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ABSTRACT. We modify a construction of Kisaka and Shishikura to show that
there exists an entire function f which has both a simply connected and a mul-
tiply connected wandering domain. Moreover, these domains are contained in
the set A(f) consisting of the points where the iterates of f tend to infinity fast.
The results answer questions by Rippon and Stallard.

1. INTRODUCTION AND RESULTS

Let f be an entire or rational function. The Fatou set F(f) is defined as the set
where the iterates f™ of f form a normal family. If Uy is a component of F(f),
then f™(Up) is contained in a component U,, of F(f). If all U, are different, then
Uy is called a wandering domain of f. While a famous theorem of Sullivan [14] says
that rational functions do not have wandering domains, it had been shown already
earlier by Baker [2] that such domains may exist for transcendental entire functions.
While the wandering domain in Baker’s example was multiply connected, examples
of simply connected wandering domains were given later by various authors; see [9,
p. 106], [14, p. 414], [3, p. 564, p. 567] and [7, p. 222]. Baker [4, Theorem 2]
showed that his construction can be modified to yield wandering domains of infinite
connectivity. Recently Kisaka and Shishikura [11] constructed an example with
a multiply connected wandering domain of finite connectivity, thereby answering
a question of Baker. In fact, they showed that the connectivity may take any
preassigned value. Here we modify the construction of Kisaka and Shishikura to
prove the following result.

Theorem 1. There exists an entire function which has both a simply connected
and a multiply connected wandering domain.

The question whether an entire function with this property exists had been raised
by Rippon and Stallard [13, p. 1125, Remark 3]. In the same paper, Rippon and
Stallard also asked a question about the set A(f) introduced in [6]. This is defined
by

A(f) :={z: there exists L € N such that |f"(z)| > M(R, f"*) for n > L},

where M(r, f) := max|,—, | f(2)| and R > min.c s |2|. Roughly speaking, A(f)
consists of the points z where f"(z) tends to infinity “as fast as possible.” Rippon
and Stallard showed that A(f) has no bounded components and that the closure
of every multiply connected wandering domain is contained in A(f). They also
showed that if a simply connected wandering domain intersects A(f), then it must
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lie entirely in A(f), and they ask [13, p. 1126, Remark 4] whether an entire function
f with such a simply connected wandering domain exists. It turns out that an
example with this property is provided by the function constructed in Theorem 1.

Theorem 2. There ezists an entire function f for which A(f) contains a simply
connected wandering domain.

As mentioned, our construction is largely based on that of Kisaka and Shishikura.
We state two of their lemmas in §2 and then repeat their construction in §3. There is
only one minor change in the construction, which will be explained at the beginning
of §4. In the remainder of §4 we then show that the function constructed has a
simply connected wandering domain, thereby proving Theorem 1. In §5 we prove
Theorem 2.

Acknowledgment. 1T would like to thank the referee for a careful reading of the
manuscript and useful suggestions.

2. TWO LEMMAS OF KISAKA AND SHISHIKURA

Kisaka and Shishikura first construct a quasiregular map g : C — C and then
obtain the entire function f with the following lemma.

Lemma 1. [11, Theorem 3.1] Let g be a quasiregular mapping from C to C. Suppose
that there are (disjoint) measurable sets E; C C (j = 1,2,...) satisfying:

(a) For almost every z € C, the g-orbit of z passes E; at most once for every j;
1s K;-quasireqular on Ej;;
g iq g J

b)
(c) K H] 1 I < 0o;
(d) g is holomorphzc a.e. outside | J;2, Ej (i.e. 9% — () g.e. on C\ U, E5)

0z
Then there exists a K. -quasiconformal map ¢ such that f = pogop™! is an entire
function

In order to construct g they need to “interpolate” two polynomials given on
circles by a quasiregular map with small dilatation. This is done with the following
result, where log denotes the principal branch of the logarithm.

Lemma 2. [11, Lemma 6.3] Let k € N, byw € C\ {0} and p*, M, p*, X’ € R with
0< N <p<l<pt<),
(a) Suppose that these constants satisfy
1 | log b 4|wl
P >2 N>epf, Cfi=1- >0

k+1

Then the map bz*(z—w) on |z| = p* and 2*** on |z| = N\ can be interpolated
on p* < |z| < N with a K-quasireqular map g where K < 1/C*.
(b) Suppose that these constants satisfy

1 (|log(=bw)|  4p°
> 92, P> e\’ S R I =2 A .
wlz2h 2 X =t (gl Tler) 70

Then the map bz*(z —w) on |z| = p* and 2 on |z| = N\ can be interpolated
on N < |z| < o with a K-quasireqular map g where K < 1/C".
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3. CONSTRUCTION OF f

As mentioned, we follow closely the ideas of Kisaka and Shishikura and will first
construct a quasiregular map g : C — C and then obtain f via Lemma 1.

We denote by ann(r, R) the open annulus with inner radius r and outer ra-
dius R; that is, ann(r,R) := {z# € C : r < |z] < R}. The idea is to choose
sequences (a,) and (R,) such that the map z +— a,2"™! maps ann(R,,, R,,1) onto
ann(R, .1, Ryi2). The map g will then be defined by g(z) = a,2"" on a large
subannulus of ann(R,,, R,11), and will interpolate the mappings z — a,_1z" and

z — a,2"" in an annulus containing the circle {z : |z| = R, }.
Choosing Ry > Ry := 1 we obtain sequences (R,,) and (a,,) as required by putting
Rn+1
R +1 = n
! 4
and
4 = Rn+1 . 1
0= = :
R TRy,

Various estimates in the sequel will require that R; has been chosen large enough.
Note that with v := log R; we have

log Rgzl = nlog Rn: = ... = n!logg—; = ynl.
We define sequences (P,), (Q,), (S,) and (T,,) by
Tn n n n n
logS—n = log;—n = log& = loan =4/log RR; = +/yn!

Choosing Ry > e we have v > 1 and thus
= —>€

S, R, Q. P,

We also have

pn+1 QnJrl Rn+1 Rn+1 Sn Tn

1 = —1 —1 1 —log — — log —

o8 Tn o8 Pn+1 o8 Qn—H * o8 Rn o8 Rn °8 Sn
= =2v/v(n+ D!+ yn! — 2¢/n!

> 0

for all n € N, provided that R; and hence ~ is large enough. Thus
P,<Q.<R,<S,<T,< P11
for all n € N. We now define

5 ::_(n+1)2 <n+1)"a :_(n+1)2 (n—l—l)"RnH

n+2 n n+2 n Rntl
for n € N. We also put E; := ann(P, 2) and
E, :=ann(S,,T,) Uann(P, 1, Qni1)

for n > 2.
We shall show that there exists a quasiregular map g : C — C with the following
properties:

(i) g(z) = a12? for |z| < Py;
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(i) g(z) = an 2" for T, < |2| < Pyyq and n > 2;
(ili) g(z) = bu(z — Ry)2" for @, < |z] < S, andn>2;
(iv) ¢ is K,-quasiregular in E, for n > 1, with K, :== 1+ 1/n?
(v) g(ann(Sy,, @ni1)) C ann(Syy1, Qo) for n > 1.

Since E,, C ann(S,,, @,+1) and since the annuli ann(S,,, @,,+1) are pairwise disjoint
it then follows that ¢ satisfies the hypothesis of Lemma 1. Thus there exists a
quasiconformal map ¢ such that f := ¢ o go ¢! is entire. This function f then
has the desired properties.

In order to show that a map g with the properties stated exists, we simply define g
by (i), (ii), (iii) in the ranges given there and thus have defined g in C\|J,~, E,

To define ¢ in ann(P,, @,), where n > 2, we consider G(z) := g(R,z)/R,41. For
|z| = )’ := P,/R, we then have

(Rp2)™ R, R2"

G(2) = ay_ — —
G) = = R R,

and for |z| = ¢ := Q,/R, we have
(Rnz — R,)(Ry2)" R

G(z) =b, = b, z—1 =c,(z—1)"
(2) Romr Rn-i—l( )z" (z—1)
with

. bRy (n+1)% (m4 1"

" Ry n+2 n
Now 0

& = 2~ exp(—/m)

and

P,
N =5 = exp(=2y/ml) = ().

Thus ¢® > e)’ since v > 1 and also 2¢” < 1. By Lemma 2, (b), there exists a
K-quasiregular map G, : {z € C: X’ < |z| < ¢’} — C such that G,(z) = 2" for
|z| = X and G,,(2) = (2 — 1)2" for |z| = ¢, with K < 1/C” where

1 ([log(=ca)l |, 5
Chi=1— = (Lo Ly
+ oty 1)
provided that C” > 0. But since
(n+ 1)
log(—c,)| =1
o) = tog (1
we may in fact achieve that

1 (1+log(n+1) 1
b _ = _ ] - -
" >1 ( NeT +4exp< \/'yn.> >1 5

n

(n Z 1)”) <log((n+ 1)e) = 1+ log(n + 1)

for all n > 2 by choosing ~ large enough. Thus

1
K< —-<1 .
- C - +(n—1)2

Putting

9(2) == RuiGy (R—)
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for z € ann(P,, Q,) C E,_1 we see that (iv) holds for z € E,_1 Nann(P,1, Qni1)-
Similarly we define g in the remaining part of E,; that is, in E,, Nann(S,,,T,). Here
we use the first part of Lemma 2.

To prove (v) we note that if z € ann(S,,, Q,11), then, by the maximum principle,

l9(2)] < nax l9(C)]

= max |b, - R, ntl
\Clen+1| +1(¢ )¢

= |bps1| (Rpg1 + Qny1) Zii
_ (n+2)7? (n+2)”+1R (1 N Qn+1) (Qnﬂ)wrl
n+3 \n+1 e R ) \Rpis
Qn+1)n+1
Ry

= 2¢e(n+2)R,2exp <—(n + 1)v/v(n+ 1)!)

R, 1o exp (— v(n + 2)!)
= Qny2

if v is large enough. Similarly, noting that g has no zeros in ann(S,, Q,+1) and
using the minimum principle, we find that |g(z)| > S,41 for z € ann(S,,, Qni1)-
We deduce that (v) holds.

As in the paper of Kisaka and Shishikura we deduce from (v) that ¢"(z) — oo as
n — oo for z € ann(S, Q2), while g(0) = 0 by (i). This implies that p(ann(Sy, Q2))
lies in a multiply connected component U; of the Fatou set of f, with f™|y, — oo as
n — 00. Since multiply connected components of the Fatou set are always bounded
by a result of Baker [1, Theorem 1], this implies that f has a multiply connected
wandering domain.

< 2e(n+2)Rio0 (

IN

Remark. The Fatou set and the other concepts of complex dynamics can also be
defined for quasiregular maps, by carrying over the definitions from the holomorphic
case literally. In order to retain the basic features of the theory one has to require,
however, that all iterates of g are K-quasiregular with the same K. Such maps are
called uniformly quasiregular. That our function ¢ is uniformly quasiregular follows
directly from the definition of g, or trivially from the representation g = o =to fo.
Lemma 1 says, essentially, that uniformly quasiregular selfmaps of the plane are
quasiconformally conjugated to entire functions; see also [8, 10] for this result.

4. PROOF OF THEOREM 1: f HAS A SIMPLY CONNECTED WANDERING DOMAIN

The sequence (&,) of critical points of ¢ is given by & := 0 and &, := nR,,/(n+1)
for n > 2. The only difference between the present construction and that of Kisaka
and Shishikura concerns the orbits of these points. While we have chosen the values
b,, such that

n R, n " non+1 B
g(fn) = bn(én - Rn)gn = _bnn 1 (n—{— 1) Ry = n——i-2Rn+1 =&nt1

for n > 2, Kisaka and Shishikura worked with different values of b, which yielded
9(&.) = Ryny1 and hence ¢2(&,) = 0.
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Denote by D(a,r) the disk of radius r around a. Let 6 > 0 and define D,, :=
D(&,,0R,,/n*) for n > 2. We shall show that if § is sufficiently small, then g(D,,) C
D, 41 for all n. This implies that D,, C F(g) for n > 2. We will then show that D,,
lies in a simply connected wandering domain of g and thus ¢(D,,) lies in a simply
connected wandering domain V,, of f. Moreover, we will see in §5 that V,, C A(f)
for all n.

First we note that if ¢ is small enough, then D,, C ann(Q,, R,) so that g is
holomorphic in D,, and

19"(z)] = |ba (n(n+1)2""" = Ryn(n — 1)2"7?)|
< |bu|(n(n+ 1) +n(n —1))RM!
= 2n%|b,|R*!
for z € D,,. Thus
9'(2)] = —9'(&)]
< / !g” O 1dc|
< 2n2|bn|Rz—15@
n
20 .
for z € D,,. It follows that if z € D,,, then
19(2) = &nal = [9(2) — g(&n)l
< / 90 dc|
5R
< Ib Mt
_ 2_(52 (n+ 1) n+1 ”R
onS n42 n s
252 1
5Rn+1
(n+ 1)

provided ¢ is sufficiently small. Thus ¢(D,) C D, for n > 2. As already
mentioned, this implies that D, lies in a Fatou component V, of g and thus ¢(D,,)
lies in the Fatou component V,, := (V) of f. By U], we denote the multiply
connected Fatou component of g which contains ann(.S,,, @,+1), and by U,, := ¢(U},)
the corresponding Fatou component of f. As mentioned at the end of §3, the U,
are wandering domains. In fact, we have U, # U, for m # [ (and thus U], # U/ for
m # 1). We shall show that U/ # V/ (and thus U,, # V}) for all m and . Since V}
lies “between” the annuli ann(S;_1, Q;) and ann(S;, Q;+1) and thus “between” the
domains U]_, and U}, it suffices to show that U, # V/ for { =m and [ = m + 1.

Suppose that U], = V/ where [ = m or [l = m + 1. Since D; C V] and
ann(7T,,, Pyny1) C Ul there exists a simply connected domain €2, with

Dy Uann(T,, Prs1)\(=Pos1, Tin) C Qe C U,
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Since ¢"(z) # 0 for z € €, and since the ¢" are K-quasiregular for some K, we
may define for n > m a K-quasiregular map h,, : §2,, — C by

for some branch of the root. We will show that the h, form a normal family
so that (h,) has a convergent subsequence, say h,, — h. Next we will show that
hn(2) = h(2) = 2/ Ry, for z € ann(T,,,, Pryi1)\(— Prt1, Tn), if the branch of the root
has been suitably chosen. This implies in particular that A is nonconstant. On the
other hand, we will see that h is constant in D; so that we obtain a contradiction.

To prove that (h,) is normal we note that if z € Q,, C U/, then ¢" " (z) € U},
and thus |¢"™(2)| < Sp41, since ann(S,41, Qni2) C U, ;. Hence

Sn m!/n! Sn Rn m!/n!
[ (2)] < |55 = | ==

Rn Rn+1 Rn

for z € Q,,. We deduce that
m! Snt1 R,
log |Ay, < — 1 1
oglta()] < 5 (log =t 4 log T2t
!
= %<m+7n!>
< 2ym!

for z € Q,, and large n, and this yields the desired normality.
It is not difficult to see by induction that if z € ann(T,,, Pri1)\(—Pmt1, Tm) and
n > m, then

n!/m!
z
9" "(2) =R, (R_) € ann(715,, Pri1)\(—Poy1, Tn)
so that
z
hal2) = h(z) = -~
() = hz) = -

if the branch of the root in the definition of h, has been suitable chosen. In
particular, h is nonconstant.
For z € D; we have

gn_m<z) € Dy

and thus ¢"""(z) € D, or ¢ ™(z) € D,41 depending on whether [ = m or
[l =m + 1. In the first case we have

g™ (2) §n 0\ n 0 1
R, ED(Rn’Tﬁ =D n+1" nt cb 1’2

for large n, and this implies that h is constant in D;. In the second case, that is
for [ = m + 1, we have

gn—m<z) c D (gn-i-l 5Rn+1 )

R, R, (n+1)'R,
and hence
1 — z Rn+1 < gnim(z) < Rn+1
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for large n. Since /1 —2/n — 1 as n — oo and

Rn m!/n!
‘ R:l = exp(ym!)

we deduce that |h(z)| = exp(ym!) for z € D;. Thus h is constant in D; in this case
as well. As already noted, this is a contradiction. This completes the proof that
U/, # V] and hence U, # V] for all [ and m.

It remains to show that V; is simply connected for all [. Suppose that this is not
the case. It is not difficult to show that then all V; are multiply connected. By
a result of Baker [3, Theorem 3.1] there exists £k € N and a Jordan curve 7 in V}
whose interior contains 0. This implies that D(0, Q) is contained in the interior
of 7/ := ¢7(7). The argument principle implies that the winding number of g(7’)
around 0 is at least k. This winding number is equal to the winding number of f(7)
around 0, and thus the latter winding number is also at least k. Induction shows
that the winding number of 7,, := f"*(7) around 0 is at least (n —1)!/(k —1)! for
n > k. A contradiction will now be obtained from a consideration of the hyperbolic
length of 7,, in V,,. We denote the hyperbolic length of a curve ¢ in a hyperbolic
domain U by (o, U). By the Schwarz-Pick-Lemma we have

70, Vi) < L(1, Vi)
for all n > k. On the other hand, we have V! C ann(Q,,S,) and thus V, C
w(ann(Q,, S,)). This implies that
g(Tna Vn) 2 g(Tna Sp(a’nn(Qna Sn)))

Now ann(@Q,, S,) is an annulus of modulus log(.S,/@,)/(27). Since ¢ is K-quasi-
conformal this yields that ¢(ann(@Q,, S,)) has modulus at most

K. (S.\_1, S\ ™
() = ((2) )

It follows that there exists a conformal map ¢ : p(ann(Q,,S,)) — ann(l,r,)
where 7, < (S,/Q,)%. We may choose v such that |(¢(2))] — 1 as |z] — Q,.
Put o, :== 9(7,). Then

Uoy,ann(l,7y,)) = (7, e(ann(Qy, Sy)))

and the winding number of o, around 0 is the same as that of 7,, and thus at
least (n — 1)!/(k — 1)!. We note that the density o(z) of the hyperbolic metric in
ann(1,r,) is given by (see, e. g., [12, p. 12])

™

o(2) = |z| sin(m log | 2|/ log ry,) log Ty,

In particular we have o(z) > 7/(|z|logr,) and thus we conclude that

— 1!
l(op,ann(1,7,)) / w)|dw| > T / |dw| > 272 (n 1)"
logry, J,, |wl logr, (k—1)!

Since logr, < Klog (S,/Qn) = 2K+/yn! we deduce that
w2 (n—1)!

Kk -1 Al

l(oy,ann(1,r,)) >

so that
l(oy,ann(1,7,)) — o
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as n — o0o.
On the other hand, our previous estimates imply that

oy, ann(1,7,)) = U(Th, p(ann(Qp, Sp))) < (1, Vi) < (1, Vi).

This is a contradiction. Thus V} is simply connected for all . This completes the
proof of Theorem 1.

Remark. Except for the fixed point ¢(0), the critical points of f are contained in
the simply connected wandering domains V,, of f. Thus the wandering domains U,
do not contain critical points. Using this it can be shown with the arguments of
Kisaka and Shishikura (in particular, [11, Proposition 4.5]) that the U,, are doubly
connected.

5. PROOF OF THEOREM 2: THE Vj ARE IN A(f)

We will use the following characterisation of the set A(f) given by Rippon and
Stallard [13, Lemma 2.4]. Here we denote for a domain U by U the union of U and
its bounded complementary components.

Lemma 3. Let f be a transcendental entire function and let D be a domain inter-
secting the Julia set of f. Then

—_——

A(f) ={z: there exists L € N such that """ (2) & fn(D) for n € N}.
We apply this result with D := U;. It follows from the maximum principle that

—_~—

f™(Uy) = Uyya. Since U], € D(0, Sp41) we have Vl’ﬂﬁ,’/n = () and hence V}ﬂ[fn =0
for I > m+2. Thus we see that if k > 2 and z € V} so that f"*(2) € Viyni1, then

F(2) & Unr = Fr(0L).

Choosing L := 1 in Lemma 3 we see that V;, C A(f) for £ > 2. This completes the
proof of Theorem 2.

REFERENCES

[1] I. N. Baker, The domains of normality of an entire function. Ann. Acad. Sci. Fenn. Math. 1
(1975), 277-283.

[2] 1. N. Baker, An entire function which has wandering domains. J. Australian Math. Soc. (Ser.
A) 22 (1976), 173-176.

[3] I. N. Baker, Wandering domains in the iteration of entire functions. Proc. London Math. Soc.
(3) 49 (1984), 563-576.

[4] I. N. Baker, Some entire functions with multiply connected wandering domains. Ergodic
Theory Dynamical Systems 5 (1985), 163-169.

[5] W. Bergweiler, Iteration of meromorphic functions. Bull. Amer. Math. Soc. (N. S.) 29, 151—
188 (1993).

[6] W. Bergweiler and A. Hinkkanen, On semiconjugation of entire functions. Math. Proc. Cam-
bridge Philos. Soc. 126 (1999), 565-574.

[7] R. L. Devaney, Dynamics of entire maps. In Dynamical systems and ergodic theory, Banach
Center Publications 23, Polish Scientific Publishers, Warsaw 1989, 221-228.

[8] L. Geyer, Quasikonforme Deformation in der Iterationstheorie. Diploma thesis, Technical
University Berlin, 1994.

[9] M. Herman, Exemples de fractions rationelles ayant une orbite dense sur la sphere de Rie-
mann. Bull. Soc. Math. France 112 (1984), 93-142.

[10] A. Hinkkanen, Uniformly quasiregular semigroups in two dimensions. Ann. Acad. Sci. Fenn.

Math. 21 (1996), 205-222.



10 WALTER BERGWEILER

[11] M. Kisaka and M. Shishikura, On multiply connected wandering domains of entire functions
In Transcendental dynamics and complex analysis, edited by P. J. Rippon and G. M. Stallard,
LMS Lecture Note Series, Cambridge University Press, to appear.

[12] C.T. McMullen, Complex dynamics and renormalization. Ann. of Math. Studies 135, Prince-
ton Univ. Press, Princeton, NJ, 1994.

[13] P. J. Rippon and G. M. Stallard, On questions of Fatou and Eremenko. Proc. Amer. Math.
Soc. 133 (2005), 1119-1126.

[14] D. Sullivan, Quasiconformal homeomorphisms and dynamics I. Solution of the Fatou-Julia
problem on wandering domains. Ann. Math. 122 (1985), 401-418.

MATHEMATISCHES SEMINAR, CHRISTIAN—ALBRECHTS—UNIVERSITAT zU KIEL, LUDEWIG—
MEYN-STR. 4, D-24098 KIEL, GERMANY
E-mail address: bergweiler@math.uni-kiel.de



