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Abstract The paper presents a mechanical model of the mixed-mode bending (MMB) test used to 

assess the mixed-mode interlaminar fracture toughness of composite laminates. The laminated 

specimen is considered as an assemblage of two sublaminates partly connected by an elastic–

brittle interface. The problem is formulated through a set of 36 differential equations, accompanied 

by suitable boundary conditions. Solution of the problem is achieved by separately considering the 

two subproblems related to the symmetric and antisymmetric parts of the loads, which for 

symmetric specimens correspond to fracture modes I and II, respectively. Explicit expressions are 

determined for the interfacial stresses, internal forces, and displacements. 
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1 Introduction 

Delamination, or interlaminar fracture, is a major failure mode for fibre-reinforced 

composite laminates. A vast body of literature is available on this subject (see the 

reviews by Garg [1], Sela and Ishai [2], and Tay [3]). The phenomenon is 

commonly analysed within the context of Fracture Mechanics, where the onset 

and growth of delaminations are predicted according to criteria based on the 

energy release rate, G [4]. Specific laboratory tests have been developed to assess 

delamination toughness under pure (I or opening, II or sliding, and III or tearing) 

and mixed fracture modes [5, 6]. In particular, for I/II mixed-mode fracture, the 

mixed-mode bending (MMB) test, introduced by Reeder and Crews in 1988 [7, 8], 

was adopted, after some refinements [9–12], as an ASTM standard in 2001 

(updated in 2006 [13]). This test method soon gained great popularity because it 

allows a wide range of mode mixities to be characterised using a single specimen 

geometry. In addition, by assuming a linear mechanical model, the MMB test can 



S. Bennati, P. Fisicaro, P.S. Valvo. Meccanica (2013) 48:443–462. 

2 

be regarded as the superposition of the double cantilever beam (DCB) and end-

notched flexure (ENF) tests. Thus, the models developed for the latter tests can be 

exploited to interpret the results of the MMB test, in particular, to determine the 

modal contributions to the energy release rate, GI and GII. On the other hand, one 

drawback to this test method is the complexity and cost of the testing apparatus as 

compared to alternative, simpler mixed-mode test procedures [6]. 

We present an enhanced beam-theory (EBT) model of the MMB test, wherein 

the laminated specimen is considered as an assemblage of two sublaminates partly 

connected by a deformable interface. The sublaminates are modelled as 

extensible, flexible, and shear-deformable beams, according to Timoshenko’s 

theory. The interface is regarded as a continuous distribution of linearly elastic–

brittle springs acting along the normal and tangential directions with respect to the 

interface plane. Thus, both normal and tangential stresses are exchanged through 

the interface, and the sublaminates are subjected to distributed axial load, 

distributed transverse load, and distributed couple. Our modelling approach dates 

back to the pioneering work on interface models by Allix and Ladevèze [14] and 

Corigliano [15], amongst others, and has already been successfully adopted for 

modelling the asymmetric double cantilever beam (ADCB) test [16]. 

The behaviour of the mechanical model is described by a set of 36 differential 

equations, endowed with suitable boundary conditions. The differential problem is 

solved assuming that the following hypotheses are fulfilled: 

a) the delamination is placed at the mid-plane of the specimen, which is split into 

two sublaminates having same mechanical properties; 

b) the sublaminates behave as plane beams and exhibit neither shear-extension 

nor bending-extension coupling; 

c) non-linear effects are negligible. 

Solution of the problem is achieved through the superposition principle by 

separately considering the two subproblems related to the symmetric and 

antisymmetric parts of the loads, which for symmetric specimens correspond to 

fracture modes I (opening) and II (sliding), respectively. Then, explicit 

expressions for the interfacial stresses, internal forces, and displacements are 

determined. By way of illustration, plots of the abovementioned quantities are 

furnished for the case of a unidirectional laminated MMB test specimen. It should 

however be stressed that the analytical solution obtained holds for both 
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unidirectional and multidirectional specimens, as well as for adhesively bonded 

specimens. 

In Part II of this paper analytical expressions will be deduced for the 

compliance, energy release rate, and mode mixity. Comparisons will also be 

presented with some analytical models reported in the literature and finite element 

analyses carried out to this end. Lastly, some examples of unidirectional and 

multidirectional laminates will serve to illustrate use of the proposed model for 

experimental data reduction [17]. 

2 The mixed-mode bending test: test description 

and literature review 

The MMB test (Fig. 1) is basically a bending test carried out on a (unidirectional) 

laminated specimen affected by a pre-implanted delamination at one of its ends. 

The specimen has width B (not shown in the figure) and thickness H, and is 

simply supported over a span of length L. The delamination splits the laminate 

into two sublaminates of equal thickness, / 2h H= . We denote with a the 

effective delamination length (measured between the left-hand end support and 

the crack tip) and with = −b L a  the length of the unbroken part of the specimen 

(measured between the crack tip and the right-hand end support). 

 

Fig. 1 MMB testing apparatus 
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The specimen is loaded indirectly through a lever of weight W, to which the 

testing machine applies a variable load, P. The resultant force, R P W= + , is 

transferred to the specimen as an upward load, Pu, and a downward load, Pd (Fig. 

2). Equilibrium of the lever shows that 

and (1 ) (1 )W W
u d

c cc c
P P W P P W

d d d d
= + = + + + , (1) 

where c and d are the lengths of the lever arms, cW is the distance of the lever’s 

centre of gravity from the application point of Pd (see Reeder [11] and Chen et al. 

[18] for a discussion on the effects of the lever’s weight on test results). 

 

 

Fig. 2 Scheme of the loading lever and specimen 

 

The lever arm lengths, c and d, can be adjusted to vary the intensities of Pu and 

Pd and, consequently, impose a desired I/II mixed-mode ratio, I II/G Gα = . The 

original test procedure [7, 8] (now accepted as an ASTM standard [13]) fixes the 

length / 2d L=  and allows only c to be varied. The range of mode mixities thus 

obtainable has a practical upper limit (related to the length of the lever). To 

overcome this limit, Kinloch et al. [19] proposed modifying the test procedure to 

also allow length d to be varied. This modified MMB test has since been 

considered by several Authors [20–24]. We also consider a general value of d. 

Furthermore, we define the length L d= −ℓ  and recover the standard case by 

setting / 2= =ℓd L . 



S. Bennati, P. Fisicaro, P.S. Valvo. Meccanica (2013) 48:443–462. 

5 

By suitably decomposing the forces applied to the specimen, the MMB test can 

be regarded as the superposition of DCB (mode I) and ENF (mode II) tests (Fig. 

3). Thus, 

I IIand
2

u d dP P P P P
L

= − =ℓ
 (2) 

are the loads responsible for fracture modes I and II, respectively. 

 

 

Fig. 3 MMB test as the superposition of DCB and ENF tests 

 

For experimental data reduction, a theoretical model of the test is required [25]. 

To this end, a number of models of growing complexity have been proposed in 

the literature and are briefly recalled in the following. In the simple beam-theory 

(SBT) model [8], the specimen is considered as an assemblage of three rigidly 

connected beams made of a linearly elastic, homogenous isotropic material. The 

SBT model, however, suffers from some oversimplifying assumptions that lead to 

underestimation of compliance and energy release rate with respect to 

experimental and numerical results. Reeder and Crews [7, 8] have already made 

some suggestions as to how to improve the SBT model’s predictions by 

introducing correction terms into the expressions for GI and GII. In particular, they 

considered the contributions stemming from Kanninen’s elastic foundation model 
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of the DCB test [26] and Timoshenko’s shear-deformable beam theory. In this 

respect, however, it should be noted that their expression for GII (derived from 

Carlsson et al. [27]) has recently been proved incorrect by Fan et al. [28] and 

Valvo [29]. 

Williams [30] showed how the effect of deflections and rotations at the crack 

tip included in Kanninen’s model can be considered approximately by adding a 

correction term, χh, to the delamination length, a, where χ is a factor related to the 

elastic properties of the material. This corrected beam theory (CBT) model was 

extended to mode II delamination fracture by Hashemi et al. [31]. Wang and 

Williams [32] pointed out that distinct correction factors, χI and χII, should be 

used for fracture modes I and II, and Kinloch et al. [19] applied this modelling 

approach to the MMB test. The proposed crack length correction parameters are 

now included in the formulas for data reduction recommended by the ASTM 

standard [13]. These formulas, however, hold only for unidirectional laminated or 

homogeneous orthotropic specimens, and do not apply to laminates with generic 

stacking sequences. Moreover, the mode II crack length correction parameter is 

calculated simply as a fraction of the corresponding mode I parameter. In this 

regard, more accurate estimates for the mode II correction parameter have been 

recently given by Wang and Qiao [33], de Morais [34], and Jumel et al. [35]. 

Many Authors have considered multidirectional and asymmetric MMB test 

specimens. De Morais and Pereira have proposed applying the CBT model to 

multidirectional laminated specimens by calculating the crack length correction 

parameters based on the homogenised flexural and shear moduli [36–38]. For 

asymmetric specimens, they suggest using different crack length correction 

parameters for the upper and lower sublaminates [39]. Ducept et al. [40–42] 

studied specimens with asymmetric stacking sequences, by using the compliance 

calibration method, formerly proposed by Benzeggagh and Kenane [43] and 

Martin and Hansen [44]. Ozdil and Carlsson [45] and Kim and Mayer [46] studied 

angle-ply and cross-ply laminated specimens. Soboyejo et al. [22], Marannano 

and Pasta [23], Suàrez et al. [24], and Yokozeki et al. [47] analysed specimens 

where the delamination is located between sublaminates different for thickness or 

material. Jagan et al. [48] considered graded laminates, and Quispitupa et al. [49] 

analysed MMB sandwich specimens. In the case of asymmetric specimens, 

particular attention should be devoted to the partitioning of fracture modes, which 
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cannot be achieved by simply considering the asymmetric MMB test as the 

superposition of asymmetric DCB and ENF tests. In fact, because of the 

asymmetry, both the asymmetric DCB and ENF tests turn out to be mixed-mode 

delamination tests. Unfortunately, with few exceptions [39, 41], this point appears 

not to have been fully appreciated in the literature [22–24, 36–38, 45–49]. 

Developing a mechanical model of the asymmetric MMB test is thus still an open 

issue. 

In recent years, many alternative strategies have been proposed for the 

numerical analysis of the MMB test. Allix and Corigliano [50] implemented an 

interface law relating interlaminar stresses to displacement discontinuities. 

Miravete and Jiménez [51, 52] modelled the MMB test using solid finite elements 

and computed the energy release rate through the virtual crack closure technique 

(VCCT). Cohesive interface elements have been used in association with solid 

elements by Camanho et al. [53], Turon et al. [54], Tumino and Cappello [55], 

Oliveira et al. [56], and de Moura et al. [57]; with plane elements by Warrior et 

al. [58] and Iannucci [59]; and with shell elements by Borg et al. [60]. Aymerich 

et al. [61] and van der Meer and Sluys [62] have proposed new numerical 

strategies to model delamination and used the MMB test as a validation example. 

Analytical models of the MMB test have also been proposed in more recent 

literature. Blanco et al. [63] present a formula for determining the lever arm 

length, c, as a function of the mode mixity. Tenchev and Falzon [64] analyse the 

case of a delamination propagating beyond the application point of Pd. Massabò 

and Cox [65] analyse an MMB test specimen with through-the-thickness 

reinforcements. Lastly, Szekrényes and Uj [66] and Szekrényes [67] have 

formulated an improved beam-theory (IBT) model, whereby the specimen is 

modelled as an assemblage of two Euler-Bernoulli beams connected by a 

Winkler–Pasternak foundation, consisting of extensional and rotational distributed 

springs, while the effects of transverse shear, crack tip shear deformation and root 

rotations are taken into account through several correction terms. 
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3 Formulation of the problem 

3.1 Mechanical model 

In the enhanced beam-theory model (Fig. 4), the MMB test specimen is regarded 

as made of two sublaminates of thickness h, connected by a deformable interface 

of thickness t h<< . We introduce an abscissa, s, measuring the distance of the 

generic cross section from the crack tip. Two local reference systems, O1x1z1 and 

O2x2z2, are defined with their origins on the centrelines of the upper and lower 

sublaminates, respectively. Henceforth, index 1i =  refers to the upper 

sublaminate, index 2i =  to the lower sublaminate. Accordingly, we indicate with 

ui and wi the sublaminates’ mid-plane displacements along the axial and 

transverse directions, respectively, and with φi their cross sections’ rotations 

(positive if counter-clockwise). 

 

 

Fig. 4 Enhanced beam-theory model of the MMB test 

 

We assume the two sublaminates have identical mechanical properties, so that 

in line with classical laminated plate theory [68], 1 2=A A , 1 2=C C , and 1 2=D D  

are the sublaminates’ extensional stiffness, shear stiffness, and bending stiffness, 
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respectively. The sublaminates may have any stacking sequence, provided that 

they behave as plane beams and exhibit neither shear-extension nor bending-

extension coupling. Note that this condition is fulfilled not only by homogenous 

and unidirectional laminated specimens, but also by symmetric cross-ply and 

angle-ply specimens, as well as more general uncoupled multidirectional 

laminated specimens [69]. 

The constitutive laws for the sublaminates are 

, , and ,i i i i i i i i iN B Q B M Bε γ κ= = =A C D  (3) 

where Ni, Qi, and Mi are the axial force, shear force, and bending moment, and 

, , andi i i
i i i i

du dw d

ds ds ds

φε γ φ κ= = + =  (4) 

are the axial strain, shear strain, and curvature [70], respectively. 

The deformable interface is modelled as two independent, uniform 

distributions of elastic–brittle springs acting along the normal and tangential 

directions with respect to the interface plane. Accordingly, the normal and 

tangential interfacial stresses are 

and ,z xk w k uσ τ= ∆ = ∆  (5) 

where kz and kx are the elastic constants of the interface and 2 1w w w∆ = −  and 

2 1u u u∆ = −  are the transverse and axial relative displacements at the interface, 

respectively. Here, 1u  and 1w  are the displacements at the bottom surface 

( 1 / 2z h= ) of the upper sublaminate; 2u  and 2w  are the displacements at the top 

surface ( 2 / 2z h= − ) of the lower sublaminate. According to beam-theory 

kinematics, the sublaminates’ axial displacements vary linearly with the thickness 

coordinate, so that 1 1 1 / 2u u hφ= +  and 2 2 2 / 2u u hφ= − , while the transverse 

displacements are assumed to be constant throughout the thickness, so that 

1 1w w=  and 2 2w w= . Hence, 

2 1 1 2 2 1( ) and
2

h
u u u w w wφ φ∆ = − − + ∆ = − . (6) 

By substituting Eqs. (6) into (5), we obtain 
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2 1 2 1 1 2( ) and [ ( )]
2

z x

h
k w w k u uσ τ φ φ= − = − − + . (7) 

3.2 Differential problem 

The mechanical model is described by three sets of differential equations, 

corresponding to three intervals for the abscissa, s: interval [ , 0] [ , 0]AAO s a= = − , 

ranging from the application point of Pu to the crack tip; interval 

[0, ] [0, ]BOB s d a= = − , from the crack tip to the application point of Pd; interval 

[ , ] [ , ]B CBC s s d a b= = − , from the application point of Pd to the specimen’s right-

hand end support (Fig. 4). 

Within interval AO, the upper and lower sublaminates do not exchange any 

distributed load, so that the equilibrium equations are simply 

0, 0, and 0.i i i
i

dN dQ dM
Q

ds ds ds
= = − =  (8) 

Instead, within intervals OB and BC, the two sublaminates are connected to 

each other by the interface, so that the equilibrium equations are 

0, 0, and 0,i i i
i i i i

dN dQ dM
n q m Q

ds ds ds
+ = + = + − =  (9) 

where 

1 2 1 2 1 2, , and / 2,n n B q q B m m B hτ σ τ= − = = − = = =  (10) 

are the distributed axial load, distributed transverse load, and distributed couple, 

respectively. In Eqs. (10), the interfacial stresses, σ and τ, are given by Eqs. (7). 

Finally, the displacements are introduced into the problem by substituting Eqs. 

(4) into (3) to yield 

, , and .i i i i i i
i

i i i

du N dw Q d M

ds B ds B ds B

φφ= + = =
A C D

 (11) 

The differential problem stated by Eqs. (8)–(11) consists of 36 first-order 

differential equations (12 for each of the three intervals of the curvilinear 

abscissa) for the 36 unknown functions describing the internal forces and 

displacements. The problem is completed by 36 boundary conditions (21 static 

plus 15 kinematic), which are detailed in Appendix A. 
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4 Solution of the problem 

4.1 Solution strategy 

In order to tackle the stated differential problem, it is convenient to first solve Eqs. 

(8)–(10) in terms of the internal forces and, subsequently, integrate Eqs. (11) to 

deduce the displacements. In this way, however, the interfacial stresses have to be 

determined together with the internal forces. In order to introduce the interfacial 

stresses into the differential problem, we suitably differentiate Eqs. (7) with 

respect to s and substitute Eqs. (11) into the resulting expressions. Thus, we obtain 

2 1 1 2

1 1

2

2 1 2 1

2

1 1

( ),
2

1
[ ( ) ],

x

z

k N N M Md h

ds B

k dQ dQ M Md

ds B ds ds

τ

σ

− += −

−= − −

A D

C D

 (12) 

which, together with Eqs. (8) and (9), compose a set of 20 first-order and 2 

second-order differential equations for the internal forces and interfacial stresses. 

 

 

Fig. 5 Decomposition of the load system into symmetric and antisymmetric parts 

 

Proceeding with the solution, we consider a free-body diagram of the specimen 

and compute the support reactions. Then, observing that the specimen is 
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symmetric about its mid-plane, we decompose the actual load system into the sum 

of a symmetric load system plus an antisymmetric load system (Fig. 5). To this 

end, remembering Eqs. (2), it is convenient to express the upward and downward 

loads as 

u I II d IIand
2

P P P P P
L

= + =ℓ
. (13) 

The solution for the original system, F, can now be expressed as 

(s) (a) (s) (a) (s) (a)

(s) (a) (s) (a) (s) (a)

, , ,

, , ,

i i i i i i i i i

i i i i i i i i i

u u u w w w

N N N Q Q Q M M M

φ φ φ= + = + = +
= + = + = +

 (14) 

and 

(s) (a) (s) (a)andσ σ σ τ τ τ= + = + . (15) 

Here (and henceforth), the superscripts (s) and (a) are used to refer to the 

solutions for the symmetric and antisymmetric systems, F(s) and F(a), respectively. 

The solution to the symmetric subproblem must fulfil the symmetry conditions 

(s) (s) (s) (s) (s) (s)

2 1 2 1 2 1

(s) (s) (s) (s) (s) (s)

2 1 2 1 2 1

, , ,

, , ;

= = − = −
= = − = −

u u w w

N N Q Q M M

φ φ
 (16) 

while the solution to the antisymmetric subproblem must satisfy 

(a) (a) (a) (a) (a) (a)

2 1 2 1 2 1

(a) (a) (a) (a) (a) (a)

2 1 2 1 2 1

, ,

, , .

u u w w

N N Q Q M M

φ φ= − = =
= − = =

 (17) 

By substituting Eqs. (14)–(17) into (6)–(7), it immediately follows that 

(a) (a) (a) (a)

2 1 0 0w w w σ∆ = − = ⇒ =  (18) 

and 

(s) (s) (s) (s) (s) (s)

2 1 1 2( ) 0 0
2

h
u u u φ φ τ∆ = − − + = ⇒ = ; (19) 

hence, 

(s) (s) (a) (a) (a)

1 1 12 and 2 ( )
2

z x

h
k w k uσ σ τ τ φ= = − = = − + . (20) 

It is thus demonstrated that the symmetric load system produces only normal 

interfacial stresses, so it is related to pure mode I fracture; conversely, the 
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antisymmetric load system is responsible only for tangential interfacial stresses, 

so it corresponds to pure mode II fracture. It is important to stress that such result 

does not hold if the specimen is not symmetric about its mid-plane. 

4.2 Symmetric subproblem (mode I fracture) 

4.2.1 Solution of the differential problem 

Thanks to the symmetry conditions, in solving the symmetric subproblem, we can 

limit our analysis to the upper sublaminate (Fig. 6) and deduce the solution for the 

lower sublaminate from Eqs. (16). 

 

 

Fig. 6 Symmetric subproblem for the upper sublaminate 

 

The differential equations for the upper sublaminate are 

(s) (s) (s)
(s)1 1 1
10, 0, and 0,

dN dQ dM
Q

ds ds ds
= = − =  (21) 

within interval AO, and 

(s) (s) (s)
(s) (s)1 1 1

1

(s) (s)2

1 1

2

1 1

0, 0, 0,

2 1
( ),z

dN dQ dM
B Q

ds ds ds

k M dQd

ds B ds

σ

σ

= + = − =

= −
D C

 (22) 

within intervals OB and BC. From Eqs. (21) it is a straightforward matter to obtain 

the internal forces in interval AO, 

(s) (s) (s)

1 1 1 2 1 2 3, , and ,N A Q A M A s A= = = +  (23) 

where A1, A2, and A3 are integration constants. Moving on to solve Eqs. (22), we 

immediately find the axial force, 

(s)

1 1N B= , (24) 
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where B1 is an integration constant. Then, by substituting the second and third 

equations in (22) into the fourth one, we obtain a fourth-order differential 

equation, 

4 (s) 2 (s)
(s)1 1
14 2

1 1

2 2
0z zd M k d M k

M
ds ds

− + =
C D

, (25) 

for the bending moment. Its biquadratic characteristic equation, 

4 2

1 1

2 2
0z zk kλ λ− + =

C D
, (26) 

has the following four roots: 

2 2

1 1
1 2

1 1 1 1

3 1 4 2

2 2
(1 1 ), (1 1 ),

, .

C C

C D C D
λ λ

λ λ λ λ

= + − = − −

= − = −

z z

z z

k k

k k  (27) 

Provided that 1 2λ λ≠  (which excludes the case 2

1 12 /∗= =z zk k C D , for which 

the solution must therefore be deduced separately), the bending moment can be 

written as 

(s)

1 2 1 3 1 4 2 5 2cosh sinh cosh sinhM B s B s B s B sλ λ λ λ= + + + , (28) 

where B2, B3, B4, and B5 are integration constants. From the third equation in (22) 

we obtain the shear force, 

(s)

1 1 2 1 3 1 2 4 2 5 2( sinh cosh ) ( sinh cosh )Q B s B s B s B sλ λ λ λ λ λ= + + + , (29) 

and from the second equation in (22), the normal interfacial stress, 

2 2

1 2 1 3 1 2 4 2 5 2

1
[ ( cosh sinh ) ( cosh sinh )]B s B s B s B s

B
σ λ λ λ λ λ λ= − + + + . (30) 

4.2.2 Static boundary conditions 

The boundary conditions for the problem at hand should rigorously take into 

account the presence of concentrated loads in sections B and C (Fig. 6). These 

loads correspond in the full specimen (Fig. 5) to transverse compressive forces, 

transferred from one sublaminate to the other through the interface. However, it 

can be shown that for common composite laminates this load transfer is localised 

within very narrow regions and the effects on the specimen’s compliance and 
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energy release rate are extremely limited. Therefore, in the present solution we 

disregard these loads, thus avoiding the resulting complications (both analytical 

and numerical) of little interest for practical purposes. 

The eight unknown integration constants are determined by imposing the 

following boundary conditions: 

(s) (s) (s)

1 1 I 1

(s) ( ) (s) (s) (s) (s)

1 1 1 1 1 10 0 0 0 0 0

(s) (s)

1 1

0, , 0,

, , ,

0, 0.

A A A

C C

s s s s s s

s

s s s s s s

s s s s

N Q P M

N N Q Q M M

Q M

− + − + − +

= = =

= = = = = =

= =

= = =

= = =

= =

 (31) 

By substituting the expressions for the internal forces deduced in Section 4.2.1 

into Eqs. (31), the integration constants are determined as follows: 

1 2 I 3 I

1 2 2 I 3 3 I 4 4 I 5 5 I

0, , ,

0, , , , ,

A A P A aP

B B b P B b P B b P B b P

= = =
= = = = =

 (32) 

where 

3 2 4 1 1 31 2 2 2 1 4
2 3 4 5

0 0 0 0

, , ,
a aa a

b b b b
β λ β β λ ββ λ β β λ β

β β β β
+ ++ += − = = = −  (33) 

and 

2 2

0 1 2 1 2 1 2 1 2

1 1 2 2 1

2 1 1 2 2 1 2

3 1 1 2 2 1 2

4 1 1 2 2

( ) tanh tanh 2 (1 sech sech ),

tanh tanh ,

(1 sech sech ) tanh tanh ,

tanh tanh (1 sech sech ),

tanh tanh .

b b b b

b b

b b b b

b b b b

b b

β λ λ λ λ λ λ λ λ
β λ λ λ λ
β λ λ λ λ λ λ
β λ λ λ λ λ λ
β λ λ λ λ

= + − −
= −
= − −
= − −
= −

 (34) 

4.2.3 Internal forces and interfacial stresses 

By substituting the expressions for the integration constants (32) into the solution 

to the differential problem deduced in Section 4.2.1, we obtain the internal forces 

(s) (s) (s)

1 1 I 1 I0, , and ( )N Q P M P s a= = = + , (35) 

within interval AO; and the internal forces and interfacial stresses 
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(s)

1

(s)

1 I 1 2 1 3 1 2 4 2 5 2

(s)

1 I 2 1 3 1 4 2 5 2

2 2I
1 2 1 3 1 2 4 2 5 2

0,

[ ( sinh cosh ) ( sinh cosh )],

( cosh sinh cosh sinh ),

[ ( cosh sinh ) ( cosh sinh )],

=

= + + +

= + + +

= − + + +

N

Q P b s b s b s b s

M P b s b s b s b s

P
b s b s b s b s

B

λ λ λ λ λ λ
λ λ λ λ

σ λ λ λ λ λ λ

 (36) 

within intervals OB and BC. 

4.3 Antisymmetric subproblem (mode II fracture) 

4.3.1 Solution of the differential problem 

Thanks to the antisymmetry conditions, in solving the antisymmetric subproblem 

we can limit our analysis to the upper sublaminate (Fig. 7) and deduce the 

solution for the lower sublaminate from Eqs. (17). 

 

 

Fig. 7 Antisymmetric subproblem for the upper sublaminate 

 

The differential equations for the upper sublaminate are 

(a) (a) (a)
(a)1 1 1
10, 0, and 0

dN dQ dM
Q

ds ds ds
= = − = , (37) 

within interval AO, and 

(a) (a) (a)
(a)1 1 1
1

(a) (a)

1 1

1 1

0, 0, 0,
2

2
( ),

2

x

dN dQ dM h
B B Q

ds ds ds

k N Md h

ds B

τ τ

τ

+ = = + − =

= − +
A D

 (38) 

within intervals OB and BC. From Eqs. (37) it is a straightforward matter to obtain 

the internal forces in interval AO, 

(a) (a) (a)

1 4 1 5 1 5 6, , and ,N A Q A M A s A= = = +  (39) 



S. Bennati, P. Fisicaro, P.S. Valvo. Meccanica (2013) 48:443–462. 

17 

where A4, A5, and A6 are integration constants. Moving on to solve Eqs. (38), we 

differentiate the third equation with respect to s and substitute the result into the 

second and fourth equations, obtaining 

2 (a) (a)
(a) 1 1 1 1

1 2

12x

d M h M
N

k h ds
= −A A

D
. (40) 

Then, by substituting the first equation in (38) and Eq. (40) into the fourth 

equation in (38), we obtain a fourth-order differential equation, 

4 (a) 2 (a)2

1 1

4 2

1 1

1
2 ( ) 0

4
x

d M d Mh
k

ds ds
− + =

A D
, (41) 

for the bending moment. Its biquadratic characteristic equation, 

2
4 2

1 1

1
2 ( ) 0

4
x

h
kλ λ− + =

A D
, (42) 

has the following four roots: 

2

5 6 5 7 8

1 1

1
2 ( ), , 0

4
x

h
kλ λ λ λ λ= + = − = =

A D
. (43) 

Thus, the bending moment can be expressed as 

(a)

1 6 5 7 5 8 9cosh sinhM B s B s B s Bλ λ= + + + , (44) 

where B6, B7, B8, and B9 are integration constants. From Eqs. (40) and (44), we 

obtain the axial force, 

(a) 1
1 6 5 7 5 8 9

1

2
( cosh sinh ) ( )

2

h
N B s B s B s B

h
λ λ= + − +A

D
. (45) 

Then, from the third of Eqs. (38) we deduce the shear force, 

2
(a) 1

1 8

1

(1 )
4

h
Q B= + A

D
, (46) 

and from the first of Eqs. (38), the tangential interfacial stress, 

1
5 6 5 7 5 8

1

2
( sinh cosh )

2

h
B s B s B

Bh B
τ λ λ λ= − + + A

D
. (47) 
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Eqs. (44)–(47) represent the solution to Eqs. (38) in interval OB. The same 

expressions for the solution hold in interval BC, provided the integration constants 

B6, B7, B8, and B9 are replaced by C6, C7, C8, and C9, respectively. 

4.3.2 Static boundary conditions 

To determine the eleven unknown integration constants, the following ten 

boundary conditions apply: 

(a) (a) (a)

1 1 II 1

(a) (a) (a) (a) (a) (a)

1 1 1 1 1 10 0 0 0 0 0

(a) (a) (a) (a) (a) (a)

1 1 1 1 II 1 1

(a)

1

0, , 0,
2

, , ,

1
, , ,

2

0.

A A A

B B B B B B

C

s s s s s s

s s s s s s

s s s s s s s s s s s s

s s

N Q P M
L

N N Q Q M M

N N Q Q P M M

N

− + − + − +

− + − + − +

= = =

= = = = = =

= = = = = =

=

= = =

= = =

= = + =

=

ℓ

 (48) 

The missing condition is obtained by requiring continuity at section B of the 

bottom surface axial displacement, (a) (a) (a)

1 1 1 / 2u u hφ= +  or, equivalently, 

continuity of the tangential interfacial stress, 

B Bs s s s
τ τ− += =

= . (49) 

By substituting the expressions for the internal forces and interfacial stresses 

deduced in Section 4.3.1 into Eqs. (48) and (49), the integration constants are 

determined as follows: 

II II
4 5 6

5 5 5
II II

6 7
1 1 5 5
2 2

1 1

II II
8 92 2

1 1

1 1

5 5
II

6
1 5
2

1

0, , ,
2 2

sinh cosh
1

, ,
4 42 2 sinh

1 1

1
, ,

2 2
1 1

4 4

sinh ( )
1

,
42

1

P P
A A A a

L L

a b
P Pa LB B

L b

h h

P P a
B B

h hL L

d a a
P LC

h

λ λ λ

λ λ

λ λ

λ

= = =

−
= =

+ +

= =
+ +

− +
=

+

D D

A A

A A

D D

D

A

ℓ ℓ

ℓ
ℓ

ℓ

ℓ ℓ

ℓ

 (50) 
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5 5
II

7 5
1 5 5
2

1

II II
8 92 2

1 1

1 1

sinh ( )
1

cosh ,
42 sinh

1

1
, .

2 2
1 1

4 4

d a a
P LC b

b

h

P Pd d b
C C

h hL L

λ λ
λ

λ λ

− +
= −

+

= − =
+ +

D

A

A A

D D

ℓ

 

4.3.3 Internal forces and interfacial stresses 

By substituting the expressions for the integration constants (50) into the solution 

to the differential problem deduced in Section 4.3.1, we obtain the internal forces 

(a) (a) (s)II II
1 1 10, , and ( )

2 2

P P
N Q M a s

L L
= = = +ℓ ℓ

, (51) 

within interval AO; and the internal forces and interfacial stresses 

5 5 5 5
(a) II

1
1 5 5
2

1

(a) II
1

5 5 5 5
(a) II 1
1 2

1 5 5 1
2

1

5 5 5
II

1

2

1

sinh sinh sinh ( )
1

[ ( )],
4 sinh

1

,
2

sinh sinh sinh ( )
41

[ ( )],
42 sinh

1

sinh cosh
1

[
4

1

+ −
= − +

+

=

+ −
= + +

+

−
= −

+

ℓ
ℓ

ℓ

ℓ

ℓ
ℓ

ℓ

ℓ
ℓ

s a b s
P LN a s
h b L

h

P
Q

L

s a b s
P LM a s

b h L

h

s
P

Bh L

h

λ λ λ λ

λ λ

λ λ λ λ

λ λ

λ λ λ
τ

D

A

D

D A

A

D

A

5

5

cosh ( )

],
sinh

−ℓ
a b s

L

b

λ

λ

 (52) 

within interval OB, and 

5 5 5
(a) II
1

1 5 5
2

1

(a) II
1

5 5 5
(a) II 1
1 2

1 5 5 1
2

1

[sinh ( ) ]sinh ( )
1

{ ( )},
4 sinh

1

,
2

[sinh ( ) ]sinh ( )
41

{ ( )},
42 sinh

1

d a a b s
P dLN b s
h b L

h

P d
Q

L

d a a b s
P dLM b s

b h L

h

λ λ λ

λ λ

λ λ λ

λ λ

− + −
= − −

+

= −

− + −
= + −

+

D

A

D

D A

A

ℓ

ℓ

 (53) 
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5 5 5
II

1 5
2

1

[sinh ( ) ]cosh ( )
1

{ },
4 sinh

1

d a a b s
P d L

Bh L b

h

λ λ λ
τ

λ

− + −
= − −

+ D

A

ℓ

 

within interval BC. 

4.4 Solution of the complete problem 

4.4.1 Internal forces 

The solution to the complete problem in terms of internal forces is obtained by 

superimposing the solution to the symmetric subproblem, Eqs. (35)–(36), and the 

solution to the antisymmetric subproblem, Eqs. (51)–(53), by means of Eqs. (14), 

(16), and (17). The resulting expressions are omitted here for the sake of brevity. 

4.4.2 Displacements 

The axial and transverse relative displacements at the interface are promptly 

obtained by substituting the expressions for the interfacial stresses appearing in 

Eqs. (36) and (52)–(53) into (5): 

5II
52

1 5 5

5 5

5II

2

5 51 5

5

2 1 3 1 4 2 5 2I

2 2

1 2 1

cosh ( )1
[ 1]

2 sinh

sinh cosh
, [0, ],

sinh1

sinh ( )cosh ( )2
[ 1], [ , ],

sinh

cosh sinh cosh sinh2
( ), [

B

B C

b sP h
u a

B L b

s
s s

bP h

b b sB
s s s

b

b s b s b s b sP
w s

B

λλ
λ λ

λ λ
λ

λ λλ
λ

λ λ λ λ
λ λ

−∆ = +

− ∈
+ ⋅ − − − ∈


+ +∆ = − + ∈

D

D

D

ℓ

ℓ

ℓ

0, ],Cs

 (54) 

where the following relationships have been used: 

2
2 25

1 2 12

1 1

1 1
and

12 2

4

x zk k
h

λ λ λ= =
+

D

A D

. (55) 

As far as the sublaminates’ displacements are concerned, the solution to the 

complete problem is deduced as follows. The expressions for the internal forces, 

obtained as explained in Section 4.4.1, are substituted into Eqs. (11) and 

integrated with respect to the curvilinear abscissa, s. Thus, we obtain 
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1 7

2

1 I II 8

1

3 2

1 I II I II 8 9

1 1

2 10

2

2 I II 11

1

3 2

2 I II I II 11 12

1 1

,

1
( )( 2 ) ,

2 2

1 1
( )( 3 ) [ ( ) ] ,

6 2 2

,

1
( )( 2 ) ,

2 2

1 1
( )( 3 ) [ ( ) ] ,

6 2 2

u A

P P s as A
B L

w P P s as P P A s A
B L B L

u A

P P s as A
B L

w P P s as P P A s A
B L B L

φ

φ

=

= + + +

= − + + + + − +

=

= − − + +

= − + − − + +

D

D C

D

D C

ℓ

ℓ ℓ

ℓ

ℓ ℓ

 (56) 

where A7, A8, …, A12 are integration constants, within interval AO; 

5 5 5 5
2II

1 102 2

1 1 5 5

2 1 3 1 4 2 5 2I
1

1 1 2

2 5 5 5 5
2II 1

2 2

1 1 1 5 5

sinh cosh cosh ( )
1

[ ( 2 )] ,
4 sinh 2

sinh cosh sinh cosh
( )

sinh cosh cosh ( )
1

[ (
4 2 sinh

s a b s
P h Lu s as B
B h b L

b s b s b s b sP

B

s a b s
P h L s
B h b L

λ λ λ λ

λ λ
λ λ λ λφ

λ λ

λ λ λ λ

λ λ

− −
= − + +

+
+ += + +

− −
+ +

+

A D

D

A

A D D

ℓ
ℓ

ℓ

ℓ
ℓ

ℓ

11

2 1 3 1 4 2 5 2I
1 2 2

1 2 1

2 5 5 5 5
3 2II 1

2 3

1 1 1 5 5

II
11 12

1

5 5
II

2 2

1 1

2 )] ,

cosh sinh cosh sinh
( )

sinh sinh sinh ( )
1 1

[ ( 3 )]
4 2 sinh 3

( ) ,
2

sinh cosh

[
4

as B

b s b s b s b sP
w

B

s a b s
P h L s as
B h b L

P
B s B

B L

s
P h

u
B h

λ λ λ λ
λ λ

λ λ λ λ

λ λ

λ λ

+ +

+ += + +

+ −
− + + +

+

+ − +

= −
+

D

A

A D D

C

A D

ℓ
ℓ

ℓ

ℓ

ℓ 5 5
2

132

5 5

2 1 3 1 4 2 5 2I
2

1 1 2

2 5 5 5 5
2II 1

142 2

1 1 1 5 5

cosh ( )
1

( 2 )] ,
sinh 2

sinh cosh sinh cosh
( )

sinh cosh cosh ( )
1

[ ( 2 )] ,
4 2 sinh

a b s
L s as B
b L

b s b s b s b sP

B

s a b s
P h L s as B
B h b L

λ λ

λ λ
λ λ λ λφ

λ λ

λ λ λ λ

λ λ

− −
− + +

+ += − + +

− −
+ + + +

+

D

A

A D D

ℓ

ℓ

ℓ
ℓ

ℓ

(57) 
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2 1 3 1 4 2 5 2I
2 2 2

1 2 1

2 5 5 5 5
3 2II 1

2 3

1 1 1 5 5

II
14 15

1

cosh sinh cosh sinh
( )

sinh sinh sinh ( )
1 1

[ ( 3 )]
4 2 sinh 3

( ) ,
2

b s b s b s b sP
w

B

s a b s
P h L s as
B h b L

P
B s B

B L

λ λ λ λ
λ λ

λ λ λ λ

λ λ

+ += − + +

+ −
− + + +

+

+ − +

D

A

A D D

C

ℓ
ℓ

ℓ

ℓ

 

where B10, B11, …, B15 are integration constants, within interval OB; 

5 5
2II

1 5 102 2

1 1 5 5

2 1 3 1 4 2 5 2I
1

1 1 2

2 5 5
2II 1

52 2

1 1 1 5 5

sinh ( )
1

[ cosh ( ) ( 2 )] ,
4 sinh 2

sinh cosh sinh cosh
( )

sinh ( )
1

[ cosh ( ) ( 2 )
4 2 sinh

d a a
P h dLu b s s bs C
B h b L

b s b s b s b sP

B

d a a
P h dL b s s bs
B h b L

λ λ
λ

λ λ
λ λ λ λφ

λ λ

λ λ
λ

λ λ

− +
= − − − − +

+
+ += + +

− +
− − + −

+

A D

D

A

A D D

ℓ

ℓ

11

2 1 3 1 4 2 5 2I
1 2 2

1 2 1

2 5 5
3 2II 1

52 3

1 1 1 5 5

II
11 12

1

5 5
II

2 2 2

1 1 5

] ,

cosh sinh cosh sinh
( )

sinh ( )
1 1

[ sinh ( ) ( 3 )]
4 2 sinh 3

( ) ,
2

sinh ( )

[
4 sin

C

b s b s b s b sP
w

B

d a a
P h dL b s s bs
B h b L

P d
C s C

B L

d a a
P h Lu
B h

λ λ λ λ
λ λ

λ λ
λ

λ λ

λ λ

λ

+

+ += + +

− +
− − − − +

+

− + +

− +
=

+

D

A

A D D

C

A D

ℓ

ℓ

2

5 13

5

2 1 3 1 4 2 5 2I
2

1 1 2

2 5 5
2II 1

5 142 2

1 1 1 5 5

2 1 3 1I
2 2

1 2

1
cosh ( ) ( 2 )] ,

h 2

sinh cosh sinh cosh
( )

sinh ( )
1

[ cosh ( ) ( 2 )] ,
4 2 sinh

cosh sinh
(

d
b s s bs C

b L

b s b s b s b sP

B

d a a
P h dL b s s bs C
B h b L

b s b s bP
w

B

λ
λ

λ λ λ λφ
λ λ

λ λ
λ

λ λ
λ λ

λ

− − − +

+ += − + +

− +
− − + − +

+
+= − +

D

A

A D D

D

ℓ

4 2 5 2

2

1

2 5 5
3 2II 1

52 3

1 1 1 5 5

II
14 15

1

cosh sinh
)

sinh ( )
1 1

[ sinh ( ) ( 3 )]
4 2 sinh 3

( ) ,
2

s b s

d a a
P h dL b s s bs
B h b L

P d
C s C

B L

λ λ
λ

λ λ
λ

λ λ

+ +

− +
− − − − +

+

− + +

A

A D D

C

ℓ

(58) 

where C10, C11, …, C15 are integration constants, within interval BC. 
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The expressions for the displacement integration constants are determined as 

reported in Appendix B. In Part II of this paper [17], we will focus on the 

displacements of the application points of uP  and dP , 

u 1 d 1and
A Bs s s s

w wδ δ
= =

= − = , (59) 

respectively, which are necessary to compute the specimen’s compliance. 

5 Numerical example 

By way of illustration, we consider the geometrical and mechanical properties of a 

24-ply unidirectional carbon/PEEK (AS4/APC2) laminated specimen, tested in an 

experimental study by Reeder and Crews [10]. The specimen has span L = 100 

mm, width B = 25.4 mm, and thickness H = 2h = 3 mm. The initial delamination 

length is a = 32 mm. The elastic moduli of the material are 129 GPa=xE , 

10.1 GPa= =y zE E , and 5.5 GPa= =xy zxG G , hence the sublaminates’ 

extensional stiffness, shear stiffness, and bending stiffness are 

1 193500 N/mmA = =xE h , 1 5 / 6 6875 N/mmC = =zxG h , and 

3 2

1 /12 36281 N mmD = =xE h , respectively [68]. 

The values of the elastic constants of the interface have been obtained through 

a numerical compliance calibration strategy described in detail in Part II of this 

paper [17]. The strategy enables evaluation of the interface constants in such a 

way as to account for the localised deformation occurring at the crack tip, which 

in turn depends on the geometrical and mechanical properties of the considered 

specimen. For the problem at hand we obtain kx = 31550 N/mm3 and kz = 23150 

N/mm3. 

The applied load is 100 NP =  and the lever arms are 43.7 mmc =  and 

50.0 mmd = . Neglecting the lever weight W, Eqs. (1) yield the loads applied to 

the specimen, u 87.4 N=P  and d 187.4 N=P . From Eqs. (2), the loads responsible 

for fracture modes I and II turn out to be I 40.6 N=P  and II 187.4 N=P , 

respectively. Hence, according to the SBT model (see Part II of this paper [17]), 

the mixed-mode ratio is SBT SBT

SBT I II/ 1G Gα = = . 

Figures 8a, 8b, and 8c respectively show the axial forces, shear forces, and 

bending moments – computed as indicated in Section 4.4 – in the upper and lower 
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sublaminates, as functions of the abscissa, s. From the left-hand end of the 

specimen ( 32 mmAs s= = − ) to the crack-tip section ( 0s = ), the internal forces 

show the typical trends of end-loaded cantilever beams (zero axial forces, constant 

shear forces, and linear bending moments). From the crack-tip section on, the 

axial forces attain non-zero values, and the shear forces suddenly rise to peak 

values and then decay. At the downward load application point ( 18 mmBs s= = ), 

the shear forces are discontinuous and the bending moments exhibit cusps. 

Afterwards, approaching the right-hand end of the specimen ( 68 mmCs s= = ), 

the internal forces nearly correspond to those of two perfectly bonded 

sublaminates behaving as a single whole. 
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Fig. 8 Internal forces in sublaminates: (a) axial force; (b) shear force; (c) bending moment 

 

Figures 9a and 9b respectively show the normal and tangential interfacial 

stresses – computed via their expressions appearing in Eqs. (36) and (52)–(53) – 

as functions of the abscissa, s. Both stress components attain peak values at the 

crack tip ( 0s = ). The normal stress decays within a short distance, exhibiting 
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oscillations of decreasing, negligible amplitude. The tangential stress, except for 

narrow regions around the crack tip and the downward load application point 

( 18 mmBs s= = ), is approximately equal to the values predicted by Jourawski’s 

formula for unbroken cross sections on intervals OB and BC, 

II II

1 1

2 2

1 1

1 1
1.84 MPa and 1.84 MPa

4 4
1 1

≅ = ≅ − = −
+ +

OB BC

P P d

Bh L Bh L

h h

ℓτ τ
D D

A A

.(60) 
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(b) 

Fig. 9 Interfacial stresses: (a) normal stress; (b) tangential stress 

 

Figures 10a, 10b, and 10c respectively show the axial displacements, 

transverse displacements, and cross-sections’ rotations – computed via Eqs. (56)–

(58) – in the upper and lower sublaminates, as functions of the abscissa, s. From 

the left-hand end of the specimen to the crack-tip section, the displacements show 

the typical trends of end-loaded cantilever beams. In the regions bonded by the 

interface, except for a limited neighbourhood around the crack-tip, the 

displacements nearly correspond to those of two perfectly bonded sublaminates 

behaving as a single whole. As can be noticed, the EBT model predicts significant 

relative rotation between the sublaminates’ cross sections at the crack tip (Fig. 

10c). This relative rotation is related to the so-called ‘root rotations’ of the 

sublaminates, which have often been noted in the literature [19, 30, 71, 72] as one 

of the main features to be taken into account by models aiming to accurately 

evaluate a specimen’s compliance and energy release rate. 
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Fig. 10 Displacements of sublaminates: (a) axial displacement; (b) transverse displacement; (c) 

cross-section rotation 

6 Conclusions 

An enhanced beam-theory model of the MMB test has been developed, wherein 

the laminated specimen is considered as an assemblage of two sublaminates – 

modelled as extensible, flexible, and shear-deformable beams – partly connected 

by an elastic–brittle interface. A complete explicit solution to the problem has 

been deduced, including analytical expressions for the internal forces, interfacial 

stresses, and displacements. 

Based on the solution obtained, any mechanical quantity of interest can be 

computed, thus allowing parametric studies and comparisons with theoretical and 

experimental results to be performed. In particular, in Part II of this paper [17] 

analytical expressions will be deduced for the compliance, energy release rate, and 

mode mixity. Comparisons with analytical models reported in the literature and 

finite element analyses will also be presented. 
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The deformable interface connecting the sublaminates enables the enhanced 

beam-theory model to account for the localised deformation occurring at the crack 

tip, including the so-called ‘root rotations’ frequently evoked in the literature to 

explain discrepancies between the predictions of the simple beam-theory model 

and experimental and numerical results [19, 30, 71, 72]. 

The solution strategy adopted is to decompose the problem into two 

subproblems related to the symmetric and antisymmetric parts of the loads. 

Through this decomposition, it has been demonstrated that the symmetric and 

antisymmetric load systems are responsible for the normal and tangential 

interfacial stresses, respectively, so that they correspond to pure fracture modes I 

and II. Actually, the symmetric and antisymmetric load systems can be regarded 

as those corresponding to DCB and ENF tests, respectively. Although the 

abovementioned load decomposition is always permissible for linear models, it 

should be noted that it furnishes correct partitioning of fracture modes only for 

symmetric specimens. Unfortunately, with few exceptions [39, 41], this point 

appears not to have been fully appreciated in the literature [22–24, 36–38, 45–49]. 

In conclusion, we would like to emphasise that the solution obtained holds not 

only for homogeneous orthotropic specimens, but also for unidirectional and 

multidirectional laminated specimens, as well as adhesively bonded specimens. 

This represents a strong point of the model and a novelty with respect to similar 

models available in the literature. 

Appendix A – Boundary conditions for the overall 

problem 

The boundary conditions for the overall problem are obtained by considering the 

static and kinematic conditions of the specimen at sections A, O, B, and C. 

At section A ( As s a= = − ) the upper sublaminate is subjected to the upward 

load, uP , while the lower sublaminate is constrained by a fixed hinge: 

1 1 u 1

2 2 2

0, , 0,

0, 0, 0.

A A A

A A A

s s s s s s

s s s s s s

N Q P M

u w M

= = =

= = =

= = =

= = =
 (A1) 

At section O ( 0s = ) the internal forces and displacements are continuous: 
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 (A2) 

At section B ( Bs s d a= = − ) the internal forces and displacements are 

continuous, except for the introduction of the downward load, dP , in the upper 

sublaminate: 

1 1 1 1 d 1 1

1 1 1 1 1 1

2 2 2 2 2 2

2 2 2 2 2 2

, , ,

, , ,

, , ,

, , .

B B B B B B

B B B B B B

B B B B B B

B B B B B B

s s s s s s s s s s s s

s s s s s s s s s s s s

s s s s s s s s s s s s

s s s s s s s s s s s s

N N Q Q P M M

u u w w

N N Q Q M M

u u w w

φ φ

φ φ

− + − + − +

− + − + − +

− + − + − +

− + − + − +

= = = = = =

= = = = = =

= = = = = =

= = = = = =

= = + =

= = =

= = =

= = =

 (A3) 

At section C ( Cs s L a= = − ) the upper sublaminate is load-free, while the 

lower sublaminate is simply supported: 

1 1 1

2 2 2

0, 0, 0,

0, 0, 0.

C C C

C C C

s s s s s s

s s s s s s

N Q M

N w M

= = =

= = =

= = =

= = =
 (A4) 

Appendix B – Displacement integration constants 

By expressing the kinematic boundary conditions contained in Eqs. (A1)–(A4) in 

terms of the displacements (56)–(58), we obtain 15 linear equations. Three further 

conditions are obtained by substituting Eqs. (57) and (58) into Eqs. (7) and 

making the resulting expressions equal to Eqs. (30) and (47). After some 

simplifications, omitted here for brevity, a set of 18 linear equations is composed, 

whose solution leads to the following expressions for the displacement integration 

constants: 
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