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ABSTRACT, :\ physicalI\' based mathematical model or the coupicdlakc'. lake ice, 

sno\\' and atmosphere sys tem is den' loped Ill!' studyillg- terrestri a l atmmpheric 

interactions in high-de\ 'a tion and high-latitude regions, The al)i1it) to mociel la kc­

ice rreeze-up, break-up, total ice thicknC'ss and ice type of]crs the potclltial to dcscribe 

the elIens or climate chang-c in these reg ions, \Iodel output is \'alidatl'd again st lakc­

ice ohscn'atiollS made during the \\' inter or 1992 93 in Glacier ;'\alional Park , 

\Iontan<l. U,S,.\, The model is driw'n with obsenTd daily atmospheric /(Jr('ing or 

precipitation , \\ ' ind spced and air temperatulT, In addition to simulating- complete 

encrgy-balance component, 0\'('1' the annual C\TIe, model output inclucies ice liTeze- up 

and break-up dates, and the cnd-ol~season clrar ice , snO\\'-itT and total ice depth s Illr 

t\ro nearhy lake, in Glacier i"iational Park, each in a dilkrelll topographic sett ing , 

\lodeled ice Il'a tures are f(wnd to agree close h \\' ith the lakl'-ice ohsen'atiom, 

,\Iodel simulations illu strate the key role that the wind component or the local 

climatic reg-imc plays on the growth and decay or lake icc, The \\ 'ind spced ail(.'cts both 

the surhlce temperature and rhe accuJllulation orsl1o\\ Oil thc lakc-i ce s urf ~lce, Hi g hcr 

, no\\ accumulations on the lake ice elt-press th e ice surl ;HT helm\ the \I'ater lill(' , 

causing the snow to becollle sa turated and leading- to the I(lrmation 01' sn()\\-ice 

ekposits, In reg- iom ha\ 'ing highcr \\ 'incl speed ,. :, ignilicanth' less snO\\ acculllulates on 

the lake-in' , urf;ltT, thu , limiting snO\\'-i<'[' l(lrI11ation , The icc produced b) th ese t\\O 

dilli:.' rent mechanislll s ha s di stin c tly dilTi:Tcnt optical ami radiati\,(, properties, and 

afkns the Illonilorin ,g or li 'oze n lakes usillg rClllote-sl' n , in g- techniques, 

INTRODUCTION 

E\'id e nce from the a\'ailable air-telllperature record 

inelicates a distinct t\I 'o-decade \\ 'arm in g trend OHT 

northe rn land arcas during thc \\ inter and sp ring SC;lSOIlS 

Chaplll<ln and \\ 'alsh , 1093 , I n addition to cOIl\'Cn­

tional llIeteorological obs(T\'ations, Illonitorin g ,1nd 

anal) sis or lake-ice parameter:, such as fiTeze-up elate. 

maximum ice thickness and I)reak-up dalc halT been 

proposed as w,e i'u 1 indicators or regional climate changc 

Paiccki and BaiT) , 1986: Robertson and others. 1992 ' 

Sincc ft'ozen lakcs prO\ 'idr an index or intcg-raled :'C<Jsonal 

temperature trcnd s. the anal\'sis or fi'ozen lakes prm'ides a 

\ 'aluable contribution to climatc monitorillg-, particularly 

in the data-sparse and ciimatc-se nsitiH' hig-h-eICl 'a tion 

and high-latitude rcgions or the \\ 'orlel. 

\\' hile nUJllerous pre\ 'ious researchers !t,I\'C studied the 

relationship bet\\'Ccn air tClllperature and lake-ice f(JrJll­

ation and break-up, a qualltitatiH' understanding of' the 

undcrh ing physical proressl'S \I hich lead to the timing 0[' 

thesc climatic C\Tnts is limitcd, Resea rchers halT adopted 

\ 'ariou s means to qU<lnrif) thc relationships bctwccn air 

tcmperature and lakc-in' CO\'Cr. Rannil' 1983 and 

", Lnil'tTsitil's Space Rcsca rch ,\ ss()ciation, Present address: 

Depa rtmen t or ,\tmosp hcri c Science, Colorado S ta te 

Cni\Trsit\. Fort Collins, Colorado 80523, C,S .. \, 

Paiccki allCl Barn 198G pcrf()J'Jllt'd regTc:,s ion analyses 

bl'l\\,(,l'n kcy atlllospheric and ice-relateci \ 'ariables such as 

air temperature. rreeze-up date, hreak-up date and ice 

d 11 ra tion lilr lake:, wherc signilicant Illcte()rological and 

ice-co\'lT data sel'> exist. Othcr st udil's halT used an 

inll'gTated a\Tragc air-temperaturc index to predict 

fiTezl'-up and hreak-up dates .\IcFaddcl1, 1965, 111 

,uch an approach. the dates o/,li'Ceze-up and break-up are 

assulllcd to occur \\ 'hen the index reachcs a specified 

tilre 'i holcl ' 

,\ morc COlllpleX approach to describing lake-ice 

processes is through the IC)J'Jllulation or physicalh- based 

Jllodels \\ ' hich account fill' the J'('1e\',lnt process occurring 

\\ 'ithin, allCl at the boundaries o/' the lake, ice, , nO\\' and 

atlllospheric components Or the natura l systelll, FollO\\'ing 

the original sca-icc research conducted b) Std~lIl in the 

late 1800s, mathematical descriptions or fi'Cczing and 

th<1 \\-i ng proccS'>es a re orten rererred to as Stef ~ 1 n 

problems, In prn'ious lake-ice stud ics, Rod he ( 1952 ) 

and Bilello 196 - ~ 1 Illodelcd lakc-ice filJ'm<ltion by 

cons idel'i ng the ,rnsi hie-heat exchange a t the \\-ater a i J' 

interf:lcT, Robertso n and othcrs ( 1992 ) adopted a similar 

approach to relate lake fiTezc-up and break-up elatcs to 

air temperature, 

:\Iaykut and Untersteiner 1971 ) dc\'e loped a thermo­

d) nalllic model \\ hich inclucled an accounting fl)r the 

energy flu xes within snow and icc layers, and <It the SIlOW 

air illtl'rf~lce, Thcir model \I 'as used to describe thl' 

seasonal c\'olution or sca ice. PatttTson and Hamhlin 
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(1988) prese nted a two-compo nent (sn ow a nd ice ) 

th erm od yna mic model based on the formulati on of 

r..!laykut and U nterstcin er ( 1971 ). They co upled the 

snow- a nd ice-component sub-model to a rescn'oir­

mixing m odel, thus providing an il1leracti ve linkage 

between th e ice cover a nd th e un de rl ying b od y of water. 

Gu and Stefan (1990) used a snow and ice m od el simi la r 

to th a t of Pa tterson a nd H a mblin (1988 ) . Their la ke 

mod el simula tes the year-round hydrot herm a l processes 

and includ es sediment hea t flu xes occurring a t the la ke 

bottom. M a rsh (199 1) used a sim ple lake-i cc-growth 

mode l based on a modifi ed Stefan 's equation. Va ri ous 

so luti ons to the Stefan problem of melting a nd freez ing 

have been discussed by Lock (1990). Using a n energy­

bala nce mod el, H eron a nd "Voo (1994) s tudi ed melt 

processes during the decay of a lake-i ce cover in th e 

Arctic. G enera l disc ussions of th e therm a l regime of ice­

covered la kes can be found in Pivovarov ( 1973) and 

Ashton ( 1986 ). 

In thi s pa per , an energy-bala nce model d esc ribing the 

seasona l evolution of la ke ice is developed and is used to 

furth er the understa nding of th e interanivc role th at th e 

a tm osphe re and th e unfroze n wa ter body plays in 

determining ice-growth m echanisms a nd other energy­

related processes . M ode l o u tpu t is \'alida ted against la ke­

ice observations made during the winter o f 1992- 93 in 

Glacier National Park, north ern Montana , U .S .A. In 

add ition , model outp ut is used to assist in ex plaining 

varia ti ons in synth etic aperture radar (SAR ) signa tures 

ob tained from several la kes in Glac ier Na ti ona l Pa rk 

during th e same period (H a ll a nd others, 1994). The 

sensitivity of this la ke-i ce mod el to variations in a tm os­

ph eri c forcing has bee n d escribed by Liston a nd Ha ll 

( 1995 ) . 

The one-dimensiona l, unstead y model is composed of 

four major sub-models. First, a surface-energy balance 

sub-m od el is implemented to determin e the surface 

tem per a tu re and ene rgy availa b le for fr eez i ng or 

melting . Secondly, a la ke mi x ing, energy- transport sub­

model desc ribes th e evolu tio n of la ke-water te mpera ture 

and stra tifi ca tion. I ce is initiated when the upper-lake 

temperature fall s below freezing. Thirdl y, a snow sub­

model d escribes th e snow d epth a nd d en sity as it 
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Fig. 1. Schematic illustration oJ key featu res of the lake-ice 

growth model and a rejJresentative [em/malure profile. 
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accumu la tes , m e ta morph oses and melts on to p o f the 

la ke ice. Fourthly , a lake-ice g row th sub-model produces 

ice by two different mecha ni sm s: (a ) relatively bubble­

free clear ice grows at th e ice- water interface due to 

th erm al gradi ents within the ice, a nd (b) snow-i ce forms 

at the lake-i ce surface from th e freez ing of wa ter-sa tura ted 

snow or slush; this slush can form from the upwelling of 

water due to a n overburden of snow, from snowm elt or 

from rain on sn ow. In additio n to compl ete energy­

ba la nce compo n ent over the a nnua l cycle, key model 

output includes th e dates of ice freeze-up a nd brea k-up, 

and the end-of-season clear-i ce, snow-ice and to ta l ice 

d epths. The model is dri ven with observed d a ily atmos­

ph eri c forcing of prec ipita tion , wind speed a nd air 

te mpera ture. A schemati c illustrating the compon ents of 

th e model a nd a representative tempe ra ture profil e is 

g ive n in Figure 1. 

2. SURFACE-ENERGY BALANCE 

Th e surface e ne rgy-ba lance eq uation is 

where Qsi is th e sola r radiation reaching the surface of 

the Ea rth , QJi is the incoming lo n g wave radiation, Qle is 

the emitted longwave radiatio n , Qh is the turbulent 

exchange of sen si ble heat, Q c is th e tu rbulen t excha nge 

of latent heat, Qc is the en ergy transport due to 

cond uction , Q m is the energy flux ava ilable fo r melt 

and Q s is the a l bedo of the su rface. All of th e energy 

terms, Q, have units ofVVm 2 . 

When coupled to th e cou pled la ke, lake-ice a nd snow 

models, the solution of th is en e rgy ba la nce provides the 

surface-temperat ure boundary condition which forces the 

seasonal evo luti o n of la ke-wate r tempera tures, la ke-ice 

grow th a nd d ecay, and snow-cover acc umulation a nd 

m eta morphi sm. In addition to the fo ll owing eq ua tions 

d esc ribing the relcva nr p hysica l processes, observed dail y 

atmospheric forcing of wind speed , precipita ti on and 

m aximum a nd minimum surface-a ir tempera ture are 

required to so lve the energy balan ce. 

The sola r radiation striking a hori zontal surface, Qsi: 

is given by 

Qsi = S*Y sin et (2) 

where S' is the 'olar irradi a nce a t the top of the 

a tmosphere striking a surface normal to the so lar beam 

( = 1370 W m 2) (K yle and oth ers, 1985) and Y is the net 

sky transmissivity or the frac tion of solar rad ia ti o n that 

a rrives a t the surface. The solar elevation a ng le, Q , is 

d efin ed as 

sin et = sin 8 sin cP + cos 8 cos cP cos T (3) 

w here cp is lati tud e, T is the h o u r angle measu red from 

local ola r noon a nd 8 is th e sola r-declina ti o n a ngle 

approx ima ted b y 

(4) 
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\I'h e re CPT is th e lat itud e of th e Tro pi c of Cancer 

(23.45 N), d is th e Gregorian D ay, d, is th e d ay of th e 

summ er solstice ( 173 ) a nd d" is the a\"erage number o f 

d ays in a yea r (365.25 ) . 

T o accou nt for th e scattering, abso rption a nd 

re{lection of sho rtwa\'e rad iatio n b y clouds, th e sola r 

ra d ia ti o n is sea led accord i ng to 

Y = (0.6 - 0.2 Si11 0.)(l.0 - 0. 50"(") (5) 

where 0"(" represen ts the li 'ac tion o f' c lo ud COH r iBurridge 

a nd Gadd, 1974 ) . Beca use of lac k of a\'ailable obscn'­

ations , in the c urre nt app li ca ti o n , a co nstant clo ud­

co\'erage fra c ti o n o f' 0.+ has bee n ass umed (Conll'ay a nd 

Listo n . 1974) . This ass umpti on o f constant cloud fi-ac ti o n 

\I'as rel axed in Li s ton a nd Ha ll ( 1995 ) duringsimul a tio ns 

o f ice g row th a nd d ecay on Bac k Ba y, Great Slave L a ke, 

northe rn Canada. 

An ana lyt ica l d o wn\l'a rd lo n g \\'a \ 'e-rad iat io n equ a ­

tion which co nsid e rs clea r skies and s tandard atmo­

sphe ri c conditions h as bee n d eveloped by Bru tsae rt 

( 1975 ) . To co rrec t a ppa rent d e fici e n c ies in thi s fo rmula­

tion a t a ir tempera tures below 0 C (Aase and Idso. 

1978 ) , Sattcrlund ( 1979 ) sugges te d the empirical 

description 

(6) 

where I;, is the surfa ce-air tempera ture and ea is th e 

a tm os pheri c \'a por press ure. I n th e c urrellt stud y , n o 

a tte mpt has been mad e to modify thi s fo rmul a tion fo r Q\i 

to account for th e prese nce of c lo uds . The a\'C rage dail y 

surface-a ir temperture, Ta, is simpl y ass um ed to be th e 

a rithm eti c mean of" th e daih- m ax imum a nd minimum 

temperatures, Tmax a nd T;llill ' res pec ti\ ·e ly. 

I n a n a na lys is o f o bse n 'ed d ew-point a nd ni g ht­

minimum temperatures, Hunge rfo rd and o thers ( 1989 ) 

co n c lud ed th a t in ~I on t a n a th e d a il y minimum 

tempera ture is a reasona ble ap prox im a ti o n o f th e 

d e w-po int iClllpe l-ature. (I n locations where d ew-po int 

tempe ra tures a re n o t frequentl y reac hed o n a d a il y 

basis, due, fo r exa mple to a rid co nditions or minimal 

diurnal tem pera ture nu ctuation s, thi s a pproxim a ti o n 

w o uld no t be \ ·a lid . ) Adopting thi s ass umption , th e 

a tmos ph eric "apur press ure, ea, is computed fro m th e 

minimum tem perature usin g th e fo rmul a IFlcagle a nd 

Bu singe r, 1980 ) 

10glO(e,,) = 11..J0 - 2353 / T,lIill' (7) 

Th e long\l'a\'e ra diati on emitted by th e snoll' surface is 

computeclund er th e assumption th a t sn o w emits as a grey 

body 

(8) 

\I·h e re 7:,0 is th e snol\'-surface tempe ra ture, 0" is the 

Stefan Bo ltzmann cons tan t a nd E, is th e snow em issi\'it y, 

ass um ed to be 0.98 . 

The turbulent exc ha nge of se nsibl e and latent h ea t, 

QiJ a nd Q,., respec ti\'e ly, ha\'e bee n g l\ 'e n by (Price a nd 

Dunne, 1976) 

L iS/Oil alld Hall: EI/ergy-balal/ce model oJ lake-ire el'()llllioll 

Qh = p,) CpDh((Ta - Tso) 

Q ~ = PaL sD e( (0.622 _ea_-::--es_o) 
Pa 

(9) 

(10) 

wh ere P" is th e d ensity of th e all-, Ta is the surface-a ir 

temperature, ea is the va por press ure of th e a ir , eso is th e 

\'a por press ure of th e surface, ( is a n o n-dimensio na l 

sta bility functi on , Pa is atmospheri e press ure, Cp is th e 

specifi c h ea t of air a nd Ls is the la tent h ea t o f sublimatio n. 

Dh a nd De a rc exch a n ge coefficients fo r sensible a nd 

la te nt h ea t, res pective ly 

(ll ) 

where K. is \ 'on K a rman 's co nsta nt, U= is th e wind speed at 

refe rence heig ht Z a nd Zo is th e rou g hn ess length. The 

roug hn ess length \'ari es with surface ty pe a nd in thi s 

app li ca ti o n Za is ass um ed to be 0 .001 , 0.005 a nd 

0.00000 I m O\'e r open lI'at e r. sn oll' a nd ba re Ice, 

respec tive ly . U nder st<lbl e a tmosph eric conditi ons, th e 

sta bilit y fun ction ( m odifi es th e turbul e nt nuxes through 

th e fo rmul a 

(= 1/( 1 + 10Ri,,) (12) 

wh e re th e Ri cha rd so n number for the a tm os ph ere, Ri" is 

gl\ 'C n by 

(13) 

9 is th e g rm'itationa l accelera ti on a nd th e a tm os pheric 

tempera ture g radient is computed using th e reference­

leve l a ir te mpera ture a nd the surface tl'mpe raturf'. r,a. 
A r e prese ntat i\T a tm os ph eri c press ure , Pa . 101' th e 

loca ti o n o f" interes t is g iven by 

( 
Zg) 

Pa = P0 8XP - H (14) 

where Pr,) is a reference sea- Ie \'CI press u re ( 10 I 300 Pa ), H 

is th e sca le heig ht of atmosphere ( ~8000 m ) and Zp; is th e 

ele\'a tion o f th e stud y site ( \\' a ll ace and H o bbs, 1977 ) . 

H ea t conducted throug h th e ice a nd sn ow pack is 

Qc = _k dT I 
dz ° 

(15) 

where!.; IS th e e fIect ive therma l conducti\ 'ity of" the 

snOIl'- ]ce water m a trix . In the m od el, for the case ",here 

lake ice is prese nt , the co ndu c tive h ea t flux is 

app roxim a ted b y 

Q 
_ (rr rr) (Zi Zs Zm Z\\' ) -\ 

c - - .L sO - .L f -+-+-+-
k i ks km kw 

(16) 

wh ere Tf is th e water-freezing temperature, z is the depth 

of eac h laye r a nd the subscripts i. s, m a nd", inclica te 

indi\'iclual laye rs of ice, snow, a mix of'snow a nd wate r , 

and water, res pecti\·e ly . f o r th e case ofa la ke with no ice, 

th e nu x contribu ti on du e to co nduction is 
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(17) 

II'here the subsc ript Ik indicatcs a la ke \· a lue . In th e 

mod el, co nd itions within th c top I m of th e la ke a rc used 

to co mpute th e condu ctio n. Th e d etermin a tio n o f" ma ny 

o f" th ese conduc tion pa ra m e te rs req uires a SIl OII' mod el, a 

la ke-i ce m od el a nd a n ice-liTe lake mod e l. Th ese sub­

mod els a re d escri bed la te r in thi s pa per. 

T he a lbedo, Q ~, dec reases \\'ilh in creasing S110 \ '\ ' 

d ensit\·, Ps, fo ll OlI'ing And erso n 11976 ) 

I 

a s = 1.0 - 0,247 (0,16 + 1l0(Ps/ 1000)-l), (I S) 

fo r snow d ensities ra ng ing be tween 50 a nd 450 kg m-
3

, 

For d ensiti es greate r th a n 450 kg m 3, th e a lbed o is 

a ss umed to \'ary linea rl y acco rding to 

();, = 0,6 - p,j 4600 , (19) 

Se\"C ra l resea rchers ha \'e indica ted th a t th e re a ppea rs to 

be no d ep end ency of sn ow a l bedo o n snow d ensi ty 

(\"inth er , 1993 ), While in addi tion, th e d ecr ease in snow 

a lbed o II'ith tim e since th e las t snowfa ll. co rresponding to 

a n inc rease in snOlI' gra in-size, is also II"C II n o ted . In o ur 

fo rmul a ti o n , increases in snOII' density w ith tim e a re 

assum ed to co rrespond to in creases in g ra in-size, II'hi ch 

Ir ad to cha nges in a lbed o according to th e preceding 

fo rmul a tio n. Th e el'o luti o n of th e s n o l~ ' d ensit y is 

desc ribed in th e fo ll owing sect ion. L a ke ice is ass um ed 

to ha \'e a n a lbedo of 0.25 and a la ke surfacl" \I'ithou t snow 

or ice h a s a n a lbed o o f" 0 ,06 . 

T o im p lement the surface energy-ba lance m odc l. d a il y 

\'a lues o f T; lIflX ' TU1 i ll a nd U, arc ass um ed to be prOl'irl crl 

from obse n 'a ti ons o r so m e sui ta ble a tm ospheri c mod el. 

Th ese d ata , in combin a ti o n with th e precedin g ene rgy­

ba la nce equ ations a nd th e sn oll' , la ke-i ce a nd la ke mod e ls 

d esc ri bed belo ll', a lloll' com pu ta ti on o f th e surface 

tempera ture. T o so h- e the sys tem of cq u a ti o lls fo r th e 

surf"ace tempera ture, th e equ a ti ons arc cast in th e fo rm 

(20) 

and so h-ed ite ra ti \'ely fo r T,o using th e .'\e ll"ton R aphso n 

me th od, 

I.n th e presence o f" snO\I' a nd /or ice , surface temper­

a tures Tso > onc res ulting fro m th e s urface -en e rgy 

ba la nce indi cates th at en e rgy is a\ 'a il a ble fo r melting, 

Qlll ' Th e a mount a \ 'a il a bl e is th en co mputed by se tting 

th e surface te m pe rature to O°C and recom p ulin g th e 

surface-ene rgy ba la nce . A simil a r proced ure is adopted to 

co m p ute th e energ\' a\ 'a ila ble to freeze, Q[, liquid II'ater 

present 0 11 th e la ke-i ce surface or II'ithin th e snoll' pack , 

3. LAKE-ICE AND SNOW MODELS 

A m od e l describing th e g rOll"lh of clear la ke ice can be 

d e\'elo ped by perfo rmi n g a n energy ba la n ce al the ice­

wa ter in te rface, Whil e th e ice wa ter bo und a ry is fi xed a t 

th e sta ble-equ ilibriu m freez ing tem pe rat ure , th e freezing 
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process produces la ten t hea t w hi ch must be co nducted 

through th e ice, These processes, toge th e r II'ith th e 

c0l1l'ec ti on occ urring within th e wa ter, lead to a th erm a l 

en ergy ba la n ce a t th e ice wa te r interface th at ta kes th e 

fo rm 

dZi ( Zi Zs Zlll Z\\" )-l 
(JiLr-\ = (Tr - 'r,o) 1.:"+k. +-k' +-k - hw(T\\. -Tr) 

( t hi H 111 W 

(21 ) 

wh ere Pi is th e ice density, hw is th e com 'ect ive-transfer 

coeffi cient , ass umed to be 0.56 \\' K I m 2 fo r a ca lm la ke 

based on cond ucti\'i t\" co nsid e ra ti ons. Tr is th e wa ter­

fi 'eezing temper a ture, T\\" is th e la ke-lVa ter tempera ture a t 

a depth of 0, 33 m as de lennin ed from th e la ke m odel 

d escribed belo w , Zi is th e ice d epth , z, is th e sn o w d epth, 

ki is th e th erm a l conducti vit y o f ice, a nd c\zi / dt = Vi- \\" is 

th e \'e!oc ity o f th e mO\'ing ice bo und a ry, For th e la rgely 

snow-cOl'ered la kes consid ered in this stud y, th e influence 

o f" so la r radi a ti o n penetra tin g the ice has bee n a ssumed LO 

be of second a r y importan ce in thi s formul a ti o n, 

Solu tion o f the previous equ a ti on requires kn owledge 

of snoll'pac k d e pth a nd th e rm a l condu e til"it y , The 

effec ti\"C th e rm a l co ndu eti\' it y of snolV, ks, is ddined to 

be a ["un cti o n of snOlI' densi t y , Ps, 

(22) 

II'here thi s r ela ti onship has been fitt ed la a co llec tion of" 

d ata by se\'er a l resea rchers presen ted by '\1e ll o r (1977 ) 

(V erseghy, / 99 1) . 

Densit y c h a nges occ ur in th e snoll'pack by two 

m ec han ism s, First, d ensity inc rease ca n result fi-om 

com paction a nd , foll olVing Ancl e rso n (1976 ), 

ap, I ( ) at = Al Vll,P, exp - O.OS(Tr - '1,) ) cxp( - A 2 ps 

t p 

(23) 

\, 'here '1, is th e sna Il' tempe ra ture, TV, is th e \I'e ight of 

SIl OIl" a bo \'e a g i\'en laye r expressed in II'a te r-equi\ 'a lent 

d epth , and A l a nd A2 a rc con s ta nts sct equ a l to 0,001 3 

m I s I a nd 0, 02 1 m3 
kg I , res p ec ti\'cly, based o n Kojim a 

(1967 ), In th e current ap pli ca ti o n , th e snow is co nsidered 

as a single laye r a nd th e snow tempera ture is d e te rmin ed 

from 

(24) 

w here the tempera ture a t th e sn ow- ice inte rface , 'r,i, is 

g i\'en by 

(25) 

as determin ed from energy-ba la n ce co nsid era ti o ns und er 

stead y-state condi tions, For thi s sing le-l aye r implement­

at ion, th e \\'e ig h t 0 [" th e SnO\I' , IV" is defin ed as h a lf ofth e 

snolV lVa ler equi\'a lent , 1;11, w h e re 

(26) 

and P\\" is th e d ensity of wa te r , 
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Th e seco nd d e nsit Y-lllodif>'ing process res ults fro m 

snol\' Ill e ltin g, Th e melted sno \l' redu ces th e sno \l' d epth 

a nd is redi stribut ed throug h the snoll"p a ck unti l a 

m a:-; imulll sno\l' densit y , ass um ed to be 550 kg m 3, is 

reached, An y additi o n a l m eltwa ter acculllu lates at th e 

base o f" th e snowpac k as a laye r o f" \I'a te r-sa turated sn o\\' , 

o r slu sh, 

The potential sn o \\" melt. JUp , g i\'C n Iw 

(27) 

is used first to m elt a\ 'a il ab le sno\l' a nd th e n th e lake ice, 

Th e e n ergy l\\'a il a blc to f"reeze \\,ater \\'ithin the 

sno \\'p ac k, or on th c ice surface. is used to compute th e 

po te nti a l freez e depth . Fp, 

dFp Q 
P;Lfili = - r (28) 

\\'hi eh is used LO a dd to th e la ke- ice d e pth e ith er thro u g h 

freez in g \\,a te r he ld within th e slush llli~tu l T of snow a nd 

\\'a te r , o r thro ugh th e f"rcczing of \\'ater c:-;is ting o n th e 

la ke S Urf ~ I CC in th e abse n ce or snO\l', Thro ugho ut th e 

m elting a nd freez ing processes, sno\\', ice a nd water 

d epths, a nd sno\\' dCllSit>" a re adjusted acco rdingly, \\'hile 

taking into account th e densit\, differe nces bet\\'Ce n thc 

so lid and liquid phases, 

Gi\-cn input of liquid-equ i\'alent prec ipitation , th e 

prec ipit a t io n is ass ulll ed to ra il as sno\\' if' th e \I 'C t-bu lb 

tempera ture, T \\"h ' is lo\\'er than I C , \I 'hn(' the \lT t-bulb 

temperature is g in;lI b y (Rogers, 1979 ) 

(29 ) 

Th is eq uatio n is soh-cd i te ra ti\ 'Ch' ffll ' T\\"h uSlll g th e 

1'\('\\"[on R aphson m e th o d , 

Prec ipit a tion f ~ llling a s ra in co ntributes to th e 

liquid-\l'a ter sto re o n th e la ke surfa ce , Snol\' f ~ J1lin g on 

a f'roze n la k e surfacc s uppo rtin g m o re \\"ater than th a t 

required to saturate th e c:-;i s tin g sno\l' co \"(' r adds to th e 

laye r o f" s urf ~ l CC \\,ater, SnO\\' fall in g o n a ba re-ice 

s urf ~ lc e o r a n un saturated sn o \l' surhl ce accumu la tes as 

n e \l' sn O\l' , Fo ll o \l 'ing . \ nd e rso n ( 1976 ) , b ased o n data 

b y L aC h a pe ll e ( 1969 ) , th e ne\l' sno\\' d e ll sit y, (J lIS, is 

g l\T n by 

Pll' = 50 + 1. 7(T\\h - 258 ,16) 1:; , (30) 

This n e \\' sn ow is added to th e e:-; istin g sn o \\'pac k where 

th e sn o\\" d ep th and mean d emit\ , \ 'alues arc updat ed, 

A further mec hani slll , b y \I'hi ch water is a cldecl LO the 

sno\l' CO\TL is ri'om the upl\'e lli ng or la ke \\"ater thro ug h 

crac ks in th e ice, This is th e res ult of th e in a bilit\, o r the 

ice to support completel y th e o\'C rburd e n o l" sno \l' (" O\"l'!' a t 

a le\"Cl \\"here the top o f" th e ice eq ua ls th a t o f" th e \I 'a te r, 

Buoya n cy consid erations indica te that a fl oating body 

disp laces a \ 'o lum e o f liquid equi\ 'a lcnt to its \\'e ig ht. 

l\ pp lying thi s balance to th e sys tem o r 5n o \l' a ncl \I-a UT 

h-ing abo\'e a n ice CO\T r whi ch is d e pressed to a point 

\I'he re th e ice LOp m ee ts the la ke surface, leads to th e 

buoya ncy ba la nce 

LiS/Oil alld Hall: Ell fI/!,J' -ba/allte lIIodel 0/ lake-ice e1'OIIl/ioll 

(31 ) 

\I 'he re eac h te rm rep resen ts th e force per un it a rea, o r 

press ure, \\"h e n multipli ed b y th e g ra\' itatio n a l acceler­

a ti o n , g, \ \ ' h e n th e do\\'n w a rd fo rce ri g h th a nd sid e ) 

exceeds th e upwa rd ro rce ( Ie l'th a nd sid e ) , c rac ks in the 

la ke a re ass ulll ed to ff)l'm or be present , \\ ' hi c h a ll o\\" 

la ke water to sa tura te th e ice s urf ~ l ce , C nder thi s 

condition, th e so lid ["rac ti o n 01' th e sn o \l' co\"Cr adds to 

th e up\\'a rd-buova nc\' fo r ce a nd th e water \\'hich had 

plT\ 'ious ly accumu la tcd o n th e ice surface is inter­

conn ected \\"ith th e la ke \\"ater, This leads to a n e \\' force 

balance 

(32 ) 

\I' he re Z lIl is th e depth of the \I'ate r-sa turated slu sh 

mi:-;LUre, This ca n be so h Td ["or the depth o f" the slush­

layer se ttin g abO\T th e la ke-i ce s urface 

(33) 

Th e liquid-wate r sLO re , z\\". \\ ' ithin this slu sh layer IS g l\ 'en 

b\' 

Z\\ = Zlll ( 
1 - ~J (3.1) 

a nd is <\\ 'ailable to 1()!"Ill s now-ice d epending on th e 

a\ 'ai l<l bl e fiTez ing cnergy, Q r, 

4. LAKE MODEL 

T o d e termin c th e init iation o l"i ce flJl"ll1<lli o n o n th e la ke, a 

m ode l is req uired whi c h descr ibes the tClllp e rat ure 

e\'o luti o n of" the lake durin g th e la te sUlllm e r. a utumll 

a nd ea r ly \\ 'int e r coo ling periods, T o accompli sh this, 

co nsid er th e J'o llo \\' in g o n e -dilll e nsio nal heLlt-transfer 

eq ua li on 

uT\\" _ U (( k\\, I T ( )) UT\\" ) 1 uq ---- --+ \Jt z , t -,- ----
ul uz p\\"Cp uz PwCp Dz 

(35) 

I\'here T", is th e \\'ater te mperat ure. t is tim t' , z is the 

\TrLi ca l coordin a te meas urcd d O\\'!l\\'a rd fi 'om th e \\'a te r 

surface, J\II is th e turbul e nt diffu si\ 'it y fflr hea t. kw is the 

water th erm a l co nclu c ti\ ' it y, p\\" is th e \\ 'il ter densit y a nd 

C p is th e sp ec ifi c heat of \I 'a ter , Th e radi a ti o n flu x, q. is 

g l\ 'C n b\' 

q = Qo cxp( - 11;;) (36) 

\I'he re Qo is th e n e t so la r radi a tion penet ra ting the surface 

a nd 'I is th e e :-;tinClion coefTicient, ass um ed to be O,6 m I 

(Asht on, 1986 ) , 

The \('n ie-a l di stributi o n of" th e difT"u si\' it )" is <I strong 

f"un c tion of" s urf ~ l ce \\ 'ind-shca r s tress and loca l s tratifi c­

a ti on, Fo llowing H endcrso n-Sellers 198j ) , th c difT"u si\'it y 

is g i\Tn b y 
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T.( K,Ws *z ( 1.* )[ • R' ?l~ l 
1 tt = ~ cx p - ,.,; z 1 + 37 , 1,,- (37) 

" ,here th e Ri chardson number for th e la ke \\'a ter, Ri,,", IS 

th e surface-shea r \'e loc it y, ws*, is 

(39) 

a nd th e shea r-\'eloc i ty deca y constan t , /,;*. is gi\'en by 

k* 6 6 c::-:;..(U )-1.i>-1 - = . V Slll CP IO 

wh ere in th ese equations K, is \'on K a rm a n 's consta nt , ULO 

is th e wind speed a t l a m, 4> is la titud e and Po is th e 

turbul ent Pra ndtl llumber a t neutra l sta bilit v. ass um ed to 

be unity in th e computa ti ons. 

Th e Brullt- V a isa la fi'equell cy , N 2
, is d etermin ed by 

th e d ensity stra tifi ca ti on 

( 41) 

Computa ti on of N 2 requires a d escripti o n of th e wa ter­

d ensity \'a ria ti on with tempera ture. K ell ( 1972 ) prese nted 

a best fit of measurements for wa ter fo r the tem pera tu re 

ra nge 0- 150°C in th e fo rm of a se\ 'en-pa ra mete r fun n io n 

(ao + alTw + a2TIV2 + a3T IV3 + alTIV 1 + a5T",5) 

Pw = (1 + bTw) 

( 42) 

where th e a a nd b consta n ts can be fo und in th e K e ll 

(1972) reference. If a computed tem pera ture pro fil e is 

unsta b ly stra tifi ed , th e mod el produ ces a n instanta neo us 

mixing whi ch elimina tes th e unstab le config ura ti on. 

T o sok e the la ke-tra nsport equ a ti o n , initi a l conditi o ns 

and surface a nd lower bo unda r y conditions must be 

provid ed. For an initi a l temperature condition , the I-va te r 

column is ass umed to be iso th erma l a t 4°C. The influ ence 

of m od el spin -up is acco un ted for by sta rling th e model 

earl y e nough during th e summer/ fa ll th a t the la ke com es 

into ba la nce \I'ith th e a tmosph eri c fo rcing a nd the freeze­

up d a te is un a ffected by the mod el-initi a ti on d a te. A 

couple o f months lead tim e was fo und to be more th a n 

a d equ a te. In th e a bse nce of ice, th e la ke surface­

tempe ra ture bound a ry condition is d e termined fro m th e 

surface-energy bala nce; if icc is present, th e te mperature 

o f the ice- wa ter inte rface equ a ls th e wa ter-freez in g 

tempera ture. The hea t flu x (i'om la ke-bo ttom sedim e nts 

is r ecogni zed to play a n importa nt ro le in gO\'ernin g the 

th e rm a l regime of sma ll , sha ll ow la kes. For the rela ti\ 'C ly 

la rge a nd d eep la kes addressed in thi s pa per, a ze ro-fl ux 

bounda ry conditi on is a ppropriate a nd employed fo r the 

lowe r bo und ary 

aTw I = 0 

c\ z =_lTIax 

(43) 

wh ere th e subsc ript z_ m ax IS th e d epth of the d ee pes t 
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la ke-m od el laye r. fn th e m od el, thi s bo und a ry condition 

is appli ed a t a d ep th o f 42 111 . T he 4·2 m d ee p \I'a te r 

co lumn is di \'ided into 25 indi \'id ua l layers ra nging in 

d ep th fro m 0.167 m at th e surface to 3 m a t th e bottom . 

Th e hea t-t ransport eq ua ti on is so h-ed using a full y 

im plic it , control \'olum c-based, fini te-diffe re nce scheme. 

T o initia te ice on th e la ke s urf ~ l ce , a I mm thi ck ice 

layer is fo rmed when th e wa ter tempera ture at a dep th 0 [' 

0.33 m is less th an the wa te r-freezing tempera ture. In th e 

presence o f lake ice, th e surface -shea r stress a t the ice­

water inte rface is zero a nd hea t IranslC r " 'ithin the lake 

below th e ice COlTr occ urs through m olec ul a r diffusive 

processes o nl y; in this case f{lJ is ze ro. 

5. MODEL SIMULATIONS 

T wo la kes in eas tern Glacier Na ti ona l Pa rk (C;\lP) , 

~I o nt a n a, are studi ed using th e co upled la ke a tmosphere 

mod el d escribed in the preceding sec ti ons. Field obse r­

I'<ll ions o f la ke-ice de pth a nd ice type (clea r ice a nd snow­

ice ) were o bta in ed fo r St. i\ la ry a nd L o wCl' Two 

i\l edi c in e L a kes durin g th e winter of 1992 93 . Lower 

T wo i\ledi c ine La ke is loca ted a pproxim a tely 30 km 

so uth-south eas t of S I. :'IIary La ke (Fig . 2) . D a il y meteo r­

ologica l o bsen 'a ti ons were coll ected at th e Sl. ~l a r y GNP 

ra nger sta ti o n \I hi ch is loca ted nea r th e m o uth of S t. 

i\ la ry L a ke (Fig. 2). Th ese metC'oro logical d a ta includ e 

d a il y maximum and minimu m te m pe ra ture a nd \I'a ter­

eq ui \'a le nt prec ip itatio n . In ad d ition , obsen 'a tions of 

Fig. 2. T lze relations/zijJ betll'eeJl the SI. N/ a1]1 and Lower 

T wo A/ edicille Lakes and Ihe sllrrolllzding lojJograpll)l. 

The /JrevaiLillg slorm winds ill this region arrive ]rom the 

southwest . 
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\\'ind speed a nd direc ti o n were m ade d a il y at 1630 h loca l 

tim e. The m e teo rologica l d a ta cO\'e r th e pe ri od I Sept­

ember 1992 thro ugh 3 1 J\lay 1993 . The pe ri od of mod e l 

int egra ti o n coincides with these a \'ail a bl e a tm os pheri c 

fo rci ng d a ta. 

Th e re la ti o nships bct\\Ten th e t\ \"O la kes a nd th e 

surrounding to pogra ph y a re ill ustra ted in Fig ure 2 . St. 

,Vla ry L a ke is a t an elevati o n o f 1367 m \\'ith a pprox im a te 

dim ensio ns o f I km by 15 km . The upper end o f th e la ke is 

a li g ned from \\'es t-southwes t to eas t-n o rtheas t a nd li es a t 

th e foo t o f m o unt a ins \\' hi c h ri se to as hi g h as 1500 m 

a bO\'e its surface to th e n o rth a nd so uth. T o th e \\"('s t o r 

th e uppe r e nd of th e la ke Li es a broad \ 'a ll e), whi eh lead s 

to th e C ontine nta l Di\·ide. Th e lo \w r end o r th e lake runs 

from so u thwes t to north eas t. The upper end or thi s 10\\'er 

pa rt of th e la ke ro ughl y a li g ns \\'ith a south wes t-o ri ented 

\'all ey whi c h ex tends to w a rds a rela ti\'('l y lo \\' pass 

thro ug h th e Continenta l Di\·id e . T o th e cas t o r th e la ke 

th e to pog ra ph y comprises ge ntl ~ ' rolling hill s. 

LO\\T r Two \l edi c ine L a ke is a t a ll e!c\'a ti on o f 

1+88 III with a pprox im a te dim e nsiuns of 0 .75 km by J km. 

Th e lo ng a xi s o f th e la ke is a li g nednonhwes t to so uth eas t 

and li es a t th e foo t or m o unta ins IV hi ch ri se to as hi gh as 

1500 m a bo \ 'e th e la ke surface o n a ll sid es excep t to th e 

eas t wh ere th e topograph y is composed o f ge ntl y ro lling 

hills. 

I n thi s reg io n of the no rthwes tern U ni ted Sta tes th e 

prc\'a iling s to rm \\'inds a rri\'(' fro m the so uthwes t (Bryso n 

a nd Hare. 1974; \\'a ll ace a nd Ho bbs. 1977 ) ( Fig . 2 ). As a 

eo nseq ue n ee. t he storm wi nds CO Ill i ng o\,er th e Co n­

tin cnta l Di\·id e a rc directed d O\\'Il th c southwes t-a li g ned 

\'a ll eys which ked into St. ;\I a ry L a ke . res ulting in 

rclati\T ly stron g " 'incl s on St. ;\1 a 1'\' La ke during storm 

('\'(' nt s. In co ntras t. L o w e r Two \l edi c in c La ke is 

surrounded by mo unta ins to th c so uth a nd wcs t Fig . 

2 . These m o untains pro tec t th e Iakc [i"o m the prc\'(l iling 

s to rm " 'inch a nd Icad to mu c h lowe r \\'ind speeds O\'C r 

Lower T\.\·o \ lcdi cine La ke th a n o\'(' r St. J\lary Lake. 

In th e m od cl integ ra tion s, the temp(']'a ture dat a 

o btained from th e S I. \I a ry ra ngcr sta ti o n a rc ass um ed 

to be \ 'a lid fo r bo th la kes . In additi o n. th e o bse l'\ 'Cd ,,·ind 

speecl s a re a ppli ed direc tl y fa r th e St. '\I a r~ La ke 

situ a ti o n . T o account fo r tile effect o f surrounding 

to pography o n winds O\'l'r 1.() \\ 'C r T,,'o J\lcdi c inc La ke. 

th e \\'ind speed meas ured a t St. J\ la ry is used a f'tn being 

multipli cd b y a f ~ l c tor o f' 0 .+; wind-speed o bs(' I'\'a ti ons fo r 

Lo wer Two .\[edi cine Lake a rc no t a \·ail a blc. This \ 'a lue 

has bee n c hosen to provid e th e bes t agrcem c nt betwec n 

th c model predi c ti ons a nd th c icc o bse n 'a ti o ns whil e still 

being co nsis te nt with th e influence of th e surro undin g 

top og r a ph~ ' . 

Sn o\\' acc umul a ti on 0 11 a re lati\'C ly flat surfa ec, such as 

that of' a lakc , is d e pend e nt upon co mpl cx inter­

re la ti o nships I)c tw('e n wind speed , a ir tempe ra ture a nd 

prec ipit a ti o n. in combin a ti o n with hi s tori ca l facto rs 

whi ch se n T to defin e th e shea r streng th o f the e:-; istin g 

sno\Vp ae k. Unfortun a tely. m odel s desc ribin g th cse rcl­

at ionships d o not ex is t. T o acco unt fo r th e o bvi o us 

co nn ec ti o n be tween reduced snow acc umul a ti o n , ove r a 

fl a t la ke, in res po nse to hi g her \\ 'ind sp eeds. th e 

prec ipitatio n acc umul a tin g o n th e frozen la ke surface is 

d ctermin ed b y multipl ying th e o bse l'\ 'Cd sno \\' wa ter­

equi\ 'a lent prec ipita ti o n b y th e empiri ca l sca ling filc tor {3, 

Lisloll alld Hall: Ellerg)'-balall fe model of lake-ice evolution 

wh ere (3 has been chose n to equ a l 0 . 1 a nd 0 .9 fo r St. 

J\I a ry a nd L ower Two J\ledi cin e Lakes, res p ecti ve ly. 

Th ese n tlucs \Ve re chose n to o ptimize th e agreem ent 

be twee n mod e l o utput a nd o bse n ·a tio ns. An a ltern a li\'e 

to introdu cing this sca ling fac tor is to prescribe th e snow 

d e pth and d e nsity on th e la kc based on obse l'\' a tions; this 

a pproach req u ires mo re freq uen t sn o w obse l'\'a tions th a n 

a rc a \'a ila blc fa r th e current s tud y . I n summ a ry, th e o n ly 

differ ence be tween th e a tm osph e ri c fo rcing fo r th e Sl. 

-'I a ry La ke a nd Lo\\·erT,,·o ;\l edi cin e Lakc integr a ti o ns 

is th a t Lowe r T\\·o .\I ecli cine L a ke is ass um ed to h a \'c 

lo wer wind speed s a nd hi g her sn o w acc um ul a tions th a n 

th ose occ urrin g 0 11 St. \I a ry Lake. 

The St. .\I a ry o bsen 'a ti o ns o f te mpera ture, wind speed 

a nd prec ipita ti o n a re fo und in Fig ure 3a c. res p ec ti\·e ly. 

During O c to be r a nd Now' lllbcr, th e <l \'C rage d a ily a ir 

te m pera tu re reac hes br lo \\'-rreez i ng te m pe ra tures on 

se \ 'C ral occas io n s and stays b e lo w freez ing thro ug h 
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Fig. 3 . .Ileco ll relllmls al SI. ;\.1(l1)! . Glacier. \ 'aLiollal 

Park , .Ilonlalla, CS.A . (t . Average dai~J' lem/Jeralllr f 

(om/Jllled .from Ihe dai£l' Il l([ I'im llm alld lII ini/ll llm air 
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D ccember a nd during a lmos t a ll of" J anuary. In la te 

January a nd early Feb ru a ry, air tcm pera tures ri sc above 

f"reezing before dropping during the last halfof Febru a ry. 

:"larch begins II'ith a bove-freczing temperatures a nd . 

after a coo ler period in the middl e of the month , th e a ir 

te mpcra ture typi ca lly stays abol'C freez ing through 1\lay 

(Fig. 3a ). The w ind speed is high ly variab le th rou g hout 

the p eri od and ranges from ncar zero to 22 m s I (Fig. 

3b) . Prec ipita tion en' llls occur frequelllly and reach a 

maxi mum of" 16 lllm d I ( Fig. 3 c ) . 

Th e total ice dcpth simula ted by the model for Sl. 

:"lary Lake is compared \\"ith obscn 'a tions in Figurc 4. 

The a\"(Tage of the obsen 'ed d e pth I'a lues is inc luded 

a long with the maximum and minimum obsen'ations for 

each obsel"\"at ion time. The number of obsen 'a tions I'a ri es 

from onc fi eld excursion to the next and ranges from onc 

to nine obscl"\'ations per trip to the lake. 1\l easu remellls 

were not a l\l"a ys made in th e samc pa rt orthe lake during 

eac h trip. The model simul ation an d the a"eragc o f th e 

obsen'ations agrec quite \\"ell a nd cons istently lie within 

th e range of the obsen'ed I·a lues. Th e freeze-up date is 

simulated with in the' lim its of" the obsen'ations and occurs 

during the last \\"eek o f" J\"ol·ember. Ice break- up is 

modeled to occur during the urst II"Ce k of Apri l. Th e high 

I'ariability among d epth obsen'ations for a gil'en time ca n 

be partial ly exp la ined by the I'ariable depths of snowdrifts 

accumulating on th e ice surface. Frequently , when an 

obsernllion indicates little or no variabil ity. only o nc or 

l"Cry fe\\" measure ments II"Cre made. The mod el produces 

a maximum total ice dep th 0("60 c m in la te February . The 

relatil 'ely warm periods in ea rly February and ?-.l a rch, 

indi ca ted by the temperaturc rccord, hcl\'e led to the 

reductions in ice depth shown in Figure 4 . Th e final 

melting of la ke ice begins in the middle of 1\larch and 

continues until the ice is entirely m e lted in early April. 
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Fig . .t. (;olll/JarisOIl belween Ihe lotal ice de/JIIz simulaled b)' 

Ihe model alld Ihe o/;ser1'alions fo r SI. ilIal), Lake . Tlte 

average ({nd rallge o/Ihe observed values are also indicated. 

On Sl. Mar), L a ke. no snow- Ice is produced by the 

model (Fig. 5). This CUl"l'e is co inc id ent with th e zc ro lin e 

in the plol. Although the observations of snow-ice d epth 

are quite I'a ri a ble, th e model-produced result lies within 

th e obse l"\"Cd I'alues. a lso shown in Fig ure .5. I n thi s fi g ure 

thc total ice d epth from Figurc + h as been includ ed for 

rcfe rence. Under cond iti ons of rninima l snow accumul-
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Fig. 5. ComjJarison belu:een Ihe sllow-ice dejJlh simulaled 

/J..J' lite model alld Ihe observations/or SI. 111al)' Lake. TIle 

average and range of 1/11' observed l'allles are also indicaled, 

along with a reJermte curve showing the tolal modeled ice 

de/Jlh oblailledfrom Figure 4. (. \ '011' Ihal lite model did 1101 

simulate a/l)' sl1ow-ice 011 St . .l l al)' Lake .) 

a tion such as that represented by th is St. 1\la ry Lake 

simu lat ion , the sno\l' cOl'er is rarely sufTi c ielll to depress 

the ice surface belo\l' th e \I'a ter line; if th is should occur , it 

can h a ppen only ea rly in the freeze-up period when th e 

ice is rcla ti 1'c1 y thi n. COllseq uen tI y, snow-ice form a tio n is 

expected to be limited in re la til'e ly co ld and windy 

el1\·ironments. The clear ice produced by th e mod el is give n 

by the d ifference betwee n the tota l ice d epth a nd th e snow­

ice d e pth . I n the Sl. :'I ary Lake simu la tion , a ll of" th e ice 

prod uced by th e model is clear ice. 

Th e mod el simu lat ion for Lower Two ~I edicine La ke 

also agrees well lI"ith th e measured total ice dep th (Fig . 

6) . The number of meas urements I'aries from onc fi e ld 

exc ursio n to the nex t a nd ranges from onc to three 

obseT"I"ations per trip to the lake. l\ ]eas urem ents were not 

a lways mad e in the sa m e part of the la ke during each trip . 

The m odel ed ice freeze-up date lags the obsen'a ti ons by 

approximately I week. \\' hile the ice gro\\·th during 

D eccmber is slightly less than the mod el simula tion. the 

genera l pattern of the meas ured ice grOll"th is ca ptured b)' 

the modc l. The remainder of the simu lation continues to 
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also illdicated. 
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1'0 11 0 \\' th e o bse n 'a ti oTIS , [n res po nse to th e dirre re nt 

a tmospheri c forcing, \\hi ch a[[o\\Td th e il1lrodu c tion o f 

sno \\'-i ce g roll'th no t present on Sl. \f a ry L a ke. th e m odel 

produ ces a ma ximum tot a l ice d e pth o f 70 Clll. 10 c m 

g reate r th a n th a t simul a ted for St. J\l a ry L a ke, Th e fin a l 

continuo us melting e ' T nt begins in th e middle o[,\fa rc h 

a nd proceeds until th e middle 0[' April \\'h en all of th e ice 

has go ne, The lac k o r April ice o bsen 'a ti ons prec lud es 

mod e l , 'alid a ti o n during thi s peri od o f th e simula ti o n, 

In contrast to SI. ?\Iar>' Lake, the ice measured o n 

Lo\\'e r T\\'o \I edicin e L a ke is composed o f ro ug hl y 50% 

sno \\'-ice (Fig , 7) , Also in c luded in Fig ure 7 a re th e sn o \\'­

ice o bse n 'a ti o ns a nd th e to ral ice d e pth o bta ined fro m 

Fig ure 6, Th e clea r-i ce d epth is g i'T n b y th e dirreren ee 

be tween th e total ice and snow-i ce d e pths, Again , th e 

m od e lcd sno\\'-i ce pro fil e is \\' ithin th e , 'a ri a bilit y o r th e 

o bse n 'ati o ns, The in crca sed sno\\' a cc umul a ti on in res­

ponse to th e 10ll'er \\'ind speeds a t L O\\T r T\\'o \l edi e ine 

La ke h as initi a ted th e sno \\'-i ce g rO\nh m ec ha ni sm, Sno \\' 

a cc umul a ti o n on th e lak e surface h as bee n suffi cient to 

d epress th e ice surface bcio\\' th e la ke-\\'a ter line. thu s 

satura tin g some rrac ti o n o rth e o' T rl ying sno\\' Co\T r. Thi s 

slush has th en fi'oze n , thus produ cing th e sno\\'-i ce la ye rs, 

Th e reducti ons in icc depth du e to m e lting in ea rl y 

Febru a ry a nd \Ia rc h , \\hi ch a re e\' id e m in th e SI. J\[ a ry 

L a ke simula ti on (Fig , 4). arc no t ro und in th e Lo\\'er T\\'o 

\l edi c ine La ke simul a ti o n (Fig , fi ) , In thi s case, th e 

m e lting e nergy has go n e to \\'ard s firs t m e lting th e sn o \\' 

Co\T r prese nt on th e L O\\T r T\\'o ~l e di c in e La ke surface. 

a nd th e surplus energ y \\'as insuffi cie nt to redu ce th e ice 

d epth apprec ia bl y, 
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Fig, 7, C:olII/){triSOIl beiLl'efll lite .I I1O/l' - ice de/Ji lt silllu/aled 

~J' lite lIIodel alld 1111' ob,Ier1'aliolls for Lawn T wo 

.11 edie;lI!' Lake, T lte ({1'frage alld ra llge of lite ob,II'ITul 

l'allles are a/so illdiraled. a/ollg leil/I a re/i'retlre CIIr1'e 

slt O/C' illg lit!' IOla/lIlodeled ire de/Jilt oblailledFolII Figllre 6, 

Th e diffe rences be t\\'ee n th e ice-g ro \\,th mec ha nism s in 

th e t\\ 'O lakes produce ice of distin c tl y different opti ca l 

a nd ra di a ti, 'e pro pe rti es , Because o f th e a bund a nce o f 

sm a ll bubbles in th e sn o \\'-i ce , thi s ice fo rm is opaque a nd 

frequ e ntl>' relc rred to a s \\'hite ice, [n contras t, th e ice 

p rodu ced by th erm a l g ro \nh is clea r a nd conta ins 

rclati,'eh ' k\\' bubbl cs , Studies ha , 'C shown that th e 

d e nsi t, ' o f snow-i ce is o ft e n within a fe\\' per ce nt of th e 

clea r-i ce d ensi ty (Age r. 1962 ), 

Lisloll alld Hall : Ellergl'-bala ll re model of lake-ice em/lllioll 

La ke-i ce studi es in no rth e rn Al aska using synth eti c 

a perture rad a r (SAR ) IUl\ 'e sugges ted [h a l th c within-i ce 

bubblc structure is pa rti a ll y responsible fo r , 'a ri a ti ons in 

rad a r b ac k- sca tt er (\\'ce ks a nd o th e rs. 1978 . 198 1; 

\\'a ka b a , 'as hi a nd oth ers, 1993 ), As pa rt o f a compa ni o n 

stud y to th c m odeling wo rk d escribed in thi s pa per. SAR 

d a ta eo, 'c rin g Gl acier i\ a tion a l Pa rk ha \T b ee n obta incd 

fo r th e m o nths or No\T l11bcr 1992 thro ug h ~l a r c h 19 CJ :) 

Ha ll a nd others. 1994 ) . Th e distin rt h diflc re nt bubbl e 

stru ctures fo und \\'ithin th e la kes o f G lac ie r ,"\T a ti o na l Pa rk 

a rc th o ug ht to ex pl a in , a t least in pa rr , th e yar ia ti o ns 

bet\\Te n lh e rad a r sig na tures o bta ined fi 'o m , 'a ri o us la kes 

within th e p a rk, 

Th ese m od el simul a ti o n s o f ~I o nt a n a la kes ha\'e 

shown th a t th e fo rm a ti o n and grO\dh o f la ke ice is 

sens iti ,'C to \\' ind speed . \\ 'hi c h is stro ng ly d e pe nd ent upo n 

loral to p ogra ph y, ender bo th li g ht a nd stro ng \\'ind s. 

la kes we re (o und to prod uce ice thro ug h th erm a l growth 

a t th e ice \\'a ter int e rf ~ l ce but. und er conditi o ns or li ght 

winds, th e (o rmati o n o f sno\\'-i ce is enh a n ced , Hig her 

snO\\ acc umul a ti o ns o n th e la ke-i ce sur face produ ce a 

co nditi o n \\'here th e ice s urf ~ l ce is d epressed belQ\\' th e 

wa ter lin e , ca using th e sn o\\' to beco me sa tura ted a nd 

leading to th e ro rm a ti o n or rcl a ti 'T ly thi c k snO\\'-i ce 

deposits, In reg ions ha "ing wind speeds hi g h e no ugh to 

limit sno \\' acc ulllulat io ll . a nd /o r \\'here prec ipi ta ti on is 

rcia ti, 'C ly 10 \\', th e redu ced sno \\' acc umul a ti o n on th e 

la ke-i ce surface inhibi ts snow-i ce fo rm a ti o n , 

6. CONCLUDING REMAR KS 

Ph ys ical'" b ased m a th c l11a ti ca l mod e ls of" th e co upl ed 

la ke, la ke-i ce. sno\\' and a tl11 0s ph ere s, 's te m prO\'ide a 

m ec ha ni sm b,' \\ 'hi c h to s tuci y terres tri a l a t11l os phe re 

int cra uion s fe) !' th e c lim <l tl'-se nsitin' no rth e rn regio ns , 

" ' ith suc h a mod el. fiT cze-ujJ a nd ice brea k-up dates 

ca n be predi c ted ",ith reaso na ble acc uracy, pro"ici ed 

th a t th e a ppro pri a te a tm osph e ri c fo rc i ng is kn O\\"ll, 

Gi,'en o bsen 'a ti o ns o f th e f'rccze-up a nd ice brea k-up 

d a tes o f sp ec ifi c la kes , info rm a tion regardin g th e local 

a nd reg io n a l clim a ti c reg im c o f th a t la ke ca n be 

inferred, 

This s tud y illustra tcs th e ke\' ro le th a t th e \\'incl 

compo nent o f' th e loca l c lilll a ti c regim e pl ays on th e 

g rowth a nd d cc a ~ o r la ke ice, The "ind speed a fTec ts bo th 

th e SUrfilCT te11lperature, o bt a in ed fi 'o m e nerg , '-ba lance 

co nside ra ti o ns, a nd th e acc ulllul a ti on o r- sno \\' o n th e lak e- ­

ice surf ilce , Sno\\'-acc umul a ti o n a mo unt pla ys a sig nif­

ica nt ro le in 'd e terminin g th e rcl a ti H impo rt a nce or la ke­

ice g ro\\'th thl"Oug h th e therm a l a nd sn o \\'-i ce gro\\'th 

mec ha ni slll s , Th e- ice produ ced by th ese t \\'o difTi.' rent 

mec ha ni slll s has di stin c tl y dif k rent o pti ca l and ra cli a ti'T 

pro pert ies a nd is, co nse CJ ue n tl y, tli o ug h t to afTeC i radar 

sig na tures H a ll a nd o th e rs, 1994 " 

Furth e r resea rch \\'ith ph ys ica lh' hased m od els a rc 

required lo c,'a lua te th e se Il siti"it" or la ke fi Teze-up a nd 

ice brea k-up d a tes to lo ng-t e rm , susta in ed c ha nges in 

", int er c lilll a ti c co nditi o ns, Su c h a stud y wo uld ass ist in 

establishing tli e feasibilit y of' trac kin g pas t a nd ['uture 

climate [re nds hy using lake freeze-up a nd brea k-up d a tes 

as a n integra ted ind ex o f f~ dl a nd ",inter te lllpera tures, 

a nd o th e r key clima ti c , 'a ri a bles, 
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