification, all the vari-
ables of the strip are subject to the equivalence relation n ~ n + N for any subindex
of Kdhler parameters or Young diagrams. Notice that there is an additional Kihler
parameter (Q 70 ~ Oy ) and internal Young diagram (v; ~ vy41) with respect to
the uncompactified strip. By choosing the horizontal direction as the preferred one, the
sums over the internal diagrams can be performed through the refined version of the
method of [115], the main difference being the appearance of an extra infinite product
taking into account the multi-covering contributions of the basic holomorphic curves
due to the periodic identification. The resulting (normalized) periodic strip amplitude
can be written as (11.15)

o . agl? 18 12 ~
KG(Qm. Qpiq.0) N g5 Zaat, )25y (g, 1)
K2, Qriq0) ot TTemo Npupa (P4" 5 4 D Noey (471 4. 1)

1
5 T1Y et Nowsy (02 Qu Qi 4. 114")
nga;&ng H]?io Nﬁaﬂh (quk Oab Qr;,la Qm,b; q, I)Naaab (q/k Qab; q, 1) ’

“4.3)
with
N Z;}, OnkQrk,a<b
—1 /
p=qt ", ¢q anm,ka,kv Oaw =3 1, a=b. (44
k=1 q' Qpa - a>b

The function N, (Q; g, t|q’) defined in (11.14) is the elliptic version of the K-theoretic
Nekrasov function N, (Q; ¢, t) (11.10). The parameters of the 2-background are
identified as ¢ = g2miel p — eg—2mier q = e2mi% where o is the elliptic modulus.
The 6d theory we are interested in can be engineered by gluing two periodic strips
(M = 2) as in Fig. 2 (right) with the constraint

Qm,a Qf,a = Qm,a—H Qf,a = Qab = Qub Qm,a Q;le 4.5)
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141

Qro0
Qm,l

aq

Fig. 2 Left the (dual) toric diagram of the periodic strip. Right gluing two strips

Setting the external legs to empty Young tableaux, we can compute the R* x T?
Nekrasov instanton partition function for the U () theory with N fundamental and
anti-fundamental hypers [62]. The details of the gluing are reported in Appendix 6,
the final result is’

, (4.6)

B —
Nyays(AaA, ' g, 1)

. N -1 A 1 l
4 T2 17| Nyys (A, Qu: q,t1q" ) Nyag(Aa Qp: q, t1q")
2=y o) I
1nst

Y a,b=1

where we set

AAY, a<b i |

Qab = {q/A A—l a>b’ Qm,a = AaQapif, Qm,a — At;lQapié. (47)
aly

Due to Nyay»(Q; ¢, t|0) = Nyay»(Q; g, 1), in the decompactification limit ¢" — 0
we can recognize in the expression above the R* x S! Nekrasov instanton partition
function upon identifying

Ap=elw g, =efm 0, =eRm  Qp =AY (4.8)

inst’

where R is the scale of the surviving circle, while ap, myp, myp, Aﬁf‘st are, respectively,
the Coulomb branch parameters, the masses of fundamental and anti-fundamental
hypers and the 5d instanton parameter.

We now consider a particular specialization of the parameters A,. If we tune

AyQu=1t", ra€lsy, a=1,...,N, 4.9)

9 For a mathematical definition of the instanton partition function we refer to [4,5,18,19,116].
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the numerator of (4.6) yields zero at the box (r, + 1, 1) € Y4, and hence the sum
over the Young tableaux is truncated to tableaux with at most r, rows. When Y has
at most r, rows we have

a
Ya Yi Ta

o rQq"'1' ;4,9
Nve g n— ® j—1.1 l; N — . , (4.10
yep(Q5q,tlq’) l—[l—[ Qg™ 175 q) 1_[ rQt'=i;q,q") 10

i=1j=1 i=1

where we used {A; — j} = {j — 1} at fixed i and the definition of the ®-factorial
(6.14). Similarly

a
Ya Yi Ta

Npva(Q: g tlgh = [[[©@a 7t ) =]

i=1j=1 i=1

T(qq' 0 'q" 171 4.9
I'(gq’'Q~ 't q9,9")

. (@.11)

When the diagrams are both non-empty, we can use the identity (for |g| < 1) [117]

(QqH =it~ gy (07 @)oo

Nuw(Q;q.,t) = — T , (4.12)
o i,lj_>[1 QU=+ e (QqM™VI1171 @)oo
and the definitions (6.9), (11.14) to write
INC ARy r Wi=vjgi =i g o
Nu(Q:q.tlg) = [] w 9.4) La .4) (4.13)

o TQqM Vit =g, ) T(QU ™5 g, ")

Therefore, when Y% and Y b have at most r, and rj, rows, respectively, we have

Ya Tp i—i+1 ’ ya_yb i—i /

rQe="*q,qy T(Qq"" it q,q")
Nyayo(Qiq.1la) = [ [ [ —r— F 007 q.4)
i=1j=1 T(Qq" " iti= i+ q,q") 49

X Nyag(Qt"; q, t1g" ) Nyys (Q1 775 q, tlq"), (4.14)

where we have divided the infinite products in four regions, namely (i, j) € [1, rg] X
(1, rp], (i, j) € [L,ra]l X [rp + 1, +00], (i, j) € [ra + 1,+00] x [1,1p], (0, j) €
[rg + 1, +00] x [rp + 1, 400]. The first region contributes with the first factor, the
second and the third regions yield the elliptic Nekrasov functions with an empty
tableaux, while the fourth region does not contribute. Finally, the evaluation of (11.16)
at A, = Q" yields

N N f
Zad Zf, ., Zf, .,

Ze T =20 [ 2]
Y

o (4.15)
ab=1 W am1 ZpZy
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where
Ya Tbh _

r'tQ,0
d
Zop =[111 Eo——
i=1 j=1 ['(QpQq tra=Tvti~ig
N a — — | —Y4
20,28, = HhF(leQat g q.q")
ya<=ya — = . _vya .
potizl T(0pQut~"atig Y q. q")

.. a b
ltru—rb+j—tqyl- —Yj . q. q/)

Ye—y? N
i J-
4.4 (4.16)

We can now easily identify (4.15) with the elliptic vortex sum in (3.15) provided the
following identifications hold'”

RZX']IQ/EVA‘QT 9o l‘ Ug ‘ Ya ‘qf (4.17)
R* x T2 ‘q‘q/ t‘QaQa Q;l‘QB

Moreover, the specialization of the Coulomb branch parameters/internal momenta
encodes the rank r of the 4d gauge group/number of screening currents, and it also
determines the choice of the 4d block integral/EVA correlator contour through the
breaking pattern r = Zi\]:l rq.

5 Discussion and outlook

In the special case of the 4-point function (N = 2) with a single screening current
(r = 1), corresponding to the SQED theory with N = 2 fundamentals and anti-
fundamentals, we have shown in [61] that the 4d holomorphic block (proportional to
the elliptic series » E1) satisfies a g-difference equation representing an elliptic defor-
mation of the equation satisfied by the 2¢; g-hypergeometric. In g-Virasoro theories
this corresponds to the fact that the 4-point correlator has a degenerate insertion at level
2, analogously to the very well-known case of (undeformed) Virasoro theories. It is
tempting to make an analogous statement for elliptic Virasoro theories, interpreting the
elliptic g-difference equation as a decoupling equation for the insertion of a degenerate
operator. This is certainly true from the gauge theory viewpoint, as we have shown
that the Abelian block arises upon the specialization (4.9) a; = —m| — €2, a0 = —my
of the elliptic Nekrasov instanton partition function, corresponding in the AGT dictio-
nary to the insertion of a level 2 degenerate external momentum [14]. In order to fully
understand this aspect, a study of the representation theory of the EVA is required.

The results of this work summarized in the “triality” (4.17) and the above obser-
vations strongly suggest that, in the spirit of the AGT correspondence, generic chiral
blocks of the EVA are described by elliptic Nekrasov instanton partition functions. We
hope that this 6d AGT relation and the EVA can be a useful tool for studying certain
6d supersymmetric theories and their defects. It would also be interesting to study the
4d/6d/EVA “triality” from the perspective of [119-121].

10 This relation was anticipated in [118], where a review of factorization of supersymmetric partition
functions in various dimensions and for diverse compact spaces, 4d and 5d AGT can also be found.
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As we mentioned in the main text, our construction of the EVA can be easily gen-
eralized to define an elliptic deformation of the W, algebra. We expect this extended
algebra to be important for studying 4d quiver gauge theories and 6d theories engi-
neered by gluing an arbitrary number of periodic strips. It would be also very interesting
to develop a stronger version of the 6d AGT correspondence through the identification
of compact space partition functions with non-chiral correlators in QFTs with elliptic
Virasoro symmetry, along the lines of [30,31] for the 5d case.

The EVA may be also interesting from a purely mathematical viewpoint and
applications to elliptic integrable systems. The DVA was introduced to understand
the symmetry algebra behind Macdonald polynomials, in analogy with the relation
between Jack polynomials and singular vectors of the Virasoro algebra. It was eventu-
ally understood [122] that the DVA and Macdonald polynomials are naturally related
to a more elementary algebra, the trigonometric Ding—Iohara algebra [123]. Elliptic
Macdonald functions can be defined as eigenfunctions of the elliptic Macdonald oper-
ator. However, their study is much more complicated than in the trigonometric case
(see [102,124] for developments from a gauge theory viewpoint). In [125] an ellip-
tic Ding—Iohara algebra was introduced'! and its connection to elliptic Macdonald
functions was established. In Appendix 5, we show that the EVA can be realized on
a tensor product of two Fock representations of the elliptic Ding—Iohara algebra. It
is then natural to ask whether elliptic Macdonald functions can be studied by means
of the EVA, perhaps through their correspondence with some kind of singular vec-
tors. This perspective may eventually lead to a neat integral representation of elliptic
Macdonald functions, as in [22,127] for the trigonometric case.

Finally, in [128] the important role of the trigonometric Ding—Iohara algebra for
the 5d AGT relation was extensively discussed. It was conjectured (and proved in the
Abelian case) that topological string amplitudes on the strip, the basic building block
for the 5d Nekrasov instanton partition function, can be computed as matrix elements
of a vertex operator intertwining representations of the trigonometric Ding—Iohara
algebra. Given the relation among the 6d Nekrasov instanton partition function, the
EVA and the elliptic Ding—Iohara algebra found in this work, it would be interesting
to understand whether periodic strip amplitudes have a similar interpretation.'?

Comment added Clavelli—Shapiro trace technique [130] allows torus correlators in
q-Wy algebras to be interpreted as sphere correlators in elliptic Wy, algebras. The
advantage of this perspective is that the latter are usually easier to handle. This relation
between trigonometric and elliptic algebras is related to the fiber/base duality in the
context of 5d or 6d theories arising from toric Calabi—Yau threefolds with a periodic
direction discussed in this paper. However, this duality does not imply that all the
elliptic Wy, algebra observables can be recast in terms of g-Wj, algebra ones. This
is, for instance, the case of elliptic torus correlators, which should be interesting for
doubly compactified toric geometries. Moreover, it seems to be a non-trivial fact that
the elliptic deformation leads to a well-defined associative algebra.

11" See also [123] for another elliptic deformation, and [126] for its application to 3d/5d coupled supersym-
metric gauge theories and integrable models.

12 Some of these aspects have been considered in the related work [129].
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A Elliptic functions

In this appendix, we collect useful definitions and properties of some elliptic functions
used in the main text. We refer to [135] for further details. We start by defining the
(infinite) g-factorial

. k
(1 Qoo = € 20D Lip(xig) = Zk(lx 5 ©.1)

In the region |g| < 1, it has the compact product representation

(X @)oo = [ (1 = ¢*x), (6.2)

k>0

which can be extended to the domain |g| > 1 through

1
(X Qoo = = - (6.3)
F T (1 —g7*x)
The Jacobi Theta function that we use is defined by
O ) = (5 Poo(qr "1 oo = € 2120 -7 (6.4)

From this simple expression we can realize that throughout this paper we will consider
exponentials of infinite sums running in both directions. These series can be organized
by replacing the expansion parameter x”* with £/"/x", expanding in £ and then letting
£ — 1. This is, for instance, how one can verify on a computer Jacobi’s triple product
identity

(x Poolgx s oo = Z( 1D, (6.5)

a

Useful properties of Theta functions are (m € Zx)

O(q"x; q) _ (m— 1)/2) m O "x;q) _ —x_lq(m+1)/2)_m.

(6.6)
O(x;q) O(x;q)
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The double (infinite) g-factorial is defined by

@ p o= [[A=p/d"0, Ipllgl <1, (6.7)

Jok=0
and it can be extended to other regions by using the representation
Lis(x; ) .Xk
(X3 p, @)oo =€ PV Lig(x; pog) = - (6.8)
> ;k(l — P —¢b)

The elliptic Gamma function is defined by

1. o (g~ 1/2p=1/2)k
X ] k] P S > — _
I'(x;p,q) = (pgz—p)q)oo = ez"#’ K1-phy(i—gk) — eZk O k(qFZ—g=k72)(pF 12— p=FT2)
X P, q)oo

(6.9)
Assuming |p|, |g| < 1, it has zeros and poles at
. _ m+1_n+l . __ —m_—n
zeros: x = p"'Tg"", poles: x =p"g™", m,n € Zsy. (6.10)
Useful properties of the elliptic Gamma function are (m, n € Zxo)
Reflection : T'(x; p, ¢)T(pgx~"'; p.q) =1, (6.11)
C'(p"q"x; p,
DPRGTX Do) (L yyn=D /20Dy 10 (1 . ), 0055 ., s
Shift - C(x;p,q)
L(p"q"xp.q) _ (—xp=D/2 = D/2ymn O g, Pm ’
F(x;p,q) O(pgx~'s p. @n
(6.12)
T'(yx~':p,
Residues : Resy—y,mgn Tox " p.4)
X
_ (n—1)/2  (m—1)/2\mn
= Res, T(x pog) 240 P~ 7 (6.13)
O(pgq: P, nO(Pqg; q, PIm
Here we introduced the ®-factorial
F@'xp.a) T
O p. gy = ————— = [ ©(xq": p). (6.14)
Fwspo)
OM; py@)—n = O "x; p, @), . (6.15)

Notice that in the limit p — 0 the ®-factorial reduces to the g-factorial

n—1
O 0,9)n = (x;)n = [ [(1 = 4" ), (6.16)
k=0
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because
Ox;0)=1-—x. (6.17)

B Free boson tools
The master formula when manipulating with bosonic oscillators is the BCH formula.

Given two operators A, B such that [A, B] = ¢ - 1 for some constant ¢ € C, the BCH
formula reduces to

eheB = eBefet, e ABe® =B —[A, B]. (7.1)

Let us now consider an algebra generated by the operators {a,,n € Z\{0}} with the

defining relations
[am, a,] = Cn8m+n,0 -1, ¢, €C. (7.2)

We can construct the following vertex operators

V, =: eVi L, Vi = Zvi,nan, (7.3)
n#0
where v; ,, are generic complex numbers and the normal ordering symbol : : means

all the positive modes are moved to the right of all the negative modes. If we denote
by [ ]+ the positive and negative mode parts, we can then write

Vi = [Vil-[Vily,  [Vile =elVil=, (7.4)

In the main text, we have to compute correlators containing expressions such as
M
[TVi = Vil-IVilVal-[Vals -+ [Vad-[Vals (7.5)
i=1

To this end, we bring all the [V;] s to the right of all the [V ;]_s. The first, [V], has

to cross all the [V;]_ withi = 2, ..., M, while it commutes with all the [V;],s. In
the process it produces ellVil+[V2l-1. . ellVil+.Vm]-1 dye to (7.1). The second, [V5]4,
has to cross all the [V;]_ withi =3, ..., M, and so on. Eventually, we get

M M
HVi = HVi X 1_[ ellVile.lvjl-1, (7.6)
i=1 i=1

I<i<j<M

@ Springer



An elliptic Virasoro symmetry in 6d 2171

C Free boson representation of the EVA

In this section we give the proof that the current (2.9) satisfies the defining relation
(2.1) of the EVA.'3 Let us start by computing the “OPE”

TOTW) = A4 (@DA+(w) + A @A (W) + A_(D) A+ (W) + A_(D)A_(w)
= AL @A (W) : fra/2)7H AL@A_w) ¢ fy —(w/2)!
FrA_@AL W) fo s w/2) T AL@A_ (W) f —(w/2)
8.1)
Using (2.13) we have

FWw/DT@OTwW) =: A (@At (w) : +: AL@DA_(w) : y(p*w/z2)
+:A_@DA () y(p  Pw/D)+  A_RDA_(w):,  (82)

and similarly for T(w)T(z) f(z/w) which is obtained by exchanging z <> w. Sub-
tracting the two equalities we get

Fw/)T@Tw) — Tw)T@) f(z/w) =: Ay @) A—(w) : (y(p'Pw/z)
—y (P PzjwN+ s A_@ AL (W) (y(p~Pw/z) — y(p~ Pz /w)). (8.3)
@(qsq’)@(r—l;q’))
q:9)%0(p.:q")
Fw/DT@Tw) — Tw)T(@) f(z/w)
= —k:AL(@QA_(w): (§(pw/z) — 8(w/2))
— kA A+ (w) : (B(w/z) —8(p~ w/z))
=k :AL(@DA_(p '2) : 8(pw/2)
+x: A_(D)AL(p2) : 8(p~ w/2), (8.4)

Now using (2.15) we have (k =

and we can use (2.12) to conclude the proof. This is the final result, but the relation
(2.15) needs to be considered more carefully. First of all, one may naively conclude
that

y(x)—y@ =0, (8.5)
because B B
_0p"Pq ' xighe(p Pexiq)
y(x) = 2. 7 122 =y ), (8.6)
O(p'2x:q")O(p~12x; q")
where in the last equality we used the property
—1. 7 o -1 L
O ¢)=0@¢xq)=—x"0x:q). (8.7)

13 We will follow the lines of the derivation for the g-Virasoro case given, for example, in [83].
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This is the elliptic analogue of the identity

1 x!
1—x  1—x1U (8.8)

to which it reduces in the limit ¢’ — 0. However, we have to remember that the
difference y (x) — y (x ) is coming from subtracting the operator T(w)T(z) f (z/w)
from the operator T(z)T(w) f(w/z), and hence non-trivial contact terms, signaled
by & functions, may arise in the process because a radial ordering prescription is
needed. In other words, the difference y (x) — y (x~1) must be treated in the sense of
hyperfunctions (see, for example, [131]). All in all, the problem is to find a concrete
formula for the hyperfunction y (x) — y (x~!). Before considering the elliptic case,
it might be useful to recall how § function terms arise in the g-Virasoro limit (see,
for example, appendix of [83]), in which case the y (x) function is substituted by the
g’ — 0 limit of the one appearing here

g0 (1=pP2qnd - p~2x)
= 8.9
r@ ST rw = s (8.9)
First of all, the identity (8.8) must now be replaced/modified by
1 x!
S(x) = —+ (8.10)

l—x 1—x1

which can be easily proved by series expanding the two terms in the r.h.s. separately.

Now we focus on the factor (1 — p'/2x) in the denominator of 7 (x), which will be
replaced by | o o1 .
1_p1/2x — (p -x)_ l_p_l/zx_ls ( . )
and similarly for the factor (1 — p/2x~1) in the denominator of 7 (x 1)
1/2,.—1 1
P sy L
= I/ =4§(p X) =12y (8.12)

Now we can take the difference y (x) — y @b naively, and only the § function terms
will survive

(1-g—17H

B(p'x) —8(p~1%x)). (8.13)
(1-p)

7o) -7 =—

In the elliptic case one can repeat exactly the same steps, the crucial point being
to find a § function representation involving Theta functions which can be used to
replace/modify the identity (8.7). This representation is

@592  (@5q)2x!
O(x;q) O lhg)’

5(x) = (8.14)
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which is given in [125] (Lemma 3.5). Now we can use this representation to replace
the factor © ( pl/ 2x: ¢’) in the denominator of y (x) with

1 S(pl/2 —1/2,—1
: _s "y pT , (8.15)
O(p'2x;q")  (¢59V% O~ 2x7lq)
and similarly for the factor ©(p'/2x~'; ¢’) in the denominator of y (x 1)
1/2,.—1 S —1/2 1
px _8(p~ " x) (8.16)

O 2x 1 q) ~ (¢59)% O 12xiq)

This prescription defines the hyperfunction y (x) — y(x_l) in (2.15), which is not
identically zero due to contact terms.

D Screening current of the EVA

In this appendix, we provide the explicit verification of (2.16) using (2.9), (2.17). We
set Ao (2) s(w)
Ao (2) =: " 1 [Ag (Do, S(w) =:e>": [S(w)]o, 0.1

where [ ]+ — o denotes the positive, negative or zero mode part. Then, we have
[Ay(2), S(w)] = : Ay (2)S(w) : (toema @l Isw)]-] _ eus(wm,[xa(z)]_J) . 92)

Since

pIwz ) (17 —172)
n(l—q™)

[l @l I 1= 0 3 ¢

n>0

(@'p~2zw™)y"(172 —12)

+o )

pIzw H (11 —177)
n(l —q™)

n>0

(18] o @11 = —0' 3 ¢
n>0
(@' pFwz Ny (t™5 — 1)
B e

, 9.3)

n>0

we get

[Ae(2). SW)] = : Ag(2)S(w) : Fy(pTriwz™"), 9.4)

where
o1 'xiq)”  O@x'ig)’
Ok q¢)” Ok lig)

Fo(x)=1° 9.5)
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This function should be interpreted again as a hyperfunction (otherwise it is identically
zero). Then,

500, Fon) =128 50l (96
(¢ "%

® t—] : /
Fi(x) = f(/—x/zq)
4’5 9%

where we used the representation (8.14). We can therefore write

ot q)

[T(z), S(w)] =12 @D

> o AsgTw)S(w) : 178(gTwzY).  (9.7)

It is now easy to verify that
_1
1 o X (‘1 zw)
:A_<q 2w>S(w):t = —2
9.8)

1
: A+(q%w)8(w) : t% = M’

Bf—

w

where

Xw) . -% ) (0 ey )
W) e = G (P ) g T VPP (9.9)
w

so that

1 1\ 10@ g d _
[T(z),S(w)]=(q2 —yq z)tzmdq—wS(wz DX (w). (9.10)

E Relation with the elliptic Ding-Iohara algebra

The Ding—Iohara algebra [132] is an associative unital (functional) C-algebra endowed
with a coproduct A (in fact, a Hopf algebra) and defined by a matrix of analytic
structure functions g;;(z) satisfying the property g;;(z) = g ji(z_l)_l. It provides a
generalization of the Drinfeld realization of quantum affine algebras, giving rise to
standard examples for particular choices of the structure matrix.

By considering a single structure function of elliptic type

_ O(qz:¢)00'2:¢)O(p 2 )

— , 10.1
8@ = 15 )00z )0 (rz: @) (10

the author of [125]'* introduced the elliptic Ding—Iohara algebral{(q, t, ¢’) generated
by the coefficients of the currents

xt () = aniz_”, vE@) = waz_”, nez, (10.2)

14 We thank S. Shakirov for pointing out this reference to us.
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and the invertible central element y /2, subject to the following defining relations

[W*=(2), ¥ (w)] =0,

—
YY) = Y-yt ST
gy 'zw™)
WP (X7 (w) = X7 PP gy Tzw ), (o, p) € (£, £},
E@xEw) = xF )t () gw HE, (10.3)

O(q; )01 ¢’ 1
xT (), x " (w)] = (q(/q ch)?%o(;t(p; qq/)) <8 (y%) W“L()/%w)

1w _, 1
—8(y 1;)1# 6% 2w>).
The coproduct reads

A(yF?) = y*1 @ y*3,
+ T +( 3
AW= @) =y Yoy 2] ® 14 Yay <)

! (10.4)
AT@) =xT @ @1+ ¢~ <V(21)Z) ®xT(yiy2),

A (@) =1®x () +x (yo2) @y (V(éz)z> ,

+1 +1
where y |} = yi% ®Ly, =1 yi%.
We now show that, using the following level 113

of U(q, t,q") ([125], Theorem 1.2)

Fock representation p, (y € C*)

py(yED) = pFi. p (U EQ) = @), py(rT(R) = yn(2).
py(x~(2)) = y 'E(2), (10.5)

15 3y _ o FE s o '
When p(y=2) = p™ 4, m is called the level of the representation.
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where!©

ot (@) = [p@)]+,

N
e o <'—t‘")(la—lnz(zliz\/»lfl%?)plnl/4q/|n|zn by )
nz) =: e Lo %a”e_ Zn;&(}% "
§(z) = RN %a”ezﬂffo %bn :
[an, a,] = m(1 - q/l\m_l);;l— q\m|)3m+n,o, m,n € Z\{0},
(B, on) = m(l e q‘ml)‘smw,o, [am, byl =0, m,n € Z\{0},

(pg"m (1 — tlml)
(10.6)

we can give a representation of the EVA algebra defined in (2.1) through the tensor
product representation py, ® py,. Our derivation follows the analogous construction
of [122], where it is shown how to realize the g-W), algebra of [22,23] starting from
the trigonometric Ding—Iohara algebra, the ¢’ — 0 limit of (g, ¢, ¢’). To begin with,
we define the dressed current

tz)=a (@xT(@)at(2), (10.7)

where the currents o™ (z) are defined by means of the modes of V¥*(z) as follows. In
analogy with [122] and having in mind the Fock representation (10.5), we set

+ + + w n/2 T v/ —n/2 v:tn _
Ip. (Z) — 1;[/0 e Zn>0 +n¥ Z e¥2n>0 +nY < s [‘(p‘g_’ ‘(ﬂo ] = 0,

(I-¢g™™d-1"1d-p"

(Wi, W] = m(l — q/|m|) y" - V_m)y_‘m|8m+n,0, (10.8)
g1 =g~ =™ = p™) _
(W), W] = R " =y "y 8 0.
and take . .
aﬂ:(z) — ei Zn>0 mwinei Zn>0 mwin- (109)

Notice that the action of the coproduct on W, \IJ,’1 reads

AW =¥,y " +10y,, AW) =V ey"+10w, (10.10)

16 gee Appendix 2 for notation.
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while the p, representation is given by p, (1/f3t) = land

(1 —M(p~ 2 — pin2)

py(“pn) = |}’l|(l _q/|’1|) a,
nlep — =1y (p—Inl/2 — plnl/2
M= phir2)
py(W)) = I — g™ b,. (10.11)
We now consider the twofold tensor product representation
2
PR, = Py ® py, 0 A, (10.12)
and we want to compute
PP (@) = > yihi(2). (10.13)

i=1,2

Notice that we are constructing a level 2 representation since ,oy1 v (y* 2) = p:Fz In
particular, we have

2) _ 2)
Pyyys (Wn) = Z Py i€

i=1,2
In| .
(1 -t -p \nl)p 2@—i+D)
P(Z) i(l[l,,) = / ani,
e n|(1 — g'I"l) 10.14
2 N 2 , (10.14)
Py, yz(wn) = Z '0y1,y2,i(\yn)v
i=1,2
) oM A= - plnl)pf%(szl)b
P () = (1 — g/ i

where the subindex i denotes that the operators are in the i ™ tensor component. There-
fore,

PP @t @) =[] » @,
i=1,2
" 2 fo @ ’
)\4+(Z) _ eZ:n>0 771,],)1 '0\1 2. z(\ll ) Zn>0 7n np)l 2. l(\pn)’ (10 15)
PP @) =[] 4 @.
i=1,2

*Yl

" 2 2
)\-_(Z) —e Zn>0 p—ph p‘l ¥, ,(“I}fn) Zn>0 —n npyl 2, [( 7!1
l

We also have

PP, 0T@) =) ki), A =n@®1,
i=1,2
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M) =9 (p V) @n(p~1?2), (10.16)

and hence ~
A =[] v @A@ [] M @. (10.17)

j=1,2 k=1,2
Notice that : Al(z)Az(p’lz) : = 1. Finally, we can verify that (2.10) is satisfied with
A1 (z) = A1(z), A_(2) = Az(z), namely

A2@A12W) =: Ap@AL2W) : faxwz )7 (10.18)

which proves that the current ,o (t(z)) gives a representation of the EVA algebra.
For completeness, let us work out explicitly the case of Aj(z)A1(w), the others
can be treated similarly. The first tensor component in the above representation of
A1(2) A1 (w) arises from

AT @n(@AT (@A] (w)n(w)A] (w)
= @2)]- ([n(z)]MT(Z)/\I(w)[n(w)]_)[n(w)]+xl+(w), (10.19)

where we put in brackets the terms which need to be normal ordered. Let us focus on
the part containing the as. They give four contributions, which sum up to

The second tensor component arises from
A5 (DA (DA (WIAS (w) = A5 (2) (x;(z))\;(w))x;(w), (10.21)
and the normal ordering function from the part containing the as reads
o el RS 102

Analogous results come from the parts containing the bs but with the replacements
g, t.p) — (¢!

ﬂ

, p~1). Multiplying all these contributions together
ylelds

m m —m m 2, \" (1=g~™)(1—M)(1—p~™)

(=g A=t"")A=p™) E rP7qz Uzg )O=r)U=p 7))

75 ( ) T m>0( _ /My (] —p2m —1\—

e m=>0 m(1—g"™m)(1— Zm) w m(1—g™M)(1—p=") f+,+(wz 1) l,
(10.23)

where fy 4(x) is defined in (2.11).
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F The refined periodic strip

The amplitude of the periodic strip geometry depicted in Fig. 2 (left) reads as'’

K%(Qm,Qf;q,t)=Zn( Qma)lﬂa‘l_[( be)\vb+||

i, a=l1
N

X Cva,ugola(ts C])HCVI,V+IMZ/3},V(CI,t)
1 —

a=

N V2
:l—[quqzsz Ilﬂa\l aa(l‘ q)Zﬁv(q l) Z 1_[( Qm )|Ma|l_[( be)|Vb+l|

a=1 i,v,7,0 a=1 b=1
N 1
1 _ _ vV
< [ Tsvymap™2072a™ s pna (@™ 17%)
a=1
N 1
= — — Vv — —
<[ | svpsrson(p2tqg™ 1P ISy 1, (1" q Py, (11.1)
b=1
where we introduced p = g¢~', and
- 1
Zut.q) =[] — (11.2)

2
i —i+1
(pen L —ghimItm

We need to evaluate
G(x.y. Om. Q) —Z]‘[( op )'X“II_[SX PYaKSXy /¥ ), (11.3)
X Ya 1

where we grouped the relevant variables according to

Mar1, aodd Nat+1, a odd
X, = 2 , Y, = 2 (11.4)
Vayy, aeven oa, a even
2 2
~ Q 411, aodd
O, =] "m (11.5)
Q4 a even
_a\c: “Pa
(q"’t g '331), a odd
(Xaq, Ya) = av 1 | . (11.6)
1 Ba 1 —aa,;—=
<qﬂ+2t § 2 t,er,q §+1 2)’ a even

17 The diagram 1V is the transpose of u, and we also have |u| = i Wi Hpvll2 =3 u%. We refer to
[117] for notations and useful combinatorics of Young diagrams.
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Using standard identities of Schur polynomials [133] we get!8
2N N
Gy, On, 0)) = 1 "I O Naivarai-a,
s Vo ms - N B
@ 4" i,jk=la=1t=1 _q/k T2 O xaivasae Lj
- ; (11.7)
where ¢ = [[,2; Qa = [[,—1 Om.a Qf.a, and hence
KZ(0,. O " 1 ﬁ ||01%|\2t\\ﬁa 12 ~ )20 (@ 1)
3 g )= ——F—114 A\ q)Zpy g,
prem =t @9 )+ Ze &
Lol gV
x H (1= g Qe Qg ot =2 P )
_ g, iai =B Hi—1
i,j.k=1rt= 1 (I—g¢ k= 1Qr,r+€Qm,]er‘r+€q Brecitiy Pt )
il gV o)
X(l_q/k_lQr,rJrﬁflQm,r+€71q_ﬂr+e_1"+] A (11.8)
(1 — g/k1 Qr)r+eq—Otr+/z,i+j—1t*°‘rv.j+i) ' .
where
2 OniQrk a<b
Qup = ‘IQM’ a>b . (11.9)
1, a=>b
q, b=a+N

Using the K-theoretic Nekrasov function (we use the notation of [117])

Nun(@ig.0 = [] (=g =77~ T (=g~ */=1*), (11.10)

(i, j)en (i, j)ev

we also have

71— 0Qq
[ 1— Qqi—1¢ = Nw(Q:q.1), (11.11)
and

K%(Qm:Qf§CIst) N el 18R - -
é—:l_[q Tt T Zo, (6, ) Zpy (g, 1)
’C[-J(me Qf;Q7t) a=1

1 _ 1
N o N,Brotprg (p 2 q/k Qr,r+l Qm,lr; q, t) Na,;‘}rH{,] (p 2 q,k Qr‘r+571 Qm,r+[7l; q, l)

<[TT11

rl=1k=0 Nﬁrﬁr+l (pq/err+€Qr;1er r+€§‘]st) Nara,-+g(q,err+€;Q7t)

ﬁ leg)? Hﬁa 2 - 7 )H Ng,an (qu’k“Qma,q t) Napa <pzqumb q, z)
W\ q)2py(q,t
asl . el Npapo (P41 q. 1) Naya, (4% F1 g, 1)

18 See appendix B of [108] and appendix A of [64] for a proof.
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1 _ 1
i < Ng,q, (qu”‘Qame}a;q,t) Naypy (qu”‘Qa,me,b;q,t)
X

1 , (11.12)
1<a#b<N k=0 Nﬂaﬂb (PtI’k Qab Q;,a Qm,b; q, t) Naﬁab (q/k Qabi g, 1)

where we used ¢ = Q4.5 0p4 fora # b and Qg 4+n = q'. Introducing the elliptic
version of the Nekrasov function!® 20

Nuw(Qiq.tlg) = [] ©@q" 7t gy T] @g =1 it ¢,

@.1)en (irj)ev
(11.13)
o0
= [[Nu(@* Qi 4. ONwu(pg" 1 07 1 . 1), (11.14)
k=0
we also have
K&(Qm,Qf:q.1) N “D‘a"z DI
5(Qm. Qriq. t 7 Zo,(t.q)Zpy(q.1)

K2(Qm. Q51 4.1) -1l ﬁaﬁa(m”‘“ 4. )Naa, (@*F'1q. 1)

a=1

l_[ah 1Naaﬁb(P2Qameb q.tlq")

1_[1<a7éb<N 1220 Ngupy (Pa% Qb Oma @ 103 4 D) Nayar, (@ Qui 4, 1)
(11.15)

The denominator cannot be expressed solely in terms of the elliptic Nekrasov functions
because of the “wrong” g, ¢ shift. This phenomenon has been related to the anomalous
modular transformation property of the open periodic strip [108].

The R* x T? Nekrasov instanton partition function of the U(N) theory with N
fundamental and anti-fundamental hypers can be computed by gluing two periodic
strips, with the result

N KV (O Q51q ) KA (O, O 520t
25T Y [ e O D By O 020,
= ami K2(Qm, Q14,0 KO, Oy 1)

\IY" 12 uY“VHZ

. Zya(t, q)Zyav(q, 1)
_ | Y4 Y Y
Zl—[( C5.0) H L TTes ()Nww(pq””rl q,t)Nyaya(q*t1; q, 1)

% l_[ab lNﬂYb(pZQameaﬁq tlg’ )NY“(/)(szameb q, l|61)
H1<a7éb<N NY“Yh(Qab q.tlq")

(11.16)

19 Notice the symmetry Ny, (Q: ¢, 11g') = Nuu(q'pQ~ 1 q. 11g)).
20 L 7 17 el 170 e 1 . )
Nuw(p2xlg)y=x 2 ¢ 4 t 4 Yuv(x; q") in the notation of [64].
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Using

1
[ A . (—p~2)
g2t 2 Z,(t,9)Zy(q. 1) = ——, (11.17)
a " N1, 1)

we can recast the second line of (11.16) as

1 a
M (p~ 205"
10, Nyaya(1; q.tlg")

(11.18)

and hence

N
4 2 _1 a
22T =3[l 2 050"

N 1 - 1
<[] Nyyv (P2 QabQm.a3 4, 114" YNyep(p? Qab Om b’ 4, 114")
ab=1 Nyays(Qab; q,t19")

(11.19)

In order to make contact with the field theory language, it is useful to introduce the
parametrization

AdA,', as<b L o
q/aAabAl:ls a>b’ Oma=AaQap?, Qm>“=AalQap Z,

(11.20)

Qup = {
so that (4.5) is automatically satisfied. Using the shift property

ul— 1 2 02y L V2 V2
le(q/Qm’):Nuv(qu/) (—0) [l |V|q2(|vl+|\v\| FHI) g =7 Qe IEHY R )’

(11.21)
we can rewrite
|Y4| [Ye|
N _1 1_[
R xT? P 20Ba ba ( O h)
stt Z 1_[ N 1 = 1 [Ye|
7 a=l1 [Tr= <P2 Qm,b) [1p-a <p2 Qm,b)
N -1 A / 1
Nyy» (A 3q,t|q")Nyag(A 3q,t
< T1 pyb (A, Qasq.tlq )—1Y #(4a Qb q.119) (11.22)
wb=1 Nyays (AgAp "5 g, tlq')
Generically, for M glued strips labeled by (c) we have [134]
Moo (rhoe) ™
‘Ya | Za‘Ya ‘ b<a (p )
1—[ Q(e) (Q(c) P2 Q(c 1)) o (11.23)

‘ a
1
Hb<a( (C ))
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so that we can define a renormalized expansion parameter Q p and write (4.6).
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