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AN ERROR ESTIMATE FOR FINITE VOLUME METHODS
FOR MULTIDIMENSIONAL CONSERVATION LAWS

BERNARDO COCKBURN, FRÉDÉRIC COQUEL, AND PHILIPPE LEFLOCH

Abstract. In this paper, an L°°(Ll )-error estimate for a class of finite volume
methods for the approximation of scalar multidimensional conservation laws is
obtained. These methods can be formally high-order accurate and are defined
on general triangulations. The error is proven to be of order ft'/4 , where h
represents the "size" of the mesh, via an extension of Kuznetsov approximation
theory for which no estimate of the total variation and of the modulus of con-
tinuity in time are needed. The result is new even for the finite volume method
constructed from monotone numerical flux functions.

1. Introduction

In this paper, a modification of the Kuznetsov approximation theory for
multidimensional scalar conservation laws [28, 29] is obtained which is then
used to obtain an L°° (Lx )-error estimate for the class of monotone finite volume
methods (which are at most first-order accurate only), as well as for high-order
schemes constructed upon some of them. We consider the Cauchy problem for
a multidimensional scalar conservation law ([26, 30, 31, 51]):

(1.1) d, u + div f(u) = 0        inR+xR¿,
(1.2) u(0) = u0 onRd,

where the flux function / : R —> Rd is assumed to be smooth and the initial
data «o is taken to be in the space L°°(Rd) n BV(Rd) of bounded functions
of bounded variation in Rd. In [28, 41], error estimates are obtained for
approximations uh to the solution of (1.1)—(1.2) which satisfy the following
properties (for each T > 0, and some constant C = C(T) > 0 ):
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(Í) II U   Hl°°((0,7')xR«') ^ C >
(ii)       \\uh(t)-uh(t')\\V{Rd)<C(\t-t'\ + h),

(iii) ||W    ||l°°(0,7';BK(R'')) < C,
(iv)       Eh<Ch,

where Eh represents the term of entropy dissipation associated with uh . In
this paper, we obtain an error estimate for numerical schemes that need not
satisfy the above conditions. Among them are the monotone schemes defined
on general triangulations (for which no proof of the estimate (iii) is available)
and the finite volume methods obtained from some monotone schemes by the
so-called hy-antidiffusion technique (for which none of the above properties
hold). The main idea in this paper is that the error estimate follows from a
weak estimate for the uniform norm and a weak upper bound of the entropy
dissipation of the approximations, i.e., estimates of the form (for each T > 0 ):

(Í) \\Uh\\L°°{{0,T)xV)<&ih-''1),

(iv)      Eh<cf(h^),

for some numbers vi and v2 in (0, 1]. (Compare with the setting due to Tad-
mor for one-dimensional problems using compensated compactness arguments
[47].)

Let us recall that Kuznetzov [28, 29] was the first to obtain an error estimate
for the monotone schemes for (1.1) after the pionnering works by Kruzkov [26,
27], and Volpert [51]. Using grids which are Cartesian products of uniform one-
dimensional partitions, Kuznetsov proved that the error \\u(t) - wa(í)IIl'(r<')
between the exact solution u and the approximate solution uh is tf(hxl2),
as h goes to zero (uniformly for t in (0,T)). Sanders [41, 42] (see also
Osher and Sanders [39]) later proved that the same rate of the L°°(LX )-error
holds for monotone schemes constructed by using two-point monotone fluxes on
nonuniform Cartesian grids. Error estimates for other numerical schemes that
also satisfy the properties (i) to (iv) (or a refined version of them) have been
obtained by Lucier in [34, 35, and 36]. Hoff and Smoller [22] first proved that
the error in Glimm's scheme is cf(hxIHnh). We also refer to Chern [4] who
proves an error estimate for Glimm's scheme applied to systems of conservation
laws. Cf. also Johnson and Szepessy [25] who treat a finite element method
for one-dimensional systems. For the so-called quasi-monotone schemes, [5,
6,7], the estimate of the entropy dissipation (iv) does not hold. Cockburn [5]
modified the Kuznetsov approximation theory and proved that the L°°(LX)-
error for these schemes is cf(hyl2) for some number y £ (0, 1]. Recently,
Tadmor [47] (also [37]) proposed a general framework to obtain error estimates
for one-dimensional scalar conservation laws. His method allowed him to get
error estimates for several first-order and second-order methods. The present
work presents the first result on error estimates for a multidimensional problem
with general triangulations.

For a background on the analysis and the convergence of difference schemes,
we refer to the works by Harten, Hyman, and Lax [20], and Harten, Lax, and van
Leer [21]. Observe that Crandall and Majda proved in [16] a general theorem of
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convergence of the monotone schemes. See also Goodman and LeVeque [19],
Hou and LeFloch [23], LeFloch and Liu [33], Osher [38], Osher and Tadmor
[40], and Tadmor [46].

Szepessy [44, 45], for the streamline diffusion method, and Coquel and
LeFloch [13, 14, 15], for high-order difference schemes, proved the convergence
of numerical schemes without appealing to a uniform BV estimate (iii). To do
so, the framework of DiPerna's measure-valued solutions [18] was used. The
importance of deriving an estimate of the rate of entropy dissipation for differ-
ence schemes was emphasized by Coquel and LeFloch in [14]. Chen, Du, and
Tadmor [ 1 ] next used [ 18] in their analysis of spectral methods. This approach
is related to the compensated compactness technique, for which we refer the
reader to DiPerna [17], as well as [2, 3, 24, and 47], and the references therein.

The present paper continues the work initiated in [9], where the convergence
of the monotone finite volume methods was proven. The idea that prompted
this work is the following. On the one hand, DiPerna's [ 18] uniqueness result
for (1.1), (1.2) in the class of measure-valued solutions was based on Kruzkov's
techniques [26]. On the other hand, Kuznetsov approximation theory [28] is
also based on Kruzkov's approach. It is then reasonable to expect that by using
Kuznetsov's theory, the measure-valued approach could be bypassed. In this
paper we prove that this is indeed the case. Our technique of proof in this
paper involves more work than in [9], but has the advantage of providing not
only the convergence, but also an estimate of the error.

We consider here a large class of numerical schemes, which can be high-
order accurate, and derive an error estimate from a suitable modification of
Kuznetsov's approach. We do not need an estimate of the total variation like
(iii), nor an estimate of the modulus of continuity in time like (ii). For mono-
tone schemes, although the modulus of continuity in time is uniformly bounded,
as a consequence of the Lx-contraction property, no proof of the boundedness
on the total variation is available. The Lx-contraction property does not hold
for high-order accurate schemes, and so an approximation theory that does not
require any estimate on the modulus of continuity in time is essential. Our
proof is based on a formulation of the discrete entropy inequalities and on the
so-called entropy dissipation estimate that were derived in [9]. Note that, in
order to make use of these inequalities, it is necessary to introduce suitably
chosen piecewise constant test functions adapted from the original paper by
Kuznetsov to our case. This is due to the fact that, for general triangulations,
the property of invariance by translation is lost. The result in this paper can be
easily extended to the Runge-Kutta type discretizations introduced in [10, 11,
and 12].

The paper is organized as follows. In §2, we state the hypotheses on the
triangulations, define the class of schemes under consideration, and state the
error estimate (see Theorem 2.1). In §3, we give the proof of Theorem 2.1, de-
composed into five subsections: (a) the basic inequality, (b) estimating the lack
of symmetry of the entropy, (c) estimating the entropy production associated
with the exact solution, (d) estimating the entropy production associated with
the approximate solution, (e) completion of the proof of Theorem 2.1. Finally,
in §4, we prove that high-order accurate schemes built upon monotone schemes
satisfying sharp entropy inequalities beiong to the class of numerical schemes
for which Theorem 2.1 holds.
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2. Statement of the main result

Let f„ = HT,rt = 0, l,...,bea uniform mesh for the discretization of R+
and, for each h > 0, let J¡¡ be a triangulation of Rd composed of nonover-
lapping, and nonempty polyhedra. As is usual in the finite element approach,
we assume that, if two distinct elements Ki and K2 in <5£ have a nonempty
intersection, say /, then either / is a face of both Ä'i and K2, or / has
Hausdorff dimension less than d - 1. The set of faces of a polyhedron K is
denoted by dK, and, for each face on K, Ne¡K 6 Rd represents the outward
unit normal vector to the face e . Given a face e of K, then Ke is the unique
polyhedron which shares the same face e with K . The volume of K and the
(d - l)-measure of e are denoted by \K\ and \e\, respectively. Without loss
of generality, we can assume that

h = sup hie < +OC,

where h¡c is the exterior diameter of a polyhedron. The perimeter of K is
defined by pk — X^ea/c \e\ • The interior diameter of an element K is denoted
by Pk.

We assume the following conditions on x and =9^ :

(2.1) -<x<yh,
y

and

(2.2) — <o       for all K£ ¥h,
Pk

where y > 1 and o > 0 are independent of h . We observe that (2.2) implies

(2.3) -<P-j^<P        fora\\K£^h,
P |A|

for some p > 0.
The finite volume methods under consideration produce a function, say uh ,

defined from R+ to Lx(Rd), which is right-continuous in time and piecewise
constant, namely,

(2.4) uh(t, x) = u\     for(t,x)£[tn,tn+i)xK.

We define the contants uK as follows. First of all, we have to approximate the
exact flux function of equation (1.1). Let us introduce a family of numerical
flux terms g" K , given for each face e of each polyhedron K of ^¡¡, that are
locally Lipschitz continuous functions depending upon a finite number (fixed
for all the triangulations) of values uK, (e.g., uK and uK( for a two-point
numerical flux), and satisfy the following two properties:

(2.5a) conservation:     g^K + g1} Ke = 0,

and, for each real number u,

(2.5b) consistency:     u\, = u for all K' => g" K = Ne>K •/(«).
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The notation z • z' and \z\ will be used for the Euclidean scalar product and
the Euclidean norm of vectors in R**, respectively. Let us also denote by Pn a
projection operator (for example, the L2-projection operator) into the space of
functions of the variable x which are constant in each K £ £Tn .

We are now ready to introduce the high-order accurate finite volume method.
By definition, the approximate solutions uh have the form (2.4) with

uh(0) = ¥h(u0),

and all K£^h
(2.6a)
and for n = 0, 1,2,

(2.6b) ,n+\ UK
X

W\ a"Se,K-5>
eedK

To guarantee the stability of the method, the Courant-Friedrichs-Levy number
v must be less than 1 :

(2.7) v = sup
tPK

\K\
N,e,K

df
du (u) < 1

and all valueswhere the supremum is taken over all elements K, all faces e.
u under consideration.

Since we want to recover the entropy solution to problem (1.1)—(1.2), the
numerical flux in (2.6b) must satisfy a discrete version of the entropy inequality.
Following an idea due to Tadmor [46], and following Coquel and LeFloch [15],
we express uK+x as a convex combination of one-dimensional discrete operators:

(2.8a)

where
(2.8b)

.71+1

Pk ^      'yA eedK

.n+i _
lK,e -

*PK

\K\
{glK-Ne,K-f(UnK)}.

A discrete entropy inequality for uK+x will follow if each of the values uK+\ ,
e £ dK, satisfies an (essentially one-dimensional) discrete entropy inequality.

Following Kruzkov and Kuznetsov, we focus our attention on the set of
inequalities associated with the so-called Kruzkov entropies. We recall that the
classical Kruzkov entropies form a one-parameter family of entropy-entropy
flux pairs for equation (1.1):
(2.9)

U(v, w) = \v - w\,    E(v, w) = sgn(w-v)(f(w) - f(v))       (v,w)£R2.
Observe that (U, F) is an entropy with respect to one variable, when the other
is kept constant. Moreover, (U, F) is symmetric with respect to (v , w).

Instead of working directly with (2.9), since this is difficult with high-order
schemes, cf. the entropy inequality (2.15) below, it will be convenient to con-
sider the following regularization:

(\w-v\-l/2M   for \w - v\ > l/M,
2.10 UM(v,w) = \ ' ' ://,/[M\w-vf/2       for \w - v\ < l/M.

As M tends to infinity, we recover the Kruzkov entropies. The function Um
is strictly convex with respect to both variables, and satisfies

(2.11)
dU:
du

M = 1
li°°(R)

d2UM
du2

= M.
li°°(R)
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We view Um as an entropy function with respect to the first variable. The flux
associated with this entropy is given by

(2.12) FM(v,w)= [V^-(s,w)f'(s)ds.
Jw      OS

Notice that, unlike F, the function FM, unfortunately, is no longer symmetric:

FM(v , w) - FM(w ,v) = J* (^f-(s,v) + ̂ f(s, «;)) f'(s)ds
and in particular is not an entropy flux with respect to its second argument.
This is a difficulty when applying Kuznetsov theory. However, we are able to
overcome this difficulty by using the fact that the difference

(2.13) dviFMiv , w) - FmÍw , v)) = J" ^f(s, v) [f'(v) - f'(s)]ds,
is of order l/M ; see the proof of Lemma 3.2.

We assume that, for each M > 0 and each c, and for each e and K, there
are numerical entropy flux terms G" K , which are locally Lipschitz continuous
functions depending on a finite number of mesh values. We also assume that
they are conservative and consistent with the entropy flux Fm(- , c), that is,

(2.14a) Gne>K + GnetKe = 0,
(2.14b) u\, = u   for all K' =* Gne K = Ne,K • FM(u,c),
and for which a discrete entropy inequality holds [5, 14]:

UM(unK+xe,c) - UM(u\, c) + ^{GlK - Ne,K-FM(uK,c)}

(2-15) ™ an
<*_PHan      WM(vn        c)
- \K\UK'e   dv  (Vk>*>C>-

The quantities aK e and vK e in the right-hand side of (2.15) are assumed to
satisfy for all time T the following estimate:

(2 m £   Y,\aK,e\\VK,e-vl,e\\e\T<Clh°
e€dK

for some a > 0 and Ci = CX(T) > 0. In addition, the terms aK e are assumed
to obey the following conservation property, similar to (2.5a):
(2.17) anK,e + al,e = 0.

Finally, we assume that the amplitude of the approximation does not grow
faster than h~ß for some ß £ [0, 1) ; specifically for all time T > 0,
(2.18) || uh Hz.oodo.nxR') - II "o IL-,*) + C2h-p
for some constant C2 = C2(T) > 0. For instance, for the monotone schemes
built up with two-point monotone fluxes, we can take aK e = 0, so that Ci =
C2 = 0, and take Um as the Kruzkov entropies, i.e., l/M = 0 in (2.15).
Finally, we assume that the flux function is at most quadratic at infinity, in the
following sense:

(2.19) limsup^-
M—oo   \w

df,   ,
du < oo,        lim sup

\w\—>oo

d2f,    ^
dü¡{W)

< 00.

(Obviously, (2.19) is irrelevant in the case that ||wa||l°° is uniformly bounded.)
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We now state the main result whose proof is given in the next section.

Theorem 2.1. Let u be the entropy solution to problem ( 1.1 )-( 1.2) with an initial
data «o £ BV(Rd) n L°°(Rrf). Let uh be the approximate solution defined by
the (possibly high-order accurate) finite volume method (2.4), (2.6). We assume
that the conditions (2.1)-(2.3), (2.5), (2.7) and (2.15)-(2.19) hold. Then for all
time t and any positive scalars A and B with B large enough (i.e., larger than
the maximum speed in the scheme), the following error estimate holds:

II At) - u(t) ||L1(A) < Co hx'* || Mo ||$R,) + q/*1/2 (|| m \\L~m + TV(u0))
+ C//Ämin{a,l-/?}/2;

where At = {\x\ < A - tB) is a domain of influence/dependence, Co and C'Q
depend on t and A, and Cq depends on t • TV(uq) . Furthermore, C'¿ = 0 if
Ci = c2 = o.

For monotone schemes, C'¿ = 0, Theorem 2.1 shows that the rate of con-
vergence of the finite volume method is cf(hx/4) when measured in the Lx
norm. This rate seems to be optimal, at least with the technique developed
in this paper. For the monotone schemes defined in Cartesian uniform grids,
considered by Kuznetsov [28], or in nonuniform Cartesian grids considered by
Sanders [41], the rate of convergence is hx/2. However, in this latter case, the
scheme is uniformly bounded in the total variation norm (TVB), and the orig-
inal Kuznetsov technique applies. Our result extends the error estimate in [28]
and [41] to schemes that are not necessarily stable in the BV norm. Note that
our basic assumption is the set of inequalities (2.15). Our result is new even
with aK e = 0.

Following Coquel and LeFloch [ 14] in the case of Cartesian meshes, one easily
sees that Theorem 2.1 applies to the class of schemes based on the so-called
corrected antidiffusive flux technique. Theorem 2.1 indeed applies to the high-
order accurate schemes (defined on quasi-uniform triangulations) built with the
so-called A''-antidiffusion method upon monotone schemes that satisfy sharp
entropy inequalities, in the sense of [14]. In §4, we prove that these schemes
satisfy the entropy inequality (2.15), and the estimate (2.16) with a = l/p, for
some p > 2 ; moreover, we show that the upper bound (2.18) with ß = 0 holds
when the triangulations are quasi-uniform. By Theorem 2.1, this implies that
these schemes converge with a rate of cf(hx/2p). A recent work by Vila [50] also
treats the extension to more general high-order explicit or implicit schemes.

We emphasize that the uniformity of the time-discretization has been as-
sumed for the sake of simplicity. Theorem 2.1 remains true for nonuniform
time-discretizations satisfying the standard restrictions. Theorem 2.1 also ex-
tends to more general space triangulations that do not satisfy the properties
(2.1)—(2.2) and are not necessarily composed of polyhedra, but admit a refine-
ment made of ¿/-dimensional polyhedra that satisfies (2.1)—(2.2). The trian-
gulations ¡J~h themselves could also depend upon t„ , as is necessary for mesh
refinement techniques.

3. Proof of the main result
In this section we give the proof of Theorem 2.1. Our proof is based

on a suitable modification of the classical Kuznetsov approximation result.
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Proposition 3.1, derived below at the end of the first subsection, yields a basic
inequality for u-uh measured in the Lx norm which:

( 1 ) does not involve the modulus of continuity in time of the approximate
solutions,

(2) is based on the regularization (2.10) of the Kruzkov entropies, and
(3) involves a piecewise constant approximation of the standard Kuznetsov

test function, which is necessary to apply the discrete entropy inequali-
ties derived in [9].

This basic inequality involves two kinds of terms: one measures the lack
of symmetry in the regularized version of the Kruzkov entropies; two other
terms measure the entropy production relative to the functions u and uh,
respectively.

In Proposition 3.2, we use (2.13) to prove that the error term due to the lack of
symmetry of the regularized entropy flux defined by (2.12) is at most 0( 1 )/M.
In Propositions 3.3 and 3.4, we estimate the entropy production associated with
the exact solution u and the approximate solution uh , respectively. Finally, in
a last subsection, we complete the proof of Theorem 2.1.

For simplicity in the presentation, and in the rest of the paper, the initial data
«o in (1.2) is assumed to have compact support. All the estimates below have
straightforward extensions to trapezoid-shaped domains (as stated in the main
theorem), which hold for arbitrary initial data. We denote by QA(r) the union
of the supports of the functions u and uh at time t, which clearly satisfies
|QA(i)| = 0(1) td for large t. For convenience in the presentation, we fix a
bounded time interval [0, T], such that x nr = T, for some integer «r, and
we then estimate || uh(T) - u(T) \\v .

We point out that, in the case of monotone schemes (on arbitrary triangula-
tions), the Kruzkov entropies can be used (i.e., l/M can be taken to be zero). In
that case, the L1-contraction property does provide an estimate of the modulus
of continuity in time, and it can be proven that

II uh(t) - uh(t') \\om < TV(Yh(uo)) (\t - t'\ + t) ,

where TV(Pn(u0)) remains uniformly bounded (see, for a proof, [8]), owing
to the assumptions (2.1) and (2.2).

3.1. The basic inequality. Our first objective is to derive a generalization
of Kuznetsov's approximation inequality for JRrf \uh(T, x) - u(T, x)\ dx , i.e.,
Proposition 3.1 below. We are going to work with a special class of test functions
<f) we now define. Let eo and e be arbitrary positive real numbers. Let co :
R —» R be a smooth nonnegative even function with unit mass, and support in
[-1, 1], and, for any positive number y , let us set coy(s) - ^co(s/y) for all s
in R. We consider the function </> defined by

d
(3.1)    <j)(t,x;t',x') = œeo(t-t')y/e(x-x'),    y/((x -x') = Y[oj,(xí -x¡).

i=i

To simplify the notation, and if there is no risk of confusion, we will often drop
either the variable (t, x), or (t', x'), or both. We observe that the support of
<h shrinks to the "line" {(t, x) = (f, x')} as e0, e -* 0.  We shall use the
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notation QT = (0, T) x Rd , or Q'T = (0, T) x Rd if (t', x') are the relevant
variables.

To use the entropy inequalities in [9], we must introduce the following piece-
wise constant approximations of the functions coeo(t -1') and y/e(x-x'):

(3.2)

and

œeo(t; t') = coCo(tn+i - t')     for t £ [tn,tn+i),

<('•> t') = co^t - t'n+i)    for t' £ [t'„ , t'n+i),

(3.3)

Ve(x;x') = y/e,K(x') = — ^      ¥e(y -x')dT(y),
PKeetKJ*

X£K,X' £Rd ,K£^h,

Wé(x;x') = y/ÍK>(x) = -—  X]       We(x -y')dV(y'),

X £ Rd , JC' £ K', K' £ J~h.

Next we define the corresponding approximations dth(b, d¡l<j), Vh(j),and Va <f>
of the exact time derivative and space gradients of the test function </>, respec-
tively:

(3.4)

and

(3.5)

dth<f>(t ,x;t',x') = ye(x; x')d,œi0(t - t'),
dt1 (¡>(t, x; t',x') = -M(x; x')dtcof0(t-t'),

Vh(t>(t,x;t',x') = œeo(t;t')Vtpe(x-x'),

Vh'<b(t,x; t',x') = -œ'tB(t; t')Vy/e(x-x').

Similarly, it will be convenient to introduce a piecewise constant approximation
of the exact solution u :

(3.6) ü(t,x) = u(tn,x)   fovt£[tn,tn+i).

The quantities u(t,x), u(t, x), and uh(t', x') will be abbreviated as u, ü,
and uh, respectively.

For definiteness, we consider u and uh as right-continuous functions from
[0, T) to Lx(Rd) whose limits from the left exist on (0, 7"]. The function u
represents the entropy solution to problem (1.1 )—( 1.2), while uh denotes the
piecewise constant approximate solution (2.4) given by the scheme (2.6). We
start our derivation by introducing the approximate entropy dissipation form
E*0tf(u, uh) as follows:

(3.7a) Ehio((u,uh)= f  Qh.(u,uh(t',x');t',x')dx'dt',
jQ'r
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where, for all constants c,

^ti(u,c;t',x')

= - I   {UM(ü,c)dth(j)(t',x') + FM(u,c)-Vh<f>(t',x')}dxdt
JQt

(3.7b)
-/   UM(uiO, x), c)4>(0, x; t', x')dx

Jk>

+ /   Um(u(T, x), c)(f)(T, x; t', x')dx.
Jw

The term 6Ao >e(u, c; t', jc') is a measure of the entropy dissipation associated
with the entropy solution u: it is basically nonpositive; Proposition 3.3 be-
low will give a precise statement. Observe that ü defined by (3.6) appears in
the first term of the right-hand side of (3.7b): this is due to the fact that the
time derivative of uh needs special treatment, as was observed in [9]. Set-
ting uh = uh (which is a natural definition in view of the definition (3.6) of
it and the fact that uh is piecewise constant), we can define E^ e(uh , u) and
6f0,e(c' "A ' *' •*) by tne same formulas.

Following Kuznetsov, and using the fact that Um is a symmetric function,
we have the following identity:

(3.8a) Rha,e(u,uh) = Sle(u,uh) + E?oJu,uh) + Ele(uh,u),

where
(3.8b)

R*o ((u, uh) =  í   [  UM(uh(T,x'),u(t,x))<f)(t,x;T,x')dx'dxdt
Jqt J*!1

+ /    /   UM(uh(t',x'),u(T,x))(b(T,x;t',x')dxdx'dt'
Jq't J-r?

- i    i  UM(uh(Q,x'),u(t,x))4>(t,x',0,x')dx'dxdt
Jqt Jw

-if  UM(uh(t',x'),u(0,x))(b(0,x;t',x')dxdx'dt',
Jq' Jk>

and

(3.8c)

S*,e(K,«"

= /    /   {Fm(u, uh)œeo - FM(uh , u)œ'e} • Vy/zdx'dt'dxdt
Jqt Jq't

+ [[   {UM(u, uh)\pt - UM(u, uh)^}dtco€odx'dt'dxdt.
Jot Joi'Qt JQ't

Since, as e , e0 -» 0, the term RhtQt(u,uh) is expected to converge to

/  UM(uh(T,x),u(T,x))dx- [  UM(uh(0,x),u(0,x))dx,
J*d J&

it will be called the error term. Note that S¡! €(u, uh) = 0 if we would use the
original Kruzkov entropies (2.9), if ü is replaced by u, and if the exact time
derivative and space gradient are used.  As we prove in Proposition 3.2, this
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term is essentially bounded by a quantity proportional to 2/M, which is the
size of the support of ^ .

Our treatment of the term /?Ao ((u, uh) is different from [28] and [41], where
the Lx contraction property was used. Our motivation (for the application
to formally high-order schemes) is to obtain a lower bound for /?Ao t(w, uh)
independent of the modulus of continuity of the function uh : [0, T] —► Lx(Rd).

Lemma 3.1 (Lower bound for /?Ao t(u, uh) ). We have

2RheoJu,uh)

[  UM(uh(T,x'),u(T,x'))dx'- Í  UM(uh(<d,x'),u(0,x'))dx'

2 j  coeo(t')UM (uh(t', x'), u(t', *')) dx'dt'

>

'Q't

- 3 ( e + e0 du ("o) TV(uo).

Proof. In view of (3.8b), we can write Z?*0e = Ri + R2 + R3 + R4, with the
obvious notation. We estimate R2 in the following crude manner: R2 > 0. In
order to estimate Ri, we consider the decomposition

UM[uh(T,x'),u(t,x))

= UM(uh(T,x'),u(T,x'))

+ [UM (uh(T, x'),u(T, x)) - Um (uh(T, x'),u(T, x'))}

+ [Um (uh(T, x'),u(t, x)) - UM (uh(T, x'),u(T, *))} ,

and get

UM(uh(T,x'),u(t,x))

>UM(uh(T, x'),u(T, x'))-\u(T, x) - u(T, x')\-\u(t, x) - u(T, x)\,

since the Lipschitz norm of Um is 1. Taking into account the fact that u is
the entropy solution, as was done by Kuznetsov, we obtain

Ri > \ jd UM (uh(T, x'), u(T, x')) dx'

TV(u0).- ^e TV(uq) - ^eo df,   ,
du{Uo)

We proceed in a similar way to estimate R$ and R4 :

Ri> -\[dUM («A(0, x'), u(0, x)) dx' -Ue + eQ

R4> - j   cot0(t')UM (uh(t', x'), u(t', jc')) dx'dt'

du (uo)
Loo

TV(uo),

"¿( e +e0 df(    , TV(uo).
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The desired result follows by adding the above inequalities.   G
For clarity in the following statement, we render here explicit the dependence

of S* f(u, uh), E^ai(u, uh) and E¡/oe(uh, u) upon T by writing, instead,
SA0 e(w, uh ; T), E¿ e(u, uh ; T), and E¿oe(uh , u; T), respectively. Our basic
approximation result follows from Lemma 3.1 by an application of Gronwall's
inequality.
Proposition 3.1 (Basic approximation inequality).  We have

f  \uh(T,x)-u(T,x)\dx
J&

' ' 3 /  \uh(0,x)-u(0,x)\dx
7r¿

\df,

<
2M

+ 9(e + e0 du (»o) TV(uo)

+ 6 sup  (SA e(u, uh; 0 + Ehto ((u,uh;t) + E*o e(uh,u; t)),
0<1<T

where Qh(T) is the union of the supports of u and uh .
Proof. By Lemma 3.1, we have

j  UM{uh(T,x'),u(T,x'))dx'

<A + 2 Í   œeo(t')UM (uh(t', x'), u(t', x')) dx'dt',

where

A=  j  UM(uh(0,x'), u(0, x')) dx'+ 3 (e + eQ 4L
du ("o)

L°°
TV(uo)

+ 2 sup  (S*0((u,uh;t) + E*0te(u,uh;t) + E*0it(uh,u;tj)
0<t<T

A simple application of Gronwall's inequality gives

/   UM(uh(T,x'), u(T,x'))dx' < Aexp (2 Í   ù)(0(t')dt') ,

and the result follows from the fact that J0T ojeo(t')dt' < \ (actually J0T œ€o(t')dt'
= 5 if T > e0 ) and the inequalities, cf. (2.10),

\w -v\ — 1/2M < Um(v , w) < \w - v\.   D
3.2.   Estimating the lack of symmetry of the entropy.    In this subsection, we
prove the following result.
Proposition 3.2 (Estimate of S^0((u, uh)). We have

5* >e(u, uh)<CTÍj + ^(1 + Czh-P) + ¿) TV(uo)+Cj(\\uo\\L~+C2h-<1),

where the constant C does not depend upon h, e, e0) M, T, and uq. (The
constant C2 was introduced in (2.18).)

In view of the formula (3.8c), we can set 5* jf (u, uh) = S{ +S2 with obvious
notation. The next two lemmas provide estimates for Si and S2 , respectively,
which immediately imply the estimate stated in Proposition 3.2.
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Lemma 3.2 (Estimate of Si). We have

Lemma 3.3 (Estimate of S2). We have

S2<Ct(- + -) TV(uo) + C-(||«olk~ + C2h-').\e0     e J e
Proof of Lemma 3.2. We consider the decomposition Si = S'x + Sx , where

25Î = - /    /   {fm(u , uh) + FM(uh ,u)\- Vy/e {à>f0 - œ'Adxdtdx'dt',
Jqt Jq't l j

and

2S[' = f   [   {fm(u, uh) - FM(uh , u)\ ■ V^e {<yf0 + œ'Adxdtdx'dt'.
jqt Jq't l J

We shall assume u smooth. If u is not smooth, it is not possible to integrate by
parts as we do below. However, the formulas we shall derive are still valid, as
is easily checked by a standard regularization argument. Using the divergence
theorem, the definition (2.12) of Fm and by (2.19), one gets

2\S{\< [   i   \v-ÍFM(u, uh) + FM(uh,u)}\\(beo-■&' \y/tdxdtdx'dt'
JQt Jq't*      l J '

<C i  \V-u(t,x)\l      \œ(0 -cb'tjdt' j ( /   ipedx')dtdx

<C— f   TV(u(t))dt,
eo Jo

thus, since TV(u(t)) is a nonincreasing function of t,

(3.9) \S\\<CTTV(u0)-. to
Here we have used the following estimates:

/    \(Oeo(tn+i-t')-(Oeo(t-t')\dt'<C^- fOTt£[tn,tn+i),Jo eo

I    \cO(o(t'n+i-t)-COeo(t-t')\dt'<C^- f0Tt£[t'n,t'n+x).
Jo e0

On the other hand, by (2.13) and the assumption (2.19), we have

— (FM(u, v)-FM(v, u))
du

< _1_
2~M

d2f
du2 *í-

and thus,

2|5TI =

<

/    /   \fm(u, uh)-FM(uh, u)\-Vy/({œ(0 + œ' }dxdtdx'dt'
JQt Jq't l '

I    I   V-{FM(u,uh)-FM(uh,u)}y/({œ(0 + (b'}dx'dt'dxdt
JQt Jq't
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From the above inequality, we deduce that

(3.10) \S'x'\<C^TV(u0).

In view of (3.9) and (3.10), the proof of Lemma 3.2 is complete.   □

Proof of Lemma 3.3. As in the proof of Lemma 3.2, we can assume that u is
smooth. Consider the decomposition S2 = S'2 + S2 , where

S'2= [    í    {uM(ü, uh) - UMiu, uh)\ \j/'€dt co€odxdtdx'dt',
JQt JQ'tK '

S'{ = - i   f    UMiu, uh)dtoj(0 {\j/t - ft£'} dxdtdx'dt'.
Jqt Jq't

In view of (3.2) and (3.3), we can estimate S2 as follows:

\S21 < i   \u(t, x)-u(t,x)\ ( j   fá(x;x')dx') i f   \d¡coeo\dt' j dxdt

<T sup ||m(í)-m(0IIl'(r-)7- suP T S  / /   We(x - x')dx'dT(x).
o<t<T eo KeJ-h Pk f^K Je Jw

Since u satisfies the Lx  contraction property, and in view of the definition
(3.6) of ü, one obtains

(3.11) \S'2\<CT-TV(u0).eo

S'2' =    - ¡    I   ^(«, uh)dtuœeo {y/e - ^dxdtdx'dt'

To estimate S2 , we integrate by parts, i.e.,

"=- í    f   dÜM
2  " kr JQ'T    dv

+ 1   [   UM(u(T,x),uh)o)(0(T-t'){y(-y/[}dxdx'dt'
Jw Jq't

-if   UM(u(0,x),uh)œeo(t'){>pi-^}dxdx'dt'.
Jw Jo'>Q'i

In view of

/   \\j/€(x; x')-y/t(x-x')\dx'<C-,     /   \y/'((x; x')- y/t(x-x')\dx' < C- ,
Jftd £ Jtf e

and (3.3), we get

/   /   ^-iu,uh)dtuw(0{y/e - y/^dxdtdx'dt'
JqtJq't dv

[   \dtu(t, x)\ [ |ft, - #| [ fT<oiodt') dx'dtdx
loo Jqt Jrj Wo Idv

< CT-TV(uo).
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The remaining two terms are easily estimated; for instance, using (2.18), we
have

/   /   UM(u(T,x),uh)œi[J(T-t'){\fri-\j/'t}dxdx'dt'
Jr." Jq't

h
^ C(||uo|Il°°(r<') + ||w ||¿°°([o,r]xR<'))~

< C(||i<o||z.«(*) + C2A-')*.
This shows that

(3.12) \S'2\<Cj(\\uo\\Loom + C2h-p + TTV(uo)).

The proof of Lemma 3.3 is complete in view of inequalities (3.11) and
(3.12).   D
3.3.   Estimating the entropy production for the exact solution.

Proposition 3.3 (Estimate of E¡¡ e(u, uh) ). We have

^0ie(M,MA)<c^(||Mo||¿o0(R¿) + c2/i^ + rrF(Mo)),

where the constant C does not depend upon h, e, e0, M, T, and «o- (The
constant C2 was introduced in (2.18).)
Proof. Since u is an entropy solution to (1.1), for each (t', x') and n, one
has

/  {uM(u(t„+i, x), uh(t', x')) - UM(u(t„ , x), uh(t', x'))} y/f(x - x')dx

/      /   FM(u(t, x), uh)V • y/e(x - x')dtdx < 0.
Jtn    Jr"

Multiplying this inequality by coeo(r„+i - t'), using (3.2), and summing in time,
we arrive at the following inequality:

«7--1

V) /   UM(u(tn,x), uh) {coi0(tn+i -t')-coi0(t„ - t')} y/c(x - x')dx
„=o •/Rd

- /   FM(u(t, x), uh)Vipe(x - x')coi0(t; t')dtdx
JQt

+ /  UM(u(T,x),uh)œ£0(T-t')y/i(x-x')dx
Jr*

- I UM(u(0,x),uh)œeo(t')<pi(x-x')dx<0.
7r¿

By the definition of ü, (3.6), we have the identity

/   UM(u(t„, x), uh) {<yf0(i„+i - t') - œeo(tn - t')} y/e(x - x')dx
7r¿

= /       /   Um(ü(í, x), uh)dtcoeo(t - t')ipe(x -x')dxdt,
Jt„     Jri
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so E¿  e(u, uh) defined by (3.7) is bounded above by the quantity

/    /   UM(ü(t,x),uh)d,<üeo(t-t'){if/((x-x')-ipe(x;x')}dtdxdt'dx'.
Jqt Jq't

Using integration by parts in time, we can rewrite this term as follows:

/ UM(ü(t, x), uh)dtcúeo(t - t') {y/e(x-x') - y/e(x; x')}dtdxdt'dx'
JQtxQ't

«7—1       r.

= ~5Z  /        {UM(u(tn+i, x), uh)- UM(u(t„,x), uh)}
„=0 ■/R'xßr

• (Vt - wt)coeo(tn+i - t')dxdx'dt'

+ [   [   UM(u(T,x),uh){>p((x-x')-y/((x;x')}(o,0(T-t')dxdx'dt'
jRd JQ'T

- Um(u(0, x), uh){y/e(x - x')-ij/e(x; x')}œeo(t')dxdx'dt'.
Jr<> Jq't

Each term in the right-hand side above can be estimated along the lines in the
proof of Lemma 3.3. We omit the details.   D
3.4.   Estimating the entropy production for the approximate solution.   In this
subsection, we prove the following result.

Proposition 3.4 (Estimate of Ej?0 e(u, uh) ). We have

E^((uh , u) < Cj(\\u0\\l°° + C2h-') + MCiha

+ C(T\Çlh(T)\)ll2^(\\uo\ym + C\l2h-l2),

where the constant C does not depend upon h, e, e0, M, T, and uo-

This result is a direct consequence of Lemmas 3.4, 3.5, 3.6, and 3.7, which
we prove in the remainder of this section.
Lemma 3.4. We have

E^e(uh,u)<Ei+E2,

where
nT-\Í \e\\K\

E* = EE -~UM(uK+Xe,U)(^(x) - Wie(x))OJ(0(t'n+x - t)dxdt
JQt  n=0  KSj,     PK

eedK

+ 11  UM(uh(T,x'),u)cof0(T-t){>pe(x-x')-y/¡(x;x')}dtdxdx'
Jqt Jrj

-Il  UM(uh(0,x'),u)œeo(T){y/((x-x')-iï(x;x')}dtdxdx',
JQt JRdIQt

and
nj—\

^/0ËEt.{?«..)-^i.,.))
JÜT   n=0   Kefj, >• >

eedK

•^'.(UK^+i -t)x\e\dtdx.
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Note that, if we set

(3.13a) y>e,(x) = ±-{ y,e(x-y')dT(y'),    e'£dK',    K'£^h,
\" I Je'

then, in view of (3.3), we have

(3.13b)     ft(x;x') = -±-   Y,   Ce-Wk'l.     X£Rd,x'£K',     K'£^h,
Pk e'edK'

by the definition of y[ ; cf. (3.4). We use this identity in the proof below.

Proof of Lemma 3.4. Following [9], we use the entropy inequalities (2.15) as
follows: we sum the entropy inequalities (2.15), written for the polyhedron K
and for the polyhedron Ke, respectively; in view of the conservation properties,
(2.14a) and (2.17), the numerical entropy fluxes cancel each other, and only the
exact entropy fluxes remain; then we get

^UM(UK+Xe,C) + ^UM(uK+eXe,c) + x{FM(vl,c)-FM(UnK,C)}.NK,e
Pk Pk€

< xa
K'e\pK    dV   {V«>C)       PKe    dV   i«*'C>/-

We multiply the last inequality by wé,e\e\ anc* sum over all faces and all poly-
hedra:

£ |tf| £ ^UM(uK+xe,c)¥^e- £ UM(uK+xe,c)^\K\
Ke¥h        eedKPK Ke^H

+ £ fFMÍuK,c)-NK,eVÁx-x')dT(x')
eedK

* E  E<Jd^i<l^)-d-^ivK:!e,c)}^ex\el.
Ke^k e&9K K }

Observe that for each polyhedron K

Y,  j FM(unK,c) • NK,ey/e(x-x')dT(x') = - Í FM(uK,c) ■ V<pe(x - x')dx'.
eedK Je Jk

We multiply the last inequality by ojeo(t'n+x - t) and sum with respect to the
time variable:

- /   UMiuhit', x'), c)iïdt,œeo + FMiuh , c) • V>e<y£o(t; t')dt'dx'
JQ'r

+ I  UMiuhiT, x'), c) w'€coi0(T - t)dx' - j  UM(uh(0, x'), c) y/'ecot0(t)dx'
Jr." Jr."

< £ £ \K\Vt0(t'n+i-t)\UM(uK+x,c)tt--l- £ UM(uK+,le,c)wie\e\\
n=0 Ke^H [ eedK )

+ E   E aK,e {^f («# , O-^Zle . C)\ ̂ ,e<0^n+x - t)x\e\.
n=0  neïj,

eedK
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The statement in Lemma 3.4 then is a consequence of Jensen's inequality ap-
plied to the convex decomposition (2.8).   D

The following a priori estimate of the entropy dissipation of the scheme was
derived in [9].

Lemma 3.5.  We have

(3-14) E E ^i<!e-<l)2<\\M\2om + Cih\
n=0 Kerh     PK

eedK

where Ci was introduced in (2.16).
Proof. The entropy inequalities (2.15) hold for all M, so, for each h fixed, we
can take M to be larger than \\uh ||¿°o, and in view of (2.10), condition (2.15)
then reduces to a discrete entropy inequality for the quadratic entropy u2.
By summation in space and time, we can deduce from this quadratic entropy
inequality that

Ew^i+EE^-í')2
Ke9~h n=0  Kefj,     PK

eedK

< £(4)2i*i+E ek.ä1-on*-
Ke9¡, n=0  Kes¡,

eedK

The proof is based on the arguments already used in the proof of Lemma 3.4.
See [9] for a proof. The proof is complete in view of (2.10).   D

In the derivation of (3.14), the assumption (2.16) is used to estimate the en-
tropy production only. When the antidiffusive term aK e vanishes identically,
(3.14) holds with d =0.

Equipped with (3.14), we now turn to estimating E{ and E2. In view of
Lemma 3.4, Proposition 3.4 is an immediate consequence of Lemmas 3.6 and
3.7 below.

Lemma 3.6 (Estimate of Ex ). We have

Ei < C* (IImoIU- + C2h-f) + CiT\Çlh(T)\)i/2 ̂(INIIlW) + c\l2ha'2).

Proof. In view of the identity (3.10b), for all K £ ETh we have

i-£ UM(unK+x,u){tp€-^\e}\e\=0,
PKee~¿K

and thus Ex can be rewritten in the form

Ei= I {di(t, x) + 92(t, x) + 6}(t, x)}dtdx,
JQt
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with

*lC >*) = E E   ll~ {UMÍUnK+!e > ") - ^«+1 - ")}
n=0 *s^

eedK

• (¥e - Vie^foit'n+l ~ 0 -

02(i,x)=   /  c/A/(MA(r,x'),M)w£0(r-0{^(x-x')-^'(x;x')Wx',

03(í,*) = -  /     C/A/(M*(0,x'),M)íüeo(0{ye(^-Jf/)-^£'(^;^/)}^'-

In order to estimate 0j, we write
I     , »7~1

/   di(t,x)dxdt
\JQt

<EE*!<-<li \WÍ-Wie\dx
n=0  Kerh     PK J*

eedK

«=0  ke5á
esa*

where we have used the following estimate valid for all x' :

I  \tt(x;x')-rt e(x;x')\dx<C-.Jr." e
Since the triangulation satisfies condition (2.1), and by using the Cauchy-
Schwarz inequality, we deduce that

«3—1» ri¡—i

/     6i(t, X)dtdx    < C7-Y   E K+!e - 4+1
JQt e  „=n «an=0  «e^

eedK

\K\\e\
Pk

<
/«7--1 I j^ll    I    \ 1/2c(r|^7)|)l/2   E^|«--<Ä     ,

n=0  Kefh
eedK

where \Clh(T)\ represents the Lebesgue measure of the support of the approx-
imate solution at time T. Using the entropy dissipation estimate (3.13), we
thus get

(3.15)       1/   6i(t,
\Jqt

x)dtdx hi<C(T\rt(T)\)l/1?-(\\uo\ym + Cl/2h°/2).

Similar arguments as those used in the proof of Lemma 3.3 yield the following
estimate for 62 and Ö3 :

I {\e2(t,x)\ + \6i(t, x)\}dtdx < C-(||M*||LOo([o>r)xH-) + Nik-)
(3.16)     JQt

<C*(||«olk-+C2A-').
The proof of Lemma 3.6 is complete in view of (3.15) and (3.16).   D
Lemma 3.7 (Estimate of E2 ). We have

E2 <MCiha.
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Proof. By the definition of E2 in Lemma 3.4, the definition (2.10) of Um , and
the property (2.11), one has

1^1 < M E   E \aK,e\\vT,l-<e)e\ (jf, MA*'; *¥*) [[ ^A TM
eedK

nj-—1
<   M  V    Y^   1/7"       Il9)"+1  -7)"+1   ItI*»I

n=0  K€5a
ega*

where we have used the following identity:

/   y/e,e(x)dx = |^7 / ( /   ^£(j>c; x')i/xji/r(x')= 1.

The conclusion is a consequence of assumption (2.16).   O

3.5.   Completion of the proof of Theorem 2.1.   From Propositions 3.1 to 3.4,
we immediately deduce that

\uh(T) - u(T)\\vm < A-iM~x + Ao + MM,

where

A_i =C + CTTV(u0),
A0 = 2-||PA(«o) - «oIIli(r-í) + C TV(u0) e

+ j((TTV(u0) + \\uo\\Loom)h

+ Txl2\\uo\\LHmhxl2 + Txl2C\l2h^l2

+(\ + TTV(uo))C2hx~P),
A, = Ciha,

where C depends on \Çlh(T)\, o, y, and on the ratio e0 || j£(wo)||z.°°/e , which
we set equal to a fixed constant.

Minimizing over M, we obtain

\\uh(T) - u(T)\\Dm < 2^ÄT^" + A«,

that is,

\\uh(T) - u(T)\\V{Rä) < 2 \\Ph(u0) - u0\\vm + C TV(u0) e

+ j((TTV(uo) + \\uo\\L~m)h
+ Txl2\\uo\\L2mhxl2 + Txl2C\l2h^l2

+ (l + TTV(u0))C2hx-f>)

+ cc\l2hai2.

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



ERROR ESTIMATE FOR CONSERVATION LAWS 97

Minimizing over e , we get

\\uh(T)-u(T)\\Dm
<2||Pa(w0)-woII/j(r«)

+ C TV(uo)x'2 ((Tx'2 TV(uo)1'2 + || uo \\^m) hxl2

+ Tx/4\\uo\\L/2mhx/4 + Tx^C¡/Ahx^+^

+ (l + Txl2TV(uo)xl2)C\l2hxl2-PI2)

+ CC¡/2ha'2.

The result follows from the fact that ||P/,(wo) - woll/j^) < ChTV(uo). (See,
for example, [8] for a proof.) This completes the proof of Theorem 2.1.   G

4. The antidiffusion schemes
In this section, we prove that Theorem 2.1 does apply to the so-called mod-

ified antidiffusive flux schemes constructed from monotone schemes. For sim-
plicity, we assume here that the underlying monotone scheme satisfies sharp
entropy inequalities, in the sense of [14]. The antidiffusion schemes are for-
mally high-order accurate schemes of the form (2.6) with a numerical flux g" K
given by

(4.1a) ¿U = C*" + <*,
where

(4.1b) 8™k'" 1S a two-point monotone flux,

and ane K satisfies the conservativity property (2.17) and the estimate

(4.1c) \alK\<AhK,

for some number y in (0,1]. To apply Theorem 2.1 to the schemes under
consideration, we only have to verify that the discrete entropy inequality (2.15),
the estimate (2.16), and the L°° bound (2.18) hold.

We first show that the entropy inequality (2.15) is satisfied. By (2.8), we have

UK     -  _      2^  UK,e\e\>
yK eedK

where

Setting

we get

,n+\  _ ,.n _ ZPKn+1  _ ,,n        iVK f „mn,n   ,   „n \r f(,in\\
K,e = UK-Tfñ\ge,K    +ae,K-^e,K-J(UK)}.

,.,n+l _ ,.n+l   i   Xp>K nn
WK,e - UK,e +   1^1 ae,K>

<Ï = »K-X-fâ{g?r-*e,K'f(UK)},
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and so, by (4.1b) and the CFL condition (2.7),

VM(unK+xe,c) - UM(u"K,c) + j£{G"e>K - Ne,K-FM(uK,c))}

<UM(uK+xe,c)-UM(wK+xe,c)

-{„n+l       v;n+l\dUM(rn        r\ - _XllLnn      dUM ( ,.n        r)
-\UK,e      WK,e!^f^\VK,e' c) ~     W\    K-e ^y^(   K-e '    >'

where

(4.2)      v»K,e = (1 - dKJu"K+xe + e»KiewF,le = utxe + eK^aiK,

and 6K e is some number in (0,1). This proves that the entropy inequality
(2.15) is satisfied for the schemes under consideration.   This, together with
(4.1c), proves that the L°° bound (2.18) holds with ß = 1 - y .

Now, we prove the estimate (2.16). By (4.2) and (4.1c), we have

VK,e-vl,e\<\UK+l-UK+el\ + 2A^hK

<\uK+x-uZx\ + 2AYJ—hK,
II 7   IlL00

and hence,

(4-3a) EEE \vnK,e-vl,e\\aKJ\e\x<Ti + T2,
n=0  Ke^eedK

where

(4.3b) Ti=Aj2Yl  E \ul-ul\hK\e\x,
n=\ Ke^eedK

(4-3c) T2 = 2Al TFJrZ   E1    E     E   hK  \e\ t.
11 J   l|L       n=0    KeSj,   eedK

KCCl(T)

If 2y > 1, the term T2 can be easily estimated by using the compactness of
the support of the approximate solution and the property (2.3) of the triangu-
lation:

T2 = 2A2i7w^N£   E   h2rx(pKhKi\K\)\K\x
(4.4a) "J  "L     «=o Ke3¡,,Kcíi(T)

<2A2r¿^pT\n(T)\h2?-x.
117 IIl°°

Estimating the term Ti is a more delicate matter because we need to control
the differences \uK - uK |. To be able to do that, we require that the values

(4.5a) <+i = uK+l + r^ E<*M
'     ' eedK

satisfy the so-called sharp entropy dissipation estimate

(4.5b) Yl (V*(wK+i) - u*iunK)) \K\ + C40>; < 0,
Ke^h
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where

Ke^eedK

for some p > 1. In [9], it is shown indeed that (4.5) holds with U*(w) = w2!2,
and p — 2 or p = 3.

We start with the following result.

Lemma 4.1. Assume that y > 1 - l/p. Then we have

71 < AQXJP ipT\Q(T)\\        hy~x+xlp,

where Qp = \ZNnT=oX%-
Proof. By Holder's inequality, we obtain easily that

r'=^E E E 1*4-^1^1*
n=0 Ke^i,eedK

<^/p(e   e   e*í'wt
^  n=0  Ke^^KcSimeedK
■ NT-\ .l/q

E    E    Wp*A
«=0 Ke9¡,,KcSl(T) '

,NT-\

= AQyp[Y        E        hK«-xÍPKhKl\K\)\K\x)

/      NT \ 1/9

«=0A:6^,A:cíí(r)

<^eypUr|n(r)|j   a1'-1/«.

This completes the proof.   D

Next, we use the sharp entropy inequality (4.5) to obtain a bound on Sp .

Lemma 4.2. Assume that y > max{l - l/p, 1/2}. Then one has

e?^è~ E tf*(4)i*i
4 Ke^,

+ (i-i)r,|Q(r)|(-^)%('-'/^-.+./P,

+ 2M,¿2        v        pT\Cl(T)\h2v-x.
<—4 II v  IU°°

In the case of the (first-order) monotone schemes, A = 0, and the above
inequality becomes Sp < £- £*€.?" ^»("a:) 1*1 > which is (up to a factor 2) the
weak estimate proven for monotone schemes in [9]. In the case of the hy-
antidiffusion schemes, we can say, roughly speaking, that Qp remains bounded
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if the scheme does not produce too much antidiffusion. This is reflected in the
condition y > max{l - l/p, 1/2} .
Proof of Lemma 4.2. If we sum over n in the sharp entropy inequality (4.5b),
we get

NT

£ £ (£/.«) - [/.(O) 1*1 + c,ep<o,
n=\ Ke^h

and hence
7Yr

C^p < E E (tf.(4-1) - U.(w"K)) \K\
n=\ Ke^H
NT NT

= E E (^(4_1) - ^("îi)) 1*1+E E (^("fc) - ^(^)) i^i
n=\ Ke9n n=\ Ke3¡,

NT

< Y u.(u°K) 1*1 + E E WM) - u*íw"k)) 1*1
Ke9~h n=\Ke&~h

NT

= £ t/.(4)l*l + EE Ui(vK-xe)(uK-wK)\K\,
Ke^h n=i Ke?h

where

VK,e - \l      °K,e)uK,e + aK,ewK,e ~ UK,e + °K,eT^Tae,K>

and 6K e is some number in (0, 1). Then,

c,ep< Y t/.(4)l*l-E E E u:(aK:le)aHe;K\e\x
Ke&i, n=\Ke^heedK

= 5; [/.(Oi^i-x: E E (twO-wr^Kriw*.
A:e5J n=lKe^,eedK

where t)¿? = (t)¿ e + vK e)/2. Hence, with M* = supM6R | U"(u) |, which by
hypothesis is a constant, we have

. 7Vr-l

C4e,< J2 Ut(uK)\K\ + -Mt SEE \*K,e-*l,e\\aHK,e\\e\r.
Ke9¡, «=0 Ke9¡,eedK

By (4.2) and (4.1c), we have

c4ep < Y, u*i<) 1*1 + \M* W + r2}

and, by (4.4a) and Lemma 4.1,

C4ep<Y U*(uK)\K\ + M*A2-n^. — pT\Cl(T)\h2'>-x

+ ^M.Aelp/p(pT\n(T)\\    "v-M/p.
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By using the inequality

-*§"♦(-*) (£)**■■

with a = Op , we get, after some simple algebraic manipulations,

C4ep<2£ Ut(u°K)\K\
K€&h

+ (1-1)^10(101 (j^)V^
+ 2Af.^2^— pT| Q(r) |h2y~x.

This completes the proof.   D

In this way, by Lemmas 4.1 and 4.2, if y > max{l - l/p, 1/2}, then
(4.4b) Ti <Cshy~x+xlp.

Finally, by (4.4a) and (4.4b), we get that the scheme under consideration satisfies
the estimate (2.16) with

a = min{2y - 1, y - 1 + l/p}.

Since ß = I - y, Theorem 2.1 states that the scheme under consideration
converges to the entropy solution, with an order of convergence no smaller than

min{a, I - ß}/2 = min{y - 1/2, y/2- 1/2+l/2p, y/2}.
Taking y = 1, we see that the order of convergence is no smaller than 1/2/?.
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