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SATURATION 

K A. C o d e  Student J. HegneJ, Member 

Abstract - An improved technique for incorporating 
saturation into the q-d axis model (Park's model) of a 
synchronous machine is proposed. By choosing magnetizing flux 
linkage as a state variable, iterative procedures required by 
traditional methods are avoided. The saturation function is 
represented by an arctangent function which has some distinct 
advantages over polynomial representations and look-up tables. 
In particular, the parameters of the proposed function all have 
physical significance and the proposed function is defined over 
an infinite range of flux linkage. The model is verified for 
steady-state and transient conditions using a laboratory 
synchronous machine - rectifier system similar to those 
commonly used for Naval and aerospace power generation. 

1. INTRODUCTION 
Synchronous machine models must include magnetic 

saturation in order to accurately predict the machine 
performance. Finite element analysis provides an accurate 
method of incorporating magnetic saturation, however, the 
computational intensity of this method makes it impractical 
for computing the performance of large power systems 113. 
Several authors have proposed electric circuit models derived 
from a simplified finite element representation of the machine 
geometry [2,3,4]. It is then possible to include saturation in 
the stator teeth and leakage paths as well as the magnetizing 
path. Although these models provide an accurate method of 
representing magnetic saturation, they present some difficulty 
in parameter identifkation requiring search coils to be 
mounted in various magnetic paths of the machine or finite 
element analysis. The q-d axis model based on Park's 
equations is widely used in power system analysis due to its 
computational efficiency [5,6]. Although not as accurate as 
the finite element method, the q-d model is adequate for 
predicting steady-state and transient synchronous machine 
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performance for system studies. This paper proposes an 
improved method for incorporating magnetic saturation into 
the ,q-d axis synchronous machine model. In particular, the 
tradtional approach uses saturation factors which leads to an 
iterative process [5,6,7] whereas the proposed method is 
completely non-iterative. Furthermore, a novel method for 
repkesenting the saturation function is proposed which 
involves fitting the slope of the saturation curve to an 
arctangent hnction. This representation has the advantage 
that saturation is defined over an infinite range of flux. In 
addition, the saturation function is defined by only four 
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ameters all of which have physical s ig"ce .  

11. SYNCHRONOUS MACHINE MODEL 
'he synchronous machine model considered herein is 
ed on Park's equivalent circuit and includes the provision 
an arbitrary number of damper windings in each axis as 
strated in Fig. 1. The q- and d-axis voltage equations may 
xpressed in the rotor reference frame as [SI 

d-axis 

Figure 1. Synchronous machine equivalent circuit. 
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where 

and 

(3) 

(4) 

(5) 
where 

(7) 

where f may be voltage, current, or flux linkage and m and n 
are the number of damper windings used in representing the 
q- and d-axis circuits respectively. Herein, the rotor damper 
and field circuits are referred to the stator circuit by the turns 
ratio NsINj where j may be kql through kqm, kdl through 
kdn or f d  [8]. Neglecting magnetic saturation, the flux 
linkages are related to the machine currents by 

and 

(13) 

(14) 

In (15-16), C denotes summation of all of the elements in a 
column vector. The electromagnetic torque may be expressed 
in terms of the stator currents and stator flux linkages as 

col 

where P is the number of poles. 
It should be noted that it is possible to include the effects of 

mutual rotor leakage inductances or mutual rotor damper 
resistances by adding the appropriate terms in (6-7) and 
(17-18). 
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111. REPRESENTATION OF MAGNETIC SATURATION 
In this section, the synchronous machine model will be 

modified so as to incorporate magnetic saturation into the 
d-axis magnetizing path. Although q-axis saturation is 
common in the literature [3,6,7,8], it will be shown 
experimentally that neglecting q-axis saturation is sufficiently 
accurate for calculating power system transients involving 
salient machines. Iteration of the saturation function is 
avoided by using the d-axis magnetizing flux linkage as a 
state variable instead of the d-axis stator flux linkage. In 
order to construct a model with the d-axis magnetizing flux 
linkage as a state variable it is necessary to formulate an 
expression for the time derivative of the magnetizing flux 
linkage in terms of input variables and the remaining state 
variables. The first step in finding such an expression is to 
write the d-axis magnetizing current in terms of the 
magnetizing flux linkage as 

From (14), the d-axis rotor current vector may be expressed 

The d-axis stator current can be written as the difference of 
the magnetizing current and the sum of the rotor currents 

Using (21) and (22) to calculate the d-axis stator and rotor 
currents allows the derivatives of the d-axis rotor flux 
linkages and the d-axis stator flux linkages to be calculated 
using the d-axis voltage equations. The derivation proceeds 
by substitution of (20) and (21) into (22) which yields 

The d-axis stator flux linkage may be expressed by 
substituting (23) into (10) 

Tal ng the time derivative of (24) yields 

L J  

Solving (25) for the time derivative of the d-axis magnetizing 
fl4 linkage yields 

I 

The procedure for calculating the derivative of the d-axis state 
vqables is as follows. First, the d-axis stator and rotor 
currents are calculated using (21) and (22). These currents 
are' then used in conjunction with the d-axis voltage equations 
to yalculate the time derivatives of the d-axis stator and rotor 
flux linkages. Note, however, that the time derivative of the 
stator flux linkage is not integrated since the stator flux 
linkage is not being used as a state variable. Finally, the 
dehvatives of the d-axis flux linkages are used in conjunction 
wip (26) to detennine the derivative of the d-axis 
magnetizing flux linkage which is a state variable. 

Although the model derivation presented herein only 
represents saturation in the d-axis, it is possible to account for 
magnetic saturation in the q-axis by using the q-axis 
magnetizing flux linkage as a state variable and writing an 
expression similar to (26). This method of accounting for 
q-axis saturation is only approximate, however, since the 
machine saturation depends on the combination of q- and 
d-axis flux (cross coupling effect). 

Iv. &,PRESENTATION OF THE SATURATION FUNCTION 

The relationship between the magnetizing flux linkage and 
magnetizing current is linear for both unsaturated and highly 



saturated conditions, although the slopes and intercepts of the 
two regions are Merent. The slope of this characteristic is 
therefore initially constant, undergoes a transition, and finally 
becomes constant again. Thus, it is reasonable to expect that 
the slope of the saturation function could be represented by 
the arctangent function. In particular, 

where Md and Ma are related to the initial and final slopes of 
the saturation function by 

Mf+Mi 
M a = -  2 .  

In (27) T~ defines the tightness of the transition from initial 
slope to final slope with respect to Adr and & defines the 
point of transition. Integration of (27) subject to the 
constraint that zero magnetizing current corresponds to zero 
magnetizing flux linkage yields 

In practice, (30) yields and excellent fit to the observed 
characteristic, as is illustrated in Fig. 2. Therein the 
saturation function representation based on (30) is compared 
to measured laboratory data. As can be seen, there is an 
excellent correspondence. From the model development it 
can be shown that the magnetizing flux linkage and current 
in Fig. 2 can be determined from the open circuit line-to-line 
rms voltage versus field current ifd,oc by 

where 
open circuit test. 

is the electrical rotor speed in radfsec used in the 
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I - Arctangent Function 

’ 0 Measured Data 

0.2 0.4 0.6 0.8 

hid (Vasecl 

Figure 2. Measured and arctangent function saturation curves 

The approach taken here has distinct advantages over other 
approaches such as incorporating the saturation characteristic 
as a table lookup function or representation of the saturation 
h c t i o n  as a polynomial series. Advantages over the table 
look-up approach are that ( i )  (30) is defined over a larger 
(infinite) operating range than is represented in the original 
data, (i i)  the convenience of specifying the entire curve with 
four parameters, and (iii) no noise in estimating the 
derivative. Advantages over the polynomial method include 
( i )  infinite range of applicability (all polynomial 
representations eventually break down), and (ii) all of the 
parameters of this approach have physical meaning such as 
initial slope, final slope, breakpoint, and tightness of 
breakpoint. 

V. SATURATION MODEL VERIFICATION 

Figure 3 depicts the test system used to verify the 
synchronous machine saturation model. The synchronous 
machine parameters, obtained using standstill frequency 
response and the open circuit voltage characteristic, are listed 
in Table I. The dc link inductor has an inductance of 
1.19 mH and a series resistance of 0.320, and r, and r, were 
66.11sZ and 5 7 . 9 0  respectively. Figure 4 illustrates the 
transient behavior of the system operated at an electrical 
speed of 377 rad/sec with a fixed field voltage of 25.45 V as 
the switch is closed. Variables depicted include the field 



274 

idc L, 

Figure 3. Configuration for stepped load test. 

current, the dc link current, and the dc load voltage as 
predicted by a model which does not include saturation, the 
proposed saturation model, and laboratory measurements. As 
can be seen, immediately following the closing of the switch, 
the dc link current rises quite rapidly and the dc voltage 
drops. The field current rises in order to maintain constant 
flux in the machine. As the field and damper winding 
currents decay, the flux level in the machine drops; this 
reduces the back emf which in turn causes the dc current and 
voltage to decrease. Since the field current is low, the 
machine is operating in the unsaturated portion of the 
saturation curve. Thus, there is no difference between the 
model including saturation and the model neglecting 
saturation. Both models adequately predict the transient 
response when compared to the laboratory measurements. 

Figure 5 demonstrates the system response to a step change 
in load with the field voltage set to 104.8 V. In this 
experiment, the measured refened field resistance drifted 
slightly from the previous experiment to 0.135 Cl. The load 
resistances r, and r, also changed slightly to 67.03Cl and 
57.9 R respectively. In this study, the operation is at a point 
beyond the knee of the saturation curve as can be seen by 
comparing the steady-state (prior to switch closing) and 
transient responses of the models neglecting and including 
saturation. This difference in model prediction is most 
evident in the dc current and voltage. It can be seen that the 
model including saturation adequately predicts , the 
steady-state and transient responses obsemed in the 
laboratory. 

I Table I. 3.7 k W  SYNCHRONOUS MACHINE PARAMETERS I 
L' 6.13 mH 

L' ,=3.4mH 

T~ = 26.48 
1 N-sec 

100 ms. - r-  {unsat. mod.) 

0.2 

{sat. mod. j 
. -  
0.2 ' 

$d 

{measured} 
^ ^  , u.2 ' 

5 

lid, (A) 
{ unsat. mod.} 

, 0 

5 

~t (A) 
{sat. mod.) 

I 
0 
5 

, 

1 i, (A) 
{measured) 

I 0 '  

I 150 [ 

75 
150 r 

150 [ 
"dc (v) 

{measured) 

Figure 4. System performance during a step change 
in load (low field current). 
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{unsat. mod.} 

1.2 

'fd (A) 
{unsat. mod.} 
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umd 

0.6 I 
1.2 r 

$-- (4 
{sat. mod.} 

-.., 
1.2 r 

'/d (A) 
{measured) 

I 
0.6 I 

15 r 

(A) 
{measured} 

500 

"dc 
{unsat. mod.} 

I 

{sat. mod. 1 

250 

{measured} 
n r n  

Figure 5. System performance during a step change 
in load (high field current). 

VII. CONCLUSION 
A new method of including saturation in the q-d axis 

model of a synchronous machine is proposed. The new 
method is not iterative as are traditional approaches. In 
addition, the saturation function is represented by an 
arctangent function with only four parameters. The 
parameters are related to the slope and change in slope of the 
saturation function and thus have a more significant meaning 
than the parameters of a polynomial fit. This representation 
also eliminates the noise in estimating the saturation function 
derivative that occurs with a table look-up approach. 
Moreover, the saturation function is applicable for an infinite 
range of flux. The proposed saturation model is shown to be 
adequate in predicting the performance of a synchronous 
machinehectifier system. 
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