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Abstract 

This paper describes extensions to the widely used TNO MF-Tyre 5.2 Magic Formula tyre model. The Magic 

Formula itself has been adapted to cope with large camber angles and inflation pressure changes. In addition the 

description of the rolling resistance has been improved. Modelling of the tyre dynamics has been changed to 

allow a seamless and consistent switch from simple first order relaxation behaviour to rigid ring dynamics. 

Finally the effect of inflation pressure on the loaded radius and the tyre enveloping properties is discussed and 

some results are given to illustrate the capabilities of the model. 

 

 

 

INTRODUCTION 

Since its conception over 20 years ago, the Magic Formula has fairly quickly been adopted as the industry 

standard tyre model for vehicle handling simulations. Over the years various developments have been made to 

improve the accuracy and to extend the capabilities of the model, for example the method to describe combined 

slip has been improved and a special Magic Formula has been developed to handle the large camber angles 

occurring on motorcycles. In parallel research has been done to increase the frequency range by introducing rigid 

ring dynamics, contact patch transients and an obstacle enveloping model, also known as the SWIFT or 

MF-Swift model. An overview and description of these developments can be found in [1]. 

 

The fact that from the start the tyre model equations were published in the open literature has certainly 

contributed to the popularity of the Magic Formula. On the other hand, over the years it has also resulted in a 

number of different, at times incompatible, implementations. Different versions of the Magic Formula may be 

used, equations are sometimes partially implemented, in-house extensions are added, different axis system or 

units are used, etc. Notwithstanding these issues, the TNO MF-Tyre 5.2 tyre model has reached a mature status 

and is widely used in the industry for vehicle handling studies. The model equations are documented in [2]. 

 

To move forward from MF-Tyre 5.2 several targets have been defined: 

• To improve the description of camber, i.e. to have an explicit formulation and control over the camber 

stiffness and to extend the capabilities of the model for handling very large camber angles. This will make 

the special “motorcycle” Magic Formula superfluous and improves processing of measurements according 

to the TIME procedure. 

• To include the effect of inflation pressure changes in the Magic Formula. This will eliminate the need to 

have separate parameters sets (tyre property files) for different tyre pressures. It will allow evaluating tyre 

behaviour for pressures not in the measurement programme and it also leads to a reduction in the total 

number of measurements required. 

• To make the description of tyre dynamics consistent between MF-Swift and MF-Tyre. For example when 

including the dynamics of the tyre belt, the path dependent (basic) tyre relaxation behaviour should remain 

unchanged. 

 

In addition, various other enhancements have been made, for example in the description of rolling resistance and 

overturning moment. This paper aims to introduce the MF-Tyre/MF-Swift 6.1 model and accompanying 

equations. Due to space restrictions and the extent of the changes that were made in comparison with the 

MF-tyre 5.2 model, turn slip extensions [1] will not be discussed. 
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CONTACT POINT, LOADED RADIUS AND CALCULATION OF SLIP 

Traditionally the tyre force and moment characteristics are defined in the tyre road contact point. The location of 

this point is defined by considering the tyre/wheel combination as an infinitely thin disk through the plane of 

symmetry of the tyre, as is shown in Figure 1. 

 

 
Figure 1   Forces, moments and kinematics variables of the tyre road contact (ISO sign convention). 

 

It is important to note that in practice the forces and moments are not measured at the tyre road contact point C, 

but at the wheel centre. In order to process the measurements and to calculate the forces and moments at the 

ground contact point, both the height of the wheel centre and inclination angle γ are required. Consequently, the 

distance from wheel centre to ground contact point, i.e. the loaded radius Rl, should be represented accurately in 

the tyre simulation model.  

 

First centrifugal growth of the free tyre radius RΩ is calculated using the following formula: 
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where R0 equals the non-rolling free tyre radius, V0 is a reference velocity, Ω the wheel rotational velocity and 

qre0 and qv1 are model parameters. The tyre deflection ρ is the difference between the free tyre radius RΩ  and the 

loaded tyre radius Rl: 

 

( )0,max lRR −= Ωρ  (2)  

 

The vertical tyre force Fz is then calculated using the following formula: 
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Various effects are included in this calculation: a stiffness increase with velocity (qv2), vertical sinking due to 

longitudinal and lateral forces (qFcx, qFcy), a quadratic force deflection characteristic (qFz1, qFz2) and the influence 

of the tyre inflation pressure (pFz1). Further, Fz0 is the nominal load and dpi the non-dimensional pressure 

increment, see Appendix. For large camber angles (e.g. motorcycle tyres) a modified approach for calculating 

the vertical force is necessary taking into account the contour of the tyre. Its discussion is outside the scope of 

this paper.  
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The vertical stiffness cz0 at the nominal vertical load, nominal inflation pressure, no tangential forces and zero 

forward velocity can be calculated as: 

 

2

2

1

0

0
0 4 FzFz

z
z qq

R

F
c +=  (4)  

 

In the expressions for the effective rolling radius and contact patch dimensions the vertical stiffness adapted for 

tyre inflation pressure is used: 

 

( )iFzzz dppcc 10 1+=  (5)  

 

The forces (Fx, Fy) and moments (Mx, My, Mz) at the ground contact point are functions of vertical force Fz, 

various slip properties, inclination angle γ, forward velocity Vx and inflation pressure pi. These nonlinear 

relations are captured in the Magic Formula. The longitudinal slip is defined as the ratio of the longitudinal slip 

velocity Vsx and forward velocity Vx: 
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In this equation Ωfr is the angular velocity of the freely rolling tyre. When executing measurements the latter part 

of this equation may be used to determine the amount of longitudinal slip. In the tyre simulation model the first 

part of the equation is used, requiring an explicit equation for the effective rolling radius Re. The ratio of the 

forward velocity of the wheel centre Vx to the angular velocity of the free rolling tyre Ωfr equals the effective 

rolling radius Re. The following empirical formula is used: 
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where Dreff, Breff and Freff are model parameters. When no measurements are available, the suggested values are: 

Dreff = 0.24, Breff = 8 and Freff = 0.01. The effective rolling radius defines the slip point S. Note that the location of 

S is different from the contact point C as is shown in Figure 1. Point S is also used to calculate the sideslip angle 

α using the lateral slip velocity Vsy: 
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It is clear that in order to get an accurate representation of the tyre characteristics consistent definitions for slip 

should be used. Though one can argue on the exact definition of slip variables, it is clear that in any case 

consistent definitions should be used for both the measurements and the simulation model. The definitions given 

in this section have been used since 1996 in the various MF-Tyre simulation models (including MF-Tyre 5.2). 

When modelling the tyre-road enveloping and relaxation behaviour the dimensions of the tyre contact patch are 

needed. The empirical expressions for half of the contact length a and half of the width b read: 
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where w is the nominal width of the tyre. Since these expressions are functions of the tyre deflection ρ, the effect 

of changing the tyre inflation pressure is taken into account. Lowering the inflation pressure results in an 

increase in tyre deflection and thus an increase in contact length. 
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STEADY-STATE FORCE AND MOMENT CHARACTERISTICS 

For an introduction to Magic Formula tyre modelling we refer to [1] (page 172-184). Initially the Magic Formula 

has been designed to describe the force and moment characteristics of passenger car tyres within a limited 

camber range (±15 degrees). Beyond this range extrapolation errors may occur and as such the formula proved 

not to be suitable for describing tyre characteristics at large camber angles. This resulted in a different Magic 

Formula equation for motorcycle tyres, as proposed by De Vries [3], where the contributions of camber and 

sideslip are fully separated, as is shown in the next equation: 
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This approach was subsequently adopted in a slightly modified form for the MF-MCTyre model, aimed 

specifically at motorcycle tyres. This model is described in [1] (page 579-583). One of the benefits of this 

approach is that the camber stiffness is defined explicitly, which also proves to be convenient when new 

approaches to tyre measurements, like the TIME procedure [4], are used. A logical step would be to also use the 

MF-MCTyre model for passenger car tyres, but the accuracy proved to be less compared to the normal Magic 

Formula. An attempt was made to adapt the MF-MCTyre model to better suit passenger car tyre characteristics 

[5], but this tyre model still suffers from a reduced accuracy with respect to the normal Magic Formula for 

passenger car tyres. 

 

It turns out that only limited modifications to the MF-Tyre 5.2 equations are required to overcome these issues. 

First of all the vertical shift in the lateral force SVyγ due to camber (and vertical force) remains the same: 

 

( )γγ zVyVyzVy dfppFS 43 +=  (12)  

 

where dfz is the dimensionless load increment and pVy3 and pVy4 are some model parameters, see Appendix. The 

camber stiffness Kyγ is specified in exactly the same way as in the MF-MCTyre model: 

 

( )
zzKyKyy FdfppK 76 +=γ  (13)  

 

Now the required horizontal shift (or sideslip angle) due to camber can be calculated using the cornering 

stiffness Kyα: 
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It appears that this straightforward modification enables to use a single Magic Formula for large camber angles, 

without making sacrifices with respect to accuracy for normal passenger car tyres. The modifications to the 

expressions for the self aligning moment Mz are also fairly limited. The main changes being an extended 

expression for the peak value of the residual moment Mzr (Dr, equation 90) and the fact that the side force at zero 

camber is used in the expression for the self aligning moment (equation 75), which is similar to MF-MCTyre. 

Figure 2 illustrates the capabilities of this modified Magic Formula for representing the measured characteristics 

of a motorcycle tyre. After having processed a number of motorcycle tyres it is concluded that the side force 

characteristic is more accurately represented by the new model compared to MF-MCTyre and that the quality of 

the self aligning moment is approximately the same. For passenger car tyres the fitting accuracy is improved 

slightly, but the benefit of having an explicit formulation for the camber stiffness remains. 

 

Another topic is the influence of the tyre inflation pressure on the tyre force and moment characteristics. It is 

clear that for many passenger cars on the road the same tyres are used on the front and rear axle, but the tyre 

pressure is different and may need to be adjusted for different vehicle loading conditions. The Magic Formula 

equations published to date do not account for tyre pressure changes, leading to multiple parameter datasets for 

different tyre pressures and an additional measurement effort. Furthermore only the inflation pressures tested can 

be selected and it is not possible to perform an interpolation. 
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Figure 2   MF-Tyre 6.1 fit of a motorcycle tyre, left: side force, right: self aligning moment; markers are 

                 measurements, continuous lines are Magic Formula results. 
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Figure 3  Tyre pressure effects for a passenger car tyre, left: cornering stiffness, right: self aligning moment. 

 

As the Magic Formula is a semi-empirical tyre model, each individual tyre characteristic has to be analysed for 

the impact of changes to the tyre inflation pressure [6,7]. Both measurements and a physical background model 

were used in this process. The main effects identified are: 

• changes in longitudinal slip stiffness, cornering stiffness and camber stiffness 

• changes in peak friction coefficient, both longitudinal and lateral 

• a reduction of the pneumatic trail with increasing inflation pressure 

 

Details on the modified equations can be found in the Appendix. As an example the cornering stiffness and self 

aligning moment characteristics are shown in Figure 3. Since the effect of tyre inflation pressure on for example 

the combined slip characteristics is small, it is sufficient to measure this behaviour at a single inflation pressure 

and the total number of tests can therefore be reduced. Details on the testing requirements can be found in [8]. 

 

As energy efficiency of road vehicles is becoming ever more important, an accurate modelling of the rolling 

resistance of the tyres should be addressed. In the SWIFT model the increase in rolling resistance at high forward 

velocities has already been identified. Next to that the nonlinear dependency on the vertical force and inflation 

pressure has been added.  
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In [9] the following equation is given to adapt the rolling resistance for conditions deviating from the ISO rolling 

resistance test: 
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where frr  is the rolling resistance coefficient, pi the tyre inflation pressure and Fz the vertical tyre force. 

According to [9] the following coefficients are applicable: α = -0.4 and β = 0.85 for a passenger car and α = -0.2 

and β = 0.9 for a truck tyre. This equation has been adopted in a slightly modified form and has been combined 

with the existing velocity influence and reads (not including the camber effects) for the rolling resistance 

moment: 
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Figure 4 shows that following this approach the rolling resistance can be modelled accurately for a standard 

passenger car tyre. 
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Figure 4  Rolling resistance force as a function of vertical force, inflation pressure and forward velocity. 

 

 

 

TYRE RELAXATION BEHAVIOUR AND BELT DYNAMICS 

In the MF-Tyre 5.2 tyre model an empirical relation is used to describe the relaxation length dependency on 

vertical force. In the SWIFT model the dynamics are modelled using a rigid ring approach, residual stiffness and 

contact patch relaxation model. Ultimately these two different approaches could potentially result in simulating a 

different relaxation length for the same tyre, which obviously is not acceptable. Depending on the application 

there will be a need to be able to switch the model from a simple representation of the dynamics to a more 

elaborate but more time consuming variant. Furthermore, the inflation pressure is considered in the model, which 

also has an impact on the relaxation behaviour. 
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The solution for this combined set of requirements is to model the overall longitudinal and lateral tyre stiffness 

and calculate the required parameters from these expressions. The following expressions are used to describe the 

overall longitudinal cx and lateral stiffness cy of the tyre at ground contact:  

 

( )( )
icfxzcfxzcfxxx dppdfpdfpcc 3

2

210 11 +++=  (17)  

( )( )
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2

210 11 +++=  (18)  

 

where cx0 and cy0 are the longitudinal and lateral stiffness of the tyre at the nominal vertical force and inflation 

pressure. Using these stiffness and the longitudinal slip stiffness Kxκ and cornering stiffness Kyα the relaxation 

lengths for longitudinal and sideslip are respectively: 
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In principle the stiffness cx and cy could be measured on a non-rolling tyre, but the preferred approach is to 

measure the cornering stiffness and lateral relaxation length in a transient test for a number of different inflation 

pressures and vertical loads. Subsequently the lateral stiffness equation can be fitted to these measurement points 

accordingly. Figure 5 gives an impression of the dependency of the lateral relaxation length on the vertical force 

and tyre inflation pressure for a standard passenger car tyre.  
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Figure 5  Lateral relaxation length as a function of vertical force and inflation pressure. 

 

Next to the steady-state representation, three approaches with increasing complexity are possible to model the 

tyre transient behaviour and dynamics. 

 

1- Linear transients 

The relaxation length is determined using equations (19) and (20) and is subsequently used in the next two 

differential equations to calculate the (transient) slip quantities. 

 

sxxx VV −−= κκσ &  (21)  

syxy VV +−= αασ &  (22)  
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2-Nonlinear transients 

In this approach the tyre-road contact is separated into two parts and can be considered as a series connection of 

a spring-damper with a relaxation system, see Figure 6. 

 

yycyycy Fck =+ εε&  (23)  

ysyxc VV εαασ && ++−=  (24)  

 

where σc equals half of the contact length a and εy is the lateral carcass deflection. The carcass stiffness ccy is 

calculated as: 
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The same method can be used in the longitudinal direction. The benefit of this approach is the resulting 

decreasing relaxation behaviour with increasing sideslip angle. Also the relaxation behaviour of the tyre on 

changes in vertical force is more accurately captured in this approach. 

 

3-Rigid ring dynamics 

When including rigid ring dynamics, the spring-damper system is now subdivided into various components as 

shown in figure 6. In this case the eigenfrequencies of the tyre belt determine the stiffness between rim and belt; 

still the overall stiffness is specified by equations (17) and (18). This implies for example that the residual 

stiffness cry is calculated from:  
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in which cby and cbγ are the lateral stiffness and rotational stiffness about the longitudinal axis between belt and 

rim. As is to be expected the eigenfrequencies of the tyre belt will be higher when the tyre inflation pressure is 

increased. Empirical relations have been developed to account for this effect using a physical background 

model [7]. Some other aspects have to be taken into account, but are not discussed here due to space limitations: 

• correction of the tyre sideslip angle for the twist of the contact patch 

• the transient dynamics of the self aligning moment 

• combining the radial belt stiffness with the loaded radius equation 

 

 
Figure 6  Schematic overview of different ways to model the contact transients/dynamics. 
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ENVELOPING BEHAVIOUR 

To accurately describe the tyre behaviour on road unevenness with short wavelengths an enveloping model using 

elliptical cams has been developed by Schmeitz [10]. Research has shown that the shape of the elliptical cams 

does not change with tyre inflation pressure and that the tyre stiffness and contact length change cause the main 

effect. Figure 7 shows the results of a low speed enveloping test with fixed axle height and initial vertical force 

of 4000 N. As the tyre pressure is increased, the stiffness increases and the contact length becomes smaller, 

resulting in larger forces and a shorter response. This is represented quite accurately by the model. The results 

for a high speed cleat test are shown in figure 8. The figure clearly shows different responses for different 

inflation pressure: with increasing inflation pressure the frequency of the vertical mode increases, the peak loads 

increase, and the excitation level of the vertical mode reduces. 

 

It should be noted that in principle for the parameterisation no additional cleat tests are required for the different 

inflation pressures. The shape of the cams remains constant and the eigenfrequencies of the tyre belt are 

modified using an empirical formula. Only the stiffness and the contact length depend on the tyre inflation 

pressure. 
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Figure 7   Low speed enveloping with fixed axle height (10x50 mm cleat). 
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CONCLUDING REMARKS 

This paper shows the steps taken to enhance the Magic Formula model and to integrate various developments 

into a single tyre simulation model, suitable for different tasks: vehicle handling, ride and calculation of 

suspension loads. Though certainly open issues exist and research will continue, it can be seen as another step 

forward to an accurate digital representation of the physical tyre. The tyre model described in this paper has 

already been implemented in various multi-body software packages and can also be obtained directly from TNO 

Automotive. In addition to the MF-Tyre/MF-Swift 6.1 tyre model, the software package MF-Tool 6.1 is 

available for parameter identification, for more information we refer to [11]. 
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APPENDIX TNO MF-TYRE 6.1 MAGIC FORMULA EQUATIONS 

 

The Magic Formula can be considered as a nonlinear function with multiple inputs and outputs, as is shown in 

Figure 9. The model parameters, typically starting with the character p, q, r or s, are determined in a numerical 

optimisation process minimising the difference between the output of the Magic Formula and measured forces 

and moments. In this process the scaling coefficients, starting with the character λ, will remain equal to one. 

Please note that the difference between αF and αM disappears, when the additional transient behaviour of the self 

aligning moment is not taken into account, so α = αF = αM. 

 

 
 

Figure 9  Inputs and outputs of the Magic Formula. 

 

When the inputs are far outside the measurement range (e.g. extremely high vertical loads or very large 

inclination angles) the extrapolation capabilities of the model can possibly fail. To prevent this from happening 

the inputs to the Magic Formula are bounded and the Magic Formula is not evaluated outside this range. So: 

 

maxmin κκκ <<  
(27)  

maxmin ααα << F  and maxmin ααα << M  (28)  

maxmin γγγ <<  (29)  

max,min, iii ppp <<  (30)  

 

For the vertical force also a range is defined. When the vertical force Fz is outside this range, the Magic Formula 

is evaluated for the corresponding boundary (Fz,min or Fz,max) and the resulting forces and moments are scaled 

with the actual value of the vertical force. A simple example: the vertical force equals 1.5 times Fz,max  then the 

Magic Formula is evaluated for Fz,max  and the resulting forces/moments are multiplied with a factor 1.5. 

 

To make the Magic Formula equations dimensionless the following parameters are introduced: 

• unscaled free tyre radius of the non-rolling tyre R0 

• nominal vertical force Fz0  

• reference forward velocity V0 

• nominal tyre inflation pressure pi0 

 

To account for changes in the vertical force and tyre inflation pressure, dimensionless increments are introduced: 

 

z

zz
z

F

FF
df 0−

=  (31)  

0

0

i

ii
i

p

pp
dp

−
=  (32)  

 

Many parameters of the MF-Tyre 6.1 tyre model are unchanged and have the same name as in the MF-Tyre 5.2 

model. The additional parameter FITTYP has been introduced by TNO to uniquely identify equations used. 

When FITTYP equals 61 we are dealing with a MF-Tyre 6.1 dataset. 
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Longitudinal force Fx 
 

( )( ){ }[ ]( ) ακκκ xVxxxxxxxxxxx GSBBEBCDF ⋅+−−= arctanarctansin  

 

(33)  

Pure slip: 

Hxx S+= κκ  (34)  

CxCxx pC λ1=  (35)  

zxx FD µ=  (36)  

( )( )( ) xipxipxDxzDxDxx dppdpppdfpp µλγµ 2

43

2

321 11 ++−+=  (37)  

( ) ( )( ) ExxExzExzExExx pdfpdfppE λκsgn1 4

2

321 −++=  (38)  

( ) ( )( ) κκ λKxzipxipxzKxzKxKxx FdppdppdfpdfppK 2

21321 1exp +++=  (39)  

xx

x
x

DC

K
B κ=  (40)  

( ) HxzHxHxHx dfppS λ21 +=  (41)  

( ) xVxzzVxVxVx FdfppS µλλ21 +=  (42)  

 

Combined slip: 

( )( ){ }[ ]
( )( ){ }[ ]αααααααα

ααααα
α

ααα

HxxHxxxHxxx

sxsxxsxx

x
SBSBESBC

BBEBC
G

arctanarctancos

arctanarctancos

−−

−−
=  (43)  

ααα HxFs S+=  (44)  

xaBxBxBxx rrrB λκγα ]}[cos{arctan)( 2

2

31 +=  (45)  

1Cxx rC =α  (46)  

zExExx dfrrE 21 +=α  (47)  

1HxHx rS =α  (48)  

When combined slip is not used: 1=αxG  

 

 

Overturning moment Mx 
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 (49)  

 

 

Rolling resistance moment My 
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4
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z
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Lateral force Fy (input αF) 
 

κκ Vyypyy SFGF +=  (51)  

 

Pure slip:  

( )( ){ }[ ] Vyyyyyyyyyyyp SBBEBCDF +−−= ααα arctanarctansin  (52)  

HyFy S+=αα  (53)  

CyCyy pC λ1=  (54)  

zyy FD µ=  (55)  

( )( )( ) yipyipyDyzDyDyy dppdpppdfpp µλγµ 2

43

2

321 11 ++−+=  (56)  

( ) ( ) ( )( ) EyyEyEyEyzEyEyy pppdfppE λαγγ sgn1 43

2

521 +−++=  (57)  

( ) ( )( ) ( ) αα λγ
γ KyKy

zipyKyKy

z
KyipyzKyy p

Fdpppp

F
pdppFpK 3

02

2

52

4101 1
1

arctansin1 −
























++
+=  (58)  

( )( ) γγ λKyzipyzKyKyy FdppdfppK 576 1++=  (59)  

yy

y

y
DC

K
B

α=  (60)  

γHyHyHy SSS += 0  (61)  

( )
HyzHyHyHy dfppS λ210 +=  (62)  

α

γγ
γ

γ

y

Vyy

Hy
K

SK
S

−
=  (63)  

γVyVyVy SSS += 0  (64)  

( )
yVyzVyVyzVy dfppFS µλλ210 +=  (65)  

( ) yKyzVyVyzVy dfppFS µγγ λλγ43 +=  (66)  

 

Combined slip:  

( )( ) κκκ λκ VyVyVyVyVy rrDS 65 arctansin=  (67)  

( ) ( )( )FVyVyzVyVyzyVy rrdfrrFD αγµκ 4321 arctancos++=  (68)  

( )( ){ }[ ]
( )( ){ }[ ]κκκκκκκκ

κκκκκ
κ

κκκ

HyyHyyyHyyy

sysyysyy

y
SBSBESBC

BBEBC
G

arctanarctancos

arctanarctancos

−−

−−
=  (69)  

κκκ Hys S+=  (70)  

κκ λαγ yByByByByy rrrrB )]}([cos{arctan)( 32

2

41 −+=  (71)  

1Cyy rC =κ  (72)  

zEyEyy dfrrE 21 +=κ  (73)  

zHyHyHy dfrrS 21 +=κ  (74)  

When combined slip is not used: 0=κVyS , 1=κyG  
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Self aligning moment Mz (input αM)  
 

xzryypz FsMGFtM ⋅++⋅⋅−= 00 κ  (75)  

where 00 κyyp GF ⋅  is the combined slip side force with zero inclination angle ( 0=γ ) 

 

HtMt S+=αα  (76)  
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α

αα
y

Vy

HyMr
K

S
S ++=  

 

(78)  

Pure slip:  

teqt αα =, , reqr αα =, , 0=s  

 

(79)  

 

Combined slip: 
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(82)  

Pneumatic trail t: 
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Residual moment Mzr:  
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