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AN IMPROVED METHOD OF COLLOCATION FOR THE STRESS ANALYSIS
OF CRACKED PLATES WITH VARIOUS SHAPED BOUNDARIES*

By J. C. Newman, Jr.
Langley Research Center

SUMMARY

An improved method of boundary collocation was developed and applied to the two-
dimensional stress analysis of cracks emanating from, or in the vicinity of, holes or
boundaries of various shapes. The solutions, presented in terms of the stress-intensity
factor, were based on the complex variable method of Muskhelishvili and a modified
boundary-collocation method. The complex-series stress functions developed for simply
and multiply connected regions containing cracks were constructed so that the boundary
conditions on the crack surfaces are satisfied exactly. The conditions on the other
boundaries were satisfied approximately by the modified collocation method. This
improved method gave more rapid numerical convergence than other collocation tech-
niques investigated.

INTRODUC TION

In the life of a structure subjected to cyclic loads, cracks may initiate at and propa-
gate from geometric discontinuities (holes, cut-outs, edges, or flaws). In designing
structures for fatigue and fracture resistance the stresses around these sites must be
calculated if unexpected failures are to be avoided. In recent years the use of high-
strength (crack sensitive) materials for greater structural efficiency has resulted in a
series of aircraft service failures due to the presence of small cracks. The rates at
which these cracks propagate and the size of the crack that causes failure are strongly
influenced by the shape of the discontinuity and the type of loads applied near it.

The crack-tip stress-intensity factor (restricted to small-scale yielding) can
account for the influence of component configuration and loading on fatigue-crack growth

*The information presented herein is based in part upon a thesis entitled '"Stress
Analysis of Simply and Multiply Connected Regions Containing Cracks by the Method of
Boundary Collocation," offered in partial fulfillment of the requirements for the degree of
Master of Science, Virginia Polytechnic Institute, Blacksburg, Virginia, May 1969.



and static strength (refs. 1 to 4). Many investigators (refs. 5 to 12) have obtained theo-
retical stress-intensity factors for cracks growing near stress concentrations or
boundaries. However, for cracks in complicated structures, stress-intensity factors can-
not always be obtained by closed-form analytical methods. They are often obtained by a
series solution (such as boundary collocation) which, to be useful, should converge rapidly
to the proper answer.

The objective of this paper is to present an improved method of collocation for
calculating the influence of various boundary shapes on the stress-intensity factor in two-
dimensional linear elastic bodies and to apply this method to a number of boundary-value
problems involving cracks.

Stress-intensity factors were calculated for cracks emanating from a circular hole
in an infinite plate and cracks emanating from a circular hole in a finite plate, a crack
near two circular holes in an infinite plate, a crack emanating from an elliptical hole in
an infinite plate, and a crack in a finite plate. These configurations were subjected to
either internally or externally applied loads.

SYMBOLS

A,,B,,Cph,Dp  coefficients in the complex stress functions

a half crack length

b half axis of the elliptical hole perpendicular to the plane of the crack

Cjn’Djn coefficients for jth pole in the complex stress functions

c half axis of the elliptical hole, in the plane of the crack

d distance from the centerline of the crack to the center of the circular hole

F stress-intensity correction factor

FX,Fy resultant force per unit thickness acting in the x and y directions,
respectively

an’Gsn sth influence function for nth coefficients

f.g resultant forces and displacements



specified resultant forces or displacements on the boundary

height of rectangular plate

stress-intensity factor
stress-concentration factor

number of points at which the error in the boundary conditions was
evaluated

number of coefficients in each series stress function
concentrated force per unit thickness acting in the y direction
pressure

radius of the circular hole

minimum radius of curvature for the ellipse

stress on the external boundary

displacement in the x and y direction, respectively
width of rectangular plate

complex variable, z =x + iy

location of pole in x-y plane, zj = xj + iy].

angle between the x-axis and the normal to a boundary

constant in equation (1)

coordinate along the contour of a boundary



K material constant

A ratio of applied stresses on separate portions of a boundary
m Lamé's constant (shear modulus)

v Poisson's ratio

On normal stress at a boundary

Ox normal stress in x direction

oy normal stress in y direction

shear stress at a boundary

Tnt

Txy shear stress

®,v,0,0 complex stress functions
Subscripts:

j,m,n,q,s indices

METHOD OF BOUNDARY COLLOCATION

Boundary collocation is a numerical method used to evaluate the unknown coeffi-
cients in a series stress function, such as those developed in appendix A. The method
begins with a general series solution to the governing linear partial differential equation.
Certain terms are eliminated from the series by conditions of symmetry. The series is
then truncated to a specified number of terms. The coefficients are determined through
satisfaction of prescribed boundary conditions. The series solution finally obtained
satisfies the governing equation in the interior of the region exactly and one or more of
the boundary conditions approximately.

Various techniques have been used to satisfy boundary conditions. Conway (ref. 13)
determined the coefficients from the criterion that the boundary conditions be satisfied
exactly at a specified number of points on the boundary. Hulbert (ref. 14) and Hooke
(ref. 15) selected the coefficients so that the sum of the squares of the stress residuals
was a minimum for a specified number of points on the boundary. These two techniques
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have been used to analyze the stress state around a crack in a rectangular plate (refs. 11
and 14). Bowie (ref. 12) used a modified mapping-collocation technique to calculate the
stress-intensity factors for a crack in a circular disk.

The present approach combines the complex variable method of Muskhelishvili
(ref. 16) with a modified boundary-collocation method. The modification requires that
the resultant forces on the boundary be specified (in a least-square sense) in contrast to
previous work in which the boundary stresses were specified. (See appendix B.)

The resultant forces and displacements are expressed in terms of the complex
stress functions ¢(z) and Q(z) (see appendix A) as

6 sz + (2@0az + (2 - D9 = 1(x,y) + iglxy) M

The bars denote the complex conjugates. For resultant forces (B8 = 1) acting over the
arc ¢ - Co on the boundary

¢
Fg - iF, = -[f(x,y) + ig(x,y)])go @)

For convenience, the location of CO was selected as the intersection of the boundary
with either the x- or y-axis. For displacements (8 = -«) at a point { on the boundary

2p(u + iv) = -[f(x,y) + ig(x,y):l g- 3)
Z:

3-v
1+

For the case of plane strain k =3 - 4v and for plane stress Kk =

In general, the truncated complex stress functions can be expressed as

N
@) = ) Ay, (@)
n=0

@)

N
20) = ) Byl )
n=0

where ¢7n and S~2n are power-series functions of z. From equations (1) and (4) the
expressions for f and g are



~
f= AnFln + Z Bann
n=0 . n=0
(5)
N N
g= Z ApGin + Z BnGan
n=0 n=0

J

where Fg, and Gg, (s =1,2) are influence functions derived from an and 's"zn
for the nth coefficients.

Having developed the expressions for f and g in terms of the unknown coeffi-
cients A, and By, it is necessary to select a method for evaluating the coefficients
from the specified boundary conditions. The two methods developed for this purpose
were (1) direct specification of boundary forces and/or displacements and (2) least-
squares specification of boundary forces and/or displacements.

Direct Specification of Boundary Forces and/or Displacements

In specifying the resultant forces and/or displacements on the boundary, equa-
tions (5) were evaluated at N equally spaced points on the boundary and the resulting
equations were solved on a computer for the unknown coefficients. Further details on
the computer and matrix solutions are given in the section entitled "Application of the
Boundary-Collocation Method." v

Least-Squares Specification of Boundary Forces and/or Displacements

In general, the computed boundary values are in error at any given point ¢,
because the series stress functions were truncated. The square of this error is

N N 2 N N 2
2
e’ = { f, - z A Fq, - Z BuFon ) +({gg - z ApGyy, - Z B,Ga,>  (6)
n=0 n= n=0 n=0
m m

where f, and g, are specified boundary values at point Cm. The coefficients are
then evaluated by minimizing the squares of the errors at a specified number of
points M on the boundary:



where q =1,2,.

where

N

)

n=0

)

n=0

. .,N. Equations (7) result in a set of 2N linear algebraic equations
for the unknown coefficients A, and By

N
O’nqAn + Z Bann = 5q
n=0

N
Bann + Z 'anBn = ﬂq
n=0

\

J

(M)
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Yaq= ) (FanFaq+ GZnqu)m
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f . Fi1q + 8,G )
1(0 1q olqm
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1]
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and

f Fo. + g.G
(o 2q * €o 2q)
1 m

,.Qd
Il
Bz

The second partial derivative of the square of the error with respect to the unknown
coefficients was positive, indicating a definite minimum.

APPLICATION OF THE BOUNDARY-COLLOCATION METHOD

The improved collocation method was used to analyze a number of crack problems.
The configurations investigated were grouped into four categories: (1) cracks emanating
from a circular hole in an infinite plate, (2) a crack near two circular holes in an infinite
plate, (3) cracks emanating from an elliptical hole in an infinite plate, and (4) a crack in
a finite plate. In each category several boundary conditions were investigated.

In applying the method, it was necessary to specify the points on the boundary at
which the error equation was to be evaluated. The locations on the circular and elliptic
boundaries were specified by dividing the angle 6, into M equal increments (A6)
(see fig. 1). This procedure was selected because more points are concentrated on sec-
tions of the boundary which have smaller radii of curvature and, hence, larger stress
gradients. For simplicity, this procedure was also employed on the external boundaries.
In general, the value of M used in the solution of the various boundary-value problems
was twice the total number of unknown coefficients in the series stress functions. For
the case of cracks emanating from the elliptical hole in an infinite plate and from the
circular hole in a finite plate, 160 coefficients were used in the stress functions. In
all other cases 90 coefficients were used (except where noted).

A digital computer was used to solve the resulting equations using either single
precision (14 significant digits) or double precision (29 significant digits). The equations



were solved by a routine which employed Jordan's method (ref. 17). Using single preci-
sion, the computer time was 1 and 4 minutes for solving 90 and 180 equations, respec-
tively. Double precision required approximately twice as much time as single precision.
Double precision was used only in the cases involving the finite plate.

The results are presented in terms of a correction factor F which accounts for
the influence of the various boundaries on the stress-intensity factor for a crack in an
infinite plate. The correction factor is defined as the ratio of the stress-intensity factor
for the particular case to that for a crack in an infinite plate subjected to the same
loading. A table of numerical values of ¥ and the stress-intensity equation are given
in Tables I to VII.

Cracks Emanating from a Circular Hole in an Infinite Plate

Remote biaxial stress.- For the case of cracks emanating from a circular hole,
four collocation techniques were used to obtain the unknown coefficients in the stress
functions. (See eqs. (A11) of appendix A.) The conditions at infinity were satisfied by
adding to equations (A1l) the n =0 terms in equations (A10). The results of each of
these techniques are compared in figure 2. The curves were obtained by specifying
either stresses at discrete points on the boundary (stress equations) or resultant forces
along the boundary (force equations), or by using a least-squares procedure with the
stress equations or force equations. For the least-squares procedure employing resul-
tant forces, two convergence curves are presented. One is for the case in which the
number of points M was twice the total number of coefficients in the stress functions
(2N is the total number of coefficients in the stress functions); the other is for the case

in which the number of points considered was five times the total number of coefficients.
Convergence is seen to be rapid in both cases. For the least-squares procedure
employing stress equations, the number of points considered was twice the total number
of coefficients. All techniques seemed to converge to the same value as the number of
coefficients increased. The value of F was approximately 2 percent higher than
Bowie's approximate solution (ref. 5) for the same configuration and loading. The
boundary stresses also converged to their specified values as the number of coefficients
increased. However, the analysis using the least-squares procedure with the force
equations converged more rapidly than the other techniques.

The correction factors for three states of biaxial stress are shown in figure 3.
The solid curves show the results obtained in the present investigation. The circles are
Bowie's solution and were obtained from a table given in reference 18. The agreement is
considered good.



A solution for other values of A was constructed by superposition of the two
cases, A =0 and A =1. The stress-intensity equation is

K= SﬁéEl - A)Fy + AF£| (9)

where F and F1 are the correction factors for A =0 and A =1, respectively.
The calculations for A = -1 confirmed equation (9) to greater than eight significant
digits. However, equation (9) is only valid for positive values of stress intensity. Nega-
tive stress intensities would indicate crack closure and the problem would become one of

calculating contact stresses.

Internal pressure.- In a configuration like that in the preceding section, internal
pressure p was applied to the hole boundary and Ap to the crack surfaces. The
stress functions for this case are given by equations (A11).

The correction factors for A =0 and A =1 are shown in figure 4. For the case
in which no pressure is applied to the crack surfaces (A = 0) the correction factor
modifies the stress-intensity factor for wedge-force loading on the crack surfaces
(ref. 18). Here the wedge-force loading 2pR is that produced by the internal pressure.
The other case modifies the solution for a uniformly pressurized crack. A solution for
other values was constructed by superposition of these two cases. The stress-intensity

equation is

2pR

a

K = (1 - NFy +ApV7aF, (10)

where F0 and F1 are the correction factors for A =0 and A =1, respectively.
Equation (10) is also valid only for positive values of stress intensity. The results indi-
cate that the influence of the hole on the stress-intensity equation may be neglected for
values of a/R greater than 2.5.

A Crack Near Two Circular Holes in an Infinite Plate

of two circular holes the stress functions, equations (A13), were used with poles located
at z, = +id (see appendix A). The conditions at infinity were satisfied by adding to
equations (A13) the n =0 terms in equations (A10).

The correction factors are shown in figure 5 for several values of d/R. At small
d/R values the holes had a pronounced effect on the correction factors. However, for
d/R values greater than 10 or a/R values greater than 3 the influence of the holes may

be neglected.
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In the limit as the crack length approaches zero, the correction factor is equivalent
to the local-stress-concentration factor cry/S at the origin. In terms of the remote
stress and the local stress the stress-intensity factors are

K = SymF = oy/7a (11)

from which the correction factor is given as the ratio of oy to 8. The circle plotted
on the ordinate axis is the local-stress-concentration factor at the origin as given in
reference 19 for a value of %: 2. The agreement is considered good.

Cracks approaching the holes subjected to remote uniaxial stress.- In this case the
stress functions, equations (A13), were used with poles located at z., = +d. Again, the
conditions at infinity were satisfied by adding to equations (A13) the n =0 terms in
equations (A10).

The correction factors are shown in figure 6 for several values of d/R. The

factors are plotted against the nondimensional crack length The correction

factors increase from their initial valueat a =0 to large vah—les as the crack
approaches the edge of the hole. Again, the correction factor at a =0 is equal to the
local-stress-concentration factor at the point midway between the two holes.

As the crack intersects the boundary of the holes, the concept of the stress-
intensity factor K no longer exists. However, the stress-concentration factor Kp at
the edge of the hole (x = R + d) does describe the severity of the notch. The stress-
concentration factors are shown in figure 7 as a function of R/d ratios. The stress-
concentration factors were compared with those calculated from an "equivalent”
elliptical-hole solution as shown by the dashed line. The elliptical hole had a minimum
radius of curvature equal to the radius of the circular holes and had an overall length
equal to 2(R + d). The stress-concentration factors for the elliptical hole were only
slightly lower than those calculated for the case of two circular holes connected by a
crack. Thus, the elliptical-hole solution may be used to approximate this configuration.

Cracks Emanating from an Elliptical Hole in an Infinite Plate

Remote uniaxial stress.- For the case of cracks emanating from an elliptical hole
(see fig. 8) the stress functions, equations (A13), contained multiple poles z. on either
the x~ or y-axis. The n =0 terms in equations (A10) were added to equations (A13) in
order to satisfy the boundary conditions at infinity. For the case of g = 0.5 and 2, the
value of J in equations (A13) was 4 and for -2— =0.25 and 4 the value was 16. These

11



values were determined by trial and error. The poles were always located on the major
axis of the ellipse at the origin, at the center of the minimum curvature, and equally
spaced between these points.

The correction factors are given in figure 8 for several values of b/c. The dashed
curves show the theoretical limits expressed in terms of the correction factor F as the
value of b approaches either zero or infinity. The stress-intensity factor in the
limiting case (b = ) was obtained from reference 18 for the case of an edge crack in a
semi-infinite plate. The other limit is where the elliptical hole reduces to a crack. The
correction factors approached unity for all finite values of b/c as the crack length
approached infinity. The edge-crack solution approached 1.12. For b/c ratios greater
than 2 and large values of a/c the results indicated that the influence of the elliptical .
hole may not be negligible. However, for small b/c ratios the correction factor
approached unity very rapidly.

Crack in a Finite Plate

In the following section the stress intensity solutions for two cases of a crack in a
rectangular plate are presented. Double precision was used in the computer solution of
the resulting equations primarily because the least-squares procedure generated matrix
elements whose values ranged over many orders of magnitude and the unknown coeffi-
cients may have been susceptible to round-off error. In fact, for some choices of the
pertinent parameters the single-precision routine did not appear to converge. However,
for the same parameters the double-precision routine did appear to converge as the
number of coefficients increased.

Crack subjected to wedge-force loading.- For the case of a crack in a rectangular
plate subjected to wedge-force loading on the crack surfaces (see fig. 9) the stress func-
tions were taken to be

- Pa
¢(z) = ¢O(Z) + Zﬂzm

(12)

Pa

21z 22 - a2

(z) = Qy(z) +

where qbo and R are given by equations (A10). The additional terms in equations (12)
were added in order to account for the concentrated forces on the crack surfaces (ref. 9).
The unknown coefficients from equations (A10) in equations (12) were evaluated by

12




satisfying the conditions on the external boundary. To show convergence, an example
problem with 2a _ 0.9 was solved for several values of 2N (see fig. 9). This example
problem was selected because the close proximity of the crack tip to the boundary was
expected to pose difficulties in achieving convergence. However, the convergence was
rapid.

The correction factors for several values of H/W are shown in figure 10. For a
given value of H/W the correction factors ranged from unity, at small crack length to
plate width ratios, to very large values at large ratios.

In figure 11, a comparison is made between experimental and theoretical stress-
intensity correction factors for a wedge-force loaded panel. The material was
7075-T6 aluminum alloy cycled at constant amplitude with a load ratio (minimum load to
maximum load) of 0.05. The experimental stress-intensity factors were obtained from
measured crack growth rates used together with a curve of stress intensity as a function
of crack growth rate (ref. 4). The agreement between the calculated and the experimental
correction factors is considered good.

Cracks emanating from a circular hole subjected to uniaxial stress.- For the case

of cracks growing from a circular hole in a rectangular plate subjected to a uniaxial
stress (see fig. 12) the stress functions were taken to be the sum of equations (A10) and
(A11) since both internal and external boundaries must be considered. The unknown coef-
ficients were evaluated by satisfying the conditions on both boundaries.

The correction factors for several values of 2R/W and a plate aspect ratio
(H/W) of 2 are shown in figure 12. As the hole radius approaches zero, the boundary-
value problem reduces to that of a single crack in a rectangular plate. In this case all
coefficients in equation (A11) are set equal to zero. The correction factors shown
for —2‘% = 0 agree almost identically with Isida's solution (ref. 20) for the case of a
central crack in a finite width strip. The solid curve was slightly higher than Isida's
solution for values of %31 > 0.7. However, the difference may be due to the influence of
the finite height.

CONCLUDING REMARKS

An improved method of boundary collocation was presented and applied to the siress
analysis of cracked plates having various boundary shapes and subjected to inplane
loading. The solutions were based on the complex variable method of Muskhelishvili and
a modification of the numerical method of boundary collocation. The complex series
stress functions formulated for cracked plates automatically satisfy the boundary condi-
tions on the crack surfaces. The conditions on the other boundaries were satisfied
approximately by the series solution. Stress-intensity correction factors were presented
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for several configurations involving cracks in the presence of stress concentrations or
boundaries. The least-squares boundary-collocation method used to minimize the
resultant-force residuals on the boundary gave better numerical convergence in the
boundary conditions than the other three collocation methods investigated. The other
methods were (1) direct specification of boundary forces, (2) direct specification of
boundary stresses at discrete points, and (3) least-squares specification of boundary
stresses. The improved method was able to analyze more complex boundary-value
problems than the other methods because of the more rapid convergence in the series
solution.

The stress-intensity factors presented in this paper cover a moderate range of
configurations and loadings. Most of the boundary-value problems solved do occur fre-
quently in aircraft structures such as cracks growing from or near cutouts (windows,
rivet holes, etc.) or from other structural discontinuities. Thus, the solutions presented
here may be used to design a structure more efficient against fatigue and fracture or to
help monitor structural damage due to fatigue loading.

Langley Research Center,

National Aeronautics and Space Administration,
Hampton, Va., June 15, 1971.
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APPENDIX A

FORMULATION OF THE COMPLEX SERIES STRESS FUNCTIONS
FOR CRACKED BODIES

One of the major advances in the field of two-dimensional linear elasticity has been
the complex-variable approach of Muskhelishvili (ref. 16). The representation of bihar-
monic functions by analytic functions has led to a general method of solving plane-strain
and generalized plane-stress problems.

The following formulation for two-dimensional cracked bodies is based on the work
of Muskhelishvili for an infinite plane region containing cracks and subjected to inplane
loading (see fig. 13). The known surface tractions are applied to the boundaries of this
region. The body forces are assumed to be zero and the material is assumed to be linear
elastic, isotropic, and homogeneous. The equilibrium and compatibility equations are
combined to form the biharmonic equation

4 4 4
82+2 2ty 2tu _, (A1)
ax ax2 ay2 oy

where U(x,y) is the Airy stress function.

The biharmonic function U(x,y) can be expressed as

U(x,y) = % Re [S‘ U (z)dz + 5 ®(z)dz + (z - z)@(zﬂ (A2)

where @'(z) = ¢p(z) and ¥'(z) = Q2(z). The primes and bars denote differentiation and
complex conjugates, respectively. Therefore, the generalized plane-stress and plane-
strain problems are reduced to the determination of these functions subject to specified
boundary conditions.

From reference 16, the stress functions in the neighborhood of a crack (z = za)
can be expressed as
N

A
¢(z) = m + Qo(z)
(A3)
(z) = Q3—(Z) + Qy(z)
z2 - a

15



APPENDIX A — Continued

where

Qs(e) = ) Agnz® @a4)

n=-

In the present investigation, the formulation of the complex series stress functions
for simply and multiply connected regions containing cracks was restricted to the situa~
tion where the configuration and loading are symmetric about the x- and y-axis. The
boundary conditions satisfied by ¢ and £ for a stress-free crack surface are

N
(D) 0y =Tygy=0 (Ixl<a; y=0)
(i) Tgy=v=0 (Ixlza; y=0) (A5)
(W) Ty =u=0 (1v]20; x = 0)

J

where the coordinate system used is shown in figure 13. The stresses expressed in terms
of the stress functions are

0X+0y=2Ep(z)+az—):]
(A6)
Oy - Ox + ZiTXy =2 BE - z)d'(z) - ¢(z) + ﬁ(zﬂ

The displacements are given by equation (1).

The boundary conditions in equations (A5) define a unique relationship between the
two analytic functions ¢ and €. The relationship for the series which contains the
square-root term is Qj(z) = Qg(z) and for the series which contains no square-root
term, Qg(z) = -Q4(z). These conditions insure the satisfaction of the boundary conditions
(stress free) on the crack surfaces.

For a multiply connected region, in addition to the boundary conditions stated in
equations (A5), the single-valuedness of displacements must be insured. This condition
is stated as

K §A]~ $(z)dz - §Aj Q(z)dz = 0 (A7)

where Aj is the contour around each separate hole boundary L]- (see fig. 13).

The stress intensity factor K is obtained from the stress functions as
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APPENDIX A — Continued

K=2\2n7 %ing \fz - a ¢(z) (A8)

As an example, consider a crack located along the x-axis in an infinite plate as
shown in figure 14. The dashed lines Ly and Lj define the boundaries of the region
(shaded area). The internal boundary L1 has cracks growing from the edge of the hole
to x =z+a. The boundaries Lg and L; may have any simple shape which is symmetric
about the x- and y-axis and be subjected to any symmetric boundary conditions. The
complex-series stress functions must be single-valued and analytic in the region between
Ly and Ly. This region does not include the crack which is represented by a branch
cut. The stress functions are

(z) = ¢o(z) + ¢1(2)
(A9)
Q(z) = Qy(z) + 21(2)

The subscripts denote the functions which are used to satisfy the boundary conditions on
boundaries Ly and Lq, respectively. The stress functions used to satisfy the condi-
tions on the external boundary L are

N N
E A, z%0 4 }: B, z2" (A10)
n=0 =0

where the coefficients A, and Bn are real. In the situation where the boundary L
is located at infinity Ag = %, Bg = —(A - 1) and the remaining coefficients for nz 1
are zero. For the internal boundary L4 the stress functions are

bq(2)

Qo(z) Zz -

¢1(Z) N N
=,fzz 2 z Ez%i Z len (A11)
24(z) zé-af% o % n=1 °

where the coefficients C, and Dn are real. The stress functions, equations (A10) and
(A11), automatically satisfy the boundary conditions on the crack surfaces. The conditions
on the other boundaries (LO and L1) were approximated by the series solution. The
stress-intensity factor K calculated from equations (A8), (A10), and (All) is

B Y 5
K=/7 Z 2A a2n Z Z-n (A12)

2n
n=0 n=12
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APPENDIX A — Concluded

In the case of multiple circular holes or elliptical holes, the complex-series stress
functions require the use of poles at various stations along the x- or y~-axis.
functions are given by

The stress

J N J N D.
__ = > JZ Z . Z Zl ——J——(zz - ;ljz)n (A13)

o(z)
2z)] V22 -

where the coefficients Cjn and Dj, are real. In these stress functions the poles =z

i
must lie on either the x~ or y-axis and be symmetrically placed about the other axis.
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APPENDIX B
OTHER COLLOCATION METHODS INVESTIGATED

Direct Specification of Boundary Stresses

The boundary-collocation method treated in this section involves the specification of
the normal- and shear-stress components at discrete points on the boundary. The
boundary-value problem considered had cracks emanating from the edges of a circular
hole in an infinite plate subjected to a biaxial stress (see fig. 15). The complex equation
for the two stress components on the boundary is

0y - iyt = $(z) + BE) - Rz - 2)¢'(z) - ¢lz) + T(z)] e (B1)

where the stress functions are
(z)
? Z Z Dy (B2)
2n 2n

Q(z) \/ - a2 n=0 2
The coefficients Cp and Dy were determined from the stress conditions at infinity.
The remaining coefficients were determined from the conditions that 0,=0 and 7, =0
at N equally spaced points on the boundary. The resulting equations were solved on a

computer using single precision. The stress-intensity factor was calculated from
equation (A8) as

N

ZCn
K=8S[m |1+ B (B3)
a'Zn
n=1

where the term in the brackets is the correction factor F.

Least-Squares Specification of Boundary Stresses

The boundary-collocation method described in this section is similar to the one in
the preceding section, except that here more equations are written in terms of the stress
boundary conditions than there are unknown coefficients. The coefficients are then chosen
580 as to minimize the sum of the stress residuals on the boundary at a specified number
of points M. The normal stress and shear stress components expressed in terms of the
stress functions (eqs. (B2)) are

19



APPENDIX B — Concluded

N 3
O = Z CnFin + DyFap
n=0 n=0
f (B4)
N N
Tnt = Z CnGin + Z DnGgn
n=0 n=0
S

where Fg, and Ggp (s =1,2) are the influence functions derived from the stress func-
tions for the respective coefficient. Again, the coefficients Cp and Dg are deter-
mined from the stress conditions at infinity. Since the circular boundary is stress free,
the square of the error in the boundary condition at point {,, is

N N N
em2 = Z CnFln + Z Dann + Z CnGln + Z DnGZn (BS)
0

The coefficients were then selected so that the sum of the squares of the errors at a num-
ber of points M on the boundary was a minimum

5 ) ep>
m=1 -0
BCq
> (B6)
M
9 Z em?
m:l - 0
aDq J
where q=1,2,. . . ,N. Equation (B6) results in a set of 2N linear algebraic equations

for Cn and Dj

20



N
Z anan + Z Bann =0
n=0 n=0
’ (B7)
N
Z BgnCn + z YngPn =0
n=0 n=0
where
M
%nq Z é;‘lnqu + Glnc"'1q>
m=1
M
m
m=1
and
M
Ynq = z (FZnFZq + GZnG2q>m
m=1

These equations were solved on a computer using single precision. The resulting coeffi-
cients were used in equation (B3) to calculate the stress-intensity factor.
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TABLE I.- CRACKS EMANATING FROM A CIRCULAR HOLE IN AN
INFINITE PLATE SUBJECTED TO BIAXIAL STRESS

I

I

|

i

<

.

DB

L K=8
2N = 120

— 2 S

7a F

a/R F (A=-1) Fy (r=1) F; (r=0)
1.01 0.4325 0.3256 0.2188
1.02 5971 4514 .3058
1.04 7981 6082 4183
1.06 .9250 7104 4958
1.08 1.0135 7843 5551
1.10 1.0775 .8400 6025
1.15 1.1746 9322 6898
1.20 1.2208 .9851 1494
1.25 1.2405 1.0168 1929
1.30 1.2457 1.0358 8259
1.40 1.2350 1.0536 8723
1.50 1.2134 1.0582 .9029
1.60 1.1899 1.0571 9242
1.80 1.1476 1.0495 9513
2.00 1.1149 1.0409 9670
2.20 1.0904 1.0336 9768
2.50 1.0649 1.0252 9855
3.00 1.0395 1.0161 9927
4.00 1.0178 1.0077 J 9976




TABLE II.- CRACKS EMANATING FROM AN INTERNALLY

PRESSURIZED HOLE IN AN INFINITE PLATE

a/R

1.01
1.02
1.04
1.06
1.08
1.10
1.15
1.20
1.25
1.30
1.40
1.50
1.60
1.80
2.00
2.20
2.50
3.00
4.00

¥y (x=1)

0.2188
.3058
.4183
4958
.5551
.6025
.6898
.7494
.7929
.8259
.8723
.9029
.9242
.9513
.9670
.9768
.9855
.9927
.9976

FO (X=0)

0.1725
.2319
.3334
.3979
.4485
.4897
.5688
.6262
.6701
1053
.7585
L7971
.8264
.8677
.8957
.9154
.9358
.9566
.9764

25
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TABLE 1II.- CRACK LOCATED BETWEEN TWO CIRCULAR HOLES

IN AN INFINITE PLATE SUBJECTED TO UNIAXIAL STRESS

N
0.01 0.1390
25 1728
.50 2683
5 4045
1.00 5502
1.50 7809
2.00 9058
2.50 9640
3.00 9902

05234

.5355
.5698
.6206
.6799
.7958
.8819
.9351
.9654

.
F Gi_

0.7127
L1172
.1303
L1505
L7758
.8324
.8847
.9250
.9527

)

K=8

0.8661
8671
8700
8748
.8810
8969
9150
9328
9486

ma F




o 2

N N - T =

=

[urt

TABLE IV.- CRACK APPROACHING TWO CIRCULAR HOLES IN AN

|

INFINITE PLATE SUBJECTED TO UNIAXIAL STRESS

F (%:1.15)
4.3975
4.4160
4.4751
4.5853
4.7308
4.9593
5.2890
5.7816

d_
F (ﬁ_l.zs)

3.2630

3.2739
3.3143
3.3856
3.4946
3.6538
3.8850
4,2271
4.7825
5.8028

K=8 /ma F

(g =89 [
2.1530 1.4687 1.0761
2.1612 1.4'738 1.0774
2.1875 1.4898 1.0816
2.2338 1.5183 1.0892
2.3045 1.5624 1.1017
2.4076 1.6279 1.1215
2.5575 1.7249 1.1538
2.7824 1.8740 1.2101
3.1504 2.1230 1.3202
3.8661 2.6350 1.5927

a1
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TABLE V.- CRACKS EMANATING FROM AN ELLIPTICAL HOLE
IN AN INFINITE PLATE SUBJECTED TO UNIAXIAL STRESS

a/c F <9=o.25) F <%=0.5) F (g=1)
1.02 0.9050 0.6757 0.4514
1.03 9597 742 | -
1.04 .9865 8398 .6082
1.05 1.0013 .8861 | -----
1.06 1.0098 .9206 7104
1.08 1.0179 9664 7843
1.10 1.0206 .9925 8400
1.15 1.0202 1.0258 9322
1.20 1.0176 1.0357 .9851
1.25 | —emm= | emmee L emeen
.30 | ----- 1.0366 1.0358
1.40 | ---—- 1.0317 1.0536
.50 | ool emee- 1.0582
1.55 | ameee ] e eeeen
.60 | oo | eeee- 1.0571
.80 | ----m | oo 1.0495
2.00 | ----- | ameen 1.0409
210 | ---- | e e
220 | —---e | amee- 1.0336
2.40 e — 1.0251

K=8

ma F




TABLE VI.- WEDGE-FORCE LOADED CRACK

IN A RECTANGULAR PLATE

2a/W | F (%:0.5) F (%:0.75) F (%:1.0) F (%:2.0)

0 1.0000 1.0000 1.0000 1.0000
1 1.0021 1.0467 1.0279 1.0121
2 1.3572 1.1863 1.1115 1.0497
3 1.7721 1.4185 1.2499 1.1163
4 2.3269 1.7431 1.4418 1.2191
5 3.0554 2.1589 1.6866 1.3710
6 4.0464 2.6587 1.9894 1.5958
K 5.3985 3.2275 2.3772 1.9421
8 7.0162 3.8858 2.9523 2.5309
.9 8.4078 4.9791 4.1665 3.7810
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TABLE VII.- CRACKS EMANATING FROM A CIRCULAR HOLE IN A RECTANGULAR
PLATE SUBJECTED TO UNIAXIAL STRESS

L1

I‘_a‘j K=S [ra F

% =2
T
— |
22/W | F (?‘—VP—‘= ) 2/W | F (-ZWR=0.25> 22/W | F (%:0.5)
0 1.0000 0.25 0 0.50 0
1 1.0061 26 6593 51 6527
2 1.0249 27 8510 52 8817
3 1.0583 28 .9605 525 9630
4 1.1102 .29 1.0304 53 1.0315
5 1.1876 30 1.0776 54 1.1426
6 1.3043 .35 1.1783 55 1.2301
7 1.4891 .40 1.2156 60 1.5026
8 1.8161 .50 1.2853 70 1.8247
9 2.5482 | 60 1.3965 78 2.1070
70 1.5797 .85 2.4775
.80 1.9044 .90 2.9077
.85 2.1806 -
90 | 26248 |




\ch '

Figure 1.~ Coordinate system used for describing the location of the
collocation points on the circular and elliptic boundaries.
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Figure 2.- Convergence curves for the problem of cracks emanating from a circular
hole in an infinite plate subjected to uniaxial stress.
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Figure 3.- Stress-intensity correction factors for cracks emanating from a circular
hole in an infinite plate subjected to biaxial stress.
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Figure 4.- Stress-intensity correction factors for cracks emanating from a circular
hole in an infinite plate subjected to internal pressure.
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Figure 5.- Stress-intensity correction factors for a crack located between two
circular holes in an infinite plate subjected to uniaxial stress.
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Figure 6.- Stress-intensity correction factors for a crack approaching two
circular holes in an infinite plate subjected to uniaxial stress.
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Figure 7.- Stress-concentration factor for two circular holes connected
by a crack in an infinite plate subjected to uniaxial stress.
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Figure 8.- Stress-intensity correction factors for cracks emanating from
an elliptical hole in an infinite plate subjected to uniaxial stress.
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Figure 9.- Convergence curve for the problem of a wedge-force
loaded crack in a rectangular plate.
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Figure 10.- Stress-intensity correction factors for a wedge-force
loaded crack in a rectangular plate
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Figure 11.- Experimental and theoretical stress-intensity correction
factors for a wedge-force loaded crack in a rectangular plate.
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Figure 12.- Stress-intensity correction factors for cracks emanating from a
circular hole in a rectangular plate subjected to uniaxial stress.



Figure 13.- Two-dimensional multiply-connected body containing
a crack and subjected to surface tractions on the boundaries.
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Figure 14.- Crack in an infinite plate subjected to biaxial stress.
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Figure 15.- Coordinate system used for the case of cracks
emanating from a circular hole.

NASA-Langley, 1971 — 32 1,-6996

—» AS

45



