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An Evaluation of the Spectral Characteristics
of Switching Converters With Chaotic
Carrier-Frequency Modulation
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Abstract—This paper presents an evaluation of the spectral
characteristics of switching converters with a chaotic carrier-fre-
quency modulation scheme (CCFMS). By incorporating a Chua’s
circuit (CC) into the pulsewidth modulator for driving the
switches, three modulation schemes, including the standard
pulsewidth modulation scheme, periodic carrier-frequency mod-
ulation scheme, and CCFMS, can be realized with the CC in
equilibrium, limit cycle, and chaos, respectively. The property
of frequency spreading in CCFMS is studied by using statistical
analysis method. The developed model is applied to formulate
the power spectral densities of the input current and the output
voltage of the three basic dc/dc converters under CCFMS. Theo-
retical predictions are verified with experimental measurements.

Index Terms—Chaotic switching techniques, dc/dc conversion,
power electronics, pulsewidth modulation, random switching tech-
niques, switching circuits.

1. INTRODUCTION

ITH THE introduction of the international electromag-

netic compatibility directives, there is an increasing
awareness of the electromagnetic interference (EMI) prob-
lems of switching converters. In recent years, different
frequency-modulated switching schemes (FMSS) have been
applied to the pulsewidth-modulated (PWM) converters. By
dithering the switching frequency around the nominal value,
the discrete harmonic power that usually exists in classical
PWM scheme can be spread over a wider frequency range, so
that no harmonics of significant magnitude exist. This results
in spreading the conducted EMI.

FMSS can basically be classified into two major types,
namely, the periodic carrier-frequency modulation scheme
(PCFMS) and the random carrier-frequency modulation
scheme (RCFMS). The PCFMS can be realized by modulating
a fixed-frequency sinusoidal signal into the ramp generator in
the pulsewidth modulator. The switching period is then varied
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periodically. The resultant input power spectra contain discrete
harmonics at the multiples of the modulating frequency and
the sidebands—due to the cross modulation. In the RCFMS,
a random modulating signal is used. The switching period
is randomly dithered, resulting in a continuous input power
spectrum. However, randomized switching introduces low-fre-
quency noise at the output, which is undesirable for converters
requiring tight regulation.

It has been shown in [1]-[3] that RCFMS can effectively re-
duce acoustic noise in ac motor drive systems. For the switching
power converters, EMI reduction can also be achieved with both
PCEFMS [4] and RCEMS [5]-[8]. PCEMS requires a sinusoidal
modulating signal whilst RCEMS requires either a digital or
analog noise generator. A digital-circuit-based pseudorandom
signal generator, a microprocessor-based pseudorandom algo-
rithm [9] or a reverse-biased transistor for generating thermal
noise in wideband nature [8] can be used to provide the random
variable in RCFMS.

This paper presents the use of the Chua’s circuit (CC) to
replace the frequency-modulation source [10], [11]. One of
the capacitor voltages in the CC is chosen to modulate the
switching frequency. By adjusting the component value in
the CC, standard pulsewidth modulation scheme (SPWMS),
pulse-code modulation scheme (PCMS), and chaotic car-
rier-frequency modulation scheme (CCFMS) can be realized
with the CC in equilibrium, limit cycle, and chaos, respectively.
The CCFMS is found to exhibit similar behaviors as the
RCFMS in the high-frequency range, but CCFMS introduces
lower level of low-frequency harmonics at the output than that
of the RCFMS.

Section II revisits the operation of the CC. Section III shows
the spectral characteristics of the generated chaotic signal and
describes how the CC is used in the frequency modulation.
Based on the statistical analysis technique for the RCFMS,
Section IV derives a model to study the frequency-spreading
property of the CCFMS. The developed model is applied to
formulate and evaluate the power spectral densities (PSD) of
the input current and the output voltage of three basic dc/dc
converters with CCFMS in Section V. Theoretical predictions
are verified with experimental measurements in Section VI.

II. REVISIT OF THE CC

Fig. 1 shows the schematic of the CC in which the value of
the voltage-controlled nonlinear resistor Ng significantly af-
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Fig. 1. Schematic of Chua’s circuit.

fects the circuit behavior. Characteristics of the nonlinear re-
sistor current ¢ are shown in Fig. 2. Depending on the value of
v1, Ng acts as a negative piecewise-linear conductance in three
segments. If the absolute value of v; is less than a threshold
voltage FE, Ng equals GG,. Otherwise, Ny equals G}. Mathe-
matically,

di 1
at - 1"
dUQ 1 .
oG [i — G(vg — v1)]
dv 1
% :C—I[G(vg —v1) — INR] (la)
inr =f(v1)
Gyvr + (Gy, — Go)E, forv; < —F
= Gavh for — K S V1 S K (1b)
Gyu1 + (Go — Gy)E, forvy > FE

where f(-) is the function showing the relationships between
ing and v1, and G = 1/R.

The CC can be operated in three regions, namely, region
“D_,” for v; < —F, region “Dy” for —F < v; < F, and
region “I);” for v; > E. In each region, (1) can be described
by three sets of state equations. The following dc load line for
Npg can be formulated:

iNH = —G’Ul. (2)

As shown in Fig. 2, the intersection points between the load
line in (2) and the characteristics of Ny determine the equilib-
rium points in each region. The equilibrium points are denoted
by P_, Py, and P, respectively. It has been shown in [12] and
[13] that

r G(Gy—G.)E
G+Gy
0
(Ga—Gy)E
L G+Gy
0
Py=10
0
r G(G,—Gy)E
G+Gy
0

Py = (3a)

(Gy—G.)E
L G+Gy

The eigenvalues in each operating region are determined by
solving (1). The following characteristic equations can be ob-

Fig. 2. Characteristic of nonlinear resistor Vg.

Fig. 3. Realization of nonlinear resistor using op-amps.

tained. For region “Dy,”

G G+G 1 GG
3 a 2 a
w4 (G4 GEE et (4 )

G+ G,
=0. (3b
LC1Cs (3b)
For regions “D_1” and “D1,”
G G+ Gy 5 1 GGy
M= A2
+ ((12 T ) "\7e oo,
G+G,
100, 0. (3¢

The eigenvalues vary with E. Decreasing the value of R
causes the CC to change from equilibrium to chaos. The
practical circuit of Ny is shown in Fig. 3 [14], having dual
operational amplifiers and six resistors (i.e., R1 ~ Rg). G,
Gy, and F are defined as follows:

o M R
“ T RiR; RuRg
1 Rs
Gy =— —
" Rs  RiRg
R,
E:Esa 4
T 4)

where Fj,; is the saturation level of the operational amplifiers.
Typically, the saturation level is about 8.3 V for the integrated
circuit AD712 or TLO82 with supply voltage at £9 V.

The component values of the CC are L = 5.2 mH, C; =
22 nF, Cy = 200nF, G, = —2mS, ¥ = 1V,and G, =
—1.37 mS. GG can be adjusted from 1.47 to 1.6 mS (i.e., R is
varied from 680 to 620 €2). TLOS2 is used to model Ng. By
solving (4), Ny can be modeled by using R; = 3.3k, Ry =
24 kQ, Rg =12 kQ, R4 = 2.2 kQ, R5 = 240 Q, and Rh =
75 Q.



TSE et al.: SWITCHING CONVERTERS WITH CHAOTIC CARRIER-FREQUENCY MODULATION

Tek Run: 50kS/s  Sample Tek Run: 50kS/s Samplre
f I . 1 i

1 [ AV 11TV S [T ) T (Ch | R A AL TR o 1P TV T4 M T o 13 4 1

(@) b)
Tek Run: 50kS/s  Sample [EFNE
; i T

Tek HGNE 50ks/s 751 Acgs
; f. T

Ch TV‘ - ‘éhz" oS TR T el W TV R 200y TR ORT PR
(© (d)
Tek HITH 50kS/s 262 Acgs Tek EIGTE S0kS/s ) 8 f-cqs
L I T h| !

1CI1 A AT P R I T R T Flelds” TV R ORI I00mY SR Tme CRT el

(e (®)
Fig. 4. Waveforms of Chua’s circuit under various dynamical behaviors. Chl: vy (2 V/div). Ch2: v5 (2 V/div). Time: 1 ms/div. (a) Equilibrium at R = 680 2.

(b) Period-1 limit cycle at R = 645 £2. (c) Period-2 limit cycle at R = 638 (2. (d) Period-4 limit cycle at R = 637.5€}. (e) Spiral chaos at R = 635 €. (f)
double-scroll chaos at R = 620.

With different values of 2, the measured waveforms of the ulated in Table I. When R
capacitor voltages v; and ve are shown in Fig. 4. The equilib-
rium points and eigenvalues at each operating region are tab-

680 Q [Fig. 4(a)], v1 and vy
stay at the equilibrium points Py or P_, depending on the ini-
tial conditions. Both regions “D;” and “D_;” contain negative
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TABLE 1
EQUILIBRIUM POINTS AND EIGENVALUES FOR THREE OPERATING REGIONS
Equilibriumn points at .
R(Q) | Region P, Pyand P.. Eigenvalues ( x10°) .Obs.erva}non
[i v2 vl ]-1 1n circuit
630 Dy | [1023%10° 0 6937'| 9.1; -1.39#j21.81 | Equilibrium
D, ([0 o0 of 33.88;-7.21 +j26.63 | ateither P,
Dy 111023x10° 0 -6937" | 9.1; -1.39+j21.81 |orP.
645 Dy | [-598x10° 0 386]" |-162; 0.15+j21.98 | Period-1
Dy J[o o oyt 31.02;-7.79 £j25.65 | limit cycle
Dy | [598x10° 0 -386T" |-162, 0:15+j21.98 | with3.5kHz
638 Dy | [-553x10° 0 35371" | -17.58; 041 £j2542 | Period-2
Dy [[0 0 07! 30.41; -7.91 +j25.42 | limit cycle
Dy 1 [553%10° 0 -3.53T" | -17.58; 041 +{25.42
637.5 Dy | [-549%10° 0 357! -17.68; 043 £j22.1 | Period-4
Dy |[0 0 o} 30.36;-7.92+j25.4 | limitcycle
Dy |[549x10° 0 351" | -17.68; 043221
635 Dy | [-535x10° 0 347" -18.17; 0.52+j22.12 | Spiral chaos
Dy ([0 0 OT 30.14; -7.97 £j25.31
Dy 1[535%x10° 0 347" | .1817; 052¢j22.12
620 Dy | [4.62x10° 0 286T" | -21.07; 122237 Double
Dy |[0 0 o7 28.77; 824 +j24.75 | scroll chaos
Dy [[462x10° 0 286T" | 21.07, 1+j22.37

eigenvalues. When R is changed to 645 2 [Fig. 4(b)], the real
part of the complex conjugates of the eigenvalues becomes pos-
itive. Period-1 limit cycle (also called Hopf bifurcation) occurs.
Also, depending on the initial conditions, the states can oscil-
late around the equilibrium points at Py or P_, and exhibit a
sinusoidal-like waveform at fixed frequency of 3.5 kHz, which
can be calculated from the imaginary part of the complex con-
jugates of the eigenvalues in region “1;” or “D_;.” When R
is 638 2 and 637.5 Q2 [Fig. 4(c) and (d)], period-2 and period-4
limit cycles are observed, respectively. Further reducing R leads
to spiral chaos [Fig. 4(e)] and double-scroll chaos [Fig. 4(f)]. At
R = 635 Q [Fig. 4(e)], the circuit states fluctuate around the
equilibrium points but no fixed limit cycle occurs. The state tra-
jectories form a spiral attractor. At B = 620 Q [Fig. 4(f)], the
states fluctuate around Py and P’_ from time to time.

III. PSD ofF THE CC OUTPUT AND PRACTICAL
IMPLEMENTATION IN FMSS

Fig. 5 shows the three basic dc/dc converters, namely, the buck,
boost, and buck—boost converters. The common method of con-
trolling the output voltage V,,,; is to adjust the duty cycle and/or
the switching frequency (or the switching period) of the main
switch S. Practically, a PWM modulator [15], which consists of
a sawtooth generator of constant frequency together with a com-
parator, can be used to determine the switching action of S.

Incorporation of chaotic behavior into the PWM scheme is
depicted in Fig. 6. v2 in Fig. 1 can be used to dither the switching
frequency of a converter. It is sampled and is superimposed
on a dc value, which determines the nominal switching fre-
quency of the converter. The composite signal is connected to a
voltage-controlled sawtooth generator. Thus, the switching pe-
riod of the generated sawtooth waveform varies in accordance
with the magnitude of the composite signal. The output of the
error amplifier is compared to the generated sawtooth signal,
and thus generating a PWM signal for the main switch in the
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Fig. 5. Three basic types of dc/dc converters. (a) Buck converter. (b) Boost
converter. (¢) Buck-boost converter.
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Fig. 6. Incorporation of chaotic behavior into the PWM scheme.

converter. It is important to note that the duty cycle remains un-
changed even if the switching frequency is varying. Based on
the fundamental considerations of sampled-data systems, a sam-
pling rate of ten or more times the closed-loop bandwidth of the
system is chosen for recovering the control signal. In analogy,
the switching frequency of the power stage is selected to be
higher than the oscillation frequency of the CC output in this
application. In performing the experiment, the switching fre-
quency was chosen to be 45 kHz while the oscillation frequency
of the CC was 3.6 kHz. The ratio is 12.5.

Fig. 7(a) and (b) shows the experimental amplitude distribu-
tions of the sampled v2 (i.e., v4) in Fig. 6 when the CC is in
period-1 limit cycle and chaos, respectively. The figures are ex-
tracted from a Tektronix TDS 784C oscilloscope. The shaded
area on the left-hand side, which is displayed together with the
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Fig. 7. Amplitude distribution under different operating modes. (a) Period-1
limit cycle. (b) Chaotic operation.

time waveform, is the histogram of the vertical values of v}. The
horizontal span at a vertical position represents the number of
occurrence of that particular value of 4. The value of v} is con-
centrated on the positive and negative peak values [16] in the
period-1 limit cycle and it has a nearly triangular distribution in
chaotic operation.

Fig. 8(a) and (b) shows the power spectral densities (PSDs)
of the waveforms in Fig. 7. The PSD contains discrete har-
monics in period-1 limit cycle [Fig. 8(a)] and becomes contin-
uous spectra in chaotic operation [Fig. 8(b)]. In other words, the
PWM signal generated by the circuit shown in Fig. 6, can exhibit
different spectral distributions under different operating modes.
In particular, if the signal is chaotic, the harmonic power can be
spread over the spectrum and the peak level of the PSD becomes
less than that of the classical PWM scheme. Discrete harmonics
can, therefore, be significantly reduced. The harmonic power is
spread continuously over the spectrum. The nonrepetitive na-
ture of the signal in Fig. 7(b) and the continuous spectrum in
Fig. 8(b) can be approximated by using the RCFMS with fixed
duty cycle switching scheme.

IV. MATHEMATICAL ANALYSIS UNDER CCFMS

Based on the analysis for RCFMS, a mathematical function
shown in Fig. 9 is used to model the probability density function
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Fig. 8. PSD of v under different operating modes. (a) Period-1 limit cycle.
(b) Chaotic operation.
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Fig. 10. Waveform of a PWM pulse train with chaotic switching.

of the period 7} of the kth switching cycle in Fig. 7(b). T} varies
between a minimum possible value 77 and maximum possible
value 1%. Fig. 10 shows the waveform of a PWM pulse train
g(t). g(t) has two discrete levels, namely, A; and As.
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For studying the effectiveness of the stochastic variable (i.e.,
the switching period 1}), an amplitude variation level R is de-
fined as

T — 17
EIT]

R = 5)

Thus, the triangular probability density function in Fig. 9 is de-
fined for a given R, since the area under the triangle is unity.

The PSD of the PWM pulse train in Fig. 10 can be shown to
be equal to

1
BT}

«{ElGP+ 2me f

S, R) =

E[G(f)cﬂ”fT’“]E[G*(f)]}} ©)

1— E[ejZWka]

where G*(f) is the complex conjugate of G(f). P(T},) is proba-
bility density function of in Fig. 9. Detailed proof of (6) is shown
in the Appendix. All expected terms in (6) can be expressed as
follows:

DTy, . Ty,
G(f) :A1/ e I It gt + Az/ e
0

) DTy,
—_J
S o2nf [(Al

— Ay + Apem 72T ] (7)

P2(Ty —Th); Ty <1y < E[13)
P(Ty) = { P2 (T —T2); P <Tp <Ty ®

where F[1}] =

E[G(f) =/ )

Ty

—j27‘rff,dt

_ 142)6—]'271'fDTpi

(TZ + Tl)/2 and Pm = 2/(T2 + Tl) ThllS,

P(L)G(NHG (fdL.  9)

1>
E[G(f)ei 1] = / P(T)G(f)e T, (10)
Jr,
T2
B (A= [ PaG (it ap
T2
R[e??m ] :/ P(Ty)e?* 1 dTy,. (12)
Jr,

For the input current of the buck converter, A; equals
[Output Power/( Dv;y, )] and As equals zero (D is the nominal
duty cycle). Equations (9)—(12) can be rewritten as follows:

E[G(H)
(4
ESEE
N
(2r [ DY

17
— |z _py —
% 1,

LT
k277 7 L sin(2r £ DT},)

COS(27TfDTk):|

E[T}]

T

T, — T
P22 sin(2n fDT3)
T f

Ts
cos(27rfDTk)} } (13)
E[T4]

I
(27 /D)’
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o 2nf
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x 2 DTy _ Zk TQTk} } (15)
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= P2

. . E[T%]
Jjernf (27rf)2 T
T — 15 1 ) . Rk
_ d + el Ttk . (16)
( j2nf = (2nf)? E[13)

As depicted in Fig. 11(a), a dc/dc converter can be consid-
ered as a low-pass filter fed by different types of input sources,
which are dependent on the circuit configuration. With the aid
of Table II, the transformed circuits are shown in Fig. 11.

Denote H(f) as the transfer function of the filter. The PSD
of the noise output S,,_(f,R) of the converter can be shown to
be [17]

Sn (f,R) = S,(FRIH(HIE,  F#0.  AD

Noise power is calculated by integrating S, (f,R) over the
spectrum. Hence, the root-mean-square value of the noise ripple
v(N) in the converter output is

f#0. (8)

00 1/2
on () = [ [ semimers|
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TABLE 1I
TRANSFER CHARACTERISTICS OF VARIOUS DC/DC CONVERTERS

Converters Source of g H(f)
Buck Diode voltage Vo ()= 1+ 2nf r.C ;
Yp 1 rptr, 1 7, 1
L C,lj2mf( +2 5 -@2rf)+ (1+-L1)
r { RC, L, L,C, " RY
Boost Diode current .
Vo 1= R(+j2rf r.C,)
i 1+ j2n f(r, +R)C,
Buck-boost Diode current .
Vs ()= R(+j2nfr.C,)
ip 1+ j2n f(r. +R)C,
¢ O L . —o+ Only the continuous component and the dc component exist
TLNr ﬁl(;:;-pa Vou over the spectrum. Thus,

Diode
current

Jur

©
H(f)

S —
PR

Vout

Diode
current

W
T :

(d

Fig. 11. Equivalent circuit of dc/dc converters. (a) Basic configuration. (b)
Buck converter. (¢) Boost converter. (d) Buck—boost converter.

Due to the rapid roll-off characteristics in |H (f)|* at high-fre-
quency range, vy can be approximated by

1/2

2fs
on(R) = |2 / S,(LWHEPY| . f Ao

(19)

. N . .
_ 4f5 C 2kfg 2kfg
Uy = lT E S, ( N R H N

k=1

511/2
] (20)

where NV is the number of frequency points over the range of
[0,2fs].

V. EVALUATION OF THE PSD WiTH CCFMS

The three basic converters in Fig. 5 are studied. The compo-
nent values are Ly = 500 uH, r;, = 0.25 Q, Cy = 220 uF,
rc = 0.5Q,and R = 5 Q. vy, is 22 V. The nominal switching
frequency fg is 45 kHz and duty cycle is 0.55. The PSDs of
the input currents of the three converters are obtained by using
PSIM 4.0 [18]. The simulated data are processed by Matlab
[19], in order to calculate the corresponding PSDs. The results
are shown in Fig. 12. Instead of containing discrete harmonics,
the PSD’s of the three converters’ input currents are all in con-
tinuous spectra. Fig. 13 shows the theoretical prediction of the
input current PSD of the buck converter using (6) with it =
0.35. Figs. 12(a) and 13 are in close agreement at the high-
frequency range. However, discrepancies occur in the low-fre-
quency range, which will be explained in the following.

Fig. 14 shows the variations of the PSD of the diode voltage
vp of the buck converter with respect to the changes in .
is changed from 0 to 0.4. When $ is zero, the PSD is the same
as the PSD of the SPWMS. As It increases, the harmonic spec-
trum is gradually spread over. No significant improvements in
spreading high-frequency harmonics are observed when i is
larger than 0.35. Fig. 15 shows the simulated low-frequency
characteristic of v, when R is 0.35. The prediction will be ver-
ified with the experimental one in Section VI.

VI. EXPERIMENTAL VERIFICATIONS

A buck converter was tested and the PSDs were recorded by
the HP 8941 spectrum analyzer with resolution bandwidth of
300 Hz. A current probe with sensitivity of 20 mV/A is used to
measure the converter input current. Thus, the measured PSD
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Fig. 12. PSD of input current of the three power converters under chaotic
switching. (a) Buck converter. (b) Boost converter. (c) Buck—boost converter.

Stmeas €quals the sum of the actual PSD S and the conversion
factor of the current probe. That is,

Smeas =5 +2010g20 x 1072 = 8§ —34dB.  (21)

Fig. 16 shows the measured PSD when the CC is in equi-
librium, period-1 limit cycle, and chaos. Under chaotic oper-
ation, the PSD is in close agreement with the predictions in
Figs. 12(a) and 13. Discrete harmonics are observed at equilib-
rium [Fig. 16(a)] and period-1 limit cycle [Fig. 16(b)]. When the
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Fig. 15. Simulated low-frequency characteristic of the diode voltage with

RCEMS and ® = 0.35.

switching frequency becomes chaotic [Fig. 16(c)], the power of
the switching harmonics is well spread over.

Fig. 17 shows the low-frequency PSD of vp under the
CCFMS and the RCFMS. The modulating signal in the
RCFMS is shown in Fig. 18. A 10:1 probe is used to pick up
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Fig. 16. Measured PSD of input current of buck converter. (a) Equilibrium.
(b) Period-1 limit cycle. (c) Chaos.

the signal in the measurement. Thus, a 20 dB difference is
introduced between the measurement PSD and the prediction.
Comparing the PSDs with Fig. 15, the low-frequency spectral
characteristic of the CCFMS is different from the prediction
using RCFMS. The low-frequency spectral magnitude in the
RCFMS is higher than that in the CCFMS. By comparing
Fig. 7(b) with Fig. 18, the CC output signal oscillates alterna-
tively and symmetrically around the origin (even if the ampli-
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Fig. 17. Measured PSD of diode voltage in low-frequency range. (a) CCFMS.
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Fig. 18.

Modulating signal in RCFMS (Ch2: 0.2 V/div; timebase: 1 ms/div).

tude varies). The probability of generating biased and/or low-
frequency harmonic components with CCFMS is lower than that
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of the RCFMS. Hence, even if the CCFMS and RCEMS are sto-
chastic in nature and exhibit the same probability density func-
tion, their spectral behaviors are slightly different because the
time-domain variation cannot be obtained from the probability
density function. Nevertheless, CCFMS has the advantages that
it does not introduce significant low-frequency harmonics and
that it improves high-frequency characteristics in the SPWMS.

VII. CONCLUSIONS

A CCFMS has been analyzed and evaluated. The CC has been
incorporated into the switching control of the power converters.
The input current and output voltage power spectral densities
under different operating regions have been studied theoreti-
cally and experimentally. By controlling the dynamics of the
CC, it has been shown that CCFMS hybridizes the features of
PCFMS and RCFMS. Experimental results have confirmed that
CCFMS is an alternative way for reducing the amplitudes of
switching harmonics. Most importantly, the CCFMS introduces
less low-frequency harmonics at the output than the RCFMS.
Apart from studying the effect of chaotic frequency modulation
on switching converters, this paper also provides the method-
ology of analysis. Readers can use other kinds of chaotic gen-
erators with similar analysis method. Further research will be
dedicated to studying the sensitivities of the PSD to the circuit
parameters.

APPENDIX

A. Proof of (6)

Considering the generic switching cycle & in Fig. 10, the
switching waveform gy (¢ — ¢;.), can be expressed as
fortp, <t < DT},

Aq,
gt — ) = {AQ, for DTy, <t > Ty,
0, elsewhere

(A.1)

where 1} is a randomized switching period. A general expres-
sion for g(t) is

N
g(t) = lim > gu(t —ti). (A2)
k=1
The autocorrelation of ¢(t) is defined as
R,m)=F Tlim —/ g(t+ 7)dt (A3)

where FE[] is the expected value of the quantity inside the
bracket. T, is the observation interval, containing /N expected
value of 7}. That is,

1, = NE[1}]. (A4
By substituting (A.2) and (A.4) into (A.3),

Ry(7) = N_)OO ]\/E Z Z

klll

X [/ gt —tp)gi(t+ 7 — t)dt| . (A5)
Jo

If Gi.(f) and Gy(f) denote the Fourier transform of g (¢) and
gi(t), respectively, and I" denotes the time integral in (A.5),

1‘:/ ge(t —t)q(t + 7 — t)dt
J0

= [T eupemtom gy

. |:/OO Gl(f/)e]?ﬂ—f’(T_tl)GjQﬂ_f;tdf,:| df

- 4 > | /_ Z | /_ Z ST 4G (F)Gi(F)

x e~ fte ejzrf’(T_tl)df(]j". (A.6)

Referring to [3],

/OO AN G — (f 4 f). (A7)

Equation (A.6) can be expressed as

I :/0 /_ 6(f + F)Ge(f)Gi(f)
x eI ft gi2n f (T=t) gr !

B / T GG e e g
0

- / GG ()
0

Hence, the autocorrelation of g can be expressed as

N N

>y [

k=11=1
x [Gi(nGie ] e, (a9)

lim

Rg(r) = Jim Nb [T]

Based on the Wiener—Khinchin theorem [20], the PSD of a
signal S(f) is the Fourier transform of its autocorrelation
function R(7). Conversely, the autocorrelation can be given by
the inverse Fourier transform of the PSD. That is,

S(f) = / b R(m)e™ 217 dr (A.10)
and
R(r) = /m S(f)e? I df. (A.11)

With this relationship, the PSD of g over the range of posi-
tive frequency S, (f, Rrcru) is easily observed from (A.9), in
terms of the randomness level of 1%, i.e.,

DI
k=11=1
X [Gl(f)GZ(f)Gﬂﬁf(t’“_tl)} . (A12)

= li
(f> §RRCFM) lmoo NElk

Consider Sx( f) denoting the double summation of the expected
term in (A.12),

S,(f, Rrorm) = hm

Jm e =)

(A.13)
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where Since |¢| < 1, (A.21) is simplified as

3 Oy (f) = 2Re { E[G*()]E[G(f)e? I T
$s(1) = 35 BIGUGe o) (f) = 2Re { B[ ;f)]{([le) 1}¢N1]} N

k=11=1 X - -
1-¢

1—
(HP ¢
By substituting (A.22) into (A.17),
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2
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127 T
(A.14) x Re { B[G"(_ )] I[G(f)er*m 1]
Gi(f) is dependent on 727 f(tx—%) jf X (1 + ) }
‘ 0\ o327 f 1
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, e x—— = (A.23)
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e — 1] = T, (A.16) Finally, (A.13) becomes
1 2
Hence, (A.14) can be shown to be Sp(f, Rrerm) = E[T ] (EHG(}C)\ ]
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