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AN EXTENSION OF THE CROUZEIX-RAVIART SPACE
TO GENERAL MESHES WITH APPLICATION
TO QUASI-INCOMPRESSIBLE LINEAR
ELASTICITY AND STOKES FLOW

DANIELE A. DI PIETRO AND SIMON LEMAIRE

ABSTRACT. In this work we introduce a discrete functional space on general
polygonal or polyhedral meshes which mimics two important properties of the
standard Crouzeix—Raviart space, namely the continuity of mean values at in-
terfaces and the existence of an interpolator which preserves the mean value
of the gradient inside each element. The construction borrows ideas from
both Cell Centered Galerkin and Hybrid Finite Volume methods. The dis-
crete function space is defined from cell and face unknowns by introducing a
suitable piecewise affine reconstruction on a (fictitious) pyramidal subdivision
of the original mesh. Two applications are considered in which the discrete
space plays an important role, namely (i) the design of a locking-free primal
(as opposed to mixed) method for quasi-incompressible planar elasticity on
general polygonal meshes; (ii) the design of an inf-sup stable method for the
Stokes equations on general polygonal or polyhedral meshes. In this context,
we also propose a general modification, applicable to any suitable discretiza-
tion, which guarantees that the velocity approximation is unaffected by the
presence of large irrotational body forces provided a Helmholtz decomposition
of the right-hand side is available. The relation between the proposed meth-
ods and classical finite volume and finite element schemes on standard meshes
is investigated. Finally, similar ideas are exploited to mimic key properties
of the lowest-order Raviart-Thomas space on general polygonal or polyhedral
meshes.

1. INTRODUCTION

In the context of industrial simulators, lowest-order methods for diffusive prob-
lems on general polygonal or polyhedral meshes have received increasing attention
over the last few years. The reasons are multifold. Using general polyhedral ele-
ments may ease the discretization of complex domains, and disposing of discretiza-
tion methods applicable to general meshes is mandatory whenever the user cannot
adapt the mesh to the needs of the numerical scheme. This is the case, e.g., in
the context of computational geosciences, where the discretization of the subsoil is
developed in a separate stage, and is focused on integrating physical and geometric
data resulting from the seismic analysis. Fairly general meshes can thus be encoun-
tered, featuring, e.g., nonmatching interfaces corresponding to geological faults or
general polyhedral elements resulting from the degeneration of hexahedral cells in
eroded layers. Polyhedral elements may additionally be present in near wellbore
regions, where the use of radial meshes can be prompted by (qualitative) a priori
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knowledge of the solution. Nonconforming A-refinement can also appear at specific
locations where the resolution needs to be increased, or when moving fronts are
present. In this context, the use of lowest-order methods is justified both by the in-
herent uncertainty associated to physical data and the need to keep computational
costs within affordable bounds.

Among the methods that have appeared in recent years, the most directly related
to the present work are the Mimetic Finite Difference (MFD) method of Brezzi,
Lipnikov et al. [ITHI3], the Hybrid Finite Volume (HFV) method of Eymard, Gal-
louét and Herbin [25], and the Mixed Finite Volume (MFV) method of Droniou
and Eymard [20]. The close relation among these methods has recently been inves-
tigated in [22]. The main result of the present work is the construction of a discrete
space of piecewise affine functions which extends two important properties of the
classical Crouzeix—Raviart space [I5] to general meshes, namely,

(CR1) the continuity of mean values at interfaces. Since we deal with piecewise
affine functions, this property is equivalent to the continuity at face barycen-
ters;

(CR2) the existence of an interpolator which preserves the mean value of the gra-
dient inside each element. Such interpolator can play the role of a Fortin
operator [10].

Let Kp denote a general polygonal or polyhedral mesh of the bounded domain €2
matching the regularity requirements discussed in Section In the spirit of Cell
Centered Galerkin (ccG) methods [I6], the discrete space is constructed in three
steps:

(i) We fix the vector space V;, of face- and cell-centered degrees of freedom (DOFs)

on Cj,.

(ii) We define a discrete gradient reconstruction operator &, acting on V. The
reconstructed gradient is piecewise constant on a fictitious pyramidal submesh
Pp, obtained by subdividing each element using one interior point (the cell
center), and it results from the sum of two terms: a consistent part depending
on face unknowns only, plus a subgrid correction involving both face and cell
unknowns. The continuity of mean values at interfaces is ensured by finely
tuning the latter contribution.

(iii) We define an affine reconstruction operator 93y, acting on Vj, which maps every
vector of DOFs on a broken affine function on Pp,. This function is obtained
by perturbing the (unique) face unknown associated to each pyramid with a
linear correction based on the discrete gradient &,,. The discrete space is then
defined as

CR(Kn) = Rn(Va) < Py (Pa),
with P} (Ph) space of broken affine functions on Py; cf. (@).

The pyramidal submesh is fictitious in the sense that all the relevant geometric
information can be computed on the primal mesh, which is therefore the only
one that needs to be described and manipulated by the end-user. In Appendix [A]
similar ideas are used to construct a H (div; Q)-conforming discrete space on general
meshes which mimics two key properties of the standard lowest-order Raviart—
Thomas space, namely the (full) continuity of normal values at interfaces and the
approximation of vector-valued fields. We mention at this point the recent work of
Vohralik and Wohlmuth [341[35] which proposes efficient implementation strategies
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for classical nonconforming and mixed finite element approximations of diffusive
problems, and addresses general meshes with a different approach.

The first application we consider is linear elasticity, which was also the original
motivation for this work. Our main result is the design of a primal (as opposed to
mixed) method based on the space €R(/;,) (and thus applicable to general meshes)
which is locking-free in the quasi-incompressible limit in two space dimensions (the
required regularity estimate for the continuous solution is still an open problem in
higher space dimensions).

It has been long known that the accuracy of lowest-order H'-conforming (La-
grange) finite element approximations deteriorates when quasi-incompressible ma-
terials are considered, i.e., for large values of the first Lamé parameter \; cf., e.g., [8]
Section 11.3]. This is a consequence of the fact that the convergence estimates are
not uniform in A, which, in turn, reflects the inability of the discretization space to
accurately represent nontrivial solenoidal fields. One classical way of circumventing
this problem is the use of mixed formulations, resulting in methods which converge
uniformly in A, but which are often computationally more expensive than primal
methods. Examples include the PEERS method of Arnold, Brezzi and Douglas [2],
the mixed method of Stenberg [31], and the mixed methods of Chavan, Lamichhane
and Wohlmuth [I4], and Lamichhane and Stephan [30]. All these methods require
matching triangular or quadrilateral meshes. General meshes similar to the ones
addressed in this work have been recently considered by Beirao da Veiga [3], who
introduces a mixed MFD method which does not lock in the quasi-incompressible
limit.

The problem of locking has also been addressed without resorting to mixed
formulations, and several methods can be found in the literature. On matching
triangular meshes, we can cite, e.g., the p-version method of Vogelius [33], and the
nonconforming methods of Falk [26]. Concerning general meshes, we mention the
very recent work of Beirdo da Veiga, Brezzi, and Marini [4] on virtual elements
for linear elasticity. In the MFD framework, we cite the method for the two-
dimensional Stokes problem proposed by Beirdo da Veiga, Gyrya et al. [5], whose
analysis and extension to three space dimensions have been considered in [6]. In
both cases the authors consider a (possibly fourth-order) tensor viscosity, which
allows an extension to linear elasticity. We note, moreover, that inf-sup stable mixed
methods for the Stokes problem can be, whenever the pressure is discontinuous,
converted to a locking-free primal method for the pure displacement linear elasticity
problem by static condensation of pressures. This strategy can be applied to the
method of [5[6]. In the MFV framework, we can cite the work of Droniou and
Eymard [21], where the Stokes problem is also addressed. In this work we take
inspiration from the classical Crouzeix—Raviart method of Brenner and Sung [9].
Here, while property (CR1) ensures adequate conformity properties to the space,
property (CR2) plays an important role in deriving an error estimate uniform in A.
Another source of inspiration is the work of Hansbo and Larson [28[29], where a
locking-free Discontinuous Galerkin (dG) method on matching triangular meshes is
analyzed; see also Di Pietro and Nicaise [I9] for an extension to composite materials.
Coercivity is here ensured by a least-square penalization of interface jumps. In our
method, a similar device is required in the case of mixed-type boundary conditions
to invoke a discrete Korn’s inequality on broken polynomial spaces [7]. For the pure
displacement problem, the naturally coercive Navier-Cauchy formulation allows us
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to circumvent the use of Korn’s inequality. Up to a suitable treatment of the
right-hand side, it is possible to prove for our scheme a local conservation property
similar to finite volume methods. In this case, the face unknowns act as Lagrange
multipliers associated to the flux continuity constraint. Yet another treatment of
the right-hand side allows us to recover the method of [9] on matching simplicial
meshes.

As a second, closely related application, we propose an inf-sup stable method for
the Stokes problem. Taking inspiration from the recent work of Galvin, Linke et
al. [27], we additionally consider the problem of large irrotational body forces and
pinpoint a strategy to preserve accuracy in the approximation of the velocity field
for the case when a Helmholtz decomposition of volumetric body forces is available.
We emphasize that this strategy is applicable to more general discretizations than
the one considered in this work. Also in this case, suitable modifications of the
right-hand side allow to establish a link with finite volumes, and nonconforming
finite element methods on matching simplicial meshes.

The paper is organized as follows. In Section [2] we introduce the notation and
define the concepts of admissible mesh sequence and pyramidal submesh inspired
by [I617]. The main novelty of this section is the proof that the pyramidal submesh
inherits the shape- and contact-regularity properties of the original mesh. Section Bl
details the construction of the space €R(K}) as well as the proofs of the properties
(CR1) and (CR2). In Section Hl we present two applications of the space €R(K}),
namely the approximation of the linear elasticity problem for quasi-incompressible
materials and the discretization of the Stokes equations with large irrotational body
forces. Finally, in Appendix[Alwe adapt the ideas of Section[Jto construct a discrete
space which mimics the properties of the lowest-order Raviart-Thomas space on
general polygonal or polyhedral meshes.

2. ADMISSIBLE MESH SEQUENCES

Following [I7, Chapter 1] and [16, Section 1], we introduce in this section the
concept of admissible mesh sequence of a bounded connected polygonal or polyhe-
dral domain Q < R?, d > 2. For the sake of brevity, we only give the proofs of the
new results, and refer to [I6L[I7] for further details.

2.1. Shape- and contact-regularity. Let 4 — Ry denote a countable set having
0 as its unique accumulation point. We consider mesh sequences Ky := (Kp) ey
where, for all h € H, K; denotes a finite collection of nonempty disjoint open
polyhedra K;, = {K} such that Q = Ukex, K and h = maxgex, hx (hx denotes
here the diameter of the element K € Kp). We say that a hyperplanar closed
connected subset F' of Q) is a mesh face if it has positive (d—1)-dimensional measure
and if either there exist K7, Ky € K}, such that F' < 0K n 0K5 (and F is called an
interface) or there exists K € Ky, such that F' < 0K noQ (and F is called a boundary
face). Interfaces are collected in the set f,ich, boundary faces in ]—"}%h and we let
Fi, = ]:/ich U ]-'}%h. The diameter of a face F' € Fx, , is denoted by hr. Moreover,
we set, for all K € K, Fg = {F € Fx, | F < 0K}. According to the context,
the notation |-| is used for the d- or the (d—1)-dimensional Lebesgue measure. In
the rest of this section, we discuss some fairly general regularity conditions on the
mesh sequence Ky that allow us to prove basic results such as trace and inverse
inequalities and polynomial approximation properties.
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FIGURE 1. Mesh Kj (solid lines) and pyramidal submesh Pp,
(dashed lines)

=

Definition 1 (Shape- and contact-regularity). The mesh sequence Kz is shape-
and contact-regular if for all A € H, K}, admits a matching simplicial submesh 7},
such that

(i) Shape-regularity. There exists a real p; > 0 independent of h such that, for
all h € H and all simplex T € T}, of diameter hy and inradius r7, there holds
othr <rp

(ii) Contact-regularity. There exists a real g > 0 independent of h such that,
forall he H, all K € Ky, and all T € T :={T € T}, | T < K}, there holds
o2hi < hr.

2.2. Admissible mesh sequences. The discrete space introduced in this work
requires to identify a set of points which play a pivotal role in the construction.

Definition 2 (Cell centers). The mesh sequence K4 admits a set of cell centers if,
for all h € H and all K € K}, there exists a point @k such that K is star-shaped
with respect to @ (the cell center) and, for all F' € Fg, there holds,

(1) dr F = 0shi,

where dg r denotes the orthogonal distance between xx and F' and g3 > 0 is
independent of h.

Let K4 admit a set of cell centers. We define for all h € H the pyramidal submesh

Pr = {Kr}rek,, FeFu

where, for all K € K}, and all F' € Fi, Kr denotes the open pyramid of apex
x i and base I'. An example of mesh K, and associated pyramidal submesh Py, is
provided in Figure[ll Each element of P, is associated to a unique element K € Ky,
and a unique face F' € F. When this link is irrelevant, the generic element of P}, is
noted P instead of K. The pyramids {Kr}kek,, rer, are nondegenerate owing to
assumption (). In the two-dimensional case, P}, is matching and simplicial while,
in higher dimension, it is in general not simplicial. Owing to the planarity of faces,
there holds for all K € K}, and all F' € Fg,

|Fldk,r
—
The set of faces of Pj, (including the mesh faces in f;gh as well as the lateral faces

of the pyramids) is denoted by Fp, and we let .7-'1 = Fp, \]:Kh and fb = fb .,
Additionally, for all P € P, we introduce the set .7:p ={FeFp, | Fc OP}

(2) |Kr| =
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6 DANIELE A. DI PIETRO AND SIMON LEMAIRE

Lemma 3 (Shape- and contact-regularity of the pyramidal submesh). Let Ky
admit a set of cell centers. Then, if Ky is shape- and contact-regular, the same
holds for Py .

Proof. Let h € H. By assumption, Kj admits a matching simplicial submesh 7,. A
matching simplicial submesh ¥, of the pyramidal submesh P}, can be constructed
as follows: For all K € K}, and all F' € Fg (i) a (d—1)-simplicial mesh & of F' is
obtained taking the trace of Tj, on F’; (ii) a d-simplicial mesh Ty of the pyramid
K is then obtained connecting the (hyperplanar) elements in & g to the cell center.
A matching simplicial submesh of Py, is obtained by setting

T}L = U ‘IKF
Keky,, FEFK

(i) Shape-regularity. We prove that there exists a real ¢/ > 0 independent of
h such that ofhp < rp for all T € T, Let Kp € P, and T € Tk, be given.
Denoting by rr the inradius of T, letting At := |0T| and ¢ := 0T n F', there holds
d|T| = rpAp = |o|dg, r, hence

_ loldk.r
Apr

Since the (d — 1)-dimensional measure of each face of T is bounded by h% ' and
T has (d + 1) faces, there holds Ay < (d + 1)h% . Now let S € 75, be the unique
simplex such that 05 N F' = o and S ¢ K. Denoting by 7, the inradius of o, and
observing that r, > rg by a simple argument based on the Pythagorean theorem,
it is inferred |o| = [Bg_1|rd™' = [Ba1|ri = [Ba_1| (0102)? 'h ! owing to the
shape- and contact-regularity of ICj, (B4—1 denotes here the (d—1)-dimensional unit
ball). Plugging these inequalities into (@), it is inferred

(3) T

)t 1Ba1] (0102)""

= )
d+1 dx.F > 03 d+1 hr
and the conclusion follows with ¢} = o3 |Ba_1| (0102)?1/(d + 1).
(ii) Contact-regularity. We prove that there exists a real ¢, > 0 independent of
h such that, for all Kr € Py and all T € Tk, 0bhk, < hr. To this end, we
invoke () to infer, for all Kp € P, and all T € Tk, hy = dx r = 0shix = 03hk,,

where hg,. denotes the diameter of Kp. The conclusion follows with ¢} = p3. O

- [Bg—1] (0102

=

We close this section with the following definition.

Definition 4 (Admissible mesh sequence). The mesh sequence Ky is admissible
if it is shape- and contact-regular and it admits a set of cell centers. For an admis-
sible mesh sequence, the reals o1, 02, and p3, are collectively referred to as mesh
reqularity parameters.

2.3. Broken function spaces and polynomial approximation. For S, €
{Kp,Pr} and an integer k > 0, we introduce the broken polynomial space

(4) Pl (Sh) := {ve L*(Q) | VS € Sy, vjs € P5 (9)},
where P% denotes the space of polynomial functions of total degree at most k.
Broken polynomial spaces are a special instance of broken Sobolev spaces: For an

integer [ > 1,
HY(S)) :=={ve L*(Q) | VS €Sy, vs e H(S)}.
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AN EXTENSION OF THE CROUZEIX-RAVIART SPACE 7

We define the broken gradient denoted by V}, and acting on functions v € H'(Sy,)
such that (V5,v) g := V(vjs), for all S'€ S),. We also define the broken divergence

of a vector-valued field v € H 1(Sh)d denoted by Vv, and the broken symmetric
gradient €,(v), respectively, as the trace and as the symmetric part of the broken

tensor-gradient Vjv. The shape- and contact-regularity of the mesh sequences
K3 and Py are instrumental to prove the following result; see [I7, Lemmata 1.46
and 1.49].

Lemma 5 (Trace inequalities). Let Ky be an admissible mesh sequence, and
denote by Py the corresponding sequence of pyramidal submeshes. Then, there
exist two reals Cy and Cy . independent of h such that, for all h € H with
Sh € {/Ch, Ph},

(5) Vvh € [P]; (Ph), VP e Ph, VE e .FP, ”vhHLQ(F) < Ctrh;;l/QH’UhHL'z(p),

(6)
1 12 2 2
Yo e HY(Sh), ¥S € Sy, VF € Fs,  |vlna(r) < ctr,c(hs Hv\|L2(S)+h5\U\H1(S)) .

For every interface I € ffgh, Sh € {Kn, Pr}, we introduce an arbitrary but fixed
ordering of the elements S; and Sy such that F' < 051 n0dS3 and let np := ng, r =
—ng, r, where ng, g, i € {1,2}, denotes the unit normal to F' pointing out of S;.
The orientation of the normal remains coherent when F' € f,ich is regarded as an
element of ]-",};h. For all S € &}, we also introduce the symbol ng to denote the
vector-valued field such that ngp = ngp for all ' € Fs. On boundary faces
Fe .7-'7'3}1, np denotes the unit normal pointing out of €.

We next introduce jump and average trace operators that are widely used in
the context of nonconforming finite element methods. For a face F' € ]:7i’h, with
F < 0Py n 0P, and a scalar-valued function v admitting a possibly two-valued
trace on F' we set,

1
[v]F := VP, — V|py, {v}r :=§(’U|P1+’U‘p2).

If F e Fp with F = 0P n 09, we conventionally set [v]p = {v}p := v/p. When
applied to vector-valued functions, both the jump and average operators act com-
ponentwise. Whenever no confusion can arise, we omit the subscript F' and simply
write [v], {v}.

We close this section by considering polynomial approximation on admissible
mesh sequences. It has been proved in [I7, Lemma 1.40] that, for a shape- and
contact-regular mesh sequence, the number of simplices from the submesh 7, con-
tained in each element K € K, is bounded uniformly in h. This, together with the
results of Dupont and Scott [23], yields the following.

Lemma 6 (Optimal polynomial approximation). Let Ky denote a shape- and
contact-reqular mesh sequence. Then, for all h € H, all K € Ky, all polynomial
degree k =0, all s € {0,...,k+1} and allv e H*(K), there holds with II} denoting

the L%-orthogonal projector onto P (KC),
(7) |’U_H§’U|H'"L(K) < Capphigm‘v‘HS(K) Vme {07"'7‘9}7

where Cypp 1s independent of both K and h.
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8 DANIELE A. DI PIETRO AND SIMON LEMAIRE

We also note the following result, which is an immediate consequence of the
trace inequality (B) with S, = K, and of the approximation properties of the
L?-orthogonal projector.

Proposition 7 (Approximation on mesh faces). For an admissible mesh sequence
K there holds for all h € H, all K € Ky, all F € Fi, all polynomial degree k = 0,
all s€{0,...,k+1}, and allve H*(K),

Jv = ] L2y < Chi ol a0y
where C' = Cyy, Copp with Cyy . defined as in (@) and Cupp as in (D).

3. MIMICKING THE PROPERTIES OF THE LOWEST-ORDER CROUZEIX—RAVIART
SPACE ON GENERAL MESHES

In this section we present a piecewise affine functional space obtained in the
spirit of [I6] that extends the properties (CR1) and (CR2) of the Crouzeix—Raviart
space [I5] to general polygonal or polyhedral meshes.

3.1. Construction. In the spirit of ccG methods, we proceed in three steps by
prescribing: (i) the vector space of degrees of freedom Vj; (ii) a gradient recon-
struction &y, piecewise constant on Pp; (iii) a piecewise affine reconstruction Ry,
on Pp, based on the gradient &,,. As for HFV methods [25], the vector space of
DOFs contains cell and face unknowns and is defined by

Vi = {vn = (v € R) e, (07 € R) ) € REH x R

The gradient operator generalizes the one of [25], and is composed of a consistent
contribution piecewise constant on the primal mesh /Cj plus a subgrid correction
piecewise constant on the pyramidal submesh P,. More precisely, &, : V;, —

PY (Ph)d realizes the mapping v, — &, (vp,) with
(8)  &4(vi)ky = Grp(vh) == Gk (vn) + Rip(vn), VK €Ky, F e Fg,

where, letting ZTp := (&), (for a function ¢ integrable on F, we define {¢)p =
§eo/ IFD,
1

(9) GK(vh) = —K Z |F|’UF’ILK)F,
| | FeFg
n

Ry, (vn) = (vr—vx—GK (Vi) (TF — xK)) NK F,

di,r

and n > 0 is a user-dependent parameter. With a slight abuse in notation, the
symbols G, (vn), Gk (vy), and R, (vy) will also be used to denote the corre-
sponding constant fields on Kp, K, and Kp, respectively. The reconstruction
operator Ry, : Vy, — PL (Py) realizes the mapping vy, — Ry, (vs) with

(10) ﬂ%h(wh)‘KF(w) :'UF+®h(Vh)‘KF'(1’_EF); VKFGPh, Ve e Kp.
By construction, there holds VR, = &). We emphasize that, in view of Lemma [l
below, the affine reconstruction in K is obtained by perturbing the face unknown

vp, unlike [I6], where the cell unknown vk is used instead. We are now ready to
introduce the discrete space

(11) €9i(ICh) = %h(\/h).
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(A) Element K (solid line), (B) Zoom on the pyramid K,
elementary pyramidal sub-

mesh (dashed line), and
lateral pyramidal face F
shared by the pyramids
Kp, and Kp, (thick dashed
line)

FI1GURE 2. Notation for the proof of Lemma [

3.2. Continuity of mean values at interfaces. In this section we prove that the
choice n = d in (@) yields the continuity of the mean values (or, equivalently, the
barycentric values) of discrete functions across all the interfaces in ]-'};h (including
lateral pyramidal faces). This is in contrast with the choice 7 = d'? advocated
in [25] to recover the two-point finite volume scheme on superadmissible meshes.

Lemma 8 (Continuity of mean values at interfaces). Let ICj, belong to an admis-
sible mesh sequence and, if Ky, is not matching simplicial, assume n = d in ().
Then, there holds for all v, € CR(Ky),

VFeFp,, (s =0.

Proof. Let F € ]:7i3h7 vi € Vp,, and set vy, 1= Ry, (vy,) € ER(K,). We distinguish two
cases.

(i) If F e F, is a face of the primal mesh Ky, the fact that ([vn]), = 0 is an
immediate consequence of choosing vp as a starting point in ([I0).

(ii) If F e f;;h\f,ich’ is a lateral pyramidal face, there exist a unique element
K € K, and two faces Fy, Fy € Fi such that F < 0Kp, n 0Kp, (cf. Figure [2a)).

There holds for i € {1,2} (cf. Figure 2L)),

(Tr —Zr,)nk F, = (TF — Tx) i F + (Tx —TF,) NK R,

d—1 dg,F,
=(———=1)d =t
< d > K,F; d )

where we have used the fact that Tp is the barycenter of the (d—1)-simplex F
to treat the term (Tp—x k) Nk p,. Using the above result together with (@) it is
inferred for i € {1, 2},

@i := Ry, (o) (Tp — Tp,) = —g (vr, — vk — Gk (v)(Tr, — ZK)) -
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10 DANIELE A. DI PIETRO AND SIMON LEMAIRE

Using the definition of the jump operator and substituting the expression (I{) for
the barycentric values vy |k, (Tr), i € {1,2}, we obtain

onlDr = vy, (®F) — vn |k p, (TF)

(12) =VF, — VR, — GK(Vh)'(fFl — EFQ) + o — oy
= (1 - g) (UF1 —UFp, — GK(Vh)'(EFl - sz)) .

If I, is a matching simplicial mesh, Gk (vy) coincides by definition with the stan-
dard Crouzeix—Raviart gradient (cf. also Proposition [)), hence the second factor
in (I2) vanishes, otherwise the assumption 7 = d is needed to infer ([vs])p = 0,
thereby concluding the proof.

The following result establishes a link with the classical Crouzeix—Raviart space
CR(Kph).-

Proposition 9 (The matching simplicial case). Assume that K is a matching
sitmplicial mesh. Then, for alln > 0 in ([@) there holds

Proof. Let v, € CR(K}) and set vy, := ((vn(Tx))kek, s (Vn(®F))FeFc, ). By defini-
tion there holds (cf. @) G (vr) = (Vivn)k for all K € Kj,. Using the linearity
of vy, inside each element it is inferred Rg, (vy) = 0, hence Gk, (vy) = G (vi) =
(thh)‘K for all F € Fi. As a consequence, we conclude that v, = Rp(vs) €
CR(Kh). O

3.3. Approximation. In this section we introduce a suitable interpolator on
€R(K)) and study its approximation properties. Let ZF™ : HY(Q) — €R(K})
be such that, for all v e HY(Q), ZF% (v) = Ry (v,) with

(14) Vi 3 v = (v(xk)) kek, ((0)p)Frere, )-
When applied to vector-valued fields, I,f% acts componentwise.

Lemma 10 (Approximation in €¢R(K)). For alln >0 in @) and all ve H*(Q)
there holds with vy, 1= I (v) € CR(K},),

(15) (Vo) = T(Vw),

where H% denotes the L?-orthogonal projector on IPg (ICh)d, Moreover, there exists
a real C' > 0 independent of the meshsize such that, for all h € H, all K € Ky, all
ve HY(Q) n HY(Ky), e {0,1}, there holds, with vy, := IF™ (v),

(16) Hv — 'UhHLQ(K) + hKHVv — thhHL2(K)d < Ch?l‘v‘Hul(K).

Proof. To avoid naming generic constants, we use the notation a < b for the in-
equality a < Cb with C' > 0 independent of the meshsize.

(i) Equality [H). For a given v € H(Q), let vy, be defined as in ([4). We start by
noting the following orthogonality relation (cf. [25, eq. (27)]) valid for all wy, € V),
and all K € Kp:

(17) > |Kr| R, (v) = 0.
FeFk
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AN EXTENSION OF THE CROUZEIX-RAVIART SPACE 11

As a consequence, for all K € K, there holds,

1 1
I (Vion) e = Gr(vi) = K] > FIwypnk r = TR Jope 7 = I}, (Vo)
FeFk oK

where we have used the planarity of faces and Green’s formula. Relation (ID)
follows.

(ii) Inequality ([I8). Let v € H'(Q) n H'TY(K},) and define v;, as in (). We
first estimate Vv — Vyup[ 12y, K € K. Using (@), the previous point, and the
triangular inequality we infer

Vv — VhUhHL2(K)d < ||V — H(})L(VU)HL2(K)d

1
2
+ ( >, |Kr| |RKF(Vh)|2> =T + %o

F(E]:K

Using the approximation properties of the L2-orthogonal projector it is readily
inferred that T; < hl|v| mi+1(k)- To estimate the second term, we preliminarily
observe that there holds for all F € Fx with wy, = H}lv (H}l denotes here the
L%-orthogonal projector on P} (K})),

Ry, () = == (W) — wn(@x) — Gic(vn)(@r — @) nic.r
(18) e

n
- (ax,Fr + Br,F) NK,F,
K,F

)

where ag p 1= <U>F—<wh‘K>F, B F = (th‘K — GK(vh)) (Tp—x ), and, since
wyk is affine in K, wy(xx) = Wy k) — Vwp g (TF — ). There follows from

equation (I8,

K K
B Y, |sz|\04K,F|2+ > ‘sz||ﬁK,F\2 =T21 + T
FeFx KF FeFyx KF

Using (@), the Cauchy—Schwarz inequality, the mesh regularity assumption (),
the fact that card(Fg) is bounded uniformly in h (cf. [I7, Lemma 1.41]), and
Proposition [1 it is inferred,

< 1 3 1 J 2
= — _— v —
2,1 d dK,F |F| h Wh,

FeFg

1 1 2 21 2
S o > EH” —walL20py S P l0]Ee k-
FeFg

On the other hand, since [Zr — x| < hx and both Vwyx and Gk (vy) are
constant on K, there holds

2
h‘K
2

To2 < Z |KF\d
K F

F(E]:K

|Vwpx — G (i)

1
< ?vah\K - H%(Vv)”iz(]()d S h%wﬁ{”l(K)a
3
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12 DANIELE A. DI PIETRO AND SIMON LEMAIRE

where we have used the mesh regularity assumption () together with (IH), and con-
cluded using the approximation properties of the L2-orthogonal projector. Gather-
ing up the bounds on ¥; and %5 it is inferred

(19) HVU - thhHLQ(K)d < th|v|Hl+1(K)-

To complete the proof of inequality ([IG)) it only remains to estimate ||v — vp| 12 (k-
To this end, letting again wy, := H,llv, we apply the triangular inequality to infer

lv —vnllLexy < v —whlz2ry + lwn — vnlL2x) == T + To.

The approximation properties of the L?-orthogonal projector readily yield T; <
hl[;r1|v|Hz+1(K). For the second term, we notice that for all F' € Fi and all x € Kp,
the linearity of both wy,x and vy, k. yields

wp g (&) =W k) + Vup (@ —TF),  vhk(T) ={)p + Vuy g (T —TF).

As a consequence,

fon = vy = [ (e =03+ [ [(Vangae = Vongae, @~ 0]

F F
=T 1 + %o
Using (@), the Cauchy—Schwarz inequality, and Proposition [7it is inferred that
|[FldK F di F 2(1+1
T = T(<wh|K —0p)? < T”wh\K — )2y S hi )"U@N“(K)'

Since |z — Zr| < hx for all € K and both Vwy, i and Vuy, g, are constant on
Kp, the estimate (I) yields
2 2 2(l+1 2
To2 < W Vwne = Vo ooy S B [0l i)

Summing over F' € Fp, using the bounds for T3 ; and T o together with the fact
that card(Fg) is bounded uniformly in h, it is inferred that To < hlI}F1|v|Hz+1(K),

thereby yielding v —vall2(k) < hlg1|v|Hz+1(K), and therefore concluding the
proof. O

Remark 11 (The matching simplicial case). When Kj, is matching simplicial, the
proof of Lemma [I0] can be simplified exploiting the result of Proposition @ to infer

inf - < inf _
vhecnz)la(zch) [v = vnllmr ey \vheé%(ich) v —vn] (k)

and conclude using the approximation properties of the standard Crouzeix—Raviart
space.

For all w € H(div; Py) == {v e L*(Q)? | VP € Py, V-(v)p) € L2(P)} let
(20) Dy (w) =TI} (V,-w).

An immediate consequence of the first point in Lemma [I0is that the discrete vector
space ER(K1,)? possesses the following approximation property.

Corollary 12 (Divergence approximation). Let v € HI(Q)d and vy, == I (v).
There holds

Dy (vp,) = TI9(V-v).
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AN EXTENSION OF THE CROUZEIX-RAVIART SPACE 13

Moreover, there exists a real C > 0 independent of the meshsize such that, for all
heH, all K € Ky, and all ve HY(Q)" A H' (div; K;) with

H'(div;Kp,) := {v e H(div;Q) | V,-ve H(Kp)}
and vy, = IF" (v),
HV"U — Dh(vh)HL2(K) + hK|V~’U — Dh(’l}h)‘Hl(K) < ChK‘V-’U‘Hl(K).

Thus, according to Corollary [[2and Lemma [I0 (which gives an H!-stability prop-
erty), Z¥™ can play the role of a Fortin operator [I0] for the Stokes problem; see
the proof of Lemma

4. APPLICATIONS

In this section we present two applications where the properties of the dis-
crete space (1) are instrumental in designing a suitable numerical approximation,
namely linear elasticity for quasi-incompressible materials and the Stokes problem.

4.1. Discrete Hj-norm. For problems naturally set in H} (), boundary condi-
tions can be accounted for in a strong manner by introducing the following subspace
of CR(Ky):

(21) Q:%o(lch) = mh(\/hyo), \/h,O = {Wh € \/h | VFp = 0, VF € .F}%h}

In the following proposition we show that the L?-norm of the broken gradient is
a norm on €MRy(K;,) by proving uniform discrete equivalence with the usual dG
norm; cf. [I7, Section 5.1]:

1
(22) ol = IVaonlaye +lonll fnli= D) o llonll3aey:
FeF; r
Ph

Proposition 13 (Discrete norm). Assume n = d in ([@). Then, there exists a real
C > 0 independent of the meshsize such that, for all vy, € CRo(Kp),

IVhvnll L2yt < lvnllac < CIV LR L2 q)a-
Proof. The notation a < b stands for ¢ < Cb with C' > 0 independent of the
meshsize. Clearly, |Vyvp|p20)e < [vnllac for all v, € €Ro(Kp). To prove that
lvnllac < HthhHLz(Q)d for all v, € €Ry(Ky), it suffices to show that |v|; <
HVh'UhHLQ(Q)d. Let P € Py, and F € Fp. Owing to the linearity of v, inside P there
holds for all © € P, vy p(x) = {vpp), + Voyp - (x —@r). This together with
Lemma Bl and the discrete trace inequality () yields
Ilonllzzcry = [lvn] = [valDplr2ry < hel[Vioa]ll g2 )

2 1
(23) §hl~é2 Z vah|PHL2(P)da
PE'PF

where we have set Pp := {P € P, | I < 0P}. Using ([22)) together with 23] and
the Cauchy—Schwarz inequality it is inferred that

= Y %Huvhﬂ — Toalyrlacm,

FE}‘”ph

S Z Z vah\P”iz(p)d S thvhniz(g)dv
FG]'—Ph PePr

(24)
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14 DANIELE A. DI PIETRO AND SIMON LEMAIRE

where the last bound is a consequence of the fact that the maximum number of
faces of a pyramid is bounded uniformly in h since Py, is shape- and contact-regular;
cf. [I7, Lemma 1.41]. O

4.2. Quasi-incompressible linear elasticity. We tackle here the question of the
accurate approximation of the linear elasticity equations in the quasi-incompressible
limit on general polygonal or polyhedral meshes. The main sources of inspiration
are the classical works of Brenner and Sung [9], and Hansbo and Larson [28/[29].

4.2.1. Setting. We consider a homogeneous elastic material occupying the polyg-
onal/polyhedral domain Q < R?, and whose mechanical properties are described
by the real Lamé parameters A and p with 0 < g < 400 and 0 < A < +00. The
mechanical behavior of the material is governed by the linear elasticity equations,

Veow) - f mQ

25
(25) u=0 on 012,

where u denotes the vector-valued displacement field, f € LQ(Q)d the forcing term,
and the Cauchy stress tensor is defined for all v e H 1(Q)d by Hooke’s law,

I

(v) :=2pg(v) + AV-vlq, e(v) := %(V'u + Vol).

Setting U := H&(Q)d, the weak formulation of problem (23] reads: Find uw € U

such that
(26) a(u,v) = (f,v) 2(q) YveU,
where a(u,v) := (g(u),g(v))2(q)aqa. The well-posedness of the weak formula-

tion (26]) relies on Korn’s inequality in U (cf., e.g., [I, Lemma 5.3.2]),
(27) IV 0l s < VI |payes Yo e U.

The use of Korn’s inequality can be circumvented for the pure displacement problem
using the following alternative Navier—Cauchy formulation: Find w € U such that
(28)

a(u,v) = (WVU, V) 2 gaa+ (1t + A) V-, Vo) 2 q) = (F,0) 120 VveU.

This naturally coercive formulation is equivalent to (26) for homogeneous materials
and pure Dirichlet boundary conditions. Throughout the rest of this section we
focus on this alternative form. The treatment of mixed-type boundary conditions
is addressed in Section EZ5l We recall the following regularity result valid in d = 2;
cf., e.g., [9 Lemma 2.2].

Lemma 14 (Regularity). Let d = 2 and assume that Q) is convex. Then, prob-

lem 23) has a unique solution u € Uy :=U n HQ(Q)d. Moreover, there exists
a real Cy, > 0 only depending on Q and p but not on X, such that, for \ large
enough,

(29) Ne(u) := [uf g2qpa + [AV-ulgi ) < Cul fll 120

This implies, in particular, that, if A — 400, the divergence of the displacement
field approaches zero, corresponding to a quasi-incompressible material; cf. [19] for
a generalization to composite materials.
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4.2.2. Discretization. Let K belong to an admissible mesh sequence in the sense
of Definition[dl We consider an approximation of the displacement field in the space

U, = R (Kn)",

with €Rg(Kp,) defined by (ZI). Henceforth we assume the choice n = d in (),
so that the continuity of mean values stated in Lemma [ holds. Lowest-order,
locking-free discretizations of (23] satisfy an estimate of the form

(30) lu —unfa < CRf] L2 (02,

where |||o; is a (discrete) energy norm and C' > 0 is a constant possibly depending
on x4 and on the mesh regularity parameters but independent of h, A\, and w. The
key point is here that the multiplicative constant in the right-hand side of (30)
does not blow up in the limit A — +00, i.e., the method converges uniformly in \.
To obtain ([BUl) we prove that in general space dimension there holds with N (u)
defined by ([29),

Hu — uhHel < Celh-/vel(u)u

where C.; > 0 has the same dependencies as C, and then invoke the regularity
estimate in Lemma [I4] to conclude in d = 2. The discrete problem reads: Find
up, € Uy, such that

(31) an(un, vp) = (f,0n) 200 Vv € Up,

with discrete bilinear form aj, such that

ap(w,v) :=(uVrw, Vi) 12 qpaa + (WVrw, Vo) 2(0)
+ (ADp(w), Dy (v)) 12(0)-

The last term in the right-hand side is treated using the discrete divergence Dy,
defined in Corollary [[2] since the approximation properties of Dy, are instrumental
to ensure that A only appears in terms of the form [AV-u|g1(q) in the right-hand

side of the error estimate (cf., in particular, the bound for the consistency term in
the proof of Theorem [I8]).

(32)

Remark 15 (Implementation). In 31, cell-centered unknowns for a given element
K € Ky, are only linked with the face unknowns located on the boundary of K.
As a result, they can be locally eliminated by taking the Schur complement of
the corresponding block in the local matrix. This requires, in general, to inverse
a d x d matrix. However, this cost can be further reduced by replacing in (32)
the term (uVp-un, Vi-vp)r2) by (uDnp(un), Dn(vn))r2). This choice avoids,
without jeopardizing the approximation, the interaction of the cell unknowns for
the different components of the displacement, hence the corresponding block of the
local matrix is diagonal and trivial to invert.

The energy norm associated to the bilinear form ay, is
(33) [l = an(v,0) = [V 4ol 7 qaa + 1172V av|F2iq) + 1N Di(v) 72 (q).
Lemma 16 (Coercivity). There holds for all vy, € Uy,

an(vp, vp) = |vn)3 = /J‘HthhH%Z(Q)d*d'
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16 DANIELE A. DI PIETRO AND SIMON LEMAIRE

The well-posedness of the discrete problem (BIl) then follows from the Lax—
Milgram Lemma and Proposition Now let Uy, = Uy + Uy, with Uy defined
in Lemma [I4, and extend the bilinear form ay, to Uyp x Uyy. Assuming u € U,
ensures that the boundary terms in the expression of the consistency error are
well-defined; cf. Lemma [I7l This additional regularity is verified, e.g., under the
assumptions of Lemma [[4]

Lemma 17 (Weak consistency). Let uw € U denote the solution to [28) and addi-
tionally assume w € U,. Then, there holds for all vy, € Uy,

a‘h(uvvh) = (f,vh)LQ(Q)d + gh(vh)a
where, letting (u) := pVu + (u+ A)(V-u)lq,
(34) Sh('vh) = Z (g(u)np, [[vhﬂ)L2(F)d + (/\(Dh('u,) — Vu), V}L-’U}L)Lz(g).
FE]:ph

Proof. Observing that ()\Dh(u), Dy, (’vh))Lz(Q) = ()\Dh(u), Vh-’vh))Lz(Q), and sum-
ming and subtracting (AV-u, Vj,-vp,)12(q) from the right-hand side of ([B2)) with
(w,v) = (u,vy) yields

ah(u, ’Uh) = (;(u), Vh’Uh>L2(Q)d,d + ()\(Dh(u) — V’LL), Vh~’Uh>L2(Q).

Integrating by parts the first term elementwise, rearranging the boundary contri-
butions, and using [z(u)]rnr = 0 and {z(u)}rnp = £(u)np for all F € Fj, , it
is inferred that

(z(w), Vavn) p2iqyae = —(V-Z(w),00) p2iqpe + Y, (Z(w)np, vpp) 2 (op)

PePy,
= (f,vn) 2 + Z u)[np, {vn}) 2
Fe]-"
+ Y (z(@)}nge, [oa]) ra ey
F(E]:'ph
= (f,vn) 2 + Z (z(w)np, [vn]) p2(pyes

FE]'—Ph

where we have used —V-z(u) = f a.e. in Q in the second line (cf. ([28))). This

concludes the proof. |

In the following theorem the continuity of mean values at interfaces plays an
important role in estimating the boundary contribution in the consistency error.

Theorem 18 (Error estimate for BI)). Let w € U denote the solution to (28]
and additionally assume uw € Uy. Then, there exists Coq > 0 independent of the
meshsize, of X\, and of u such that, denoting by u, € U}, the solution to (B,
there holds

(35) [u —upla < CahNa(u).
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Proof. We note a < b the inequality a < Cb where C' > 0 has the same dependence
as the constant Cy in ([B8). The Cauchy—Schwarz inequality yields boundedness in
the form ap(w,v) < |w]al|v]ea for all (w,v) € Uygp x Uy, This, together with
Lemmas [I6 and [T and the Second Strang Lemma [32] (cf. also [24] Lemma 2.25]),
yields:

£
(36) lu—uple < inf Ju—wvpfa+ sup [En(on)l . _ T+ T
vpeUy

v,eU,\{0} |vnle

The first term in the right-hand side depends on the approximation properties of the
discrete space in the |-[q-norm, while the second is linked to the consistency error.
Let wy, := Zf™(u) € Uj,. Using Lemma [I0 twice and Corollary [[2 respectively to
treat the three terms in the right-hand side of [B3]) with v = u — w), we infer,

(37) Ty < JJu— whla < k) g2 gy + BNV oul g q).

To treat the consistency error, denote by %51 and T3 > the two terms in the right-
hand side of ([B4]). Let

b 1= (V- I0(Vu)), ¢y :=s(V-u—T07(V-u)), with s e {u, \}.

Clearly, v, = tr(¢,). Using the continuity of mean values at interfaces together

with the fact that both {uII)(Vu)}p and {sII) (V-u)}r, s € {u, A}, are constant
on every F' e Fp,, it is inferred that

Toa = Y, (zw) —1(z(w)}np, [vr] = [wrl)p) L2

FeFp,
= Z ({&'H/’ul__d}nm [[vhﬂ _<[[vhH>F)L2(F)d
FeFp,
+ 3 ({atnr, ol = Qualdp) o (rye-
FeFp,

The Cauchy—-Schwarz inequality followed by the trace inequality (B) with Sy, = Py,
the fact that the maximum number of faces of a pyramid is bounded uniformly in
h, the approximation properties of the L2?-orthogonal projection, and (24) yield

%
To1 < { Z <|¢#PL2((‘)P da T 1/b\P%Z(@P)) }

PePy,

(38) ;
{ > hptllval = Qoal)sl? F)d}

FE]:ph
< hNa(w)||vp e,

where the bound [V,vp|2(g)aa < |vnle is a consequence of Lemma [[6 Finally,
using the Cauchy—Schwarz inequality together with the approximation propert1es
of the L?-orthogonal projection and Lemma [[8]it is inferred that

(39)  Topo < AI(V-w) — Vu)|r2(0)| Vavnlrz@) < PIAV-4l g o) |vn e

Using inequalities (87)), ([B8)), and (39) to bound the right-hand side of (B8] the
conclusion follows. O
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FIGURE 3. Members of the mesh families for the numerical test of Section

Corollary 19 (Uniform convergence with respect to X\ in d = 2). If d = 2 the
locking-free error estimate BQ) holds with C = CqC,,.

Remark 20 (Use of Lemma [I4]). In the proof of Theorem [I8 the a priori bound on
AV u| g1 (@) is only required to bound Ty. For T, the weaker regularity estimate

lw] g2y + N2V -ul i) S £ L2 s sufficient.

Remark 21 (L2-error estimate). Optimal error estimates for the L2-error on the
displacement can be derived using the Aubin—Nitsche trick based on the symmetry
of the method.

4.2.3. A numerical example: the closed cavity problem. To assess the robustness
of the method (BI)) in the quasi-incompressible limit, we consider the closed cavity
problem of Hansbo and Larson [29]. Although this problem does not exhibit the
regularity required by Theorem [I8 it is included as it is one of the simplest bench-
marks for numerical locking. The implementation relies on the general framework
recently introduced in [I8], to which we refer for further details.

We let Q := (0, 1)27 f = 0, and prescribe a horizontal displacement u = (1,0)
on the upper side and u = (0,0) on the remaining three. The elastic modulus and
Poisson’s ratio are chosen as F = 1000 and v = 0.4999 respectively. The Lamé

parameters can be derived from the relations A\ = (1+u§(E1‘72u)’ W= 2(1‘31/), which

show, in particular, that A\ — +o0 as v — 1/2. The discrete problem (BIJ) is solved on
the four mesh sequences depicted in Figure[Bl From each mesh family, a coarse and
a fine mesh are selected featuring roughly the same number of elements. Figure @l
depicts the values of the horizontal displacement w1 along the vertical centerline
x1 = 1/2 as well as the values of the vertical displacement uy, o along the horizontal
centerline 25 = 1/2. The results of the (more expensive) dG method of [I9] on the
matching triangular mesh are also included for comparison. As predicted, no sign
of numerical locking is observed.

4.2.4. Variations and links with finite volume and finite element methods.

Flux formulation and local conservation. Following [25] Section 2.4] it is pos-
sible to reformulate the discrete bilinear form (B2) in terms of numerical fluxes.
More specifically, introducing Uy, := \/%’O where V}, ¢ is defined by 1), let wp,, v, €
U}, be two discrete functions and denote by wp = (wpi)i1<i<da € Up and v, =
(Vh.i)1<i<d € Uy, the corresponding vectors of DOFs, where, for all i € {1,...,d},
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—— dG [19] — Triangular Kershaw Trapezoidal Hexagonal
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FI1GURE 4. Results for the closed cavity problem on a coarse and a
fine mesh extracted from the mesh families of FigureBl Solid lines:
horizontal displacement wuj, 1 along the vertical centerline. Dashed
lines: vertical displacement w2 along the horizontal centerline.

wp,; and vy, ; are the vectors of DOFs associated to the ith components of w; and
vy, respectively. Our goal is to show that there exists a family of numerical fluxes
(®r,r(Wh))KeK,, Fer, With @k r(wi) = (Pk Fi(Wn))1<i<a such that

(40) an(wn,vp) = Y D1 D Propilwn) (Ve — vk,

i=1 Keky, FeFk

with ap, defined by ([B2). The main interest of this alternative formulation is that
it allows us to prove a local conservation property similar to those encountered
in standard finite volume methods. Recalling the expression [{Q) for the bilinear
form aj and using the cell center as a quadrature node to approximate the right-
hand side in each element, the discrete problem (BI)) in algebraic form reads: Find
up, € Uy, such that for all v;, € Uy, there holds,

d d
1) YT D @pilun)(vri —vka) = Y. Y K| filzk)vk
i=1 Keky, FeFk i=1 Keky,

Consider now an interface I’ € .F,ich such that F' < 0K; n 0K>, and let vj ; be such
that vp; = 1, vpr; = 0 for all F' € Fi, \{F'}, and vg,; = 0 for all K € Kj,. There
follows from (A1),

(42) Qe ri(un) = —Pr, 7ai(un),

i.e., the method is locally conservative. An important remark is that the loading
term does not appear in [{2) since its approximation in (@I only involves cell
DOFs.
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Proposition 22 (Flux formulation). For all wy, v, € Uy, the flux formula-
tion [@Q) is obtained setting for all K € Ky, F € Fk, and i€ {1,...,d},

Pr,pi(wn)= Z |KF/lNGKpr(Wh,i)'y§’,F
F/G]:K

d
+ (Z 1Gr (Wh,j)+)\GK(Wh,j)> € (y?,p'ei)] ;
j=1

where wy, vy, € Uy, are the vectors of DOFs associated to wy, and vy, respectively,
(e;)1<i<a denotes the canonical basis of RY, and

F _ .

4 K Jfemer gk ( — R (@ — J’K)) ngp  if F=F,

(43)  ¥rpi=q Ik P T therwi
‘Kan F — dK,F’lK‘ nK,F'(wF’ — IBK)TLK)F/ otherwise.

Proof. For all vj, € Vy,, all K € Ky, and all F' € Fg there holds with G, (vs)
defined by @) (cf. [25] eq. (26) et seq.]),
(44) GKF/ Wh Z yF’ ’UF — UK) .
FeFk
Using () and ([IT), and observing that

(ADw(wn), Dp(vn))r20) = (ADn(wr), Vi-vn) 120

owing to (20) together with the properties of the L?-orthogonal projector, it is
inferred that

h(Wh, V) Z > D IKe| l,UGKF/(th)

i=1 Keky F'eFi

d
+ (Z ,uGKF/ (th')'ej' + )\GK(Wth)'ej> ei] .GKF/ (Wh,i)~
j=1

The conclusion follows using the expression ([@4) for G, (va,;) and exchanging the
sums of indices F' and F”. O

Link with the Crouzeix—Raviart solution on matching simplicial meshes.
Assume that ICj, is a matching simplicial mesh and let

CRo(Kp) := {vn, € CR(Kp) | vn(Tp) =0, VE € FR, },

and U, := CRo(Kr)?. We show in this section that a suitable modification of the
right-hand side allows us to recover the Crouzeix—Raviart solution u;, € U}, such

that (cf. [9]),
(45) an(tn,vn) = (f,vn)r2)s  Yon € Up.

Let W(Py) := {v e HY(Py) | {[v])y =0 for all F € F, }, and denote by ZFF :
W (Pp) — CR(K},) the interpolator that maps a function v € W(Py,) on the function

n = IR (v) € CR(Ky,) such that v, (Tp) = (v)p for all F e F,. We consider the
following variation of 3I): Find uj € U}, such that

(46) an(un,vp) = (£, 5% (vn)) 2~ Yon € Uy,
where the sole difference with respect to ([BI]) lies in the treatment of the right-hand
side.
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Lemma 23 (Relation between [AH]) and Q). There holds up = Q.
Proof. Let Uy, 3 Up, = (Un,i)1<i<a be such that, for i e {1,...,d},
= ((Un,i(xK))Kex,, (Un,i(TF))Ferc, ) € Vno-

Clearly, for all K € ICh, all F e Fi,and all i € {1,...,d}, Rk, (0p,;) = 0, hence
Grp(Un:) = Gr(Uh,) = (Vhﬁh,i)\K~ As a consequence, 4y, = MRy, (Uy,). Accounting
for this fact, there holds for all v, € Uy, such that v;, = Ry, (vp,) with v, € Uy,

d
an(@non) =Y, ) D, IKel{Gk(@n.0) G (vhi) + nGic(in,i) € Dicy (v1)
i=1 Kek, FeFk

+ /\GK(@h,i)'eiDK(Vh)}

d
=2 3 K rGu(@n0-Grloni) + (n-+ NG (on,) D ()}

=1 Keky,
= an(tn, Iy N (vn)) = (£, 2y (vn)) 2()e
where the first passage is a consequence of (7)) and we have let, for the sake of con-
. d d .
ciseness D (vi) := 235 Gk (vh,5)-€; and Dy (v) == 25 Gkp (v j)-€j. Owing
to the coercivity of ap, problem (G admits a unique solution and we therefore
conclude that @, = uy,. O

4.2.5. Mized-type boundary conditions. We describe here a possible modification
of the method that allows us to account for homogeneous mixed-type boundary
conditions (the generalization to the nonhomogeneous case is straightforward). The
continuous problem reads

—Vg(u)=f in Q,
(47) u=0  ondQP,

alun=0 on NN,

where QP and 0ON are such that QP = @, 0QP noQN = @, and 9QP LION = 9.
Let U := HA(Q)? with HL(Q) := {ve H'(Q) | vjpqp = 0}. In this case, the weak
formulation (28] is no longer equivalent to the continuous problem ([@T), and (28]
must be used instead: Find w € U such that

(48) ( ) (f7 )LQ(Q VveU.

The well-posedness of the weak formulation (@8] relies on Korn’s inequality (27),

which is still valid on the space Hp (Q)d (up to a multiplicative constant depending
on 002P). Likewise, the regularity estimate of Lemma [ holds for problem ([T in
the case of a convex polygonal domain with the above definition of U and U, :=

UnH? (Q)d. We introduce the following H}-like discrete space to approximate the
displacement field:

CSRD(ICh) = %h(\/h,D), Vh,D = {Vh eV, | vp =0, VF e ]:}é”?},

where ]-",2’:3 = {F e F¢, | F c 0QP}. We also introduce the set .7-",2’:1 =
]—"}%h\f}é’?. We first note that |Vxvp|p2(ge is still a norm on €Rp(Kp). Owing
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22 DANIELE A. DI PIETRO AND SIMON LEMAIRE

to the nonconformity of the space we consider, Korn’s inequality only holds in the
following generalized sense (cf. [7, eq. (1.12)]):

2

19401120y = e (Izn() s + 1000 )

forany v = (vi),<;<q € Hl(Ph)d, where Ck > 0 is independent of the meshsize (but
depends on © and on the mesh regularity parameters), and |v|j , 1= Zf 1 vl p
with \v@ b: ZFEfP AFEN ht[v] HLZ(F) A completely analogous difficulty arises
for the standard Crouzelx Raviart space. To overcome this problem, we take in-
spiration from [29] and consider a discrete version of the bilinear form a which
incorporates a least-square penalization of jumps. More specifically, letting U}, :=
C%D(Kh)d, the discrete problem reads: Find uj, € U}, such that

(49) &h(uhvvh) = (fvvh)L2(Q)d Vvy € Uy,

where the discrete bilinear form @y, is given by
an(w,v) := (2uen(w),en(v)) 2 (gya.t + (ADp(w), D (v))r2(0)

(50) + Y hE@ulwl, []) e

FeFp, \F\

It is worth observing that, while the idea of penalizing jumps to recover a discrete
Korn’s inequality appears natural in the present approach, this is not the case in
other related frameworks for which the notion of affine reconstruction does not
necessarily make sense.

Remark 24 (Implementation). We stress that in this case it is not possible to inte-
grate the penalty term in (B0) using the face barycenter as a quadrature point, since
this would yield a vanishing contribution. A quadrature rule exact for polynomials
of degree at least 2 must be used instead. We shall also stress that it is possible to
reformulate the method in terms of face unknowns only as for the pure displacement
problem (cf. Remark [[3), since, actually, the penalty term does not establish any
link between neighboring cell unknowns. However, note that this jump’s penaliza-
tion highly increases the stencil of the method in terms of connections between face
unknowns.

The energy norm associated to the bilinear form ay is
1 1
(51) o] = an(v,v) = [(21) *en(0) 32 qyaa + [N Da(0)[F2(0) + (21) 03 .

Lemma 25 (Coercivity). There holds for all vy, € Uy,
an(vn,vn) = |vnld = 2u0§2|\thh\|2L2(Q)d a
The well-posedness of problem [{d]) is now straightforward. Defining Uy, :=
U, + Uy and extending ay, to Uy X U4y, the convergence analysis can be carried

out in a similar way as in Section £.2.2] Assuming u € Uy, the consistency error
becomes, for all v, € Uy,

Enlon) = Y, (g(w)np, [vn]) p2(pya + A(Dr(u) = Vou), Vivp) 2 ).
FeFp, \F¢
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Using the same notation as in the proof of Theorem [ with wy, := ZF™(u) € Uy,
the term ¥ can be handled as

T1 < |lu — wifa < hluf g2 + WPV w0y,

using Lemma [0, Corollary [[2], and the trace inequality (@) with S, = P}, combined
with Lemma [I0] respectively, to treat the three terms in the right-hand side of (&)
with v = u — wy. The remaining terms can be treated by using exactly the same
arguments as in the proof of Theorem As a result, if d = 2, we again obtain a
locking-free error estimate of the form (30).

4.3. Stokes: inf-sup stability and large irrotational body forces. In this
section we briefly discuss an inf-sup stable method for the Stokes problem with
velocity components in €R(K),) and piecewise constant pressure. We also pinpoint
a general strategy for the treatment of large irrotational forces and apply it to the
proposed method.

4.3.1. Setting and discretization. The link between locking-free approximations of
linear elasticity and inf-sup stable approximations of the Stokes problem is well-
known; cf., e.g., the discussion in [I0, Section VI.3]. We consider here a Newtonian
fluid of constant unit viscosity whose motion is governed by the Stokes equations,

“Au+Vp=f inQ,
Vau=0 in{,
(52) u=0 on 0%,

Jp=0,
Q

where f € LQ(Q)d represents the volumetric body force acting on the fluid. Let
U = HY(Q)?, and P := L2(Q) with L3(Q) := {g € L*(€) | §,q = 0}. The weak
formulation of problem (52) reads: Find (u,p) € U x P such that

(53) a(u,v) +b(v,p) — b(u, q) = (f,v) 20 V(v,q) €U x P,

where a(u,v) = (Vu,Vv)2gyea and b(v,p) := —(V-v,p)r2(q). To approxi-
mate (B3), let I, belong to an admissible mesh sequence and define the following
discrete spaces:

Uh = Q:%o(lch)d, Ph = Pg (Kh) M Lg(Q)

We equip U, with the norm |v|y := [V,v]2(q)aa (see Proposition [H), and Py,
with the norm [g||p := |q[z2(q). We assume in the following n = d in (@), so that
the continuity of mean values stated in Lemma [8] holds, and consider the following
discrete problem: Find (up,ppn) € Uy x P such that

(54) an(wn,vn) +bn(Va; Pr) —ba(wn,qn) = (fsvn)p2pe V(0n,qn) € Un X Py,

where ap(w,v) = (Vhw, Vo) 2 gyaa and by(v,q) == —(Vpv,¢)12(q). For all
(v, qn) € Uy, x Py, there holds
(55) br(Vh,qn) = —(Dn(vnh), qn)r2(0)-
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Lemma 26 (inf-sup stability for by,). There exists > 0 independent of the
meshsize, such that, for all q, € Py,

by, (wp,
(56) ﬂthHP < sup M
wheU\fo}  |walu

Proof. We sketch the proof for the sake of completeness. Let v € U and v), :=
I (v) € Uy,. Using the triangular inequality followed by (I8) with [ = 0, it is
inferred with C' independent of the meshsize, |vp|u < [Vv — Vivp|p2gyea +
V]2 (q)aa < Clv] g1 (q)a- This H'-stability property together with Corollary [2]
and (BH) show that ZF™* can play the role of a Fortin operator, and (56 results
from an application of [10, Proposition II.8]. |

The well-posedness of the discrete problem (&4)) follows from Lemma 26 together
with the coercivity of a; (an immediate consequence of Proposition [[3]). Moreover,
as pointed out in [I0, Section IV.3], the inf-sup condition proved in Lemma[20]is inti-
mately linked to the good behavior of the method (BI]) in the quasi-incompressible
limit. In fact, for inf-sup stable approximations of the Stokes problem with dis-
continuous pressures, one can obtain a locking-free primal method for the pure
displacement problem of elasticity by performing static condensation of pressures,
which is equivalent to introducing a projection on divergence terms (this strategy
can, e.g., be pursued for the method of [5L[0]).

Using classical arguments, one can prove the following result, which is invoked
in the discussion of Section [£33l As in Theorem [I8 the continuity of mean values
at interfaces is used to bound the consistency error. Optimal error estimates for
the L2-error on the velocity can also be derived using the Aubin-Nitsche trick.

Theorem 27 (Error estimate for (54))). Assume u € U n H2(Q)d and p € P n
HY(Q). Then, there holds with C>0 independent of the meshsize, of w, and of p,

[(w—wn,p —pr)lsto < ChNgio(u,p),
where
[0, )20 = [0lEr + lalp  and  Nato(w,p) == [[u] g2yt + [ 1 (-
4.3.2. Variations and links with finite volume and finite element methods.
Flux formulation and local conservation. Let (wy, ), (vn,qn) € Up X Py

be two discrete functions, and denote by (wp,rp), (va,an) € Up x P the cor-
responding vectors of DOFs, where we have set U, := Wg,o and P, = {g, €
REn | Yker, K1 = 0}. Then, proceeding as in Section EEZ4] one can show
that for the two families of fluxes (®x r(Wn,Tn))Kek),, Ferx With @ p(wp, 1)) =
(Px ri(Wn,h))1<i<d and (¢p (wh))pe]:,ch such that (the expression for the vectors
Yf g is provided in Proposition 22)

Qx pi(wh,rn) 1= Z |Kp | (Grp (Wni) + 7€) Yb by
F’G}-K

d
Sr(wn) = |F| Y wryne,,
j=1
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there holds,

an(wn, vp) + bn(vn, 1) Z Z Z Pk, mi(WhsTn) (VR — VKLi),
(57) i=1 Kek), FeFk

—bn(wn,qn) = Y, ér(wa)lon]r,
FE]‘—}ch

where aj, and by, are defined as in Section 3] and, with a slight abuse in nota-
tion, we have set for all F' € Fi,, [an]F := [gn]r. Approximating the right-hand
side as Z?=1 Yrek, K| filzr)vk, in (), and proceeding as in Section L2, one
can prove that for every interface F € ]:/ich such that F' ¢ 0Ky n 0K5 there holds
@, p(up, pr) = —Pr, r(up, Pr), where up, pp, are such that w;, := %Ry (uy) and
pr = Rp(pr) with (up,pp) € Uy, x Py, solution of (B4]). Moreover, the mass flux
¢r(up) is single-valued, and therefore conservative.

Link with the Crouzeix—Raviart solution on matching simplicial meshes.
Assume Kj, matching simplicial. The classical Crouzeix-Raviart/PY method con-

sists in finding (@p, pr) € U, x P, with Uj, := CRo(K1)? such that
(58) an(@n, ) +bn(vn, pn) —bn(@n, qn) = (F,vn) 2ye V(0n,qn) € U x Py,

Then, proceeding as in Section 224l one can easily show that the solution to (GS))
can be recovered replacing the right-hand side of (B4]) by (f,I}?[R(vh))p(Q)d.

4.3.3. Large irrotational body forces. We close this section by discussing a general
modification applicable to any suitable discretization of the Stokes equations that
allows a proper treatment of large irrotational body forces, and we apply it to the
method (B4)). We assume here that the following Helmholtz decomposition of the
volumetric body forces in (B2) is available:

(59) JF=¥-Vop,

where ¥ € Hy(div;Q) := {v e H(div;QQ) | V-v = 0} is a solenoidal vector field
and p € HY(Q) n L3(Q) is a scalar potential. It has to be noted that the decom-
position ([B9) is not always easy to obtain. The weak formulation of problem (&2)
with right-hand side given by (BI)) reads: Find (u,p) € U x P such that

(60) a(u,v) + b(v,p) — b(u, q) = l(v) V(v,q) eU x P,

with bilinear forms a and b defined as in Section B3I and I(v) := (¥, v)2(q)a —
b(v, ¢). Denoting by (uw, pw) the solution to (G0 with ¢ = 0 (no irrotational body
forces), there holds

(61) U= Uy, P =Dpw — .

As pointed out in [27], mimicking or approaching property (61I) at the discrete level
is a key ingredient to obtain an accurate approximation of the velocity field for
large values of || g1 (). We hence consider the following approximation to (G0):
Find (up,pr) € Uy x Py, such that

(62)  an(un,vn) + bn(vn,pn) — bn(un, qn) = ln(ve)  Y(vn,qn) € Up x P,
with bilinear forms aj, and by, defined as in Section [£:3.1] and

In(vn) == (\]?7vh)L2(Q)d - bh(vhvn(f)L@)-
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The sole difference with respect to (B4) lies in the treatment of the source term,
which is designed so that the following property holds true.

Proposition 28 (Discrete counterpart of property (61))). Denote by (ww n,pw.n)
the solution to problem (G2) with ¢ = 0. There holds

0
Up = Uy p, pr = pw,n — .

The following result shows that the velocity approximation is not affected by the
irrotational part of the source term.

Theorem 29 (Error estimate for ([62))). Assume u € U n HQ(Q)d and p € P n
H'(Q). Then, there holds with real numbers C; > 0 and Cy > 0 independent of
the meshsize, of w, and of p, but depending on the mesh reqularity parameters
and on 2,

[u —up|u < CrhNo(uw, pw), Ip — pulp < Coh (Nato(ww, pe) + ¢l (@) -

Proof. Using Theorem 27] for the approximate solution to problem (B0) with ¢ = 0,
we infer |[ug — v nl|u + |[pe — penllp < ChNso(uw, pw), where C' > 0 has the
same dependencies as Cy and Cy. The estimate for |u — up||y is an immediate
consequence of ([GI]) and Proposition[28 To estimate |p—pp||p we invoke again (GI])
and Proposition 28 to infer [p—pn|p < [lpe —porlp + o — I ¢| p, and conclude
using the above estimate for |[pg — pw »||p and the approximation properties of the
L?-orthogonal projector. O

In practice, one can solve the problem with ¢ = 0 and then post-process the pres-
sure approximation according to Proposition 28 To check the theoretical results,
we consider a numerical example based on the following manufactured solution on
the unit square domain 2 := (0,1)%:

uyp = —e" (zg cos(xe)+sin(x2)), wue = e“'xgsin(za), pe = 2exp(xy)sin(ze)—C,
with C' such that pg has zero-mean on €2, ¥ = 0, and a potential
© = xsin(2mzy) sin(27zs),

where x is a positive parameter that allows to adjust its intensity. In Figure [ we
compare the numerical results obtained with the modified right-hand side (62)) to
those obtained with a standard treatment (B4]) for the triangular and hexagonal
mesh families depicted in Figure Bal and Bd] respectively. The results confirm that
a standard treatment of the right-hand side does not yield satisfactory results.

APPENDIX A. MIMICKING THE PROPERTIES OF THE LOWEST-ORDER
RAVIART-THOMAS SPACE ON GENERAL MESHES

In the spirit of Section [B.1] it is possible to extend two classical properties of
the lowest-order Raviart—Thomas space to general polygonal or polyhedral meshes,
namely: (i) the (full) continuity of normal components of discrete functions at
interfaces and (ii) the existence of an interpolator which preserves the mean value
of the divergence inside each element. Since the construction as well as the proofs
are similar to the ones presented in Section [B] only the main points are detailed.
For a matching simplicial mesh, we introduce the broken polynomial space

(63) RTY (K1) := PY (Kn)" + 2PY (Ka) -
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(A) Triangular mesh family (B) Hexagonal mesh family

FIGURE 5. Effect of the treatment of the right-hand side (62)
(Modified, solid lines) vs. (4] (Standard, dashed lines) when large
irrotational volumetric forces are present. For a standard treat-
ment of the right-hand side, the error on the velocity increases
with .

The standard lowest-order Raviart-Thomas space is the subspace of H (div; Q) of
functions belonging to IRTTS (Kr). To perform a similar construction on general
polygonal or polyhedral meshes, we consider the following space of DOFs, com-
posed of vector cell unknowns and scalar face unknowns associated to the normal
component of the discrete vector field:

Vi i={vn = ((vk € [Rd>K€/Ch,’ (vf € R)Feflch>}'

As it is the case for the extension of the Crouzeix—Raviart space discussed in Sec-
tion Bl cell unknowns are used to define a piecewise constant subgrid correction
on the pyramidal submesh. The main difference with respect to the construction
of Section ] is that we now define an isotropic instead of a full gradient operator.
More specifically, we introduce the operator &y, : V;, — PY (P},) which realizes the
mapping vy, — & (vp) with

@h(vh)lKF :GK(Vh)+RKF(Vh), VK € Ky, VF € Fk,

where
1
Gk (vp) = dIK| Z |[Flvpnpng F,
(64) FeFk
Rip(va) = dre r (vpnp — vk — Gg(vy)(Tr — xK)) NK,F,

and 7 > 0 is a user-dependent parameter. Extending the definition (63), we intro-
duce the reconstruction operator DRy, : Vj, — RTY (P,) which realizes the mapping
vy > %h(vh) with

(65) mh(wh)‘KF(a:) =UK+Q5h(Vh>|KF(CL'—CL'K), VKr e P, Ve Kp.
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Unlike ([0, there holds for all K € Ky, vk = Ru(vy)(xk), i.e., the cell unknown
can now be interpreted as the value of the reconstruction at the cell center. This is
a consequence of selecting the cell center as a starting point in (G5). We consider
the discrete space

RE(Kp) :=Rp(Va).
Lemma 30 (H(div;2)-conformity). Assume n =1 in [@l). Then, for all v}, €
NRT(Ky) and all F e F};h, there holds for all x € F,
[vi]r(x)nF = 0.

Proof. Let v, € RT(K},) with vy, = Ry (va), F € Fp,, and & € F. We distinguish
two cases.

(i) F e ]-",ich is an interface of the primal mesh KCj, such that F' < 0K; n 0Ko.
For ¢ € {1,2} let, for the sake of brevity, G; := Gg,(v), Ri := Rk, (vp), d; :=
dKi,F(nKi,F'nF)u and

;= Ri(x —xzk,)np = Rid; = n(vpnp — vk, — Gi(Tp —xk,)) Np,
where we have used the fact that x € F to infer (x —xk,)-np = d; and the fact that
np =ng, p = —Nkg, r to infer (ng, pnp)ng, F = np. Algebraic manipulations
yield

ap — Qg = —1 [(’UK1 — UK2)~71F + Gidy — ngg] .
Using the previous relation in the definition of the jump at @ € F it is inferred that
[vn]r(®)np = vp K, o (®) PP — Vpr, e () 1P
= ('UKl — vK2)~nF + Gidy — Gada + a1 — ag
= (]. — 77) [('UKl — ’UK2)~TLF + Gidy — ngg] .
As a consequence, the jump vanishes provided n = 1.

(i) F € Fp, \Fy, is a lateral pyramidal face such that there exist a unique
element K € Kj, and two faces Fy, Fy» € Fi such that ' < 0Kp, n 0Kp, (cf.
Figure ). There holds, letting for the sake of brevity R; := Ri, (vn), i € {1,2},

[vrlr(x)nE = vh ke (&) PE — Vhkp, () 0E = (Rl — Ro)(z — k) mp =0,

since (x — x i) and np are orthogonal by definition. This concludes the proof. O

Remark 31 (Role of 1 in the proof of Lemma[30]). Unlike Lemmal[8 the parameter n
is here used to enforce the continuity of the normal component across the interfaces
of the primal mesh rather than across lateral pyramidal faces.

Let ZRF : HO® & MT(K),) be such that ZRF (v) := My, (vs) with

Vi 3 v, = (Iv(ex)) kek,, (V) pnp)rer, )

The following result summarizes the most relevant approximation properties of
I,?“T. The proof is omitted as it closely resembles that of Lemma

Lemma 32 (Approximation in RE(Ky)). For alln >0 in ([64) and all v e H®*
there holds with vy, := I7¥* (v),

Dy (vp,) = TI(V-v).
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Moreover, there exists a real C > 0 independent of the meshsize such that, for all
heM, al K €Ky, and all v e HD A H'(div; Kp,) with vy, := I}¥¥(v), there
holds

lv— ”hHL2(K)d + [ Vv = Di(vn)|r2(x) < Chi (|U|H1(K)d + |V"U|H1(K)) .

Remark 33 (The matching simplicial case). When K}, is matching simplicial, in the
spirit of Proposition[d we can prove that the lowest-order Raviart—Thomas space is
a subspace of MT(Ky,). We also emphasize that the assumption = 1 in Lemma [30
is mandatory for the continuity of normal values at interfaces also in the matching
simplicial case.
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