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AN EXPLICIT SUB-WEYL BOUND FOR ζ(1/2 + it)

DHIR PATEL AND ANDREW YANG

Abstract. In this article we prove an explicit sub-Weyl bound for the Rie-
mann zeta function ζ(s) on the critical line s = 1/2 + it. In particular, we

show that |ζ(1/2 + it)| ≤ 66.7 t27/164 for t ≥ 3. Combined, our results form
the sharpest known bounds on ζ(1/2 + it) for t ≥ exp(61).

1. Introduction

An important open problem in analytic number theory is the growth rate of the
Riemann zeta-function ζ(s) on the critical line s = 1/2 + it as t → ∞. The well-
known Lindelöf Hypothesis asserts that ζ(1/2 + it) ≪ǫ t

ǫ for any ǫ > 0. Among
the consequences of the hypothesis are many profound results for prime number
distributions. Although the Lindelöf Hypothesis is currently unproven, much effort
have been expended to bound the zeta-function on the critical line, culminating
in the current best-known bound of ζ(1/2 + it) ≪ǫ t

13/84+ǫ for any ǫ > 0, due to
Bourgain [Bou16].

In this article we are concerned with explicit bounds on ζ(1/2+it). Such explicit
bounds have been used to derive zero-free regions [For02; MTY22; Yan23], zero-
density estimates [KLN18] and bounds on the argument of ζ(s) on the critical line
[Tru14; HSW21]. Recently, these results have in turn been used to obtain explicit
theorems about prime distributions [KL14; CH21; Bro+21; CHL22; CHJ22; JY22;
FKS22a; FKS22b], so there is substantial motivation to sharpen such bounds as
much as possible. Nevertheless, known explicit bounds on ζ(1/2+ it) currently lag
far behind the asymptotically sharpest-known results. Only two types of explicit
subconvexity results are known — the first being the classical van der Corput esti-
mate of the form |ζ(1/2+ it)| ≤ At1/6 log t for t ≥ t0 for some absolute constants A
and t0. Such bounds are sometimes known as Weyl estimates because the exponent
of 1/6 was first achieved via the Weyl–Littlewood–Hardy method. The sharpest
estimate of this type is due to [HPY22], who built on the work of [CG04; Tru15;
Hia16] to prove

|ζ(1/2 + it)| ≤ 0.618t1/6 log t, t ≥ 3. (1.1)

A second type of explicit bound, known sometimes as sub-Weyl estimates, was first
made explicit by Patel [Pat21], who showed

|ζ(1/2 + it)| ≤ 307.098t27/164, t ≥ 3. (1.2)

Note that 27/164 = 0.164 . . . < 1/6. In particular, (1.2) is the best-known explicit
bound for the zeta-function on the critical line for t ≥ exp(281).
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In this work we improve (1.2). Our main result is

Theorem 1.1. For t ≥ 3, we have

|ζ(1/2 + it)| ≤ 66.7 t27/164.

Theorem 1.1 represents the sharpest known bound on ζ(1/2+it) for t ≥ exp(105).
In §3.1 we show that still sharper bounds are possible for smaller t. Together, our
results form the best known bound for t ≥ exp(61). Therefore, (1.1) remains
sharper at t ≈ 3 · 1012, the verification height of the Riemann Hypothesis [PT21].
This is significant since bounds for ζ(1/2 + it) near such values of t are used in
multiple explicit results [HSW21; KLN18; For02].

On the other hand, sharp bounds on ζ(1/2+it) for larger values of t are useful for
deriving explicit zero-free regions [For02; MTY22; Yan23], for improved bounds on
S(T ) [Tru14; HSW21], for refinements to Turing’s method [Tru11; Tru16], and for
asymptotically improved zero-density estimates [Tit86, Thm. 9.18]. For instance,
following the method of [KLN18], we may use Theorem 1.1 to prove an explicit
zero-density result of the form

N(σ, T ) ≪ T
109

41
(1−σ)(log T )4−3σ,

where N(σ, T ) is the number of zeroes ρ = β + iγ of ζ(s) with σ < β < 1 and
0 < γ < T .

1.1. Approach and exponential sums. As with all existing explicit bounds on
ζ(1/2+ it), Theorem 1.1 relies on upper bounds on particular types of exponential
sums, obtained via van der Corput’s method of exponent pairs (for an exposition,
see [GK91]). Roughly stated, let f(x) be a suitably well-defined and sufficiently
smooth function satisfying f ′(x) ≈ yx−σ for some y, σ > 0. If e(x) := exp(2πix),
0 ≤ k ≤ 1/2 ≤ l ≤ 1 and

Sf (a,N) :=
∑

a<n≤a+N

e(f(n)) ≪
( y

Nσ

)k

N l, 0 < N ≤ a,

then (k, l) is an exponent pair. For instance, from the trivial bound Sf (a,N) ≪ N
we see that (0, 1) is an exponent pair. The motivation for studying exponent pairs
is highlighted by the result that if (k, l) is an exponent pair with k+2l ≥ 3/2, then

ζ(1/2 + it) ≪ t(2k+2l−1)/4 log t,

see e.g. Phillips [Phi33].
The van der Corput method estimates Sf (a,N) by iteratively transforming it

into simpler exponential sums, via two processes. The A process, also known as
Weyl-differencing, expresses Sf (a,N) in terms of Sg(a,N), where g(x) is a function
of lower order than f(x) (and is hence easier to control). By applying the A process,
we obtain that if (k, l) is an exponent pair, then so is

A(k, l) :=

(

k

2k + 2
,
k + l + 1

2k + 2

)

.

The B process, also known as Poisson summation, expresses Sf (a, b) in terms of
another exponential sum that is typically shorter. Using the B process, if (k, l) is
an exponent pair, then so is

B(k, l) :=

(

l − 1

2
, k +

1

2

)

.
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Favourable exponential pairs and, by extension, good estimates of ζ(1/2 + it),
can be obtained by beginning with the trivial (0, 1) exponent pair, then chaining
together multiple applications of the A and B processes. The simplest van der Cor-
put bound, such as (1.1), is obtained from the exponent pair AB(0, 1) = (1/6, 2/3).
On the other hand, bounds such as (1.2) and Theorem 1.1 can be obtained using
ABA3B(0, 1) = (11/82, 57/82).

1.2. Explicit exponent pairs. Both the A and B processes have been made
explicit. For the A process, we have the following lemma, due to [Yan23] which
builds on the work of [CG04; PT15].

Lemma 1.2 ([Yan23] Lem. 2.3). Let f(x) be real-valued and defined on (a, a+N ],
for some integers a,N . For all integers q > 0, we have

(Sf (a,N))2 ≤ (N − 1 + q)

(

N

q
+

2

q

q−1
∑

r=1

(

1− r

q

)

Sgr (a,N − r)

)

where gr(x) := f(x+ r)− f(x).

A general explicit version of the B process was proved1 in Karatsuba and Korolev
[KK07], which relied on controlling the first four derivatives of the phase function
f(x). Patel [Pat21, Thm. 2.31] proved the following explicit Poisson summation
formula, which only relied on the first three derivatives.

Lemma 1.3 ([Pat21] Thm. 2.31). Let f(x) be three times differentiable. Let f ′(x)
be decreasing in [a, b] and f ′(b) = α, f ′(a) = β. Further, let xν be defined by

f ′(xν) = ν, α < ν ≤ β

Furthermore suppose that λ2 ≤ |f ′′(x)| ≤ h2λ2 and |f ′′′(x)| ≤ h3λ3. Then
∣

∣

∣

∣

∣

∣

∑

a<n≤b

e(f(n))−
∑

α<ν≤β

e(f(xν)− νxν − 1/8)

|f ′′(xν)|1/2

∣

∣

∣

∣

∣

∣

≤ 40√
π
λ
−1/2
2

+A1 log(β − α+ 4) +A2(b − a)λ
1/5
2 λ

1/5
3 +A3.

where

A1 =
3 + 2h2

π
, A2 =

8

(6π3)1/5
h2h

1/5
3 , A3 =

1

π

(

4γ + log 2 + π +
20

7

)

,

and γ = 0.577 . . . is the Euler-Mascheroni constant.

In practical application of van der Corput’s method, we employ two tricks that
frequently appear in the literature [CG04; PT15; Hia16; Pat21; HPY22; Yan23].
First, in the B(0, 1) process it is often helpful to replace the Poisson summation
step with a second-derivative test that uses the Kuzmin–Landau lemma. This
substitution preserves the original goal of shortening the exponential sum under
consideration, without generating problematic secondary error terms that typically
arise when applying Poisson summation. Second, to minimise tedium we typically
apply an AnB block as a single operation instead of n+1 separate operations. The
following lemma, due to [Yan23], incorporates both of these modifications, which
we will make extensive use of in this work.

1We note here that in this general explicit version of B process derived by Karatsuba and
Korolev, one of the “lower” order term, K2, in their assertion could grow larger than the main-
term given by the sum,

∑
c(n)Z(n) if f ′′ is small.
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Lemma 1.4 (Explicit kth derivative test). Let a,N be integers with N > 0. Let
f(x) be equipped with k ≥ 3 continuous derivatives, with f (k) monotonic, and sup-
pose that λk ≤ |f (k)(x)| ≤ hλk for all x ∈ (a, a+N ] and some λk > 0 and h > 1.
Then, for all η > 0, we have

Sf (a,N) ≤ Akh
2/KNλ

1/(2K−2)
k +BkN

1−2/Kλ
−1/(2K−2)
k

where K = 2k−1, and

A3 :=

√

1

ηh
+

32

15
√
π

√

η + λ
1/3
0 +

1

3

(

η + λ
1/3
0

)

λ
1/3
0 δ3, B3 :=

√
32√

3π1/4η1/4
δ3,

λ0 :=

(

1

η
+

32η1/2h

15
√
π

)−3

δ3 :=

√

1

2
+

1

2

√

1 +
3

8
π1/2η3/2.

and Ak, Bk for k ≥ 4 are defined recusively via

Ak+1(η, h) := δk

(

h−1/K +
219/12(K − 1)

√

(2K − 1)(4K − 3)
Ak(η, h)

1/2

)

, (1.3)

Bk+1(η) := δk
23/2(K − 1)

√

(2K − 3)(4K − 5)
Bk(η)

1/2, (1.4)

δk :=

√

1 +
2

23371−2/K

(

9π

1024
η

)1/K

. (1.5)

Proof. Follows by combining [Yan23, Lem. 2.4] and [Yan23, Lem. 2.5] �

1.3. Sources of improvement. We briefly review the main sources of improve-
ment of Theorem 1.1 over (1.2), in case similar methods may be applied in other
settings. Our first source of improvement originates from an interval-based argu-
ment as follows. An intermediary result in the argument of Patel [Pat21] produces
a bound of the form

|ζ(1/2 + it)| ≤ A(t0, t)t
27/164, t ≥ t0

where A(t0, t) is a bounded function that is decreasing in t0 and increasing in t.
This immediately implies the bound |ζ(1/2 + it)| ≤ A0t

27/164 for t ≥ t0, where

A0 := lim
t→∞

A(t0, t).

However, in our application A0 is typically large unless we take t0 to be very large,
which defeats the purpose of obtaining an explicit bound holding for all t ≥ 3.
Instead, we may proceed as follows. For t0 < t1 < . . . < tn = ∞, we apply

A(tj , t) ≤ A(tj , tj+1), tj ≤ t ≤ tj+1

and so, for all t ≥ t0,

|ζ(1/2 + it)| ≤ A1t
27/164, A1 := max

0≤j≤n−1
A(tj , tj+1).

The central idea is to choose the tj ’s so that A(tj , tj+1) is never too large. For
instance, we take tn−1 to be sufficiently large so that

lim
t→∞

A(tn−1, t)

is of an acceptable size. For more details and computation, see §3.1.
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A second source of improvement comes from using the improved kth derivative
test (Lemma 1.4) which makes use of the trivial bound to increase its sharpness.
For details, see [Yan23, §2].

A third source of improvement arises from applying a sharpened version of the
Poisson summation formula (i.e. using Lemma 2.3 in place of Lemma 1.3). In our
application, the error terms introduced in estimating the stationary phase approx-
imation to an exponential sum can be significant.

Lastly, in bounding long exponential sums, we make use of geometrically-sized
intervals so that there are O(log t) subintervals instead of O(tA) subintervals, for
some fixed A > 0. Since the method of proof is unable to detect cancellation
between terms of two different subintervals, having less divisions is beneficial.

2. Improved Poisson summation formulae

In this section we prove a sharpened version of Lemma 1.3, which is useful
since error terms arising from Poisson summation formulae are significant in our
application. The main result of this section (Lemma 2.3) is an explicit van der
Corput B process.

We begin by recalling some useful results, starting with bounds on exponential
integrals. If f ′ is continuous and |f ′(x)| ≥ λ1 > 0 for α ≤ x ≤ β, then by Rogers
[Rog05, Lem. 3]

∣

∣

∣

∣

∣

∫ β

α

e(f(x)) dx

∣

∣

∣

∣

∣

≤ 1

πλ1
. (2.1)

In addition, a corollary of a result due to Kershner [Ker35; Ker38] is that if f ′′ is
continuous and |f ′′(x)| ≥ λ2 > 0 for α ≤ x ≤ β, then

∣

∣

∣

∣

∣

∫ β

α

e(f(x)) dx

∣

∣

∣

∣

∣

≤ 1.343√
λ2

. (2.2)

The constant 1.343 is sharp (up to rounding) and has an exact representation in
terms of Fresnel integrals, however for our purposes the decimal approximation is
sufficient.2 The same result was also proved with a constant of 4

√

2/π = 3.191 . . .
in Titchmarsh [Tit86, Lem. 4.4] and 4/

√
π = 2.256 . . . in [Rog05, Eqn. (3)].

Throughout, we let ψ(x) denote the digamma function, defined as the logarithmic
derivative of the gamma function, i.e. ψ(x) = Γ′(x)/Γ(x). We briefly recall that
for x > 0, we have

ψ(x) < log x− 1

2x
. (2.3)

The digamma function has the following series representation, valid for all x > −1
(see e.g. [AS13, §6.3.16])

ψ(1 + x) = −γ +

∞
∑

n=1

x

n(n+ x)
. (2.4)

2Using an arbitrary-precision numerical integration package, we find that the variables µ0 and
γ0 appearing in the main result of [Ker35] appear to be µ0 = −0.7266 . . . and γ0 = 3.3643 . . .
instead of the stated values µ0 = −0.725 . . . and γ0 = 3.327 . . . respectively.
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Finally, we recall the following upper bound on harmonic numbers. For x ≥ 2,
we have

∑

n≤x

1

n
= log x+ γ − {x} − 1/2

x
+O∗

(

1

8x2

)

≤ log x+ γ +
9

32
, (2.5)

where, here and throughout, A = O∗(B) means |A| ≤ B. The equality is due to
[MV73] and the inequality follows from x ≥ 2.

We begin by approximating an exponential sum with a sum of exponential inte-
grals in Lemma 2.1 below, which makes explicit a result of van der Corput [Cor21].
As a small technical detail, the range of the second sum in the below lemma is
typically taken to be (α− η, β + η) for arbitrary η ∈ (0, 1) — see e.g. [Tit86, Lem.
4.7]. In our presentation, we fix η = 1/2, which greatly simplifies the arguments
that follow. This result may be compared to [Pat21, Lem. 2.26].

Lemma 2.1. Let f(x) be real valued, with a continuous and steadily decreasing
derivative f ′(x) in (a, b), and let f ′(b) = α, f ′(a) = β. Then

∣

∣

∣

∣

∣

∣

∑

a<n≤b

e(f(n))−
∑

α− 1

2
<m<β+ 1

2

∫ b

a

e(f(x)−mx) dx

∣

∣

∣

∣

∣

∣

≤ 3

π
log(β − α+ 2) + 4.

Proof. Assume without loss of generality that − 1
2 < α ≤ 1

2 , for otherwise we
may replace f(x) with f(x) − kx for a suitable integer k. Using Euler–Maclaurin
summation (see [Tit86, Eqn. (2.12)]), we have

∑

a<n≤b

e(f(n)) =

∫ b

a

e(f(x)) dx+ 2πi

∫ b

a

(

x− ⌊x⌋ − 1

2

)

f ′(x)e(f(x)) dx +R(a, b)

(2.6)
where

R(a, b) =

(

a− ⌊a⌋ − 1

2

)

e(f(a))−
(

b− ⌊b⌋ − 1

2

)

e(f(b))

so that |R(a, b)| ≤ 1. Meanwhile, for all non-integer x, we have

2πi

(

x− ⌊x⌋ − 1

2

)

= −2i

∞
∑

m=1

sin 2πmx

m
=

∞
∑

m=1

e(−mx)− e(mx)

m

so that

2πi

∫ b

a

(

x− ⌊x⌋ − 1

2

)

f ′(x)e(f(x)) dx

=

∞
∑

m=1

1

m

∫ b

a

f ′(x)e(f(x) −mx) dx −
∞
∑

m=1

1

m

∫ b

a

f ′(x)e(f(x) +mx) dx = S1 − S2,

say. We have

S1 =

∞
∑

m=1

1

m

∫ b

a

f ′(x)

f ′(x)−m
(f ′(x)−m)e(f(x)−mx) dx =

1

2πi

∞
∑

m=1

1

m

∫ b

a

f ′(x)

f ′(x)−m
d(e(f(x)−mx))

and similarly

S2 =
1

2πi

∞
∑

m=1

1

m

∫ b

a

f ′(x)

f ′(x) +m
d(e(f(x) +mx)).
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By the second mean-value theorem, there exists c ∈ (a, b) such that
∫ b

a

f ′(x)

f ′(x) +m
d (e(f(x) +mx)) =

f ′(a)

f ′(a) +m

∫ c

a

d (e(f(x) +mx))+
f ′(b)

f ′(b) +m

∫ b

c

d (e(f(x) +mx)) .

However
∣

∣

∣

∣

∣

∫ b

a

d (e(f(x) +mx))

∣

∣

∣

∣

∣

= |e(f(b) +mb)− e(f(a) +ma)| ≤ 2

so
∣

∣

∣

∣

∣

∫ b

a

f ′(x)

f ′(x) +m
d [e(f(x) +mx)]

∣

∣

∣

∣

∣

≤ 2

∣

∣

∣

∣

f ′(a)

f ′(a) +m

∣

∣

∣

∣

+2

∣

∣

∣

∣

f ′(b)

f ′(b) +m

∣

∣

∣

∣

=
2|α|

|m+ α|+
2|β|

|m+ β| .

Therefore,

π|S2| ≤
∞
∑

m=1

( |α|
m|α+m| +

|β|
m|β +m|

)

First, since β ≥ α > −1/2, we have β +m > 0 and

∞
∑

m=1

|β|
m|β +m| =

∣

∣

∣

∣

∣

∞
∑

m=1

β

m(β +m)

∣

∣

∣

∣

∣

≤ max{−(ψ(1/2) + γ), ψ(β + 1) + γ}

< log(β + 1) + 3 log 2, (2.7)

where the first inequality follows from (2.4) for β ≥ 0 and via a separate evaluation
for −1/2 < β < 0. Similarly, since |α| ≤ 1/2,

∞
∑

m=1

|α|
m|α+m| ≤ max{−(ψ(1/2) + γ), ψ(α+ 1) + γ} ≤ 2 log 2

hence

|S2| ≤
log(β + 1) + 5 log 2

π
. (2.8)

Now consider S1. Let M := max{1, β + 1/2} and

S1 =
∑

1≤m<M

+
∑

m≥M

= S11 + S12. (2.9)

We have

π|S12| ≤
∑

m≥M

( |α|
m(m− α)

+
|β|

m(m− β)

)

.

If n = ⌊m − β⌋, then m(m − β) ≥ n(n + β). Furthermore note that n ≥ 1 for all
m ≥M + 1, and that there is one integer in [M,M + 1), say m0. Therefore, since
β > −1/2 and by (2.7),

∑

m≥M

|β|
m(m− β)

≤ |β|
m0(m0 − β)

+

∞
∑

n=1

|β|
n(n+ β)

(2.10)

If β < 0, then m0(m0 − β) ≥M(M − β) > 1, and hence the first term on the RHS
is at most 1/2. Meanwhile using the same argument as (2.7), the sum on the RHS
is bounded by −ψ(1/2)−γ = 2 log 2. On the other hand if β ≥ 0, then by the same
argument used in (2.7)

∑

m≥M

|β|
m(m− β)

≤ β
1
2 (β + 1

2 )
+ ψ(β + 1) + γ ≤ log(β + 1) + γ + 2.



8 DHIR PATEL AND ANDREW YANG

In either case the RHS of (2.10) is at most log(β + 1) + 1/2 + 3 log 2. Similarly,
writing n′ = ⌊m − α⌋, so that n′ ≥ 1 for all m ≥ M + 1 (since β ≥ α), and using
|α| ≤ 1/2,

∑

m≥M

|α|
m(m− α)

≤ |α|
m0(m0 − α)

+

∞
∑

n′=1

|α|
n′(n′ + α)

≤ max{1/2 + 2 log 2, 1 + ψ(α+ 1) + γ} ≤ 1/2 + 2 log 2.

Thus

|S12| ≤
log(β + 1) + 1 + 5 log 2

π
. (2.11)

We now divide our argument into the following two cases.

Case 1: β ≤ 1/2. Then, M = 1 and S11 is an empty sum. Then, we have (vacu-
ously)

∣

∣

∣

∣

∣

∣

S1 −
∑

1≤m<β+1/2

∫ b

a

e(f(x)−mx) dx

∣

∣

∣

∣

∣

∣

= |S12|, (2.12)

since the sum on the LHS is empty.

Case 2: β > 1/2. Then, M = β + 1/2 and we let

S11 = S3 +
∑

1≤m<β+1/2

∫ b

a

e(f(x)−mx) dx, (2.13)

where

S3 :=
∑

1≤m<β+1/2

1

m

∫ b

a

(f ′(x)−m)e(f(x) −mx) dx

=

∣

∣

∣

∣

∣

∣

∑

1≤m<β+1/2

1

2πmi
e(f(x)−mx)

∣

∣

∣

∣

∣

∣

b

a

.

Therefore,

|S3| ≤
1

π

∑

1≤m<β+1/2

1

m
<

1

π

(

log(β + 1) + γ +
9

32

)

,

where in the last inequality we have used (2.5) if β+1/2 ≥ 2, and a direct evaluation
if β + 1/2 < 2. It follows that in this case, from combining (2.9) and (2.13), that

∣

∣

∣

∣

∣

∣

S1 −
∑

1≤m<β+1/2

∫ b

a

e(f(x)−mx) dx

∣

∣

∣

∣

∣

∣

≤ |S3|+ |S12| (2.14)

Therefore, in either case, by collecting (2.6), (2.8), (2.11), (2.12) and (2.14) we
have

∑

a<n≤b

e(f(n)) =
∑

0≤m<β+1/2

∫ b

a

e(f(x)−mx) dx +R1
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where

|R1| ≤ |S2|+ |S12|+ |S3|+ 1

≤ log(β + 1) + 5 log 2

π
+

log(β + 1) + 1 + 5 log 2

π

+
1

π

(

log(β + 1) + γ +
9

32

)

+ 1

<
3

π
log(β + 1) + 4.

To complete the argument we note that the assumption that −1/2 < α ≤ 1/2
implies that β + 1 < β − α+ 2,3 and that sums over [0, β + 1/2) are equivalent to
sums over (α− 1/2, β + 1/2). �

Next, we require a lemma related to the principle of stationary phase, which
approximates an exponential integral. The traditional presentation of this result

(see e.g. [Tit86, Lem. 4.6]) has a main error term of size O(λ
−4/5
2 λ

1/5
3 ), where λ2, λ3

are respectively the orders of the second and third derivative of the phase function.
In the following lemma, we make explicit an argument of Phillips [Phi33] to bound

this error term to O(λ−1
2 λ

1/3
3 ), which is smaller in our application. We also record

that Heath-Brown [HB83] has shown that under suitable conditions, the main error
term may be removed completely. However, since the error term is already of an
acceptable size, we do not pursue such an optimisation here.

Lemma 2.2. Let f(x) be real and three times differentiable, satisfying f ′′ < 0,

0 < λ2 ≤ |f ′′(x)| ≤ h2λ2, |f ′′′(x)| ≤ h3λ3, x ∈ (a, b).

Furthermore, suppose f ′(c) = 0 for some c ∈ [a, b]. Then,
∣

∣

∣

∣

∣

∫ b

a

e(f(x)) dx− e(f(c)− 1/8)

|f ′′(c)|1/2

∣

∣

∣

∣

∣

≤ 2 · 32/3
π2/3

h
1/3
3 λ−1

2 λ
1/3
3 +

1

π

(

1

|f ′(a)| +
1

|f ′(b)|

)

.

Proof. Suppose first that c ∈ [a+ δ, b− δ], for some fixed δ > 0 to be chosen later.
Let

∫ b

a

e(f(x)) dx =

∫ c−δ

a

+

∫ c+δ

c−δ

+

∫ b

c+δ

= I1 + I2 + I3, (2.15)

say. Since f ′′ < 0, for all x ∈ [a, c− δ] we have by the mean-value theorem

f ′(x) ≥ f ′(c− δ) = f ′(c)− δf ′′(ξ) ≥ δλ2

for some ξ ∈ [c − δ, c]. Similarly, |f ′(x)| ≥ δλ2 for all x ∈ [c + δ, b]. Via (2.1), we
have

|I1|, |I3| ≤
1

πδλ2
. (2.16)

Let

g(x) := f(x+ c)− f(c)− 1

2
x2f ′′(c)

so that, for all x there exists some ξ ∈ (c, x+ c) such that

g(x) = f(c) + xf ′(c) +
x2

2
f ′′(c) +

x3

6
f ′′′(ξ)− f(c)− x2

2
f ′′(c) ≤ x3

6
h3λ3. (2.17)

3This inequality can be readily sharpened (the constant of 2 is chosen for cosmetic purposes).
In any case, for our application the constant term makes no difference to the final result.
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Hence
∫ c+δ

c−δ

e(f(x)) dx = e(f(c))

∫ c+δ

c−δ

e

(

(x− c)2

2
f ′′(c)

)

e

(

f(x)− f(c)− (x− c)2

2
f ′′(c)

)

dx

= e(f(c))

∫ δ

−δ

e

(

x2

2
f ′′(c)

)

dx+ e(f(c))

∫ δ

−δ

e

(

x2

2
f ′′(c)

)

(e(g(x))− 1) dx.

(2.18)

However,

∫ δ

−δ

e

(

x2

2
f ′′(c)

)

dx =
1

|πf ′′(c)|1/2
∫ πδ2|f ′′(c)|

0

e−iu

√
u
du

=
1

|πf ′′(c)|1/2

(

∫ ∞

0

e−iu

√
u
du−

∫ ∞

πδ2|f ′′(c)|

e−iu

√
u
du

)

=
e(−1/8)

|πf ′′(c)|1/2 +O∗
(

1

πδ|f ′′(c)|

)

so that
∣

∣

∣

∣

∣

e(f(c))

∫ δ

−δ

e

(

x2

2
f ′′(c)

)

dx− e(f(c)− 1/8)

|f ′′(c)|1/2

∣

∣

∣

∣

∣

≤ 1

πδλ2
. (2.19)

We will now bound the modulus of

I :=

∫ δ

−δ

e

(

x2

2
f ′′(c)

)

(e(g(x)) − 1) dx.

First, suppose that δ ≤ h/(λ2δ) for some arbitrary constant h > 0 to be chosen
later. Then via the trivial bound, we have

|I| ≤
∫ δ

−δ

|e(g(x))− 1| dx ≤ 4δ ≤ 4h

δλ2
. (2.20)

Assume now that δ > h/(λ2δ). Then

I =

∫ −h/(λ2δ)

−δ

+

∫ h/(λ2δ)

−h/(λ2δ)

+

∫ δ

h/(λ2δ)

= I4 + I5 + I6,

say. First, consider I5. Using the trivial bound, we have

|I5| ≤
∫ h/(λ2δ)

−h/(λ2δ)

|e(g(x)) − 1| dx ≤ 4h

δλ2
. (2.21)

Next, consider I6. Letting λ = f ′′(c)/2, and integrating by parts, we have

I6 =

∫ δ

h/(λ2δ)

e(λx2)(e(g(x)) − 1) dx =

∫ δ

h/(λ2δ)

4πiλxe2πiλx
2 e(g(x))− 1

4πiλx
dx

=

[

e(λx2)
e(g(x)) − 1

4πiλx

]δ

h/(λ2δ)

−
∫ δ

h/(λ2δ)

e(λx2)
d

dx

(

e(g(x))− 1

4πiλx

)

dx (2.22)

However,

d

dx

(

e2πig(x) − 1

x

)

=
2πixg′(x)e(g(x)) − (e(g(x)) − 1)

x2
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and for some ξ ∈ (c, x+ c), we have

g′(x) = f ′(x+ c)− xf ′′(c) =

(

f ′(c) + xf ′′(c) +
x2

2
f ′′′(ξ)

)

− xf ′′(c) ≤ x2

2
h3λ3.

(2.23)
Furthermore, we use the identity

e(x) =

∫ 2πx

0

ieit dt+ 1

to obtain using (2.17) that

|e(g(x)) − 1| =
∣

∣

∣

∣

∣

∫ 2πg(x)

0

ieit dt

∣

∣

∣

∣

∣

≤ 2πg(x) ≤ π

3
x3h3λ3. (2.24)

This implies that, by combining (2.23) and (2.24),

|2πixg′(x)e(g(x)) − (e(g(x))− 1)| ≤ 2π
x3

2
h3λ3 +

π

3
x3h3λ3 =

4π

3
x3h3λ3,

and thus
∣

∣

∣

∣

∣

∫ δ

h/(λ2δ)

e(λx2)
d

dx

(

e(g(x))− 1

4πiλx

)

dx

∣

∣

∣

∣

∣

≤ h3λ3
3|λ|

∫ δ

h/(λ2δ)

x dx =
h3λ3
6|λ|

(

δ2 − h2

(δλ2)2

)

.

(2.25)
Meanwhile, once again using (2.24), and the triangle inequality,

∣

∣

∣

∣

∣

[

e(λx2)
e(g(x)) − 1

4πiλx

]δ

h/(λ2δ)

∣

∣

∣

∣

∣

≤ h3λ3
12|λ|

(

δ2 +
h2

(δλ2)2

)

, (2.26)

and so, collecting (2.22), (2.25) and (2.26), and using |λ| = |f ′′(c)|/2 ≥ λ2/2,

|I6| ≤
h3λ3
4|λ| δ

2 − h3λ3h
2

12(δλ2)2
<
h3
2

λ3
λ2
δ2. (2.27)

We bound I4 in the same way. Therefore, collecting (2.21) and (2.27) we find

|I| ≤ h3λ3δ
2

λ2
+

4h

δλ2
, (2.28)

in the case where δ > h/(λ2δ). However, since the bound (2.28) is strictly greater
than (2.20), we conclude (2.28) in fact holds for all δ > 0. Combining this with
(2.16), (2.18), (2.19), we find that

∣

∣

∣

∣

∣

∫ b

a

e(f(x)) dx − e(f(c)− 1/8)

|f ′′(c)|1/2

∣

∣

∣

∣

∣

≤ h3λ3δ
2

λ2
+

(

4h+
3

π

)

1

λ2δ
.

However, since h > 0 is arbitrary, we take the limit as h→ 0+ and choose

δ =

(

3

πh3

)1/3

λ
−1/3
3

to balance the two terms on the RHS. This choice gives
∣

∣

∣

∣

∣

∫ b

a

e(f(x)) dx − e(f(c)− 1/8)

|f ′′(c)|1/2

∣

∣

∣

∣

∣

≤ 2 · 32/3
π2/3

h
1/3
3 λ−1

2 λ
−1/3
3 . (2.29)
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If c+ δ > b, then we instead bound I3 using

|I3| =
∣

∣

∣

∣

∣

∫ c+δ

b

e(f(x)) dx

∣

∣

∣

∣

∣

≤ 1

π|f ′(b)| , (2.30)

which follows from (2.1) since for all x ∈ [b, c+δ], we have 0 = f ′(c) > f ′(b) ≥ f ′(x),
as b > c and f ′′ < 0. Similarly, if c− δ < a, we instead bound I1 using

|I1| =
∣

∣

∣

∣

∫ a

c−δ

e(f(x)) dx

∣

∣

∣

∣

≤ 1

π|f ′(a)| . (2.31)

The desired result follows from combining (2.29), (2.30) and (2.31). �

Lemma 2.3 (Improved Poisson summation formula). Let f(x) be three times dif-
ferentiable. Let f ′(x) be decreasing in [a, b] and f ′(b) = α, f ′(a) = β. For all
integer ν ∈ (α, β], let xν be defined by f ′(xν) = ν. Furthermore suppose that
λ2 ≤ |f ′′(x)| ≤ h2λ2 and |f ′′′(x)| ≤ h3λ3. Then
∣

∣

∣

∣

∣

∣

∑

a<n≤b

e(f(n))−
∑

α<ν≤β

e(f(xν)− νxν − 1/8)

|f ′′(xν)|1/2

∣

∣

∣

∣

∣

∣

≤ 4.686√
λ2

+
2 · 32/3
π2/3

h2h
1/3
3 (b− a)λ

1/3
3 +

5

π
log(β − α+ 2) + 6.

Proof. We use Lemma 2.2 to obtain

∑

α+ 1

2
<ν<β− 1

2

∫ b

a

e(f(x)− νx) dx =
∑

α+ 1

2
<ν<β− 1

2

e(f(xν)− νxν − 1/8)

|f ′′(xν)|1/2

+
∑

α+ 1

2
<ν<β− 1

2

2 · 32/3
π2/3

h
1/3
3 λ−1

2 λ
1/3
3 +

∑

α+ 1

2
<ν<β− 1

2

1

π

(

1

|f ′(a)− ν| +
1

|f ′(b)− ν|

)

= S1 + S2 + S3. (2.32)

Since there is at most one integer each in the intervals (α, α + 1
2 ] and [β − 1

2 , β],

and |f ′′(xν)|1/2 ≥ λ
1/2
2 , we have

S1 =
∑

α<ν≤β

e(f(xν)− νxν − 1/8)

|f ′′(xν)|1/2
+O∗

(

2√
λ2

)

. (2.33)

Next, since |f ′′(x)| ≤ h2λ2, we have β − α = f ′(a)− f ′(b) ≤ (b − a)h2λ2,

|S2| <
2 · 32/3
π2/3

h
1/3
3 (β − α)λ−1

2 λ
1/3
3 ≤ 2 · 32/3

π2/3
h2h

1/3
3 (b− a)λ

1/3
3 . (2.34)

Finally, consider S3. For all a ≤ ν ≤ b, we have |f ′(a)−ν| = β−ν and |f ′(b)−ν| =
ν − α. Furthermore, the kth smallest integer in the interval (α + 1/2, β + 1/2) is
bounded below by α+ k − 1/2. Therefore,

∑

α+ 1

2
<ν<β− 1

2

1

ν − α
<

∑

1≤n<β−α− 1

2

1

n− 1
2

< ψ(β − α) − ψ(1/2)

where ψ(x) is the digamma function. Similarly
∑

α+ 1

2
<ν<β− 1

2

1

β − ν
< ψ(β − α)− ψ(1/2).
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Therefore, using ψ(x) ≤ log x for x > 0,

|S3| ≤
2

π
ψ(β − α) − 2

π
ψ(1/2) <

2

π
log(β − α) + 2. (2.35)

Finally, since the intervals (α− 1/2, α+1/2] and [β− 1/2, β+1/2) contain at most
one integer each, and using (2.2),

∑

α+ 1

2
<ν<β− 1

2

∫ b

a

e(f(x)− νx) dx =
∑

α− 1

2
<ν<β+ 1

2

∫ b

a

e(f(x)− νx) dx +O∗
(

2.686√
λ2

)

.

(2.36)
The desired result follows upon applying Lemma 2.1 and collecting (2.32), (2.33),
(2.34), (2.35) and (2.36). �

3. Proof of Theorem 1.1

This section contains the proof of our main result. We derive an upper bound on
ζ(1/2 + it) using the Riemann–Siegel formula, which allows us to express ζ(1/2 +
it) in terms of an exponential sum of length O(t1/2). This enables us to readily
apply the techniques of the previous sections to produce a non-trivial estimate of
ζ(1/2 + it). The main ingredients this step are the explicit A, B and AkB(0, 1)
processes, given by Lemma 1.2, 2.3 and 1.4 respectively.

To begin, we recall the following result, due to Hiary [Hia16], which is a conse-
quence of the Riemann–Siegel formula.

Lemma 3.1. For all t ≥ 200,

|ζ(1/2 + it)| ≤ 2

∣

∣

∣

∣

∣

∣

∣

∑

1≤n≤⌊
√

t/(2π)⌋

n−1/2−it

∣

∣

∣

∣

∣

∣

∣

+ 1.48t−1/4 + 0.127t−3/4 (3.1)

Proof. See Hiary [Hia16, Lem. 2.1] and also Gabcke [Gab79]. �

We use a similar approach as [Tit86, Thm. 5.18] to evaluate the main sum
on the RHS of (3.1). We divide the sum into three subsums and bound each
individually. Firstly, for n ≪ t27/82, we use the triangle inequality and the trivial
bound. Secondly, for t27/82 ≪ n≪ t7/17 we use Lemma 1.4 with k = 4. Lastly, for
t7/17 ≪ n≪ t1/2, we use the ABA3B(0, 1) process (Lemma 3.4 below).

We remark that the last subsum, taken over t7/17 ≪ n ≪ t1/2, is by far the
most significant. In fact, the second sum can be bounded to be ≪ t19/119 which
is o(t27/164). Additionally, we have the freedom make the first subsum as small as
we please, by appropriately choosing the boundary between the first and second
subsums. Therefore, in what follows we will expend the most effort in bounding
the third subsum.

To begin, let h1, h2 > 1, and θ1, θ2, θ3 > 0 be scaling parameters to be chosen
later. Define

ak :=

⌊

h−k
1

√

t

2π

⌋

, k = 0, 1, . . . ,K (3.2)

where

K := K(t) =

⌈

3
34 log t− log(θ2

√
2π)

log h1

⌉

. (3.3)
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Note that this choice of K guarantees that

aK ≤ h−K
1

√

t

2π
≤ θ2t

7/17. (3.4)

Similarly, let

a′r =
⌊

h−r
2 θ2t

7/17
⌋

, r = 0, 1, . . . R, (3.5)

R := R(t) =

⌈ 115
1394 log t− log(θ3/θ2)

log h2

⌉

(3.6)

so that a′0 ≤ aK . These parameters are chosen so that a′R ≤ θ3t
27/82.

We thus divide
∑

1≤n≤⌊
√

t/(2π)⌋

n−1/2−it =
∑

1≤n≤a′

R

+
∑

a′

R<n≤aK

+
∑

aK<n≤⌊
√

t/(2π)⌋

= S1 + S2 + S3,

(3.7)

say. The next few lemmas are used to bound each of the three subsums.

Lemma 3.2. For t ≥ t0 and θ3 > 0, we have

|S1| ≤ C0t
27/164 −

√
2, C0 := 2

√

√

√

√θ3

(

1 +
1

2t
27/82
0

)

.

Proof. Recall that a′R ≤ θ3t
27/82, so that, by the triangle inequality and the trivial

bound,
∣

∣

∣

∣

∣

∣

∑

1≤n≤a′

R

n−1/2−it

∣

∣

∣

∣

∣

∣

≤
a′

R
∑

n=1

1√
n
≤
∫ a′

R+1/2

1/2

dx

x1/2
≤
∫ θ3t

27/82+1/2

1/2

dx

x1/2

≤ 2

√

θ3t27/82 +
1

2
−
√
2 ≤ C0t

27/164 −
√
2,

for all t ≥ t0. Here, the second inequality follows from the convexity of x−1/2 and
Jensen’s inequality, since

n−1/2 =

(

∫ n+1/2

n−1/2

x dx

)−1/2

≤
∫ n+1/2

n−1/2

dx

x1/2
.

�

Lemma 3.3. Suppose 0 < t0 ≤ t ≤ t1, h2 > 1 and η2, θ2, θ3 > 0. Then

|S2| ≤ D3t
19/119 +D4t

71/476.

where

h3 :=
h2

1− h2

θ2
t
−27/82
0

,

D3 :=
31/14

π1/14
A4(η2, h3)h

5/7
3 (h3 − 1)θ

3/14
2

1− h
−3R(t1)/14
2

h
3/14
2 − 1

,

D4 :=
π1/14

31/14
B4(η2)h

2/7
3 (h3 − 1)3/4θ

15/28
2

1− h
−15R(t1)/28
2

h
15/28
2 − 1

.
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Proof. With a′r as defined in (3.5), we have

a′r
a′r+1

≤ h−r
2 θ2t

7/17

h
−(r+1)
2 θ2t7/17 − 1

≤ h3.

since

h
−(r+1)
2 θ2t

7/17 ≥ h
−( 115

1394
log t−log(θ3/θ2))/ log h2−1

2 θ2t
7/17

=
θ2
h2
t−115/1394 θ3

θ2
θ2t

7/17 ≥ θ3
h2
t
27/82
0

Applying Lemma 1.4 with k = 4, h = h43, a = a′r, b = a′r−1 ≤ h3a and

f(x) = − t

2π
log x, λ4 =

3t

π(h3a′r)
4
,

we obtain, for any η2 > 0,

Sf (a
′
r, a

′
r−1 − a′r) ≤ A4(η2, h

4
3)h3(h3 − 1)a′r

(

3t

π(h3a′r)
4

)1/14

+B4(η2)(h3 − 1)3/4a′r
3/4
(

3t

π(h3a′r)
4

)−1/14

= D1a
′5/7
r t1/14 +D2a

′29/28
r t−1/14

where

D1(h3) :=
31/14

π1/14
A4h

5/7
3 (h3 − 1), D2(h3) :=

π1/14

31/14
B4h

2/7
3 (h3 − 1)3/4.

Next, by partial summation
∣

∣

∣

∣

∣

∣

∑

a′

r<n≤a′

r−1

n−1/2−it

∣

∣

∣

∣

∣

∣

≤ a′r
−1/2

max
L∈(a′

r,a
′

r−1
]
Sf (a

′
r, L− a′r)

≤ D1(h3)a
′
r
3/14

t1/14 +D2(h3)a
′
r
15/28

t−1/14

so that, combined with

a′r ≤ h−r
2 θ2t

7/17,

we obtain
∣

∣

∣

∣

∣

∣

∑

a′

R<n≤a′

0

n−1/2−it

∣

∣

∣

∣

∣

∣

≤
R
∑

r=1

∣

∣

∣

∣

∣

∣

∑

a′

r<n≤a′

r−1

n−1/2−it

∣

∣

∣

∣

∣

∣

≤ D1t
1/14

R
∑

r=1

(

h−r
2 θ2t

7/17
)3/14

+D2t
−1/14

R
∑

r=1

(

h−r
2 θ2t

7/17
)15/28

= D1θ
3/14
2 t19/119

R
∑

r=1

h
−3r/14
2 +D2θ

15/28
2 t71/476

R
∑

r=1

h
−15r/28
2

= D1θ
3/14
2

1− h
−3R/14
2

h
3/14
2 − 1

t19/119 +D2θ
15/28
2

1− h
−15R/28
2

h
15/28
2 − 1

t71/476.

The result follows from R(t) ≤ R(t1). �
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Lemma 3.4. Let t ≥ t0 > 0 and θ1, θ2, η1 > 0, 1 < h ≤ 2 be arbitrary constants.

Suppose a, b satisfy θ2t
7/17 < a < b ≤ ha and q0 := θ1θ

7/17
2 t

65/697
0 ≥ 2. Then

∣

∣

∣

∣

∣

∣

∑

a<n≤b

n−it

∣

∣

∣

∣

∣

∣

≤ C1(h)a
23/41t11/82 + C2(h)a

147/328t61/328

+ E1(h)a
169/164t−15/82 + E2(h)a

59/123t5/41 + E3(h)a
1/2.

where

C1(h) := α

(

θ−1
1 (h− 1)

1− q−1
0

+ 0.4750 θ
11/30
1 A5

(

η1,
76545

√
2

107264
h9

)

h21/8(h− 1)

)1/2

,

C2(h) := α
(

0.2531 θ
61/120
1 B5(η1)h

3/2(h− 1)7/8
)1/2

,

E1(h) := α(12.496
√
π)1/2h3/4

(

θ1 −
1

θ2t
100/697
0

)−1/4

,

E2(h) := α

(

9

14
θ
1/3
1

(

4.465(h− 1)1/3

π4/3θ
1/3
2 t

7/51
0

+
6

π
h3(h− 1)

))1/2

,

E3(h) := α

(

6 +
5

π
log 2

)1/2

, α =

√

h− 1 +
θ1

θ
5/41
2 t

222/697
0

,

and A5, B5 are functions defined in Lemma 1.4.

Proof. Let

f(x) := − t

2π
log x, a ≤ x ≤ b,

so that
∑

a<n≤b

n−it = Sf (a, b− a).

Also, let

gr(x) := f(x+ r)− f(x) = − t

2π
log
(

1 +
r

x

)

, a ≤ x ≤ b− r,

β := g′r(a), α := g′r(b− r).

Note that since b ≤ ha, we have β ≤ hα. Furthermore, let xν be such that
g′r(xν) = ν, i.e.

xν :=
1

2

√

r2 +
2tr

πν
− r

2
.

Finally, define

φr(ν) := gr(xν)− νxν .
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3.0.1. Applying the A3B(0, 1) process. We begin by considering the exponential
sum

Sφr (α, β − α) =
∑

α<n≤β

e(φr(n)),

which is an intermediary sum encountered prior to applying the final AB process.
We bound this sum using the 5th derivative test, which corresponds to the A3B(0, 1)
process. Via a direct computation, we have

|φ(5)r (ν)| = 3t
√
r

2
√
πν9/2(πrν + 2t)7/2

(

8π3r3ν3 + 36π2r2tν2 + 60πrνt2 + 35t3
)

=
3

2
√
π(x+ 2)7/2

(

8x3 + 36x2 + 60x+ 35
) (tr)1/2

ν9/2
(3.8)

where x := πrν/t. For all α ≤ ν ≤ β, we have x ∈ (0, 1/4], since

πrβ

t
=
πrg′r(a)

t
=

1

2

r2

a(a+ r)
≤ 1

4

as h ≤ 2 implies r ≤ a, and x2/(a(a+ x)) is increasing for x > 0.4 Therefore,

6704

2187
≤ 8x3 + 36x2 + 60x+ 35

(x+ 2)7/2
≤ 35

8
√
2
. (3.9)

Furthermore,

tr

2πa2
≥ tr

2πa(a+ r)
= g′r(a) = β ≥ ν ≥ α = g′r(b− r) =

tr

2πb(b− r)
≥ tr

2πh2a2

so that

(2π)9/2
a9

t4r4
≤ (tr)1/2

ν9/2
≤ (2π)9/2h9

a9

t4r4
. (3.10)

Combining (3.8), (3.9) and (3.10), for ν ∈ [α, β], we have

λ5 ≤ |φ(5)r (ν)| ≤ h5λ5 (3.11)

where

λ5 =
53632

√
2π4

729

a9

t4r4
, h5 :=

76545
√
2

107264
h9.

Meanwhile, by the mean-value theorem we have β − α ≤ (b− a− r)g′′(ξ) for some
ξ ∈ [a, b− r], and so by directly computing g′′(x) we have

β − α < a(h− 1)
tr

2π

2a+ r

a2(a+ r)2
≤ h− 1

π

tr

a2
(3.12)

We apply Lemma 1.4 with k = 5, f = φr, N = b − a and h = h5 to obtain, using
(3.11) and (3.12),

|Sφr (α, β − α)| ≤ A5(η1, h5)h
1/8
5 (β − α)λ

1/30
5 +B5(η1)(β − α)7/8λ

−1/30
5

< c1a
−17/10(tr)13/15 + c2a

−41/20(tr)121/120
(3.13)

for any η1 > 0, where

c1 = A5(η1, h5)b1h
9/8(h− 1), c2 = B5(η1)b2(h− 1)7/8

4In fact a much sharper inequality can be applied here, since we ultimately take r = o(a).
However, such optimisations do not appear to affect the final result.
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and

b1 :=
1

π

(

53632
√
2π4

729

)1/30(

76545
√
2

107264

)1/8

,

b2 :=
1

π7/8

(

729

53632
√
2π4

)1/30

.

Note that the leading term of (3.13) corresponds to the A3B(0, 1) = (1/30, 13/15)
exponent pair.

3.0.2. Applying the B process. Equipped with a bound for Sφr , we apply the B
process (Lemma 2.2) with f = g. The end result of this subsection is an explicit
BA3B(0, 1) = (11/30, 8/15) exponent pair. To do this we first require a few inter-
mediary results. To begin, note that

g′′r (xν) ≥ g′′r (b − r) =
tr

2π

2b− r

b2(b− r)2
≥ tr

π

1

(b− r/2)3
>

tr

πb3
≥ tr

πh3a3
.

Here, the second inequality follows from the arithmetic-geometric means inequality.
Therefore, by partial summation and using (3.13),

∣

∣

∣

∣

∣

∣

∑

α<ν≤β

e(φr(ν))

|g′′r (xν)|1/2

∣

∣

∣

∣

∣

∣

≤ π1/2h3/2
a3/2

(tr)1/2
max

α<L≤β
Sφr (⌊α⌋, L)

≤ c3a
−1/5(tr)11/30 + c4a

−11/20(tr)61/120

(3.14)

where

c3 = b1π
1/2A5h

21/8(h− 1), c4 = b2π
1/2B5h

3/2(h− 1)7/8.

Additionally, note that

tr

πh3a3
≤ |g′′r (x)| =

tr(2x+ r)

2πx2(x+ r)2
≤ tr

πa3
,

and thus

λ2 ≤ |g′′r (x)| < h2λ2, λ2 :=
tr

πh3a3
, h2 := h3. (3.15)

Similarly,

|g′′′r (x)| = tr

π

3x2 + 3xr + r2

x3(x+ r)3
∈
[

3tr

πh4a4
,
3tr

πa4

]

,

λ3 ≤ |g′′′r (x)| ≤ h3λ3, λ3 :=
3tr

πh4a4
, h3 := h4. (3.16)

Applying Lemma 2.2 and using (3.14), (3.15) and (3.16), we finally obtain

|Sgr (a, b− r − a)| ≤ c3a
−1/5(tr)11/30 + c4a

−11/20(tr)61/120 + E (3.17)

where, from Lemma 2.3, the error term E satisfies

|E| ≤ 4.686λ
−1/2
2 +

5

π
log(β − α+ 2) +

2 · 32/3
π2/3

h2h
1/3
3 (b − a)λ

1/3
3 + 6.

Setting

T1 = 4.686λ
−1/2
2 , T2 =

5

π
log(β − α+ 2),

T3 =
2 · 32/3
π2/3

h2h
1/3
3 (b− a)λ

1/3
3 , T4 = 6,
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and substituting (3.15) and (3.16), we have

T1 = 4.686
√
πh3/2

a3/2

(tr)1/2
, T3 ≤ 6

π
h3(h− 1)

(tr)1/3

a1/3
. (3.18)

Furthermore, since log(2 + x) ≤ log 2 + 0.893x1/3 for all x > 0, we have, using
(3.12),

log(2 + β − α) ≤ log 2 + 0.893(β − α)1/3 ≤ log 2 +
0.893

a1/3

(

h− 1

π

tr

a

)1/3

.

This implies, from a ≥ θ2t
7/17 ≥ θ2t

7/17
0 , that

T2 ≤ 5

π

(

log 2 +
0.893

θ
1/3
2 t

7/51
0

(

h− 1

π

)1/3
(tr)1/3

a1/3

)

. (3.19)

Combining (3.17), (3.18) and (3.19), we have

|Sgr (a, b − r − a)| ≤ c3a
−1/5(tr)11/30 + c4a

−11/20(tr)61/120

+ E4
a3/2

(tr)1/2
+ E5

(tr)1/3

a1/3
+ E6,

(3.20)

where

E4 := 4.686
√
πh3/2, E5 :=

0.893

θ
1/3
2 t

7/51
0

5

π

(

h− 1

π

)1/3

+
6

π
h3(h− 1),

E6 := 6 +
5

π
log 2.

3.0.3. Applying the A process. To complete the proof we apply the A process once
more to obtain the exponent pair ABA3B(0, 1) = (11/82, 57/82). To do so we rely
on the following inequality, which can be found in e.g. [Pat21]:

q
∑

r=1

(

1− r

q

)

rs ≤ q1+s

(1 + s)(2 + s)
, −1 < s ≤ 1, (3.21)

for all integers q ≥ 1. Applying this formula, and using (3.20), we obtain

2

q

q−1
∑

r=1

(

1− r

q

)

|Sgr (a, b− r − a)| ≤ 1800

2911
c3a

−1/5(qt)11/30 +
28800

54481
c4a

−11/20(qt)61/120

+
8

3
E4

a3/2

(tq)1/2
+

9

14
E5

(tq)1/3

a1/3
+ E6.

We use this in Lemma 1.2, together with b− a ≤ (h− 1)a, to obtain

|Sf (a, b− a)|2 ≤
(

h− 1 +
q

a

)

(

(h− 1)a2

q
+

1800

2911
c3a

4/5(qt)11/30

+
28800

54481
c4a

9/20(qt)61/120 +
8

3
E4

a5/2

(tq)1/2
+

9

14
E5a

2/3(tq)1/3 + E6a

)

.

(3.22)

We choose q = ⌊θ1a36/41t−11/41⌋ for some θ1 > 0 to be chosen later, so that

θ1a
36/41t−11/41 − 1 ≤ q ≤ θ1a

36/41t−11/41.
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Now, with q0 defined in the lemma statement, we have

q0 = θ1θ
7/17
2 t

65/697
0 ≤ θ1a

36/41t−11/41 ≤ q + 1

and hence by assumption, q ≥ 1. Observe that the following inequalities hold

a2

q
≤ a2

θ1a36/41t−11/41 − 1
≤ θ−1

1

1− q−1
0

· a46/41t11/41,

q

a
≤ θ1a

36/41t−11/41

a
≤ θ1

(θ2t7/17)5/41t11/41
≤ θ1

θ
5/41
2 t

222/697
0

,

a5/2

(qt)1/2
≤ 1

(θ1a36/41t−11/41 − 1)1/2
a5/2t−1/2 ≤

(

θ1 − a−36/41t11/41
)−1/2

a169/82t−15/41

≤
(

θ1 −
1

θ2t
100/697
0

)−1/2

a169/82t−15/41,

a2/3(tq)1/3 ≤ θ
1/3
1 a118/123t10/41.

Using the above inequalities, we obtain

|Sf (a, b− a)|2 ≤
(

h− 1 +
θ1

θ
5/41
2 t

222/697
0

)

((

θ−1
1 (h− 1)

1− q−1
0

+
1800

2911
θ
11/30
1 c3

)

a46/41t11/41

+

(

28800

54481
θ
61/120
1 c4

)

a147/164t61/164 +
8

3
E4

(

θ1 −
1

θ2t
100/697
0

)−1/2

a169/82t−15/41

+
9

14
θ
1/3
1 a118/123t10/41 + E6a

)

Taking square roots of both sides, applying
√
x1 + · · ·+ xn ≤ √

x1+ · · ·+√
xn, and

substituting the values of c3, c4, E4, E5 and E6, the desired result follows. �

Lemma 3.5. Let 100 ≤ t0 ≤ t ≤ t1, h > 1 and θ1, θ2, θ3, η1 > 0 be constants
jointly satisfying the conditions of Lemma 3.4. Furthermore assume that h0 :=

h/(1− θ1t
−7/17
0 ) ∈ (1, 2]. Then

|S3| ≤ C4(t0, t1, h, η1, θ1, θ2, θ3)t
27/164

where

C4 := C1(h0)µ1

(

5

82

)

+ C2(h0)µ2

(

17

328

)

h17K(t1)/328t
−3/656
0

+ E1(h0)µ1

(

87

164

)

t
−27/328
0 + E2(h0)µ2

(

5

246

)

h5K(t1)/246t
−13/246
0 + E3(h0)K(t1)t

−27/164
0 ,

(3.23)

µ1(α) :=
1

(2π)α/2
1− h−αK(t1)

hα − 1
, µ2(α) := µ1(α)

(

1− h

θ2t
7/17
0

)−α

(3.24)

and C1, C2, E1, E2 and E3 are as defined in Lemma 3.4. Furthermore, for all
t ≥ t0,

|S3| ≤ C5(t0, h, η1, θ1, θ2, θ3)t
27/164
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where

C5 := C1(h0)µ3

(

5

82

)

+ C2(h0)µ4

(

17

328

)

+ E1(h0)µ3

(

87

164

)

t
−27/328
0

+ E2(h0)µ4

(

5

246

)

t
−427/8364
0 + E3(h0)

(

3
34 log t0 − log(θ2

√
2π)

log h
+ 1

)

t
−27/164
0 ,

(3.25)

µ3(α) :=
1

(2π)α/2(hα − 1)
, µ4(α) :=

(

1− h

θ2t
7/17
0

)−α
(h/θ2)

α −
√
2πt

−3/34
0

1− h−α
.

(3.26)

Proof. With ak as defined in (3.2), we have

h−(k−1)
√

t
2π

h−k
√

t
2π − 1

≤ h

(

1

1− a−1
K

)

< h0,

say. Therefore, we may apply Lemma 3.4, with h = h0, a = ak, b = ak−1 and t0 ≤ t
to obtain, via partial summation,
∣

∣

∣

∣

∣

∣

∑

ak<n≤ak−1

n−1/2−it

∣

∣

∣

∣

∣

∣

≤ a
−1/2
k max

ak<L≤ak−1

Sf (ak, L− ak)

≤ C1a
5/82t11/82 + C2a

−17/328t61/328 + E1a
87/164t−15/82

+ E2a
−5/246t5/41 + E3,

and thus

|S3| ≤
K
∑

k=1

∣

∣

∣

∣

∣

∣

∑

ak<n≤ak−1

n−1/2−it

∣

∣

∣

∣

∣

∣

≤ C1t
11/82

K
∑

k=1

a
5/82
k + C2t

61/328
K
∑

k=1

a
−17/328
k

+ E1t
−15/82

K
∑

k=1

a
87/164
k + E2t

5/41
K
∑

k=1

a
−5/246
k + E3K.

(3.27)

Since

h−k

√

t

2π
− 1 ≤ ak ≤ h−k

√

t

2π
we have, for any α > 0 and t0 ≤ t ≤ t1,

K
∑

k=1

aαk ≤
K
∑

k=1

(

h−k

√

t

2π

)α

=

(

t

2π

)α/2 K
∑

k=1

(h−α)k = µ1(α)t
α/2 (3.28)

and, again for α > 0 and t0 ≤ t ≤ t1,

K
∑

k=1

a−α
k ≤

K
∑

k=1

(

h−k

√

t

2π
− 1

)−α

=

(

1− hk
√

2π

t

)−α K
∑

k=1

(

h−k

√

t

2π

)−α

<

(

1− h

θ2t
7/17
0

)−α
(

t

2π

)−α/2
hαK − 1

1− h−α
= µ2(α)h

αK(t1)t−α/2. (3.29)
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Substituting these into (3.27), we obtain the estimate

|S3| ≤ C1µ1

(

5

82

)

t27/164 + C2µ2

(

17

328

)

h17K(t1)/328t105/656

+ E1µ1

(

87

164

)

t27/328 + E2µ2

(

5

246

)

h5K(t1)/246t55/492 + E3K(t1),

which gives (3.23) from t ≥ t0, and forms the main bound for S3 for t in finite
intervals [t0, t1]. To obtain a bound holding for all [t0,∞), we use

hK < h(
3

34
log t−log(θ2

√
2π))/ log h+1 =

h

θ2
√
2π
t3/34

to continue the argument from (3.28) and (3.29) to obtain, for t ≥ t0,

K
∑

k=1

aαk < µ3(α),

K
∑

k=1

a−α
k <

(

1− h

θ2t
7/17
0

)−α
(h/θ2)

α −
√
2πt

−3/34
0

1− h−α
t−7α/17 = µ4(α)t

−7α/17.

Equation (3.25) then follows from substituting these estimates into (3.27) and using
t ≥ t0. �

3.1. Computations. For each row (log t0, log t1, h1, h2, η1, η2, θ1, θ2, θ3, A) of Ta-
ble 1, we substitute the relevant parameter values into Lemma 3.2, 3.3 and 3.5 to
verify, in each case, that

|ζ(1/2 + it)| ≤ At27/164, t0 ≤ t ≤ t1.

Upon inspection, we have A ≤ 66.7 in each case, which proves Theorem 1.1 for
exp(60) ≤ t ≤ exp(875). These parameters are found via a stochastic optimisation
routine so are not necessarily globally optimal, however they suffice for justifying
an upper bound on the constant factor in Theorem 1.1.

In addition, by taking t0 = exp(875), θ1 = 1.14283, θ2 = 261658, θ3 = 2.53087 ·
10−11, h1 = 1.01563, h2 = 1.00270, η1 = 1.59875 and η2 = 0.828895 in Lemma 3.2,
3.3 and (3.25), we obtain

|ζ(1/2 + it)| ≤ 66.7t27/164, t ≥ exp(875).

Note that in the application of Lemma 3.3, we take the limit as t1 → ∞. This
implies Theorem 1.1 for t ≥ exp(875).

For small values of t, we use the following bound

|ζ(1/2 + it)| ≤ 0.478013t1/6 log t+ 3.853165t1/6 − 2.914229, t ≥ 1012, (3.30)

proved in §3.4 of [HPY22]. This estimate covers the range 1012 ≤ t < exp(60).
Finally, for 3 ≤ t < 1012, we use the classical van der Corput estimate (1.1). This
completes the proof of Theorem 1.1. Lastly, we note that the bounds in Table 1
improve on both (3.30) and (1.2) for all t ≥ exp(60.6), and is thus the sharpest
known bound on ζ(1/2 + it) in this range.
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4. Conclusion and future work

Theorem 1.1 represents the first of many successively sharper sub-Weyl bounds
of the form ζ(1/2+it) ≪ǫ t

θ+ǫ obtainable from van der Corput’s method. The next
few values of θ, due to [Phi33], [Tit42], [Min49], [Han63] and [Kol82] respectively,
are

229

1392
,

19

116
,

15

92
,

6

37
,

35

216
.

The first result, θ = 229/1392, can be obtained via the exponent pair

ABA3BA2BA2B(0, 1) =

(

97

696
,
20

29

)

and can thus be made explicit using a similar but longer version of the arguments
presented in this paper. Exponents starting from θ = 19/116, however, rely on esti-
mates of higher-dimensional exponential sums. For example, in the two-dimensional
case, the function gr(x) = f(x + r) − f(x) encountered in the A process (Lemma
1.2) can be treated as a function of two variables, r and x. Such a sum can be
estimated using two-dimensional analogs of the A and B processes.

The main obstacles to computing an explicit version of such results are difficul-
ties with the two-dimensional Poisson summation formula. In the two-dimensional
analog of the B process, the factor |f ′′(xν )|−1/2 appearing in Lemma 2.3 is replaced
by the Hessian of f , defined by

Hf(x, y) := det

[

∂xxf ∂xyf
∂yxf ∂yyf

]

.

However, if Hf vanishes within the rectangle of summation, as is the case when
bounding ζ(1/2+ it), it can be difficult to control the transformed sum. Successful
implementations [Tit35; Min49] of two-dimensional exponent pairs rely on elabo-
rate arguments to isolate problematic regions within the summation rectangle, and
applying the trivial bound in those regions instead. Explicit versions of higher-
dimensional Poisson summation formulae will be investigated in a future article.
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Table 1. Parameter values used in the proof of Theorem 1.1.

log t0 log t1 h1 h2 η1 η2 θ1 θ2 θ3 A
60 65 1.02932 1.06726 1.72183 1.02275 0.957426 0.180062 0.172999 37.10
65 70 1.02739 1.06227 1.65356 1.08576 0.938332 0.189995 0.121681 38.09
70 75 1.02561 1.05961 1.76719 1.03304 0.926944 0.194964 0.0811119 39.05
75 80 1.0231 1.05617 1.94747 1.04071 0.927416 0.20589 0.0549285 39.98
80 85 1.02302 1.05429 2.20976 1.03294 0.915828 0.223422 0.0383106 40.88
85 90 1.02248 1.05174 1.98074 1.00763 0.917169 0.230051 0.0265495 41.75
90 95 1.02221 1.04803 1.94585 1.02266 0.908887 0.254651 0.0203407 42.60
95 100 1.02211 1.04783 2.12321 1.04079 0.93665 0.290334 0.0137463 43.41
100 105 1.02165 1.04598 1.93655 1.06102 0.906136 0.305624 0.00865144 44.19
105 110 1.02191 1.0438 2.03193 0.948977 0.920571 0.320444 0.0076111 44.96
110 115 1.02142 1.04532 1.98343 1.01929 0.931888 0.364937 0.00567012 45.70
115 120 1.02014 1.04372 2.08479 0.988021 0.931926 0.391814 0.00426777 46.41
120 125 1.02155 1.03987 2.02632 0.972639 0.932056 0.427062 0.00308127 47.10
125 130 1.02124 1.0422 1.90876 1.02384 0.919159 0.44983 0.00146827 47.76
130 135 1.02096 1.03965 1.93958 1.0108 0.926399 0.502711 0.00196936 48.42
135 140 1.02133 1.03736 2.0425 0.9705 0.935329 0.549766 0.00129695 49.05
140 145 1.02187 1.03816 1.90804 1.00432 0.931849 0.592399 0.000924586 49.66
145 150 1.02183 1.03717 1.99931 0.968481 0.934159 0.652989 0.00104845 50.26
150 155 1.02183 1.03826 1.88929 0.950307 0.943886 0.718618 0.000853561 50.84
155 160 1.02048 1.03617 1.93121 0.98237 0.938295 0.738158 0.000619765 51.39
160 165 1.02138 1.03453 1.96189 0.977865 0.935631 0.857581 0.00064869 51.94
165 170 1.02094 1.03251 1.89843 0.988454 0.940228 0.909567 0.000521171 52.46
170 175 1.02158 1.03544 1.89217 0.98871 0.950508 1.00477 0.000414171 52.97
175 180 1.0214 1.03158 1.93452 1.04548 0.939419 1.03725 0.000314426 53.47
180 185 1.02039 1.03179 2.03717 0.972755 0.95516 1.18322 0.000517973 53.97
185 190 1.02096 1.03431 1.91394 0.982296 0.942759 1.28455 0.000322386 54.43
190 195 1.02108 1.02999 1.92547 0.97085 0.954305 1.36094 0.000475754 54.90
195 200 1.02121 1.03205 1.9824 0.949768 0.944675 1.51919 0.000385305 55.33
200 205 1.02125 1.02682 1.95701 0.982448 0.947591 1.63942 0.000229165 55.75
205 210 1.0212 1.02869 1.89377 0.953281 0.952798 1.70281 0.000313579 56.18
210 215 1.0209 1.03072 1.99679 0.979303 0.953546 1.92024 0.000228668 56.58
215 220 1.02096 1.02656 1.95651 0.928927 0.967107 2.09168 0.000336118 56.98
220 225 1.02094 1.02878 1.89319 0.939551 0.954351 2.33168 0.000284262 57.36
225 230 1.02105 1.02806 2.06086 0.965398 0.954194 2.5612 0.000398031 57.74
230 235 1.01954 1.02547 2.04008 0.929068 0.954843 2.67558 0.000256528 58.09
235 240 1.02038 1.02633 1.8313 0.941395 0.963688 3.04059 0.000209508 58.43
240 245 1.02026 1.02293 1.92062 0.939602 0.967721 3.18847 0.000202481 58.77
245 250 1.02015 1.02567 1.91183 0.908205 0.973884 3.49943 0.000335679 59.11
250 255 1.02167 1.02194 1.82234 0.926453 0.961316 3.67918 0.000399662 59.44
255 260 1.0207 1.02546 1.85731 0.981673 0.972605 4.17292 0.000240777 59.73
260 265 1.02011 1.02388 2.09485 0.969026 0.965687 4.65096 0.000192086 60.02
265 270 1.02066 1.02359 1.96056 0.893437 0.969203 4.83374 0.000251274 60.32
270 275 1.0201 1.02217 1.83113 0.987098 0.964569 5.25223 0.000238956 60.60
275 280 1.02004 1.02147 1.8859 0.958011 0.982108 5.73906 0.000261819 60.87
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280 285 1.02017 1.02028 1.82159 0.976256 0.96597 5.91678 0.000223948 61.13
285 290 1.02029 1.02019 1.86161 0.930287 0.977082 6.75422 0.000270409 61.39
290 295 1.02025 1.0215 1.8654 0.93816 0.976725 7.47305 0.000230413 61.63
295 300 1.02004 1.02012 1.80343 0.90056 0.981492 7.99716 0.000137621 61.86
300 305 1.01958 1.02158 1.7938 0.917443 0.980441 9.15625 0.000194688 62.10
305 310 1.02009 1.01906 1.82009 0.962434 0.981321 9.66325 0.000221732 62.32
310 315 1.02048 1.02047 1.80586 0.925325 0.984564 10.3824 0.000170812 62.53
315 320 1.0198 1.02051 2.01424 0.912211 0.987193 11.9473 0.000322156 62.76
320 325 1.02049 1.01903 1.89547 0.935573 0.983211 12.4283 0.000243574 62.95
325 330 1.02015 1.01867 1.96936 0.920717 0.985354 13.1599 0.000243177 63.14
330 335 1.01998 1.01839 1.75777 0.923855 0.989922 14.3557 0.000337639 63.34
335 340 1.0198 1.01668 1.95299 0.922568 0.997515 16.5761 0.000132965 63.49
340 345 1.0202 1.01716 1.81734 0.94091 0.998342 17.9692 0.000255942 63.68
345 350 1.01961 1.01542 1.79264 0.964049 0.992996 19.85 0.00022936 63.84
350 355 1.01963 1.0165 1.86902 0.928483 0.996867 20.2785 0.000225968 64.00
355 360 1.02034 1.01579 1.91329 0.935197 0.999189 23.4266 0.000160669 64.15
360 365 1.01909 1.01585 1.82083 0.890385 1.00133 24.8655 0.00020917 64.30
365 370 1.01971 1.01676 1.77505 0.936947 1.00886 27.9853 0.000273506 64.45
370 375 1.02008 1.01541 1.80961 0.898 1.01433 30.7508 0.000247706 64.59
375 380 1.0194 1.01554 1.96358 0.895426 1.0133 31.265 0.000248272 64.72
380 385 1.01983 1.01418 1.79329 0.932697 1.00831 34.8777 0.000273313 64.85
385 390 1.01977 1.01589 1.84736 0.91237 1.01851 38.5851 0.000242406 64.96
390 395 1.02013 1.01406 1.77664 0.934046 1.00421 42.763 0.000194332 65.07
395 400 1.01939 1.01407 1.82445 0.903297 1.01028 46.6084 0.000318785 65.20
400 405 1.01904 1.01305 1.825 0.899607 1.01356 52.1417 0.000220817 65.29
405 410 1.0189 1.01201 1.88238 0.912005 1.01941 53.1663 0.000211265 65.39
410 415 1.01878 1.01242 1.84523 0.934599 1.01315 61.3463 0.000231803 65.49
415 420 1.01899 1.01342 1.79699 0.898858 1.02272 62.7726 0.000243697 65.59
420 425 1.01885 1.01242 1.75512 0.900257 1.02809 70.4483 0.000182461 65.66
425 430 1.01924 1.01234 1.7811 0.940522 1.01604 73.6136 0.000204745 65.75
430 435 1.01942 1.01163 1.75987 0.887557 1.01677 85.4154 0.000200687 65.83
435 440 1.01918 1.01177 1.77652 0.85801 1.03222 94.0339 0.000137152 65.89
440 445 1.01931 1.01146 1.80958 0.877476 1.0233 99.6689 0.000145403 65.97
445 450 1.0189 1.01039 1.82757 0.84405 1.02366 111.324 0.000187234 66.04
450 455 1.01814 1.01226 1.6686 0.939848 1.03289 116.834 0.0001905 66.10
455 460 1.01958 1.01329 1.7525 0.850712 1.03058 130.957 0.000269602 66.17
460 465 1.01852 1.0109 1.796 0.903805 1.02878 139.055 0.000208527 66.22
465 470 1.01893 1.0108 1.75859 0.894058 1.03424 151.974 0.000475389 66.30
470 475 1.01912 1.01125 1.71125 0.853318 1.04161 164.259 0.000282763 66.33
475 480 1.01916 1.00968 1.77909 0.89025 1.04003 187.133 0.00029613 66.38
480 485 1.0178 1.01075 1.80647 0.898548 1.04088 210.376 0.00016592 66.40
485 490 1.01826 1.00939 1.74844 0.900994 1.04706 217.358 0.000288872 66.46
490 495 1.01802 1.0088 1.7787 0.87362 1.05188 243.335 0.000207585 66.48
495 500 1.01834 1.00975 1.79853 0.930467 1.0486 277.44 0.000151062 66.51
500 505 1.01867 1.01099 1.82223 0.892651 1.05582 277.559 0.000276115 66.55
505 510 1.0187 1.00994 1.80285 0.899901 1.04805 309.723 0.000206119 66.57
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510 515 1.01851 1.00857 1.76958 0.897381 1.05071 336.08 0.000216335 66.59
515 520 1.01841 1.00972 1.74506 0.867681 1.04449 358.983 0.000129439 66.60
520 525 1.01808 1.00909 1.69862 0.91292 1.04574 395.643 0.00014666 66.62
525 530 1.01775 1.00811 1.83159 0.881166 1.05596 472.358 0.000228591 66.65
530 535 1.01775 1.00761 1.78934 0.899516 1.05953 462.286 0.000296956 66.67
535 540 1.01804 1.00799 1.75446 0.864478 1.05182 531.88 0.000272301 66.68
540 545 1.01797 1.00778 1.71041 0.969014 1.05986 533.438 0.000323617 66.70
545 550 1.01814 1.00869 1.71209 0.867872 1.05977 612.157 0.000172334 66.68
550 555 1.01798 1.0077 1.79251 0.931142 1.05695 700.06 0.000188567 66.69
555 560 1.01809 1.00941 1.69138 0.919723 1.06404 731.948 0.000180617 66.69
560 565 1.01797 1.00911 1.68662 0.864885 1.06303 884.433 0.000261075 66.70
565 570 1.01805 1.00675 1.69631 0.874895 1.07243 977.767 0.000189268 66.68
570 575 1.01791 1.00703 1.61088 0.903648 1.06953 1008.6 0.000260523 66.69
575 580 1.01717 1.00681 1.71789 0.84638 1.07915 1090.48 0.000214881 66.68
580 585 1.01789 1.00627 1.75529 0.862506 1.07199 1161.28 0.000137629 66.65
585 590 1.01769 1.00851 1.72491 0.81516 1.07599 1243.56 0.000237294 66.66
590 595 1.01737 1.00637 1.67399 0.87291 1.07789 1496.72 0.000244104 66.64
595 600 1.01778 1.00634 1.6905 0.892796 1.07244 1480.77 0.000267985 66.63
600 605 1.01737 1.00657 1.67695 0.909403 1.08182 1757.68 0.000242804 66.61
605 610 1.01719 1.00573 1.74453 0.884353 1.08245 1852.2 0.000313867 66.60
610 615 1.01787 1.00628 1.67817 0.924263 1.09403 2201.2 0.000225138 66.57
615 620 1.01779 1.00529 1.71989 0.89541 1.10734 2358.51 0.000269884 66.56
620 625 1.01766 1.00591 1.68201 0.898451 1.09211 2557.47 0.00023344 66.53
625 630 1.01739 1.00679 1.63793 0.953277 1.08654 2762.17 0.000242996 66.51
630 635 1.01721 1.00683 1.65337 0.870998 1.0922 2875.57 0.000338419 66.49
635 640 1.01726 1.00489 1.69949 0.844695 1.09723 3334.1 0.000222066 66.45
640 645 1.0169 1.0052 1.72567 0.843783 1.08135 3258.7 0.000165915 66.41
645 650 1.01764 1.00539 1.70071 0.916906 1.09723 3603.31 0.000177251 66.38
650 655 1.01739 1.0043 1.56953 0.951441 1.09117 4037.06 0.000149961 66.35
655 660 1.01748 1.00401 1.63269 0.886415 1.09295 4648.06 0.000186047 66.32
660 665 1.01649 1.0049 1.72418 0.886985 1.09507 4673.86 0.00017414 66.29
665 670 1.01674 1.00599 1.67976 0.869346 1.10091 5572.25 0.000177106 66.25
670 675 1.01663 1.0046 1.61937 0.83382 1.1006 5675.14 0.000245665 66.22
675 680 1.01694 1.00428 1.65215 0.872436 1.11171 6423.04 0.00011767 66.16
680 685 1.01709 1.00442 1.66715 0.866925 1.11875 7423.57 0.000142691 66.13
685 690 1.01638 1.00529 1.58343 0.863125 1.11827 8229.43 0.000242883 66.11
690 695 1.01616 1.0052 1.63037 0.85535 1.1079 8876.13 0.00018326 66.06
695 700 1.01678 1.00377 1.60685 0.847676 1.1222 9005.87 0.000360569 66.04
700 705 1.01663 1.00434 1.6478 0.832542 1.10678 11011.9 0.000259432 65.98
705 710 1.01626 1.00427 1.6748 0.858014 1.13075 11374.6 0.000161921 65.92
710 715 1.01702 1.00388 1.66823 0.904501 1.12282 12579.1 0.000253355 65.89
715 720 1.01654 1.0052 1.57025 0.91045 1.12799 13030.7 0.000164892 65.83
720 725 1.01554 1.00395 1.61751 0.875735 1.12081 14543.9 0.000163032 65.79
725 730 1.01616 1.0048 1.61618 0.894992 1.13861 16398.8 0.000164328 65.74
730 735 1.01616 1.0052 1.58148 0.881893 1.13236 18388.7 0.000250531 65.70
735 740 1.01633 1.00404 1.58224 0.884335 1.12985 21073.1 0.000240423 65.65



AN EXPLICIT SUB-WEYL BOUND FOR ζ(1/2 + it) 27

740 745 1.0158 1.00347 1.62662 0.823366 1.12091 22637.4 0.00019436 65.59
745 750 1.01726 1.00319 1.55616 0.837796 1.13674 22591 0.000274638 65.56
750 755 1.01604 1.00424 1.66054 0.886899 1.13739 26085.9 0.000176809 65.49
755 760 1.01606 1.00397 1.63481 0.866679 1.12632 29306.6 0.000171531 65.44
760 765 1.0165 1.00346 1.67097 0.847691 1.13233 29419 0.00019725 65.39
765 770 1.01591 1.00381 1.47213 0.900812 1.14082 34118.8 0.000185818 65.33
770 775 1.01603 1.00414 1.59268 0.928957 1.15879 38353.4 0.000156928 65.27
775 780 1.01618 1.00278 1.49228 0.8967 1.14947 38574.2 0.000226631 65.23
780 785 1.01611 1.00268 1.56406 0.877608 1.14836 47867.9 0.000207654 65.17
785 790 1.0164 1.00312 1.51167 0.858272 1.16038 50635.3 0.00028385 65.12
790 795 1.01537 1.00393 1.64687 0.861995 1.15151 55750.3 0.000200208 65.06
795 800 1.0153 1.0029 1.47289 0.887874 1.16342 60283.2 0.000154351 64.99
800 805 1.01527 1.00401 1.55174 0.865362 1.1537 66111.4 0.000195508 64.94
805 810 1.01574 1.0029 1.5166 0.902223 1.17073 74262.8 0.000225813 64.89
810 815 1.01522 1.00339 1.60073 0.876369 1.15792 77118.3 0.000266209 64.83
815 820 1.01601 1.00238 1.66365 0.906645 1.15121 84767.1 0.000161823 64.76
820 825 1.01583 1.00271 1.6235 0.928793 1.16244 107264 0.000234246 64.71
825 830 1.01563 1.00315 1.5685 0.859089 1.15991 106225 0.000187707 64.64
830 835 1.01536 1.00383 1.53532 0.868098 1.16856 112590 0.000132111 64.57
835 840 1.01556 1.0038 1.56455 0.926623 1.17023 134713 0.000235556 64.53
840 845 1.01502 1.00246 1.51063 0.874939 1.1639 132092 0.000207851 64.47
845 850 1.01563 1.00206 1.53822 0.86811 1.17549 152832 0.000178814 64.40
850 855 1.01498 1.00283 1.63544 0.845347 1.16767 148866 0.000158165 64.34
855 860 1.0154 1.00294 1.52587 0.895686 1.16311 186060 0.000141116 64.27
860 865 1.01506 1.00221 1.59709 0.850172 1.1766 192984 0.000238358 64.22
865 870 1.01519 1.00193 1.54244 0.88004 1.17385 222438 0.000186894 64.15
870 875 1.01542 1.00225 1.52497 0.851648 1.18563 242664 0.00028923 64.10
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