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AN EXISTENCE THEOREM FOR
ORDINARY DIFFERENTIAL EQUATIONS

IN BANACH SPACES

BOGDAN RZEPECKI

We prove the existence of bounded solution of the differential

equation y' = A(t)y + f(t, y) in a Banach space. The method

used here is based on the concept of "admissibility" due to

Massera and Schaffer when f satisfies the Caratheodory

conditions and some regularity condition expressed in terms of

the measure of noncompactness a .

We prove the existence of bounded solution of the differential

equation y' = A(t)y + f(t, y) in a Banach space. The method used here is

based on the concept of "admissibility" due to Massera and Schaffer [5]

when / satisfies the Caratheodory conditions and some regularity

condition expressed in terms of the measure of noncompactness a . Our

result is closely related to the results of Szufla [7],

Throughout this paper J denotes the half-line t > 0 , E a Banach

space with norm ||*|| , and L(E) the algebra of continuous linear

operators from E into i tself with induced norm | « | . Further, we will

use standard notation and some of the notation, definitions and results

from the book of Massera and Schaffer [5],
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Let us denote:

by L(J, E) - the vector space of strongly measurable functions

from J i n to E , Bochner integrable in every f i n i t e subinterval

J of J , with the topology of the convergence in the mean, on

every such J ;

by B(j, IR) - a Banach function space, provided with the norm

||-|| / , , of rea l -va lued measurable functions on J such tha t

(1) 5 (J , IR) i s s t ronger than L{J,\R) ,

(2) B(J , IR) contains a l l essent ia l ly bounded functions with

compact support ,

(3) i f u € B(J, IR) and v i s a real-valued measurable

function on J with \v\ 5 |u | , then V € B(<7, R) and

WB(IR) - I|W|IB(IR) ' m d

(U) i f v (n = 1 , 2 , . . . ) are real-valued measurable

functions on J such that lim u
n (* ) = 0 for almost a l l

t € J and \v | < u with w € B(«7, IR) , then

by B*(J, IR) - the associate space to B(J, IR) , that is, the

Banach space of measurable functions u : J -»• R such that

II«IIB*(R) = suP|J |U(S)u(s)|dS : v 6 B(J, R ) , ||

by B(J, S) [ respect ively B*(J, E) ) - the Banach space of a l l

strongly measurable functions u : J •+ E such tha t

||w|| € B(J, R) [ respect ively ||w|| € B*(J, R) ) provided with the

norm Nl g ( £ . ) = IINIHB(|R) [respectively l|w|ls*(g) = HII"IIHB*(R) h

by C(J,E) - the vector space of a l l continuous functions from

J to E endowed with the topology of uniform convergence on

compact subsets of J .

Assume that A € L[j, L(E)] . Let E denote the se t of a l l points

of E which are values for t = 0 of bounded solut ions of the
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differential equation y ' = A(t)y . Suppose that E is closed and has a

closed complement, that is, there exists a closed subspace E of E such

that E is the direct sum of £ and E •

Let P be the projection of E onto EQ , and let U : J -*• L{E) be

the solution of the equation U' = A{t)U with the initial condition

U(0) = I (the identity mapping). For any t € J we define a function

G(t, •) € L(J\ L(E)) by

•C(t, s) =

\ll(t)PU 1(s) for 0 < s 5 t ,

l-y(t)(J-P)£/"1(s)' for s > t .

Assume in addition tha t there exis ts a constant C > 0 such t ha t , for

any t tj , G{t, •) (B"(«/, £(£)) and ||C(t, ') llfll| ^ ( £ . } j S C .

Let cx denote the Kuratowski- measure of noncompactness in £ , the

propert ies of which may be found in [2] and [3 ] . Suppose / : J x E -*• E

i s a function which s a t i s f i e s the following condit ions:

1° . for each x € E the mapping t •—• / ( t , x) i s strongly

measurable, and for each t (.'J the mapping x *—* f(t, x)

i s continuous;

2° . | | / t*, x)\\ S m(t) for a l l (£ , x) € J * E , where

n € B(«7, R) ;

for any e > 0 , t > 0 and bounded subset # of E

there exists a closed subset § of [b, t ] such that

mes do, *Q] \0) < e and

for each closed subset I of Q , where g and h are

functions of ^ into itself, 3 is measurable, h is non-

decreasing and

, j | \G(t, 8)lg(8)da : t € Asup^ I 1̂ 1 E. s)|fl[S)as : v t d r ' mv) < t

for a l l * > 0 .
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Under the above hypotheses our result reads as follows.

THEOREM. For each x_ € EQ with sufficiently snail norm there exists

a bounded solution of the differential equation

y'(t) = A(t)y{t) + f[t, y(t))

on J such that Py{0) = x. .

Proof • The result can be proved by the fixed point theorem given in

[6] as Theorem 2.

According to Theorem U.I of [4] there is a constant M > 0 such that

every bounded solution of y' = A(t)y satisfies the estimate

5 A%(0)|| for t € J . Pick r > C"|M|g,R. and assume that

-ItxQ € EQ with ||aro|| < tf"±(2«-£|MIB(R)) .
'B(R)-1

Denote by K the set of a l l y d C(J, E) such that | |y(t)|| ^ r on

J , and

t

\A{s)\ds m(s)ds

for t.,t in J . Define a mapping T as follows:

(Ty)(t) = U{t)x
Q

f G(t, s)(Fy)(s)ds

for y € K , where (Fy)(t) = f[t, y(t)) .

Let y.iK. By the Holder inequality

||(2V0)(t)|| £ M||U(0)a:ol| + J |G(t, s)\m{s)ds

< M||«o|| + C||n|lB(R) £ r

J . Since Ty is a solution of the equation y' = A{t)y + Fy , weon

have
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for t , t (. J . Thus Ty € K . Evidently,

\\(Tu)(t)-(Tv)(t)\\ < C\\Fu-Fv\\B(E) for u, v € K .

Now, from th i s and from 2° , (3) and (U), we conclude t ha t T i s continuous

as a map of K in to i t s e l f .

Let us put *(Y) = sup{ct(y(i)) : t € j] for any nonempty subset Y

of K ; here Y(t) stands for the set of a l l y{t) with y € Y . By the

corresponding proper t ies of a , $[Y ] £ *(^?) whenever Y c Y 5

u {t/}) = * ( r ) for y € K , and *(conv Y) = $ U ) . I f *(Y) = 0 then

Y(t) i s compact for every t € «7 ; therefore Ascol i ' s theorem implies

that Y i s compact in C(J, £) .

Assume that 7 i s a nonempty subset of K with *(7) > 0 . We shal l

prove tha t *(T[Y]) <

Let t € J be fixed. Let e > 0 be a rb i t r a ry . Since

IIX[tj00)'"llB(R) = 0 , so cIIX[ajOO)n'llB(R) < e f w some a > t . Further,

l e t 6 = 6(e) > 0 be a number such that I \G{t, s) |m(s)ds < e for each

measurable A c [0, a ] with mes(i4) < 6 . By the £uzin theorem there

exis ts a closed subset Z of [0, a] with mes([0, a]\Z ) < 6/2 and the

function <j i s continuous on Z .

Let XQ = U{Y(s) : 0 5 s < a} . I t follows from 3° tha t there exis ts

a closed subset Z2 of [0, a] such tha t mes([0, a]\Z^j < 6/2 and

a[f[l x tfQ]) < sup{0(s) : s £ 1} • h(a(xo)) for each closed subset I of

z2 .

Define A = ([0, aJXZ^ u ([0, a]\Z2) and Z = [0, a]\A . For any

given e' > 0 there exists a n > 0 such that if |s'-e"| < r) with

s', s" € [0, t] n Z or s', s" € [t, a] n Z , then

|G(t, s')-G(t, s")l < e' and \g(s')-g(s")\ < e' . Now we devide the

interval [0, a] into 2n parts:

t Q = O < t x < . . . < t n = t < . . . < t 2 n = a
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with t . - t. < n . Denote by I . ( i = 1 , 2 , . . . , 2n) the set

\t. , t.]\A . Moreover, l e t

o1 = sup{|G(t , s ) | : s € Z} , c^ = sup{g(s) : s 6 Z} ,

and l e t p . , r . be points in I. such tha t

| G ( t , P i J | = sup{|G(t, s ) | : s € ^ J

and

<?(2V.) = s u p ^ ( s ) : S € .T.} .

I t i s not hard to see tha t i f H i s a continuous mapping from a

compact subinterval J to L{E) and W i s a bounded subset of E , then

)V : s € J}) 5 sup{|ff(s) | : s € 1} • a(W) . Hence

a{U{G(t,

for i = 1 , 2 , . . . , 2n .

Applying the i n t eg ra l mean value theorem, we get

ctfjj G(t, s)(Fy){s)ds : y

5 a : s

(aW) * t |C(*. P;) Monies
•£=1

j [\G{t, Pi)-G(t,

^ ( e ^ e ' + f [G(t,

Since Y i s almost equi continuous and bounded, we can apply Lemma 2.2 of

[ / ] t o get

ct(X0) = sup{a(Y(s)) : 0 5 s < a} < *(y) .

Consequently
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a(T[YUt))

5 2 f |GU, s)|m(s)ds + h[a[S )) \ \G{t, s){g{s)ds + 2 | !<?(*,

2e (W) |

< Me + fc(*U;) I |G(i , s)\g{s)ds .

h
This proves

pjj• supjj |C(t, s)|g(sjds : t €

for each t € e7 , and our claim is proved.

The set K is closed and convex subset of C{.J, E) . Thus a l l

assumptions of our fixed point tiieorem a.re satisfied; T has a fixed point

in K which ends the proof.
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