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AN EQUIVARIANT TORUS THEOREM FOR INVOLUTIONS

W. H. HOLZMANN

ABSTRACT. A complete classification is given for equivariant surgery on incom-
pressible tori with respect to involutions with possible 1- or 2-dimensional fixed
sets.

1. INTRODUCTION

In [8] an equivariant torus theorem was proved for involutions which have at
most isolated fixed points. The main result of this paper is an equivariant torus
theorem (Theorem 4.5) for involutions with possible 1- or 2-dimensional fixed
sets. If additional restrictions are imposed, various equivariant surgery theo-
rems have been proved. If the manifold is closed, orientable, and irreducibie
with infinite first homology, a theorem was given in [12].

The proof of the equivariant torus theorem proceeds by isotoping a given
incompressible torus to a new torus such that the new torus, its image under
the involution, and the fixed point set of the involution are “almost pairwise
transversal.” The weaker “almost pairwise transversality” condition is used
since, in general, pairwise transversality cannot be ensured (see Remark 3.3).
The curves of intersection between the new torus and its image under the in-
volution are of certain types. The curves are changed or removed by various
surgeries, thus obtaining an equivariant torus or one of the exceptional cases as
listed in the theorem.

An application of this theorem is the classification of involutions with 1- or
2-dimensional fixed sets on orientable torus bundles or unions of twisted I-
bundles on Klein bottles. Surgery on an equivariant torus reduces these spaces
to spaces on which the involutions are known. Details of this application are
given in [4].

2. PRELIMINARIES

Throughout we use the piecewise linear category. A piecewise linear homeo-
morphism will be called an isomorphism.
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888 W. H. HOLZMANN

Let M be a connected compact 3-manifold. An involution 1 is an isomor-
phism with 1 # id and P =id.

Let Fix denote the fixed set Fix = Fix(1) = {x : i(x) = x}. Let : be an
involution on a manifold M and i an involution on a manifold M. 1 and
/' are conjugate if there is an isomorphism A: M — M’ with i = ho1oh™".
Call h a conjugation between 1 and 1.

Lemma 2.1. Given a simplicial subdivision K of M and an involution 1 of M
there is a subdivision L of K with 1 simplicial with respect to L.

Proposition 2.2. Let 1 be an involution on a manifold M. Let L be a sub-
division of M with 1:L — L simplicial, and let L' be the first barycentric
subdivision of L. Then Fix = Fix(1) is a subcomplex of L'. Fix is the union
of disjoint 0-, 1- and 2-dimensional proper submanifolds. Write Fix’, Fix',
and Fix* respectively for the unions of the 0-, 1- and 2-dimensional components
of Fix.

If v e Fix’ U Fix® then 1 is locally orientation reversing at v. If v € Fix'
then 1 is locally orientation preserving at v. In particular, if M is orientable
then 1 is orientation reversing if Fix’ UFix’ # @ and 1 is orientation preserving
if Fix' #@.

Proof. Use the following:

(1) Let A be a standard m-simplex (with standard subdivision) invariant
under 1. Then FixN A is a subcomplex of the first barycentric subdivision of
A.

(2) If Fix contains a 3-simplex then 1 =id.

If v € Fix is a vertex of int(L) consider the link Lk of v.

(3) If LkNFix contains a 1-cell then LkNFix is one 1-sphere. So v € Fix”.

(4) If Lk nFix consists of m > 0 vertices then

X(Lk [ 1) = m = 3(x(Lk) - m).

Since Lk/1 is a surface and Lk is a 2-sphere, it follows that m = 2 and hence
v eFixl,or m =0 and hence v € Fix’. O

3. EQUIVARIANT TRANSVERSALITY

In order to be able to perform surgeries on a surface F; in a 3-manifold
M we would like to perform an ambient isotopy on F; such that the isotopic
surface F has the property that F, 1F, and Fix are pairwise transversal. This
can be done if the manifold is orientable. If Fix’ # & and M is nonorientable,
however, pairwise transversality is not possible in general. This necessitates
using a somewhat weaker form of transversality.

Lemma 3.1. Let F be a proper surface in a 3-manifold with F, 1F, and Fix
pairwise transversal. Then the components of F N1F are 1-spheres and proper
1-cells. If C is a component of F N1F with C N Fix? # O then C C Fix’.
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FIGURE 1

Proof. The first statement follows by transversality of F and :F . The second
statement follows by considering the star of a point in C N Fix’. O

For the 3-cell B® = {(x,y,2) : |x] <1,y < 1,]z] £ 1} in R’ let
i:B> = B® be the map ilx,y,z)=(-x,y,z). Then Fix(i) is the inter-
section of B® with the yz plane. Let S be the 1-sphere obtained as the join of
{0, 1, 1), (-1, -1, 1)} with {(-1,1,-1),(1,—-1,—1)} and let D be the
cone from (0,0, 0) on S. D is a saddle shaped region (see Figure 1). (We

could alternately take D defined by {z = xy/\/x2 +*}u{(0, 0, 0)}.) Notice

that DNiD is the part of the x and y axisin B’ while D nFix(i) is part of
the y axis. D and Fix({) are transversal and iD and Fix(i) are transversal,
but D and iD are not transversal at (0, 0, 0). There is a subdivision making
these spaces simplicial with all the vertices on 0B U (0,0,0).

Definition 3.2. Let F be a proper surface in a 3-manifold M and ! an invo-
lution on M with fixed set Fix. Call a point v a saddle point if v € F nFix’
and if (F, F, Fix) nstar(v) is isomorphic to (D, iD, Fix{i)).

Remark 3.3. Saddle points exist since i is an involution with fixed set Fix(i).
Although 8D, 8iD, OFix(i) are pairwise transversal there is no 2-cell £ with
O0FE = 0D and E, (E, Fix(i) pairwise transversal. Otherwise, since dE N
0iE — Fix(i) = (£1, 0, 0) there is a i-cell I of ENiE with (1,0,0) € 81
and this 1-cell must meet Fix, contradicting the previous lemma.

Let d denote the identification (x, 1, z) ~ (x, =1, —z) forall x and z.
Then D /d is an annulus in a solid Klein bottle B’/d and no isotopy of D/d
moves it to an annulus with F, iF, and Fix(i)/d pairwise transversal.

Definition 3.4. Let F be a proper surface in a 3-manifold and 1 an involution
on M with fixed set Fix. Then F, 1F , and Fix are almost pairwise transversal
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890 W. H. HOLZMANN

if:

(1) F, 1F, and Fix are pairwise transversal except at a finite number of
saddle points, and

(2) the only components of F N Fix containing saddle points are 1-spheres
and each such 1-sphere contains at most one saddle point.

Let & be the closure of (FNiF) —Fix*. & consists of disjoint 1-spheres and
proper 1-cells: in a neighborhood of a saddle point, F N1 F — Fix’ corresponds
to [-1,0)x0x0uU(0, 11x0x0 in the B? model for saddle points.

Let E be a component of & that contains a saddle point v. Then E has
a fixed point and is invariant under :. Therefore, either E is a 1-cell with no
fixed points other than v or E is a 1-sphere with exactly two fixed points v
and w. By transversality w is in Fix' or Fix’. In the latter case w is a
saddle point. Together with Lemma 3.1 this shows:

Proposition 3.5. Let F, 1F, and Fix be almost pairwise transversal. Then the
components of F N1F are of one of the following forms:

(1) Components with no saddle points (standard components):

(a) proper 1-cell I with INFix=& or I C Fix’,

(b) proper 1-cell I with INFix=1nN Fix'=v, v a point,

(c) 1-sphere S with SNFix=& or S C Fix’,

(d) 1-sphere S with SNFix = SN Fix' = v, Uv,, where v, and v, are
points.

(2) Components with saddle points:

Type 1 component. S, UI with S, NI =FixnI=w, § C Fix?, and w is
the only saddle point on S, U1 .

Type 11 component: S, US with S NS=w, S C Fix>, SNFix =vUw,
v € Fix, and w is the only saddle point on S;US.

Type 11l component. S, US,US with S NS, =0, $NS=w,, §; C
Fix’>, S N Fix = w, Uw,, and w, and w, are the only saddle points on
S US,uUS.

Here S, S|, and S, are 1-spheres, the I are 1-cells and w,; are points,
where i=1,2.

Note that case (2) does not arise if the manifold is orientable because a
regular neighborhood N of §, is always a solid Klein bottle. For if N is
instead a solid torus instead, then FixNn N, FNN, and 1F NN are all annuli
or all Mobius bands. Consider annulus 4, a component of &N —Fix. AN F
and ANiF are two 1-spheres intersecting transversally in 4. One sees these
1-spheres have nonzero intersection number, a contradiction.

Corollary 3.6. If F, 1F, and Fix are almost pairwise transversal, then they are
pairwise transversal if one of the following holds:

(a) M is orientable.

(b) F isa 2-cell.

(¢) F is an annulus with 0F N10F = Q0.
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Proof. In case (a) regular neighborhoods of 1-spheres are solid tori.

In cases (b) and (c) Type II or III components are excluded since the 1-sphere
S 1s nonseparating. In case (¢) Type I components are excluded a priori, while
in case (b) the 1-sphere S, separates so a proper 1-cell C cannot intersect S,
transversally at one point. O

In a surface F a proper 1-cell I bounds adisc D if =0D -8F .

Corollary 3.7. Let F, 1F, and Fix be almost pairwise transversal and C a
proper 1-cell or 1-sphere component of F NiF, that is, let C be a standard
component. Then any disc in F or 1F bounded by C contains only standard
components.

Proof. The proof is similar to the proof of case (b) in the previous corollary. O

Equivariant Transversality Theorem 3.8. Let 1 be an involution on a 3-manifold
M with Fix = Fix(1) and let F, be a proper surface in M . Then there is an
ambient e-isotopy on M taking F, to a proper surface F such that F, 1F,
and Fix are almost pairwise transversal. In 6 M, if OF, 10F, and Fix are
pairwise transversal then the isotopy may be taken to be the identity on M — N ,
where N is a given neighborhood of dFix’* N o F .

Proof. Let F = F, be a proper surface. By Proposition 2.2 and Lemma 2.1
subdivide M so that : is simplicial with respect to the subdivision, Fix is
a subcomplex of the subdivision, and Fix is a disjoint union of 0-, 1- and 2-
dimensional components Fix’ , Fix' , and Fix’. All isotopies performed in the
construction will be done in the star neighborhoods of certain simplexes. By
taking a sufficiently fine subdivision é&-isotopies are obtained.

Step 1. Adjust F near Fix’. By isotopies similar to those in the third step
below we can assume F and Fix are transversal, the isotopy not moving 8 F
unless 0F and OFix are nontransversal. In particular, F NFix’ = @. Then
F NFix? consists of disjoint 1-spheres and 1-cell components proper in M .

Let S be a 1-sphere component of F N Fix’. Let N' bea regular neighbor-
hood of S with N'nF and N'NFix transversal and each an annulus or Mobius
band. S has a regular neighborhood N contained in int(N') invariant under
1 with no vertices on int(N) —.S such that N N Fix is a regular neighborhood
of S and FixNdN has a regular neighborhood Q in 8N which is invariant
under : and has no vertices except on FixudQ.

Casel. FON and Fixn N are annuli. Then N is a solid torus, Q has four
components, and N — Fix consists of two components N, and N, which are
interchanged by 1. Let J; and J, be components of 6Q with J, C N, and
1J, # J,. Let A, be the annulus with 04, = J,US having no vertices except on
0A;. F isisotopic to a surface F ' by an ambient isotopy which is the identity
on M — N’ and such that FFNN'nFix C N and F'nN = 4, U4,. Since
1J, # J, it follows FFANNI(F' nN)=S and F'nN, (F'nN), FixnN
are pairwise transversal.
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Case 2. FNN and FixN N are Mdbius bands. Then N is a solid torus, and
dQ has two components that are interchanged by . If J is one of these, then
J and S determine a Mébius band 4 with 64 = J. Proceed as in Case 1.

If M is orientable then Cases (3) and (4) do not arise. Only in these cases
do saddle points arise.

Case 3. FNN isan annulus and FixN' N is a Mdbius band. Then N is a
solid Klein bottle. Let 4 be one of the two (open) Mobius band components
of ON — Fix. There are two l-spheres J, and J, which represent generators
of H,(4)=1Z with J; and J, intersecting transversally and at only one point
x. J; and S bound an annulus A4; with 4, N4, =SUI, where I isa l-cell
with I =xUy, y € §. Proceed as in Case | using F'ﬂN:A1 Utid,. Then
y is a saddle point and F' N N, 1(F' N N), and Fixn N intersect pairwise
transversally elsewhere in N .

Case 4. FNN is a Mobius band and FixN N is an annulus. This case is similar
to Case 3. Here 4 = N ~ Q is an invariant annulus under :. Find a curve J
that bounds a Mobius band B with BNiB =S by lifting (from annulus A4/1)
a curve J' which represents twice a generator and which is embedded in A4/
except for one transversal self-intersection. Now proceed as before.

When S is a 1-cell component of F N Fix?, use an isotopy similar to the one
of Case 1 above. This isotopy may change F in NNoM.

Step 2. Adjust F near Fix' . By Step 1, F N Fix' consists of a number of
vertices in int(M). If v € Fn Fix', let N' be a regular neighborhood of v
and let N be the star neighborhood of v . Take the subdivision so that N is
in the interior of N', FN N is a proper 2-cell in N, and FixN N is a proper
1-cell. Since F is transversal, FNON is a generator of H (N —Fix). Let J !
be a curve in the annulus (8N — Fix)/i representing twice a generator of this
annulus. Take J' embedded except for one transversal self-intersection. J'
lifts to two 1-spheres J and :J, which on coning to v give 2-cells D and 1D.
D, 1D, and Fix are pairwise transversal in int N . Proceed as in Case 1 of
Step 1.

We obtain a surface F and a neighborhood N of Fix such that F has the
required transversality properties in N . The following construction adjusts F
only on star neighborhoods of simplexes of F — N where F and :F are not
already pairwise transversal. By subdividing sufficiently we may assume without
loss that Fix = & . For convenience assume also 8 F = .,

Let K be a subdivision of M with 1 simplicial and F a subcomplex of X .
Let A be an m-simplex of F in K with m =0, 1, or 2. Define St(A), the
reduced star of A in K, to be all 3-simplexes ¢ of K with A C ¢ together
with their faces. Let St.(A), the reduced star of A in F, be all 2-simplexes
o of K with A C ¢ C F together with their faces. Let p: M — M/i be the
projection.
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Step 3. There is a subdivision of M and a proper surface F’' e-isotopic to F
such that for every simplex A of F' either p_1 p(A)NF' ' =A or A isa0- or
l-simplex with int(St,.(A)) and int(St .. (A)) transversal.

Call a simplex exceptional if it fails to satisfy these conditions and is of the
highest possible dimension m = 0, 1, or 2. Induct on the number of such
simplexes. If there are no exceptional simplexes the theorem is established.

Suppose there is an exceptional simplex A. Adjoin all the vertices (and their
translates under 1) of form %%b + ﬁlgv, where b is the barycenter of A
and v is a vertex of St(A) — A. This determines a refinement K’ of K with
the same number of exceptional simplexes; no m-simplexes are subdivided for
m = 1,2, while for m = 0 transversality already holds away from vertices of
K . Consider the reduced stars in K’. 9 St,.(A) is a 1-sphere that decomposes
8 St'(A) into two components D . and D_. There is an ambient isotopy taking
F to F, = (F - St;(A)) UD, which is the identity except on St(A). F, has
fewer exceptional simplexes. When m # 2 this follows since D, UD_ intersects
the interior of any 2-simplex of St(A) transversally. O

Regular neighborhoods of the standard components of F NiF can be taken
in a special form.

Proposition 3.9. Let F, 1F, and Fix be almost pairwise transversal and S
be a 1-sphere component of F N 1F. Suppose, in addition, that the regular
neighborhood of S in F and 1F is an annulus. Then there exists a regular
neighborhood V C int(M) of S, called a standard neighborhood of S, with the
following properties:

(1) VNF and V NiF are annuli. Since these intersect transversally, V is
a solid torus.

(2) Fix and 0V intersect transversally, FixNn F NV C S, and the closure of
each component of (FixNV)—S meets S and 0V . In particular, Fix’nv =0.

(3) FixnV is an annulus, two proper 1-cells, or empty.

() If1S=S then V=V,

(5)If 1S # S then 1V NV =3 and the above properties hold simultaneously
for 1V .

Property (3) can be arranged since if FixNS # & then 1S =S. 1 is an
involution on a 1-sphere so either : = id or 1 has exactly two fixed points.

The four 1-spheres (FUiF)Na8V decompose dV into four (closed) annuli
a,, a,, B,,and B, with a,Na, =< and B, NG, = . Call these annuli the
standard annuli corresponding to the standard neighborhood of V. Suppose
1S = §. Relabeling, if necessary, we may assume i(a, N B,) = (o, N B,). It
follows that 1a; = «,. Then 18, = B, and ia, = a,. When FixnV # &
we obtain FixNa, # &, FixNa, # 3, Fixn g, = = FixN #,, and each
component of FixN V' meets both o, and a,.

Proposition 3.10. Let S be a 1-cell component of F N1F, where F, 1F, Fix
are pairwise transversal (near S). Then there exists a regular neighborhood V of
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S with VNOM a regular neighborhood of 8S, called a standard neighborhood
of S, with the following properties:

(1) VNF and VNiF are 2-cells with M NV NF and OM NV NiF each
two 1-cells. Necessarily V is a 3-cell.

(2), (4) and (5) as for 1-sphere standard neighborhoods.

(3) FixnV is a disc, one proper 1-cell, or empty.

The four l-cells (FUiF)NdV —0M subdivide V — M into four discs
a,, a,, B,,and B, with o Na, =0, B, N B, =3, and the properties as in
the previous situation. Call these discs the standard discs corresponding to V.

Remark 3.11. In the following theorem certain 1-sphere components S of FnN
1F have standard neighborhoods because S bounds discs in F and 1F. In
the disc theorem F is orientable so again there are standard neighborhoods. In
the torus theorem the construction will be made so as to keep S in this form
always.

Theorem 3.12. Let M be an irreducible 3-manifold with involution 1 and F,
be an incompressible proper surface. Then there is an ambient isotopy of M
which is an e-isotopy on OM taking F, to a proper surface F such that F,
1F, and Fix are almost pairwise transversal and no 1-spheres in F n1F bound
2-cellsin F. On M, if 8F, 18F, and OFix are pairwise transversal then
the isotopy may be taken to be the identity on OM — N, where N is a given
neighborhood of dFix’ NF.

Proof. By the preceding transversality theorem there is an F with all the above
properties except possibly 1-spheres in F NiF bound 2-cells in F . By Propo-
sition 3.5 those 2-cells contain no saddle components. Let S be a 1-sphere of
F Nn1F bounding an innermost 2-cell in ¢F , that is, there is a 2-cell D C 1F
with DNF =8D = 8. Since F is compressible, S bounds a 2-cell B in F.
If 1S =S then we may assume 1B =D.

Let V be a standard neighborhood of S. Such a neighborhood exists since
S bounds a disc in F and 1F . Let a be the standard annulus in 8V meeting
D butnot B. Then iana =< . There is a bicollar Dx[-1,1] of D=Dx0
with

D x[-1,1]=Dx[-1,1]nF=8x[-1, 1]

and with Dx 1 Na # <. Since D is innermost it follows that for a sufficiently
thin collar (D x 1)Ni(D x 1) =& and FNi(D x 1) = @. Consider F' =
(F-(BUSx[-1,1]))UDx 1. Then F'niF C(FNiF)—S and F', 1F',
and Fix are almost pairwise transversal. Since M is irreducible and DU B is
a 2-sphere, F' and F are ambient isotopic by an isotopy being the identity on
OM . By induction, all 1-spheres bounding 2-cells can be removed. O

A 2-cell B in a 3-manifold is essential if it is proper and & B does not bound
a 2-cell in M . In an irreducible 3-manifold a nonseparating proper 2-cell is
essential. The following theorem is well known (see [1, 2, 6, or 10] for instance).
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Disc Theorem 3.13. Let M be arn irreducible 3-manifold with involution 1.
Suppose M has an essential 2-cell B,. Then there is an essential 2-cell B C M
such that B and Fix are transversal and either BN1B = or 1B = B. In the
former case BNFix = & and in the latter case BNFix is a proper 1-cell of B or
one point in the interior of B. If 0ByN10B, = & then one can take 0B = 3B,
and B and B, are ambient isotopic by an isotopy that is the identity on OM .

Proof. By Theorem 3.12 and Corollary 3.6 there is an essential 2-cell B with
B, 1B, and Fix pairwise transversal, B and B, ambient isotopic, and BNiB
is either empty or consists of proper l-cells only. Assume BNiB # & (in
particular, then 8B, N10B, # J). By induction it suffices to show how to
obtain a new 2-cell B; with fewer l-cells in B, N1B,;.

Let D be an outermost disc of B: D C B with DnNiB =0DnNiB =1
a proper l-cell of B and 8D -1 C 8B. If 1l =1 define D' =1B—iD. If
il # I define D' to be the closure of the component of 1B — I that does not
contain 1/ (see Figure 2). Let V' be a standard neighborhood of I and let o,
a,, and f be standard discs of V' with o, Na, =3, a,NND # D, and
BnD' #&. Consider

B, =(DUBUD)—int(¥) and B,=DU(B-D).

Then B, N1B, C (BNiB)— 1. If B, is essential we are done by induction or
we arrive at the case B, Ni1B, =@. If B, is not essential then §B, bounds a
2-cell E of OM . Since M is irreducible, the 2-sphere B, UE bounds a 3-cell.
This 3-cell does not meet 7, otherwise 1B would not be essential. Using the
3-cell construct an ambient isotopy taking B, to i1B.

So we may assume B, is essential. If I =1/ we have 1B, = B, and note
that Fixn B, C Fix NI, which is necessarily a point of I or all of I. If
Inil =@ consider a sufficiently thin bicollar D x [—1, 1] of D =D x 0 such
that D x [-1,1]N 1T is a bicollar of I in :B and D x 1 meets «,. Then
B, =(Dx1UiB)—(Ix[-1,1)uD') is essential since it is isotopic to B, and
ByniB,CBniB-1. O

FIGURE 2
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4. EQUIVARIANT TORUS THEOREM

A proper annulus A in a 3-manifold M is trivial if A decomposes M into
a solid torus ¥ = D* x S’ and a submanifold M, such that:

M=MUV, MNV=08MNdV =4,

and there exists a nonseparating proper 2-cell B C V with BNA=0BNA a
nonseparating 1-cell in 4.

Otherwise call 4 nontrivial. Call V a solid torus that trivializes A .

Note that if 4 does not separate M or if 94 is in different boundary
components of M then A4 is nontrivial.

Call a nontrivial incompressible proper annulus an essential annulus. Call an
incompressible proper Mobius band an essential Mobius band.

Let F be a surface and S a component of F NiF. In some surgeries
performed later we will wish to replace F by F' = F x 1, where F x [—1, 1]
is a bicollar of F. To insure that F', 1F', and Fix are transversal at least in
standard neighborhoods (see Propositions 3.9 and 3.10), the following lemma
1s used.

Lemma 4.1. Let V be a solid torus and 1.V — V an involution. Let A, and
A, be annuli in 0V with 04, = S;US,, 04, = §;US,, 4,n4, =S5,
1S =Sy, (4yUA4,)N1(4,UA)) =S, and Fixn(4A,UA)) CS,. Then there is
a proper annulus A CV such that A, 14, and Fix intersect transversally with
AMiA =S a 1-sphere and 8 A having one component in int(14,) and the other
component is S, .

A similar statement holds if V is a 3-cell, A,, A, are 2-cells, and the S,
are l-cells (see Figure 3).

Proof. By transversality of Fix, by taking a sufficiently small regular neighbor-
hood N of A4,U A4, U14,U14, we may assume one of the following holds:
(1) Fixn N =32,

FIGURE 3
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(2) Fixn N consists of two disjoint 1-cells /; with exactly one point of d1,
in §; and the other in int(V)N&N, or (3) FixN N is an annulus such that
one boundary component is S, and the other is in int(V)N9IN.

Further, there is a regular neighborhood N’ of S, C N such that 1N’ = N,
Ay = N'N 4, is an annulus, 4,U14, = N' NV, and properties (1)-(3) hold
with respect to N’ .

Let B be the annulus which is the closure of 8N’ — AyU1A,. Then there is
a 1-sphere S in int(B) with 1S =S and FixnB C S. There is an annulus 4"
in ¥ — N such that 04" =4"nV -N'=S,US and A" N14" =S. Let 4
be the component of B —.§ that meets 14,. Then 4 = A'uAd” is the desired
annulus. 0O

A solid Klein bottle is a twisted I-bundie over an annulus. The annulus is
essential but it does not separate the boundary.

Lemma 4.2. Let U be a solid torus or a solid Klein bottle. If U is a solid torus
then U has no essential annuli. If U is a solid Klein bottle then U has no
essential annuli that separate oU .

Moreover, suppose A’ is an annulus contained in U such that a nonsepa-
rating proper disc D of U intersects A' in exactly one nonseparating 1-cell of
A" If A is an incompressible proper annulus disjoint from A’ then the solid
torus which trivializes A may be taken to be disjoint from A’ .

Proof. Suppose A is an essential annulus. Then let D be any proper nonsep-
arating 2-cell of U. (When A’ is given, take D as in the statement.) Make A4
and D transversal. Since A is incompressible, adjust D so that AND consists
of 1-cells only.

If AnND = & then A is contained in a 3-cell obtained by removing a
sufficiently small regular neighborhood of D from U . This contradicts incom-
pressibility.

If AND # @ let B be an outermost 2-cell of D (and disjoint from A4’ if
A’ is given): so BNnA=0BNnA=1isal-celland BNoU =8B -1. If
I bounds a 2-cell in A, then by an isotopy moving B, obtain a disc D’ with
fewer 1-cells in 4N D’. Assume now that I does not bound a 2-cell in A.
Then I does not separate 4. Let V' be the closure of the component of U — A4
that meets int(B). 84 decomposes dU into two annuli or possibly, in the
case where U is a solid Klein bottle, into an annulus and two Mo&bius bands.
However, in the latter case 0B N 3U must meet the annulus. It follows that
AV NoU is an annulus and V is a solid torus with the properties making A4
trivial. O

In order to prove the torus theorem we will need to know the involutions up
to conjugacy on a solid torus.

Let S' ={z e(:|z| = 1}. Define maps on S' by x(z) =Z and a(z) =
—z. Let D* = {z € 0 :|z] £ 1}. Define maps on D* by #(z) = 7 and
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&(z) = —z. Also define p on D*x S' by p(z,w) = (zw, w). For later use,
define 7 on I =[-1, 1] by 1(¢) = —¢.

Define the following involutions on the solid torus V = D’xS'= {(z, w):
lz| <1, |lw|=1, z,wel}:

J4 =k x id having as fixed set the annulus Re xS

Jy = P o (% xid) having as fixed set the Mobius band {(s- ™, ™) : 0 <
s<1,-1<t<1}.

Jop =1d xk having as fixed set two 2-cells D’ x £1.

Jpp = P o (id xx) having as fixed set a 2-cell and a point D*x1U0x—1.

Jg = @& x id having as fixed set one 1-sphere 0 x S b
Jyc = K x k having as fixed set two l-cells Re x +1.

Jop = & x k having as fixed set two points 0 x +1.

Jy = R x a, fixed point free and orientation reversing.

Jo = 1d xa, fixed point free and orientation preserving.

The next theorem follows easily by applying the Disc Theorem 3.13 and
using the fact (see [13]) that there are only three involutions up to conjugacy
on a 3-cell (for details see [4]).

Theorem 4.3. If 1 and 1" are involutions on V = D* x S' with nonempty
isomorphic fixed point sets or if 1 and i’ are fixed point free and of the same
orientation type, then 1 and i’ are conjugate. An involution on V is conjugate
to one of the nine involutions listed above.

Lemma 4.4. Let M be an irreducible, P*-irreducible 3-manifold containing an
incompressible torus. Let F be a 1-sided Klein bottle in the interior of M and
W a regular neighborhood of F in M with OW a torus. Then OW is an
incompressible torus.

Proof. Otherwise M = WUU,where M—W =U, U =Un(U - W), and
U is a solid torus. Necessarily ¥ is an orientable twisted /-bundle over T and
M is orientable. The inclusion of U in M determines an index two subgroup
of n,(M). Consider p: M — M, the 2-sheeted covering corresponding to that
subgroup. Then p~ (W) = T x[-1, 1], where T isa toruswith p(T x0) = F,
and p_l(U ) =V,uUV,, where V| and V, are two disjoint solid tori. Misa
lens space. But M and hence M contains a 2-sided incompressible torus. O

Equivariant Torus Theorem 4.5. Let M be an irreducible, Pirreducible 3-
manifold with involution 1. Suppose M contains an incompressible torus. Then
one of the following holds:

(I) There is a 2-sided incompressible torus or Klein bottle T in int(M)
transversal to Fix with TmiT =0 or 1T =T.

(Il) M=V_uV,uU_,uU,, where V, and U, are solid tori and iV, =V,
and 1U_, = U, . There are annuli A;, i =+1, with

i

A NA_ =A,NI4, =084, =814, =V,nV_ =UnU_,
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and V,nU, = A;, V,nU_, =14,, 0V, = A;U14;, 0U; = A,U14_,, (see
Figure 4). A, UA_, isa 2-sided incompressible torus transversal to Fix. 1|V,
is orientation preserving.

(II) M =V, uV,uV, where V,, V,, and V are solid tori each invariant
under 1 such that 1 is orientation preserving when restricted to any of V,, V,,
and V . There is a 1-sided Klein bottle T with TruT =S C int(V') a generator
of m\(V). VinV,=(TouT)—int(V) are two annuli. T, 1T, and Fix are
pairwise transversal and FixN oV, = & and FixnS # &. V is a standard
neighborhood of S, (see Figure 4).

(IV) M = WUV, where W is a twisted I-bundle over atorus TC W and V
is a solid torus with W =0V =WnV and W =W 1T =T,and 1V =V,
Fix is transversal to OW and T except for a possible 1-sphere component S

of Fix' contained in T .

Proof. Let T, be an incompressible torus in int(A/). By Theorem 3.12 assume
T,, 1T,, and Fix are almost pairwise transversal and that no 1-spheres in
T, N:1T, bound 2-cells in Tj,.

As a first step we handle the cases where saddle components arise. Only Type
III and Type II components are possible. In both cases since S and S, intersect
transversally at one point, there can be only one component in 7, N7 .

Suppose T, N7, is a Type III component SUS, US,. Then §, and S,
bound an annulus A4 in 7 since $\NS, = & and both intersect S transversally
once. Then T = AU1A4 isatorus with 17 =T and T and Fix are transversal.
T is 1-sided since a regular neighborhood of S, is a solid Klein bottle. Let N
be a regular neighborhood of 7 invariant under N. If 9N is incompressible
then it is a 2-sided torus satisfying (I). If O N is compressible we arrive at (IV).

Suppose T, N1}, is a Type II component S US,. First we construct a
torus 7" isotopic to T = T, with 17" =T'. Let N(S) and N(S,) be regular
neighborhoods of S and S, respectively, both invariant under : such that
N = N(S)UNC(S,) is a regular neighborhood of SUS, and such that TNN(S)
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and T N N(S|) are annuli, N(S,) N Fix is a Mébius band, N(S)N Fix? is
a proper 2-cell, and N(S) N Fix' is a proper 1-cell. Both N (S) and N(S,)
are solid Klein bottles. By transversality there are two disjoint open 2-cell
components K, and K, of N(S)— (T U:T) that meet Fix' and there are
two disjoint open 2-cell components L, and L, of N(§,) — (T U:iT) that

do not meet Fix’. By considering the effect of ¢ near saddle points we see
A= (K UK,UL UL,)N3N is an annulus with 4 = CU:1C, where C =
ONNT. The closure of AU (T — N)Ui(T — N) is a 2-sphere which by the
irreducibility of M bounds a 3-cell E. E cannot contain the proper punctured
torus 7NN so ENint(N) = &. Since Fix' is transversal to 8E and 19E = 0E
it follows 1E = E . In particular, 1|E is conjugate to j, , the standard involution
of a 3-cell with fixed set one l-cell. A is invariant and contains Fix' noE.
Hence one shows there is a proper 2-cell D with 0D a generator of H,(4)

such that Fix' N E is a proper l-cell of D and 1D = D. Since 10D = 8D,
by taking N sufficiently small we can construct a proper punctured torus P
in N with P = D and :P = P (namely isotope 7T N N). Consider the
torus 7' = PUD. Fix’ intersects T’ transversally at S,. The component

of Fix' meeting N is contained in 7°. T’ is l-sided. Let W be a regular
neighborhood of T’ invariant under 1. If 8W is incompressible then it is a
2-sided torus satisfying (I). If W is compressible we arrive at (IV).

We may now assume T;,N:7;, has no saddle components. T;, :T;, and Fix
are pairwise transversal and 7, N 1T, consists of disjoint 1-spheres bounding
annuli in T;, and 17T;,. We successively construct incompressible tori or Klein
bottles 7 with fewer 1-spheres in 7 N:T, but always keep T N:T consisting
of 1-spheres bounding annuli in 7 and :7 and always retain the property that
each component of 77N:T has a standard neighborhood, (see Propositions 3.9
and 3.10). It also follows then that any 1-sided Klein bottle arising from such a
construction has a regular neighborhood W with 0W a torus. So Lemma 4.4
is applicable.

Note: Suppose T satisfies all the conditions of (I) except that T is 1-sided
instead of 2-sided. Let W be a regular neighborhood of 7. We can take W
so that OW and Fix are transversal and i{W =W or WniW =g. 0W is
2-sided. If &W is incompressible, W satisfies (I). Assume now that oW is
compressible. T cannot be a Klein bottle since the previous paragraph shows
that 8W is a torus and thus Lemma 4.4 would show 0 W to be incompressible.
So T isatorus. Now V =M — W is asolid torus. If 17 =T we have (IV).
If :TNT = then the solid torus V' contains an embedded 1-sided torus :7
a contradiction.

We give constructions that reduce the number of components of T N T,
producing a new torus or Klein bottle. Repeat these constructions with the new
torus or Kliein bottle produced until eventually one satisfying condition (I), (II),
(I1), or (IV) is constructed. There are four cases depending on the number of
1-spheres of 7'N:T and the compressibility of certain surfaces.
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Assume T N7 consists of at least two l-spheres. Let 4 C 1T be an in-
nermost annulus: 4NT =8A4. 84 decomposes T into two annuli A and
A" with T=A4UA" and 04 =04 =94" =4 nAd". T'"=4U4 and
T" = A" U A are tori or Klein bottles (see Figure 5).

Case (1). T' is incompressible.

Case (1.1): 104 = 0A and 1A = A'. Then 1T' = T'. One sees Fix
is transversal to 7’ by considering the standard neighborhoods of 4. We
arrive at (I) or (IV).

Case (1.2): Either 104 =08A4 and 14 = A" or 10ANDA is a single 1-sphere
S and 14 C A" . In the latter case 15 =S . Let ¥, and ¥, be distinct standard
neighborhoods of 94 and let y, and y, be the two distinct standard annuli
that meet both 4 and 4'. Let T, = (4 UAUy, Uy,) —int(V,UV,). Then
T,miT, C(TmiT)-04 and T,niT, # TruT because (y,Uy,) Ni(y,Uy,) =D.
T and T, , are ambient isotopic so 7, is incompressible. Fixn(y, Uy,) =7
and A is innermost so 7|, :7,, and Fix are pairwise transversal. Proceed
with 7.

Case (1.3): Either 10ANAA is a single 1-sphere S and 14 C A' or 184N
0A =@. Let 84 =SUS'. Let V be a standard neighborhood of S and
let y be the standard annulus that meets both 4 and 4'. Let 4 x [0, ¢] be a
sufficiently thin collar of 4 = A4 x 0 in M such that

S'x[0,e]C A, Sx[0,e]CT, (ANaAV)x[0,e]=(Ax[0,e])naV.

The collar exists since V' is a solid torus. In the first case, :S=S and 1y =7y.
By Lemma 4.1 if (4xe)Ny # < we may assume (Ax&)NV and 1((Axe)NV)
intersect transversally in a 1-sphere S, and that both are transversal to Fix. In
all other cases set S| = §. Define

T,=(Axe)ud —((S'US)x[0, el)u ((Sx[0,e])—4).

Then T,n:iT, € ((TNiT)-04)uUsS,. T, is incompressible since it is ambient
isotopicto T'. T, 1T, , and Fix are pairwise transversal. Proceed with T, .
By Case (1) we may now assume 7' and 7' are compressible.
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FiGURE 6

Case (2). For every annulus A C 1T with ANT = 8A, both corresponding
surfaces T' and T" are compressible and T 01T contains more than two 1-
spheres. Then let A, and A4, in 1T be annuli with 4, NT = 94, and with
04, = S§,US;, where §,, §,, and S, are l-spheres with S| # §,. Let 4,
A}, and A, be the three annuli of T that these 1-spheres decompose T into:
84 =S,US, and 84;=S,US, for i=1, 2 (see Figure 6).

Define T, = AUA,UA,. T, isincompressible. Otherwise 7, bounds a solid
torus or a Klein bottle U. Say 4, CU. 4 is trivial in U by Lemma 4.2. If
A\ U A, bounds the trivializing torus then the incompressible T = 4 U4, U A4
is ambient isotopic to 4, U A’2 U 4 which was compressible by hypothesis. If
A'l U A4, U 4 bounds the trivializing torus then, since A'1 and 4, meeton S,
A, must also be trivial in A'1 UAd,U 4. So T is ambient isotopic to A'2 ud4,
which was assumed compressible.

We have five cases:

Case (2.1): 1(S,US,) =S, US, and 1S, C A. Then 1(4,UA,)=A.

Case (2.2): 1(S,US,) =8, US, and 1§, C A'. Then 4,V 4,) = A'1 U A'2
and 1§; = §,.

Case (2.3): 1S, =S, and 1S, =S,. Then 14, = A| and 1S, C 4,.

Case (2.4): 1(S,US,)N(S,US,)=0.

Case (2.5): 1(S,US,)N(S,US,) is one 1-sphere.

These cases cover all possibilities. In each case we find a T, with fewer
1-spheres.

Case (2.5) follows from the other cases. After relabeling assume S, is the
1-sphere in the intersection. Then S, = §,. By Case (2.3) we assume 1S, #
S,. Let A, be the innermost annulus adjacent to 4, : Ay €T, with 45N
T, = 04, = §; US,, where S; # §,. By Case (2.3) again we may assume
1S, # §;. By Cases (2.1) and (2.2) we may assume 1S, # S;. So we have
1(S;US;) N (S, US;) =< and Case (2.4) gives the reduction.

In Case (2.1) use T, =17T,. Fix is transversal to 7, since the standard
annulus meeting 4, and A is invariant.

In Case (2.2) and Case (2.3): For i =1, 2 let V, be the standard neighbor-
hoods of §; with y; the standard annuli that meet both 4 and 4, . In all cases
(7,Upy)Ni(y, Uy, =2. Define T, to be the incompressible surface ambient
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isotopic to 7, given by
T,=T,Uy, Uy, —int(V,UV,).
Then T,, 1T,, and Fix are pairwise transversal and
T,iT, C T, T, — (5, US,).

In Case (2.4): First assume 1S, # S,. By symmetry assume 1S, # S, . Let
(4,U4,) x[0, €] be a sufficiently thin collar of 4, U4, =(4,U4,)x0 in M
such that (S, US,) x[0,&e]C T and S, x [0, &] C A’ . Define

T, = (4, UA,) x eUA—((5,US,) x [0, ) U((S, US,) x [0, &] — A).

Then T, niT, C (T N:iT)~-S§,. Also T, is ambient isotopic to incompressible
T,. T,, 1T,, and Fix are pairwise transversal.

If 1§, = §,, proceed as above but replace the condition S, x [0, &] € A by
S, x[0,e] € 4. Use Lemma 4.1 on a standard neighborhood of S, to adjust
the collar so that (4, UA4,) x¢& and 1(4, U 4,) x & intersect transversally in one
I-sphere S;. Then T,N:T, C (T N1T) - (S,US,))US;.

Case (3). For each annulus A C 1T with ANT = 8A, both corresponding
surfaces T' and T" are not incompressible and TuT is exactly two 1-spheres.
Set iIT=A4A_UA, with 4_ N4, =04, =04_=TmT =S5 US,. Then
T =1A4_, V1A, . There are solid tori or Klein bottles U; and V,, for i = 1,
pairwise disjoint on their interiors with 0V, = 4, U114, and 0U, = 4,U14_,.
None of U; or V, are solid Klein bottles. Otherwise, if, say, V, is a solid
Klein bottle, then since S, U S, decomposes 9V into two annuli it follows
that S, bounds a disc in V. This contradicts the incompressibility of T .
By considering the standard annuli of a standard neighborhood of S, we see
1V, =V, and 1U, = U_;. That 4, UA4_, is a torus and not a Klein bottle
follows from the fact that ¥, and U_, are solid tori.

If both 1|V, and i|V_, are orientation preserving then we arrive at (II). So
assume that 1|V}, say, is orientation reversing. We will show |V is conjugate
to j,, and arrive at (I). By Theorem 4.3, 1|V, is conjugate to j,, j,p, Jy>
Jar> OF Jpp, the standard involutions on a solid torus. Jop and j,, are not
possible since S| or S, would bound a disc contradicting the incompressibility
of T.

If 1|V} is conjugate to j,, then, say, S, C Fix and S, N Fix = &. Then
1|V_, has a 2-dimensional fixed set component that has only one boundary
component. It follows that :|V_, is also conjugate to j,, . So Fix contains a
Klein bottle K. There is a regular neighborhood W of K with 10W =W
and W NFix = . Since V; are solid tori and K NV, is a M6bius band, 6 W
is a torus. By Lemma 4.4, 8W is incompressible. We arrive at (I).

If 1|V] is conjugate to j,, then [S|] represents a generator of H,(V}) and
hence there is an ambient isotopy taking :7 to U_, (move A4, to i14,). This
contradicts that 1T is incompressible.
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Finally suppose 1|V] is conjugate to the involution j, =K x o on D*xS'.
If 1S, =S, then S| = 1xS' and S, = —1xS' determine annuli 4’ and 14’
of aD? x S'. It is possible to construct a conjugation 0V, — D% x §! taking
A, to A'. This conjugation extends to a conjugation ¥, — D’ x S'. But [S]]
is a generator of H, (D2 x S 1) and we get a contradiction as for the j, case

above. If 1S, = S, then use S| = 8D* x 1 and Sy = 8D x —1 and proceed as
above but this time obtaining a contradiction as for j,, above.

Case (4). T nuT is a single 1-sphere S. Then 1S =S. Let V be a standard
neighborhood of § and let o, «,, B, and B, be the standard annuli with
a,Na, =0, B,NB, =9, 1a, =qa,, lo, =a,, and 1§, = B,. Define

T,=(TuiTUa,Ua,)—int(V)

and
T,=(TuiTUpg uUB,)—iny(V).

If T is 2-sided then T, is 2-sided. Also 1T, = T,. Since T is 2-sided it
follows that a sufficiently thin collar 7T x[0, ¢] of T = T x 0 can intersect only
one of int(e;) and int(a,). Hence T, cannot separate and therefore 7, is
incompressible. We arrive at (I).

From now on assume T is l-sided. T, and 7, are tori. This follows since
V is a solid torus and either both of the annuli 7 —int(¥) and 7 —int(V) are
“twisted” relative to V' (if T is a Klein bottle) or neither is (if T is a torus).

If either of T or T, is incompressible we arrive at (I). Assume then that T,
and T, are compressible. Then T, bounds a solid torus V,. If S CV, then V,
contains a 1-sided torus or Klein bottle, a contradiction. So M =V UV, UV,
with int(V), int(}]), and int(¥,) pairwise disjoint.

By the choice of o, and a,, 1 interchanges the components of d«; . There-
fore 1|o; is conjugate to one of id x7, kK x 7, or ax 1, the standard involutions
of S! x I, where I =[-1, 1] and 7(f) = —t. Let §; be a l-sphere of «, that
is the image of S ' x 0 under some conjugation. Note that S; does not bound
adisc D in V|, otherwise T° would be compressible.

If there is an annulus 4 C V|, with 94 = §, U S, and 14 = 4 then we
arrive at (IV) as follows. Torus V| is separated by 4. Since : interchanges the
components of da,, 1 interchanges the components of 4 — V. A is trivial
in ¥} so it follows that ¥, can be given a trivial /-bundle structure over 4.
There is an annulus B C V' with 0B =S, US, and 1B =B. V isan I-bundle
over B. Consider T, = AU B. It follows that VU V| is an I-bundle over
T, with 0(V UV|) =T, atorus. Moreover T; does not separate T so T, is
l-sided. Since T, is compressible, 75 is not a Klein bottle in view of Lemma
4.4. Thus T is a torus and we arrive at (IV).

Assume now that such an annulus A does not exist. Since V is a standard
neighborhood, FixNa, =& if and only if FixNa, = &. Therefore i|a; and
tla, are conjugate.
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Case (4.1): 1|, is conjugate to id xt. Then 1|V has a 2-dimensional fixed
set that meets 0V in two fixed 1-spheres. It follows that S| bounds a disc or
S, US, bounds an annulus 4 fixed by :|V| . By the above comments, we arrive
at (IV).

Case (4.2): 1|la, is conjugate to o x t. Then 1|V is orientation reversing.
1j0V] is conjugate to a:xk on S'x s by a conjugation taking S; to s! x(=1)".
Then :|V] is conjugate to & x k or a x kK by a conjugation extending the one
given on the boundaries. In the first case S, bounds a disc and in the second
case S, U.S, bounds an annulus with 14 = 4. Again by the above comments
we arrive at (IV).

Case (4.3): 1o, is conjugate to k x . Then 1|V} and |V are orientation
preserving. Now 1|V, is orientation reversing if and only if T is a torus. To
see this let S| = o, N B, and without loss say S, € T'. Orient S,. §, and
1S, bound two annuli 4, and A4, of 9V, with 14, = 4,. Consider the ways
of inducing an orientation on 1S,. The orientation induced by 4, and the
orientation induced by «, are the same if and only if T is a torus. Since
tla, is orientation reversing the orientation induced by «, and the orientation
induced by : are opposite. So ¢ and 4, induce opposite orientations on 1S,
if and only if T is a torus. Since 14, = 4, the claim follows.

If T is a torus then 1|V, is orientation reversing, so |0F, is conjugate to
the involution a x ¥ on S' x S by a conjugation taking S, to ix § ' Asin
Case (4.2) we arrive at (I) or (IV).

If T is a Klein bottle then we arrive at (III). 1|0V, is fixed point free so 1|V
is conjugate to jg or j, while 1|V} is conjugate to j,. O

Corollary 4.6. Let M be an irreducible, P*-irreducible 3-manifold with involu-
tion 1. Suppose M contains an incompressible torus. Suppose M is neither
an orientable Seifert fiber space over the 2-sphere with four exceptional fibers
nor a nonorientable Seifert fiber space over the projective plane with at most one
exceptional fiber. Then there is a 2-sided incompressible torus or Klein bottle T
in int(M) transversal to Fix with TMiT =@ or 1T =T .

Proof. Case (II) in the Equivariant Torus Theorem can only occur if M is an
orientable Seifert fiber space over the 2-sphere with four exceptional fibers, while
Cases (IIT) and (IV) can only occur if M is a nonorientable Seifert fiber space
over the projective plane with at most one exceptional fiber. Since these pos-
sibilities have been excluded, only Case (I) of the Equivariant Torus Theorem
remains. O
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