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Abstract—Karnik and Mendel proposed an algorithm to com-
pute the centroid of an interval type-2 fuzzy set efficiently. Based
on this algorithm, Liu developed a centroid type-reduction strat-
egy to carry out type reduction for type-2 fuzzy sets. A type-2 fuzzy
set is decomposed into a collection of interval type-2 fuzzy sets by
ac-cuts. Then, the Karnik—-Mendel algorithm is called for each in-
terval type-2 fuzzy set iteratively. However, the initialization of the
switch point in each application of the Karnik—Mendel algorithm
is not a good one. In this paper, we present an improvement to Liu’s
algorithm. We employ the previously obtained result to construct
the starting values in the current application of the Karnik—-Mendel
algorithm. Convergence in each iteration, except the first one, can
then speed up, and type reduction for type-2 fuzzy sets can be car-
ried out faster. The efficiency of the improved algorithm is analyzed
mathematically and demonstrated by experimental results.

Index Terms—ao-Cut, a-plane, centroid type reduction, fuzzy
inference, Karnik—Mendel algorithm, membership function, type-
1 fuzzy set, type-2 fuzzy system.

1. INTRODUCTION

YPE-1 fuzzy sets, which represent uncertainties by num-
bers in the range [0, 1], have been widely applied in
fuzzy systems in different areas of applications [1]. However,
the membership functions of type-1 fuzzy sets are often overly
precise. They require that each element of the universal set be
assigned a precise real number [2]. Type-2 fuzzy sets, instead,
have been proposed for which the associated membership de-
grees are allowed to be uncertain and denoted as type-1 fuzzy
sets [3]-[9]. Some successful applications of fuzzy systems us-
ing type-2 fuzzy sets have been published, such as automatic
control [10]-[12], function approximation [13], [14], data clas-
sification [15]-[17], and medical applications [18], [19], but
most of them use interval type-2 fuzzy sets which are special
type-2 fuzzy sets. This may be due to the reason that the in-
ference involving type-2 fuzzy sets is more complex and less
efficient than that involving interval type-2 fuzzy sets.
Type reduction is one of the major steps involved in type-2
fuzzy inference. It does the work of reducing a type-2 fuzzy
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set to a type-1 one. A type-2 fuzzy system contains a set of
type-2 fuzzy rules in which variables are expressed in terms of
type-2 fuzzy sets. When providing desired inputs, one would
like to obtain a crisp-valued output deduced from the type-2
fuzzy sets contained in the system. Usually, the aggregated re-
sult combined from the deduced conclusions of individual rules
is a type-2 fuzzy set. One then has to apply type reduction to
reduce the obtained type-2 fuzzy set to a type-1 set. Following
this, defuzzification is applied to convert the obtained type-1
fuzzy set into a crisp number. Usually, type reduction is much
more time-consuming than defuzzification. Therefore, making
type reduction more efficient can do good to the growing interest
in using type-2 fuzzy systems [20]-[25]. Recently, several type-
reduction methods for type-2 fuzzy sets have been proposed.
Liu [26] proposed a centroid type-reduction strategy using
a-cuts to decompose a type-2 fuzzy set into a collection of
interval type-2 fuzzy sets and then applying the Karnik—Mendel
algorithm [27] to do type reduction for each interval type-2
fuzzy set. Coupland and John [28] proposed a geometric-based
defuzzification method for type-2 fuzzy sets. It was claimed to
be faster than type-reduction-based method. However, it has a
limitation on the form of fuzuy sets being used. Rotationally
symmetrical membership functions are to be avoided in a prac-
tical system. Lucas et al. [29] also applied type reduction to
land-cover classification [17]. In this study, a centroid is calcu-
lated for each vertical slice, which is a type-1 fuzzy set. The
calculated centroids are then combined to form a type-reduced
set. There are also other type-reduction methods. For example,
Tan and Wu [30] introduced the concept of equivalent type-1
fuzzy sets. By replacing a type-2 fuzzy set with a collection of
equivalent type-1 fuzzy sets, type reduction can be simplified
to deciding which equivalent type-1 fuzzy set to employ in a
particular situation. A genetic algorithm (GA) was developed to
select the equivalent type-1 fuzzy set in the evolution process.
In this paper, we propose an improvement to Liu’s algorithm
for type-2 fuzzy sets. In Liu’s algorithm, the initialization of
the switch point in each application of the Karnik—Mendel al-
gorithm is not a good one. We employ the previously obtained
result to construct the starting values in the current application
of the Karnik—Mendel algorithm. As a result, unnecessary com-
putations and comparisons are avoided. Convergence in each
iteration, except the first one, can speed up and type reduc-
tion can be done faster. The rest of this paper is organized
as follows. Section II introduces some basic fuzzy concepts.
Section III describes type reduction for type-2 fuzzy sets.
Section IV presents the improved type-reduction algorithm.
Mathematical work on efficiency analysis is also provided
in this section. Section V gives an example for illustration.
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Fig. 1.

Type-2 fuzzy set.

Experimental results are presented in Section V1. Finally, a con-
clusion is given in Section VII.

II. BAsic Fuzzy CONCEPTS

A type-2 fuzzy set A on a given universal set X is character-
ized by the membership function y ; (,u), where € X, and
u € J, C[0,1] and can be represented as [27]

A= {((x,u), pj(z,u) | Ve € X,Yu € J,} (1)

in which 0<pj;(z,u)<1. We refer to pj;(x)=
Jes mi(z,u)/u as a secondary membership function

which is a type-1 fuzzy set. Obviously, A can also be repre-

sented as A = {(x, u;(2)) | V& € X}. Fig. 1 shows a type-2

fuzzy set where 1 5 (a) and p ; (b) are explicitly shown.
When X is discretized into n points x1,%o,...,

becomes
A:Z[/ ué(xi,u)/u] /9c2 2)
i=1 uEJ”

The centroid of A can then be defined as follows [27]:

ol L
uy € Ty Up €Sy,

Tp, A

where * is the minimum t-norm operator. Note that if Aisa
type-1 fuzzy set, C(A ) is a scalar [1]. If A is an interval type-2
fuzzy set, C(A )1s an interval set [27], [31]-[33]. If A is atype-2
fuzzy set, C'(A) is a type-1 fuzzy set [26]-[28].

III. TYPE REDUCTION

The work of type reduction is to find the centroid type-reduced
set, i.e., (4), for a given type-2 fuzzy set A. Karnik and Mendel
[27] developed an efficient algorithm for the case when Alis an
interval type-2 fuzzy set. Based on the Karnik—Mendel (KM)
algorithm, Liu [26] proposed a method for the case when A
is a general type-2 fuzzy set. Both algorithms assume that the
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universal set is discrete. If the universal set X is continuous,
sampling on X is performed before using them.

A. Karnik—Mendel Algorithm

Given an interval type-2 fuzzy set A on a univer-
sal set X = {wy,29,...,2,}, where o1 < a9 <--- <y,
let pg(z1), puj(x2), s pi(2n) be intervals [1y, I1], 1y, 2],

., [L,,, I,], respectively. The KM algorithm [27] can find the
centroid type-reduced set, i.e., (4), which is an interval [b, E], as
follows. Initially, compute

Yoy +15)/2)
Zj:l(lj+lj)/2 '

Then, set ¢ to b, which is called the left initial value. We locate
bin X. Let x;, <b < x1,1. We set L = k, which is called the
left switch point, and update b as follows:

I _
b:ZfIijz+Z] L+1CCJIJ )

Z] VY L

We locate b in X again. Let x;, < b < x31. Then, we update L
alsoby L = k. If L has a different value than before, we continue
to update b by (5). Otherwise, we are done with the computation
of b. Next, we set ¢ to b, which is called the right initial value
and locate bin X. Let z; < b < x141. We set L = k, which is
called the right switch point, and update b by

Z] I‘TJIJJFZ] Tt a;1;
ZJ 17]+Z] L+1

We locate b in X again. Let z;, < b < x;, 1. Then, we update
L also by L = k. If L has a different value than before, we
continue to update b by (6). Otherwise, we are done with the
computation of b. The KM algorithm can be summarized below.

procedure Karnik—Mendel(fl, X)
Initialize b and b to ¢ computed by (4);
Determine L and L;
call KM-In(4, X, b, b, L, L);
return [b,b], L, and L;

endprocedure

procedure KM-In(A4, X, b, b, L, L)
do
L°=1L;
Update b by (5) and L accordingly;
while(L # L°);
do
' =TL;
Update b by (6) and L accordingly;
while (L #L");
endprocedure
Wu and Mendel [31] proposed an enhanced KM (EKM) al-
gorithm in which the initial values of L and L are estimated as
follows:

t =

“

b= (6)

L=, I=

n
2.4° T @
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Besides, a better initialization is used to reduce the number of it-
erations. The termination condition of the iterations is changed
to remove one unnecessary iteration and a subtle computing
technique is used to reduce the computational cost of each
iteration.

B. Liu’s Algorithm

Liu [26] proposed a method for type reduction for gen-
eral type-2 fuzzy sets for the case that the secondary mem-
bership functions are convex type-1 fuzzy sets. A type-1
fuzzy set is convex if its every a-cut, i.e., a > 0, is a con-
tinuous interval. Suppose that we are given such a type-2
fuzzy set A on a universal set X = {x1,29,...,2,}, where
Ty < Ty < ---<xp,. Let ay, as,...,ap be k real num-
bers, and «; € [0,1], 1 <4 < k. For each «;, we take ;-
cuts of the secondary membership functions of A at z,
T9,...,z, and let them be intervals [I(x1|c;),T(x1]a;)],
[L(xa]cw), T(x2]a;)], .-y [L(zn i), I(x,|cy)]. Group these n
intervals and we have the o-plane @ A for A, which is an inter-
val type-2 fuzzy set on X. By applying the KM algorithm on
@ A, we get a centroid type reduced interval [b;, b;] for @ i A. The
centroid type-reduced set, i.e., O,, for A can then be derived as

k
~ i/ [bi, bi] ®)
=1

by the first decomposition theorem of type-1 fuzzy sets [1].
Let @ = [y, g, . .., ay]. Liu’s algorithm can be summarized
below.

procedure Liu(4, X, o)
fori=1tok
Take the a-plane “i Afor Aon X ;
call Karnik—Mendel(“ A, X) and obtain the
centroid type-reduced interval [bz-,gi] for % A;
endfor;
Obtain the type-reduced set O, for Aby (8);
endprocedure

Some properties for the centroid, including a nesting property,
were stated in [34]. Note that we can adopt the EKM algorithm
[31] to replace the KM algorithm in the above code. To get a
crisp, defuzzified value y for A as output, we can calculate the
COG of (8).

IV. IMPROVED TYPE REDUCTION ALGORITHM

InLiu’s algorithm, the calculation of the type-reduced interval
of each a-plane is done independently. The information obtained
in the previous iteration does not help the calculation of the
current iteration. We exploit the obtained results of the previous
iteration to set the initial values in the current iteration. As a
result, efficiency is improved.

A. Improved Algorithm
Let aq, g, ..., ap be k real numbers, and 0 < a; < an <
- < ay < 1. For simplicity, we denote I(z;la;) as I;;,
and I(z;|o;) as I;; for 1 < j<n and 1 <i<k. For ex-
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ample, the a-plane % A consists of the intervals Ly 1),
[Ly;. 1], .., [L, ;. In.]. For ay,, we apply the KM algorithm
on “* A and obtain the centroid type-reduced interval by, bk ]
the left switch point L, and the right switch point ;.. For any
ot =k—1,k—2,...,2,1, weexploit L; | and L; 1, which
are the left switch point and the right switch point obtained from
the previous iteration for a1, to do initial settings for «; as
follows:

Li=Liq ®

_ Ef’;’l a1 + E;‘I':LI,H zil;;
Zi17j,z‘ +Z?:Li+1lj:i

B Z lx]I]Z+ZJ ,+1 % TJi

Z] 1#24_2] I il

(10)

IS
[
S

|

Y

Note that, unlike Liu’s algorithm, the initial values for b, and
b; are set differently and are related to the information derived
earlier. Then, we call KM-In(*' A, X, b b;, bi, L;, L;) to obtain the
centroid type-reduced interval [b;, b;], the left switch point L;,
and the right switch point L; for o;;. Let o = [, aa, . . ., a].
The improved algorithm can be described below.

procedure Improved(/i, X, )
for i = k down to 1
Take «;-cuts of the secondary membership
functions of A at T1, X2, ., Ty
Let these a;-cuts be [1; ;, I1:], [Ly ;, I2.i].
[l T7L7i];
Form these «;-cuts as the a-plane
on X;
if: = k)
call Karnik—-Mendel(“* A, X) and obtain [b;,, by,
L, Ly for °r A;
else
Initialize L; and L by (9);
Initialize b; and b; by (10) and (11),

n,i’

Afor A

respectively;
call KM-In(“ A, X, b;, b;, L;, L;)
to obtain [b;, b;], L, f A
endif’;
endfor;

Obtain the type-reduced set O, for A by (8);
endprocedure

Note that the c-cuts with larger values are processed first.

B. Some Observations

Our proposed improved algorithm has a better compu-
tational complexity than Liu’s algorithm. We present some
observations. The proofs for them can be found in the Appendix
at the end of the paper.

Lemma 1: Given a set of data X = {x1,29,...,2,} and
nonnegative weights wy, wo, . . ., wy,, let ¢ be the centroid of X
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defined by
i miw,
C= ——— (12)
Zj:l wj
where > 7, w; > 0. Then, we have )7, (v; — c)w; = 0.
Lemma 2: Given a set of data X = {z1,x9,...,2,}, and

nonnegative weights wq,ws, ..., w, with Z;”Zl w; >0, let
¢ be the centroid of X and ¢ be another number. Then,
> i1 (xj — )w; < Oifand only if ¢ < ¢

Proposition 1: Given an interval type-2 fuzzy set Aon X =
{x1,29,..., 2, }, Where 21 < 29 < --- < x,,, with the mem-
bership degrees being intervals [I, 1], [Ly, I2],- .., [L,, L],
respectively, let the centroid type-reduced interval, the left
switch point, and the right switch point obtained by the KM
algorithm be [b, b], L, and L, respectively. Then, we have

(@ =0T+ Y (v, -bIL =0

M‘“

(13)
j=1 j=L+1
7
> (a; —b)L + Z =D, = (14)
Jj=1 j=L+1

Lemma 3: Suppose A is a type-2 fuzzy set on X =
{x1,29,...,2,}, as described in Section III-B. Let a; and
s be two real numbers with 0 < oy < ap < 1. Let the ;-cuts,
1 =1 and 2, of the secondary membership functions of A at
Iy be [ll.ﬂ Il,i]a [12’2-, 12,7',]7 ey [l [/,17] Form
these two collections of a-cuts as two a-planes ' A and ©2 A,
respectively. Let L; and L be the left and right switch points
for @1 A, and L, and L for ®? A, which are obtained by the KM
algorithm. Then, we have L, > L, and Ly < L.

Theorem 1: Suppose Ais a type-2 fuzzy set on X =
{z1,29,...,2,}, as described in Section III-B, and o and oy
are two real numbers with 0 < o < ay < 1. Let the «;-cuts,
1 =1 and 2, of the secondary membership functions of A at
Ty, @, ..,y be (L 115 Ly 4, Toy)s - oo [L, 4, I ). Form
these two collections of a-cuts as two a-planes *! Aand > A,
respectively. Let [b;, b;], L;, L; be the centroid type-reduced in-
terval, the left switch point, and the right switch point obtained
from the application of the KM algorithm on %A =1,2.
Then, we have

L1, T2y .-y 7,00

L. - .
il 3 il
Z] 1 31+Z] L+1—jl
L,
52<Z/ 125 11+Z; L+1 I
Z 731+ZJ L2+1 Jl

by >

= b s)

<b. (16)

From Lemma 3 and Theorem 1, we can easily obtain
the following order relationships involved in our improved
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algorithm:

IA
o
IA
v

IN
|~
IN
INA

1 3

3202

(=l I [~
vV
S
vV
[9'\ |
Vv
|

1

Note that ¢; is the left initial value of (10) and that ¢; is the right
initial value of (11) fori =k — 1,k —2,...,2, 1.

C. Complexity Comparison

Now, we are ready to give a complexity comparison between
Liu’s algorithm and our improved algorithm. We are concerned
about two numbers, average count and compare count. The av-
erage count is the number of initialization, i.e., (4), (10), or (11),
and updates, i.e., (5) or (6), to be performed. These five equations
can be regarded as doing the average of z;,1 < j < n. For (4),
the ;s are averaged with the weights ([j + Tj)/Q, 1<j<m
for (5), the weights are I1,1o,..., 1y, 1 ,4,...,1,, respec-
tively, etc. The compare count is the number of comparisons
with z;, 1 < ¢ < n, to be done. Furthermore, we consider worst
cases. Note that in a call to the KM algorithm, one needs to
compare with z; up to find the initial switch point. Then, search
is done up and down from this point. Liu’s algorithm has to do
this procedure k times. Instead, in our algorithm, we search for
L; down from L, , {, and for L, up from L,+1

For Liu’s algorithm, one call to the KM algorithm is per-
formed foreach o;, 1 < ¢ < k.Ineach call of the KM algorithm,
we have to apply (4) once, and advance down iteratively to find
b, by applying (5), possibly traversing through each interval of
the lower part of the universe set, and then advance up iteratively
to find b; by applying (6), possibly traversing through each in-
terval of the upper part of the universe set. Note that (5) and (6)
need to be executed twice at the final switch point. Therefore,
the average count for one application of the KM algorithm is
n — 1+ 2 =mn+ 1 and the total average count involved in the
Liu’s algorithm in the worst case is k(n + 1), which is of order
O(kn). In each call of the KM algorithm, at most  comparisons
with z;,1 < j < n, may be done in finding the initial value of
L;. Then at most 2n comparisons are required to obtain the
left switch point L; and the right switch point L;. The factor 2
comes from the possibility of two comparisons done with each
xj. Therefore, one call to the KM algorithm requires at most
n + 2n = 3n in compare count. The total compare count in-
volved in the Liu’s algorithm is bounded by 3kn, which is also
of order O(kn).

For our improved algorithm, we do the same procedure as
Liu’s for oy, . Therefore, the average count and compare count for
oy, are n + 1 and 3n, respectively. Then, we use L, , ; and Li1
to derive [b;,b;],i =k — 1,k —2,...,2,1. For initialization,
we apply (10) and (11). This takes 2(k — 1) in average count.
As « decreases from aj_1 to «, the updates go all the way
down or up from the switch points obtained from the previous
iteration. The worst case occurs when updates traverse through
each interval of the universal set. This leads to n — 1 computa-
tions. Also, both (5) and (6) need to be executed twice at the final
switch point. This leads to another 2k computations. Therefore,
the total average count involved in our improved algorithm in the
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TABLE I
SUMMARY ON AVERAGE AND COMPARE COUNTS IN WORST CASES
Liu’s Ours
average count | k(n+1) | 4k +2n —2
compare count 3kn 5n

worst case isn+ 1+ 2(k—1)+n — 1+ 2k =4k + 2n — 2,
which is of order O (k + n). Regarding comparisons, we need at
most 2n comparisons for o;, e =k — 1,k —2,...,2,1. Again,
the factor 2 comes from the possibility of two comparisons
done with each x;. Therefore, the compare count involved in
our improved algorithm is bounded by 3n + 2n = 5n, which
is of order O(n). Note that the complexity of Liu’s algorithm
is of quadratic order, while the complexity of our improved
algorithm is of linear order. A summary about the average and
compare counts in worst cases is listed in Table I.

V. EXAMPLE

We give an example here to illustrate how the improved
algorithm differs from Liu’s algorithm. Let A be a type-2
fuzzy set. Let us assume that after sampling, we have X =
{z1,29,..., 26}, Where 1 = 1,20 = 2,23 = 3,24 = 4,25 =
5, and zg = 6. The secondary membership functions of A at
these sampled points are shown in Fig 2. Suppose that we
take k=3, and let oy = 0.1, = 0.5, and a3 = 1.0. We
take «a3-cuts of the secondary membership functions and have
1y 3,113] =[0.3,0.7], [Iy3,123]=1[0.4,0.8],[L33,133] =
[0'47 0‘8]7 [L’lﬁa I4,3] = [0'57 0'9]7 [L’),Sv 15,3] = [0'47 0'8]’
and [L; 3, 16,3] = [0.3,0.7]. These six intervals form the interval
type-2 fuzzy set 3 A. Similarly, we have @ A contain-
ing the six intervals [I, ,,11] =1[0.1,0.9], [y, I25] =
[0'27 0'8]7 [l3,27 I3,2] = [0°3a 1.0], [LLQ»LL,Q] = [0'47 1‘0]7
L5, T5,2] = [0.3,0.9], L5 5, I6,2] = [0.1,0.8], and ' A con-
taining the six intervals [I; 1,1 1] = [0.0,1.0], [y, 121] =
(0.0, 1.0], [L34, I3.1] = [0.1, 1.0}, [Ly;, I41] =102, 1.0],
[Is,,151] =10.0,1.0],[Ls 1, I6,1] = [0.0,1.0].

Liu’s algorithm works as follows.

1) For a3 = 1.0, we apply the KM algorithm on * A. First,
we initialize b; and by by (4) and have by = by =t =
3.514. Since z3 < 3.514 < x4, we have Ly = 3. For this,
the average count is 1, and the compare count is 3. Note
that we compared 3.514 against x1, 22, and x3. Then,
we update by by (5) and have b; = 3.000, from which we
have L; = 3. This time the average count is 1, and the
compare count is 1 by comparing 3.000 against z3. Note
that the value of L, does not change. Therefore, we are
done with b;. The average count and compare count for
obtaining by are 1 +1 =2 and 3 4+ 1 = 4, respectively.
Now we proceed with bs. Obviously, the initial values
of by and Lz are 3.514 and 3, respectively. We update
bs by (6), and have b3 = 4.029. Since z; < 4.029 < x5,
we have L3 = 4. For this, the average count is 1 and
the compare count is 3. Note that we compared 4.029
against 23 and 4. The value of Ly changes; therefore, we
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update it again by (6) and have b3 = 4.032, from which
we have L3 = 4. This time the average count is 1, and the
compare count is 1 by comparing 4.032 against x4. Note
that the value of Ls does not change. Therefore, we are
done with bs. The average count and compare count for
obtaining bs are 1+ 1 =2 and 2 + 1 = 3, respectively.
This completes the iteration for 3. In summary, we obtain
[bs,b3] = [3.000,4.032], Ly = 2, L3 = 4, average count
=242 =4, and compare count =4 4+ 3 = 7.

2) For ay = 0.5, we apply the KM algorithm on “? A.
By repeating the same procedure as above, we obtain
[by, ba] = [2.536,4.556], L, = 2, Ly = 4, average count
= 5, and compare count = 9.

3) For a; = 0.1, we apply the KM algorithm on “! A.
By repeating the same procedure as above, we obtain
[by,b1] = [1.615,5.462], L, = 1, L; = 5, average count
= 7, and compare count = 13.

The results obtained from Liu’s algorithm are shown in
Table II. The centroid type-reduced set is depicted in Fig. 3.
The corresponding crisp, defuzzified output is 3.535.

Our improved algorithm works as follows.

1) For a3 = 1.0, our algorithm runs exactly as Liu’s algo-

rithm. Therefore, [b;, b3] = [3.000,4.032], Ly = 3, L3 =
4, average count = 4, and compare count = 7.

2) For ay = 0.5, we exploit L; to obtain b,. First, we set
L, = L; = 3, and calculate the initial value of b, by (10),
and have b, =, = 2.629. Since xs < 2.629 < x3, we
have L = 2. For this, the average count is 1 and the com-
pare count is 2. Note that we compared 2.629 against x3
and z5. The value of L3 changes, and therefore, we update
itby (5) and have b, = 2.536, from which we have L, = 2.
For this, the average count is 1 and the compare count is 1.
Note that we compared 2.536 against xo. Since the value
of L, does not change, we are done with b,. The average
count and compare count for obtaining b, are 2 and 3,
respectively. Now, we proceed with by. Again, we exploit
L to obtain by. First, we set Ly = L3 = 4, and calculate
the initial value of by by (11) and have by = 4.556, from
which we have L, = 4. For this, the average count is 1
and the compare count is 1. Note that we compared 4.556
against 2. Since the value of Ly does not change, we are
done with by. The average count and compare count for
obtaining by are 1 and 1, respectively. In summary, we
obtain [by, by] = [2.536,4.556], L, = 2, Ly = 4, average
count = 2 + 1 = 3, and compare count = 3 + 1 = 4.

3) For a; = 0.1, we exploit [L,, Ly] to obtain [b;, b;]. Re-
peating the same procedure as above, we obtain [b;, b;] =
[1.615,5.462], L, = 1, L; = 5, average count = 4, and
compare count = 6.

The results obtained from our algorithm are also shown in
Table II. Clearly, our algorithm runs more efficiently than Liu’s
algorithm. Both average count and compare count of our algo-
rithm are smaller than those of Liu’s algorithm.

VI. EXPERIMENTAL RESULTS

In this section, we present experimental results to show
the effectiveness of our improved algorithm. We compare our
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Fig. 2. Secondary membership functions of Aat sampled points.
TABLE I
RESULTS OBTAINED FOR THE EXAMPLE
Liu's Ours
[b;, B average | compare by, 5] average | compare
count count count count
oy = 1.0 | [3.000,4.032] 4 7 [3.000. 4.032] 4 7
0z = 0.5 | [2.536.4.550] 5 9 [2.536.,4.550] 3 4
oy = 0.1 | [L.615,5.462] 7 13 [1.615, 5.462] 4 6
total 16 29 11 17
1
0.8
08
0.7
[
= osf
0.4
0.3f
0.2
0.1
0 . . n 7 .
a 1 2 a3 4 5 B
X
Fig. 3. Centroid type-reduced set of the example.

algorithm with four versions of Liu’s algorithm described in
Section III-B. In the first version, which was denoted as Liu-
original-KM, and was originally published in [26], locating the
appropriate range of [z}, z, 1] for each update of b; or b; is
always done from z; up, i.e., comparing with x, x5, etc. In the
second version, which was denoted as Liu-KM, we modified
the version of Liu-original-KM such that in each call of the KM
algorithm one compares with x; up to find the initial switch
point, and then search up for b; or down for b, from this initial
point, as described in Section IV-C. The third version, which is
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i

i

[

(c)

[1]

denoted as Liu-original-EKM, is the same as the version of Liu-
original-KM except the EKM algorithm [31], estimating initial
switch points the way as in (7), was adopted. The fourth ver-
sion, which is denoted as Liu-EKM, is the same as the version
of Liu-KM except the EKM algorithm was adopted. As can be
seen later, Liu-original-KM and Liu-KM require the same num-
bers in average count, and Liu-original-EKM and Liu-EKM
require the same numbers in average count. However, Liu-KM
and Liu-EKM save a lot of comparisons, and thus, can run
faster than Liu-original-KM and Liu-original-EKM. Our im-
proved algorithm requires fewer average and compare counts,
and runs faster than all these four versions of Liu’s algorithm.
In the following experiments, we use a computer with Intel(R)
Core(TM)2 Quad CPU Q6600 2.40 GHz, 4 GB of RAM to
conduct the experiments. The programming language used is
MATLAB7.0.

A. Experiment I

In this experiment, we do type reduction for a type-2 fuzzy
set A with the following secondary membership function [26]:

s @) <2< 0l0)
O Gy s 1SS!
0, otherwise
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0.8-.
= 08

= O

fa(z) = 0.8exp (_x—

)
g1(z) = 0.5exp <_M)
)

—6)2
g2 (x) = 0.4exp <—%

p(x) = d(z) + w(z)(u(z) — d(z))

where z € R, and w(x) is a randomly selected number between
0 and 1. A 3-D figure of this fuzzy set is shown in Fig. 4.

Fig. 5 shows comparisons on average count, compare count,
and execution time taken by each of the five algorithms in deriv-
ing the centroid type-reduced set for A. In this figure, the number
of samplings is fixed at 200. The samplings are taken evenly in
the range [0, 10], i.e., 21 = 0.05, 29 = 0.10, ..., 2990 = 10.00.
The horizontal axis indicates the number of «-cuts, k, which
varies from 5 to 100. For each k,5 < k < 100, the a-cuts are
taken evenly. For example, for £k = 10, we have a; = 0.1, o =
0.2,...,a19 = 1.0. Note that in Fig. 5(a), the vertical axis is
plotted in log scale with base 10. In Fig. 5(b), we only have
three curves since Liu-original-KM and Liu-KM have identical
values in average count and Liu-original-EKM and Liu-EKM
have identical values in average count. From Fig. 5, we can see
that the compare count involved in our algorithm is around 100
to 300. However, the four Liu’s algorithms have a larger com-
pare count of about 500—40 000. Note that Liu-EKM requires
more compare counts than Liu-KM. For example, Liu-EKM
requires about 4000 in compare count for k£ = 25, but Liu-KM
only requires about 2000 in this case. The reason is that the EKM
algorithm estimates two different initial switch points in each it-
eration. A comparison with z; up has to be done for both switch
points. For the KM algorithm, identical initial switch points are
estimated and one such comparison can be saved in each itera-
tion. The average count involved in our algorithm is around 20—
200. However, the four Liu’s algorithms have a larger average
count, Liu-KM around 30-500 and Liu-EKM around 20—400.
Our algorithm runs about three to five times faster than Liu-KM
and Liu-EKM and about six—15 times faster than Liu-original-
KM and Liu-original-EKM. Liu-original-EKM runs faster than
Liu-original-KM, and Liu-EKM runs faster than Liu-KM. Note
that an average count is more computation-demanding than a
compare count. Therefore, execution time heavily depends on
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Fig. 5. Comparisons on (a) compare count, (b) average count, and (c) execu-
tion time for experiment I, with the number of samplings being 200.

average count. The values at certain snapshots of Fig. 5 are
shown in Table III. The defuzzified values obtained for different
a-cuts are shown in the last row in this table. To rule out random
effects in comparisons, paired samples ¢-tests were conducted
for two pairs of competitors, Ours versus Liu-KM and Ours ver-
sus Liu-EKM. The p-values of the tests are shown in Table IV.
Note that the lower the p-value, the more significant the result
in the sense of statistical significance. In this case, if the p-value
is less than 0.05, then there is a significant difference between
the two competitors. Apparently, our algorithm is significantly
better than Liu-KM and Liu-EKM in terms of compare count,
average count, and execution time.

Fig. 6 shows comparison results with k, the number of
a-cuts, being fixed at 20, ie., we have a; = 0.05, 0 =
0.10, ..., a9y = 1.00. The horizontal axis indicates the number
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TABLE III
VALUES AT CERTAIN SNAPSHOTS FOR FIG. 5

451 ,
| @— Ours

)( Liu-KM
— Liu-original-KM
| —0— Liu-EKM _—
B Liu-original-EKM e o

number of samplings = 200
number of a-cuts 5 25
Ours 112 152
Liu-KM 551 2386
Liu-original-KM 2354 10346
Liu-EKM 1018 4417
Liu-original-EKM | 1760 7892
Ours 21 61
Liu-KM 123
Liu-EKM 94
Ours 12.996
Liu-KM 56.261
Liu-original-KM 170.022
Liu-EKM 51.276
Liu-original- EKM 102,733
defuzzified value 4.395

50
202
4679
20352
8663
15528
111
242
185
23.920
110.521
333.706
98.022
197.395
4.395

75
252
6973
30356
12908
23162
161
361
276
34.706
164.587
497.884
150.573
302.153
4.395

100
302
9268
40366
17155
30715
211
480
366 /
45311 [ e
218.228 | e
662.103
199.820 5
401.891
4395

compare count

Y bk 8

log (compare caunl}

average count

execution time

I 100 125
number of samples

50 150 175 200

(a)

110

@— Qurs

TABLE IV A
p-VALUES OBTAINED FOR EXPERIMENT I, WITH THE NUMBER OF SAMPLINGS 100 —o— Liu-ExM P e 1 11
BEING 200 i

Ours vs. Liu-KM

QOurs vs. Liu-EKM

compare count

4.013x10733

1.909x 1033

average count

1.107x1073!

2.003x10~°1

execution time

2.334x10~%

2.967x10~%3

of samplings, varying from 5 to 200. Samplings are done evenly
in the range [0, 10]. From this figure, we can see that the compare
count involved in our algorithm is around 50-150. However,
the four Liu’s algorithms have a larger compare count, which is
about 100-8000. The average count involved in our algorithm is
around 40-50. However, the four Liu’s algorithms have a larger
average count, Liu-KM around 70-100 and Liu-EKM around
50-80. Our algorithm runs about two to four times faster than
Liu-KM and Liu-EKM, and about two to 12 times faster than
Liu-original-KM and Liu-original-EKM. The values at certain
snapshots of Fig. 6 are shown in Table V. The defuzzified val-
ues obtained for different samplings are shown in the last row
in this table. The p-values of paired samples ¢-tests for the two
pairs, i.e., Ours versus Liu-KM and Ours versus Liu-EKM, are
shown in Table VI. Apparently, our algorithm is significantly
better than Liu-KM and Liu-EKM in terms of compare count,
average count, and execution time.

Two centroid type-reduced sets, i.e., one for k£ = 20, and the
other for k = 80, which are derived for A are shown in Fig. 7,
with the number of samplings being 200. Note that with k£ = 20,
we have a zigzag curve for the set. However, when the resolution
is set higher with £ = 80, the derived set is much smoother.

B. Experiment Il

In this experiment, we do type-reduction for another type-2
fuzzy set A with the following secondary membership function

Fig. 6.

Comparisons on (a) compare count, (b) average count, and (c) execu-
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tion time for experiment I, with k£ being 20.

[26]: d(z) = max (g1 (z), g2(x))
r—1
1, d(z) <z < p(x) 5 l<z<3
u(x) — 2z _ )7 .
i(z) = , p)<z<ulx), o0<z2<1 H@)=
1@ =3 ey = P (x) : LT
0, otherwise 0, otherwise

150

175

200
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TABLE V
'VALUES AT CERTAIN SNAPSHOTS FOR FIG. 6

number of a-cuts = 20

number of samplings 5 50 100 150 200
Ours 47 67 93 117 142
Liu-KM 119 523 1020 1461 1927
compare count | Liu-original-KM 196 1775 4095 6127 8326
Liu-EKM 126 903 1840 2686 3567
Liu-original- EKM 133 1001 3049 4663 6379
Ours 44 45 47 49 51
average count | Liu-KM 70 83 95 97 99
Liuv-EKM 49 47 71 74 76
Ours 8501 | 9.023 | 9730 | 10352 | 11.011
Liv-KM 13.285 | 21.238 | 30.606 | 37951 | 45742
execution time | Liu-original- KM 13.915 | 39.067 | 74.328 | 105.013 | 138.614
Liu-EKM 10.183 | 15.809 | 27.285 | 33.499 | 40.398
Liu-original- EKM | 10.291 | 17.212 | 44940 | 61.893 | 80.771
defuzzified value 4363 | 4389 | 4.392 4.394 4.394
TABLE VI

p-VALUES OBTAINED FOR EXPERIMENT I, WITH k£ BEING 20

Ours vs. Lin-KM

Ours vs. Liu-EKM

compare count

5.480x107%°

1.348x10™%3

average count

3.786x 10 11°

2.205x 10~ %2

execution time

5.780x 10~ 110

5.234x 107103

Fig. 7.
experiment I.

f2(2)

g1(z)

(b)

otherwise

Centroid type-reduced set derived with (a) £ = 20 and (b) £ = 80 for
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Fig. 8. A for experiment II.
TABLE VII
VALUES AT CERTAIN SNAPSHOTS FOR FIG. 9
number of samplings = 200
number of w-cuts 5 25 | 50 75 100}
Ours 136 179 | 229 279 329
Liu-KM 668 | 2008 | 5714 8506 11308 |
compare count | Liv-original-KM 2701 11950 | 23932 35210 46823
Liv-EKM 1055 4571 | 8979 13371 17772
Liv-original-EKM | 2180 9464 | 19013 28073 37253
Ours 25 68 | 118 168 218
average count | Liu-KM 31 138 | 276 406 540
Liu-EKM 25 e | 219 323 429
Ours 5419 14.586 | 25.330 36.238 47.925
Liu-KM 14914 | 64188 | 126,700 | 188.445 250385 |
execution time | Liv-original-KM | 44.324 | 194.739 | 390.360 | 575.055 | 763.224 |
Liu-EKM 12.289 | 51.834 | 101.821 | 154.675 | 204.320 |
Liv-original-EKM | 28.669 | 122,353 | 245413 | 373.266 | 480.256
defuzzified value 4311 4314 | 4314 4314 4314
Tz —3
3<x<5h
6 b
xT) = 8 — X
g2(2) g S<z<8
0, otherwise
p(x) = u(z) = 0.6(u(z) — d(x))

where x € R. A 3-D figure of this fuzzy set is shown in Fig. 8.
Fig. 9 shows comparisons on average count, compare count, and
execution time taken by each of the five algorithms in deriving
the centroid type-reduced set for A. In this figure, the number of
samplings is fixed at 200. The samplings are taken evenly in the
range [0, 10]. The horizontal axis indicates the number of a-cuts,
i.e., k, which varies from 5 to 100. For each k,5 < k < 100,
the a-cuts are taken evenly. From this figure, we can see that
the compare count involved in our algorithm is around 150-
350. However, the four Liu’s algorithms have a larger compare
count, which is about 700-50 000. The average count involved
in our algorithm is around 20-200. However, the four Liu’s
algorithms have a larger average count, Liu-KM around 30-550
and Liu-EKM around 30-450. Our algorithm runs about three to
five times faster than Liu-KM and Liu-EKM, and about six—15
times faster than Liu-original-KM and Liu-original-EKM. The
values at certain snapshots of Fig. 9 are shown in Table VII.
The defuzzified values obtained for different a-cuts are shown
in the last row in this table. The p-values of paired samples
t-tests for the two pairs, Ours versus Liu-KM and Ours versus
Liu-EKM, are shown in Table VIII. Apparently, our algorithm
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Fig. 9.

Comparisons on (a) compare count, (b) average count, and (c) execu-

tion time for experiment II, with the number of samplings being 200.

TABLE VIII
p-VALUES OBTAINED FOR EXPERIMENT II, WITH THE NUMBER OF SAMPLINGS
BEING 200
Ours vs. Liu-KM | Ours vs. Liuv-EKM
compare count | 4.352x1073 2.302x107%
average count 8.131x10~ 71 1.297x10750
execution time 7.734x10~33 7.832x10733

is significantly better than Liu-KM and Liu-EKM in terms of
compare count, average count, and execution time.

Fig. 10 shows comparison results with k, the number of a-
cuts, being fixed at 20. The horizontal axis indicates the number
of samplings, varying from 5 to 200. Samplings are done evenly
in the range [0, 10]. From this figure, we can see that the compare
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Fig. 10. Comparisons on (a) compare count, (b) average count, and (c) exe-
cution time for experiment II, with & being 20.

count involved in our algorithm is around 50-200. However,
the four Liu’s algorithm have a larger compare count, about
150-10 000. The average count involved in our algorithm is
around 40-60. However, the four Liu’s algorithms have a larger
average count, Liu-KM around 80-120 and Liu-EKM around
60-90. Our algorithm runs about two to four times faster than
Liu-KM and Liu-EKM and about two to 14 times faster than
Liu-original-KM and Liu-original-EKM. The values at certain
snapshots of Fig. 10 are shown in Table IX. The defuzzified
values obtained for different samplings are shown in the last
row in this table. The p-values of paired samples t-tests for the
two pairs, i.e., Ours versus Liu-KM and Ours versus Liu-EKM,
are shown in Table X. Apparently, our algorithm is significantly
better than Liu-KM and Liu-EKM in terms of compare count,
average count, and execution time.
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TABLE IX
'VALUES AT CERTAIN SNAPSHOTS FOR FIG. 10
number of a-cuts = 20
ber of pling 5 50 100 150 200
Ours 47 74 106 139 169
Liu-KM 147 635 1228 1784 2352
compare count | Liu-original-KM 210 2338 4798 7347 9883
Liu-EKM 126 969 1879 2788 3698
Liu-original-EKM 147 1876 3799 5806 7905
Ours k) 47 51 55 58
average count 84 106 110 113 114
M 63 8 | 87 | 89 91
Ours 8.440 | 9.285 | 10.399 | 11.33] 12.259
Liu-KM 15.099 | 25.658 | 34.965 | 43.833 | 52.605
execution time | Liv-original-KM 15649 | 49.806 | 86.686 | 124.363 | 162.225
Liu-EKM 12,035 | 22.719 | 29.93]1 | 35.387 | 42.051
Liv-original-EKM | 12,274 | 35,141 | 58.988 | 78.582 101.944
defuzzified value 4196 | 4314 | 4314 4314 4314
TABLE X

p-VALUES OBTAINED FOR EXPERIMENT II, WITH k& BEING 20

Ours vs. Liu-KM | Ours vs. Liu-EKM

compare count

3.960x1075°

4.375x107%7

average count

1.463x1072%

8.995x 10~ 1%

execution time

2.554x10~ 153

3.233x107 1%

34 36 a8 4 82

[
o
7]

34 38 38 4 42 44 48 48 5 52

(b)

Fig. 11. Derived type-reduced set with (a) k = 20 and (b) k = 80 for
experiment II.

Two centroid type-reduced sets, i.e., one for kK = 20 and the
other for k£ = 80, derived for A are shown in Fig. 11, with the
number of samplings being 200. Again, the curve with k = 80
is much smoother than the curve with & = 20.

VII. CONCLUSION

We have presented an improvement to Liu’s algorithm [26]
to derive the centroid type-reduced set for a type-2 fuzzy set. In
Liu’s algorithm, a type-2 fuzzy set is decomposed, by a-cuts,
into a collection of interval type-2 fuzzy sets, and then the, KM
algorithm [27] is applied to do type reduction for each interval
type-2 fuzzy set. However, the initialization of the switch point
in each application of the KM algorithm is not good, thereby
leading to unnecessary computations and comparisons. In our
improved algorithm, the result previously obtained is employed
to construct the starting values in the current application of the
KM algorithm. As a result, average and compare counts are
reduced, and convergence in each iteration except the first one
speeds up. Through mathematical analysis and experiments, we
have concluded the superiority of our improved algorithm over
Liu’s algorithm.

APPENDIX
Proof of Lemma 1: Note that

D i1 Tjw;

Z?ﬂ Wi

CcC =

which is the desired result.
Proof of Lemma 2: Note that from Lemma 1, we have

n n n

Z(xj wj = Z(% — w; — Z(% cJw;
Jj= j=1 j=
= I (xj = )w;
j=1
n
= Z(C - c’)w,
j=1
=(c—¢) Z w;.
j=1
Since ) 7_, w; > 0, we conclude that 7, (z; — c)w; <0

ifand only if ¢ < (.

Proof of Proposition I: Let us refer to the KM algorithm
described in Section III. For b, when convergence occurs, we
have

b— ‘—1% 2 j—pe1 Tl
- 27:1 L+ 0L
from (5). Let ’LU1:Tl,...,w£:T£7w£+1:l£+1,...,

wy, = I,,. From Lemma 1, we get (13). For b, when convergence
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occurs, by (6), we have

L n 7

7 Y vl 3wl
f n T
Zj:l lj + Zj:f+1 Ij

which can be shown to be identical to (14) in a similar way.

Proof of Lemma 3: Let [by,b;] and [by, by] be the centroid
type-reduced intervals obtained for *! Aand 2 A, respectively.
We prove L, > L, here. The proof for Ly < L; can be done
similarly. By the KM algorithm, we have

zrp, <by <xp, 41 (19)
xr, <b < TL +1- (20)
From Proposition 1, we have
L,
D (@ —b)Tj0 + Z j—b)L,=0. (@21
j=1 j=L,+1

Let us assume that L, < L,. Then, we have L, + 1 < L;, and
zrp,+1 < xg,.By (19), we have

QQ < L, - (22)
From (21), (22), and Lemma 2, we have
L,
> (i —ap )i+ Z M2 <0 (23)
j=1 j=L,+1

Since z; <wp, 1 for1 <j < L,,x; >xp, 41 for Ly +1 <
7 <n, IJ 9 > I and ijg < ijl, (23) can lead to the follow-
ing inequality:

=j,1>

Jl+ Z

Jj=Ly+1

)L, <0, (24)

By the assumption of L, < L;, we have

71+ Z

Jj=L,+1

IRITEEDY

j=L,+1

)L, <0

xj - xLI )l]"l < 0

L,
= D (1
i=1

(25)

:>ij i1t Z x; L Ly

j=L,+1

ZI,1+ Z I,

j=L,+1

Ll T n
Zj:l xiljq + Z]‘:L, 1L,
Ll T n
YL+ v L

which contradicts (20). Therefore, we conclude L, > L;.

(26)

= TL, > =9
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Proof of Theorem 1: We prove (16) here. Equation (11) can
be proved in a similar way. From Proposition 1, we get

£l
> (@ = b))+ Z =0 @D
Jj=1 j=L,+1
for 7 = 1 and 2. Then, we have
L,
D (ay = b))+ Z J —by)I (28)
Jj=1 j=L,+1
L,
= ( 7b2 Jl+ Z *bg
j=1 Jj=L,+1
L,
- (z; —by)Ijo + Z P =b)Lis| (29
J=1 j=L,+1
L,
=) (zj =) —1j2)
j=1
+ > (= b))y — L) (30)
j:£2+1

Note that (29) is equivalent to (28), since the bracketed expres-
sion is zero when ¢ is set to 2 in (27). By the inclusion property
of a-cuts, wehavel_’1 §I 2,andljl >I aforl1 <j<n.
Furthermore, we have x; § b, for j < LQ, and z; > by for
j > Ly + 1. Therefore, (30) is less than or equal to 0. Then,
(28) is also less than or equal to 0, i.e.,

LU

Z( —by) Jl+ Z

Jj=1 Jj=L,+1

2 = b)), <0

which results in

L,
P ORIV IR D DI L4110

- < b (31)
it L+ Zj:£2+llj,1
after rearrangements. Also, we have
L, n
S —b)Ta+ Y (32)
j:1 j:£2+1
Lz n
= (@ =0T+ Y (-
j=1 j=Ly+1
L,
— IS @ — b))+ Z = b)) (33)
Jj=1 Jj=L,+1
L, L,
=Y (@ =b)Tin+ > (w—b)Ijn
j=1 j=L,+1
n L,
+ Z (zj = b)), — (zj —bi)1ja
j=L,+1 =1
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£2 n
+ Z (wj —by)L; + Z (j —b)L;1| (34)
j:£1+1 j:£2+1
L,
= > (@ =b)Tn L), (35)
j:£1+1

Note that (32) is equivalent to (33), since the bracketed expres-
sion is zero when ¢ is set to 1 in (27). The collapse of one
summation into two summations in (34) is possible because
L, < L, due to Lemma 3. Since Tj,l > lj,l for1 < j <nand
xj > by forj > L, + 1, (35) is greater than or equal to 0. Then,
(32) is also less than or equal to 0, i.e.,

L, n
S xi—b)Tn+ Y. (zj—b)l; >0
i=1 J=L, +1

which leads to

L, n
Yoitixilin + Z‘j=£2+1 z;l;
L, = n
Ly .
Yozl + Zj:LQJrl Ly

after rearrangements. By combining (31) and (36), we complete
the proof for (15).

b < (36)
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