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ABSTRACT This paper proposes a theoretical and experimental implementation of an advanced sliding

mode control (SMC) for a three-phase voltage source inverter (VSI) to achieve robustness against the

unknown uncertainties of an LC filter. The significant contributions of the proposed SMC are summarized

as considerations for the matched and mismatched uncertainties of the LC filter, more relaxed norm-

bounds, dynamic characterization of sliding surface, and unique stability analysis. Unlike the conventional

SMC techniques with matched uncertainties, the mismatched uncertainties in the state matrix are taken for

the design of the proposed SMC. Also, the relaxed norm-bound designed for matched and mismatched

uncertainties allows a wide range of variations in the values of LC filter. The voltage tracking errors are

significantly reduced and the total harmonic distortions (THDs) are highly suppressed by characterizing

the sliding surface in terms of flexible linear matrix inequalities (LMIs). Next, the stability analysis and

reachability conditions are given using the Lyapunov criterion. The authenticity of the proposed SMC

method is proved by TMS320LF28335DSP based experimental results with a prototype 1-kVA test-bed. The

comparative experimental results and analysis for the proposed SMC scheme, the conventional SMC scheme,

and the conventional PI−PI control scheme are presented under the load step change, unbalanced load, and

non-linear load step change with the parameter uncertainties to demonstrate the excellent performance of

the proposed controller such as fast transient response, small steady-state error, and low THD.

INDEX TERMS Parameter uncertainties, sliding mode control (SMC), three-phase voltage source inverter

(VSI), total harmonic distortion (THD).

I. INTRODUCTION

Three-phase voltage source inverter (VSI) is the most sig-

nificant dc-ac component of many advanced applications

such as uninterruptable power supplies, renewable energy

systems, and active harmonic filters [1]. These applications

require constant frequency and constant amplitude with sinu-

soidal voltage and low high-order harmonic components [2],

whereas the quality of the inverter output voltage is seri-

ously affected by sudden load changes, unbalanced loads, and

non-linear loads [3]. In order to rectify the distortions and

frequency-related switching voltage harmonics in the output

voltage, the LC filter is connected to the output terminals
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of the VSI [4]. However, the parameter uncertainties asso-

ciated with the LC filter due to aging and changing operating

conditions complicate the control design [5] and stability

analysis of the VSI. Also, the changes in the capacitance and

inductance of an LC filter deteriorate the sinusoidal output

voltage. Therefore, over the past few decades, considerable

researches [6]–[12] have been done on the voltage control

techniques to achieve a fast dynamic response [6], robustness

to parameter variations, zero tracking error, and low total

harmonic distortion (THD) [7].

The conventional linear proportional-integral (PI) con-

trol [8] is easy to implement but its poor capability to tolerate

the effects of the parameter variations may deteriorate the

control performance. Also, in spite of the extensive gain

tuning, it has degraded the transient performance due to the
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trade-off between maintaining the system stability over the

whole operating range and acquiring the adequate dynamic

response during the transients. The linear quadratic regula-

tor (LQR) [9] is presented to compensate for the parameter

uncertainties for the VSI, which tunes the gains by select-

ing the entries of the weighting matrix. However, choosing

a good set of values is very time-consuming. The model

predictive control (MPC) [10] utilizes a system model at

each sampling time to predict the output voltage for each

potential switching state and the selection of the switching

state criterion is established by the cost function. However,

the MPC [11] requires the knowledge of model parameters

and does not provide the analysis on stability and robustness.

The multivariable feedback linearization control (FLC) [12]

considers the non-linearity of a system to achieve a low THD

under a non-linear load, but it has a computational com-

plexity. The deadbeat control [13] has also gained attention

as it provides the fast transient response by placing all the

closed-loop poles at zero and the tracking error settles to zero

within few sampling times. However, it is very sensitive to

model uncertainties, parameters mismatches, and measure-

ment noise especially for high sampling frequencies. In [14],

the adaptive control with compensating terms is used to

reduce the computational burden for the VSI, but it has a risk

of divergence if the controller gains are not selected properly.

Meanwhile, the slidingmode control (SMC) is a non-linear

control method applied in the VSI [15] due to its good

dynamic response, robustness, and effective regulation prop-

erties in a wide range of operating conditions. Also, the SMC

based VSI requires the switching control law and dynamic

characterization of the sliding surface to ensure efficient volt-

age regulation and minimize the steady-state errors under all

operating conditions. In [16], a switching control law is uti-

lized in the SMC to drive the VSI uncertainties onto the slid-

ing surface and maintain its trajectory on the sliding surface

for all subsequent times. However, the voltage tracking error

is not significantly reduced in the transient and steady-state

operations. In order to minimize the steady-state errors, the

integral term is added in the SMC, i.e., integral SMC (ISMC)

for the dc-dc converters [17] and the dc-ac VSI [18], but

it does not completely eliminate the voltage tracking errors

and high-order harmonics. Meanwhile, the multi-resonant

SMC (MRSMC) [19] employs multiple resonant terms in

the sliding surface to eliminate the voltage tracking errors

in the grid-connected VSI applications, but the computation

of the resonant terms requires intensive calculations. In [20],

the rotating sliding surface based SMC shows a good tracking

performance under different load conditions, but the addition

of the fuzzy controller to control the time-varying slopes of

the SMC increases its complexity. In [21], the bounded norms

for the parameter uncertainties are very strict, which provide

insufficient robustness against the parameter uncertainties.

Moreover, the conventional SMC techniques do not provide

the stabilizing control laws that can suppress the mismatched

uncertainties (i.e., uncertainties in the state model that do not

satisfy matching conditions).

To accomplish fast transient response, small steady-state

error (SSE), insensitivity to mismatched parameter varia-

tions, and low THD under critical load conditions, this paper

proposes an advanced voltage control law for a three-phase

VSI with an LC filter based on sliding mode control (SMC).

Themain contributions of the proposed SMC are summarized

as considerations for the matched and mismatched uncertain-

ties of the LC filter, more relaxed norm-bounds, dynamic

characterization of sliding surface, switching control law, and

unique stability analysis. First, both the matched and mis-

matched uncertainties of an LC filter are taken into account

in the design of the proposed SMC. Second, the robust SMC

law over a wide range of variations in the values of an

LC filter is achieved by setting the relaxed norm-bounds for

these matched andmismatched uncertainties. Third, the SMC

design algorithm along with the characterization of the slid-

ing surface and the sufficient condition for the existence of

linear sliding surface is presented in terms of linear matrix

inequalities (LMIs). Fourth, the switching control law con-

tains a feedforward term, which rejects the disturbances of

the VSI. Also, the switching control law drives the VSI

trajectories to the sliding surface, and the sliding mode cur-

rent observer is utilized to estimate the load currents. Fifth,

the Lyapunov criterion is utilized to evaluate the stability

of the sliding mode dynamics and the reachability condi-

tions of the proposed SMC. Finally, the effectiveness of

the proposed sliding mode voltage controller is verified by

the experiment results via a prototype 1-kVA VSI test-bed

having TMS320LF28335 DSP. The comparative and quan-

titative experimental results for the proposed SMC scheme,

the conventional SMC scheme, and the conventional PI−PI

control scheme are presented to prove fast transient response,

small steady-state error (SSE), and low THD under load step

change, unbalanced load, and non-linear load step change

with the parameter uncertainties.

II. DYNAMIC MODEL OF A THREE-PHASE INVERTER

This section describes a dynamic model of the three-phase

voltage source inverter (VSI) along with the mismatched

parameter uncertainties. Fig. 1 shows the circuit topology of

a three-phase inverter with an LC filter which consists of a

dc-link voltage (Vdc), a three-phase pulse-width modulation

(PWM) inverter (S1 to S6), an output LC filter (Lf and Cf ),

FIGURE 1. Circuit topology of a three-phase voltage source inverter with
an LC filter.
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and a three-phase load. It is noted that the LC filter is used to

provide sinusoidal output voltages to the load by attenuating

the switching frequency components of the VSI. The pro-

posed SMC of the VSI is designed in the dq-axis synchronous

reference frame in which the three-phase AC signals are

transformed to the DC or quasi-DC signals by applying the

Park’s transformation, which can efficiently control the load

voltages under very harmonic polluted load currents. The

dynamic model of the three-phase inverter in the dq-axis

synchronous reference frame can be represented below [22]:

v̇Ld = ωvLq + (k1 + 1k1)iid − (k1 + 1k1)iLd

v̇Lq = −ωvLd + (k1 + 1k1)iiq − (k1 + 1k1)iLq

i̇id = −(k2 + 1k2)vLd + ωiLq + (k2 + 1k2)vid

i̇iq = −(k2 + 1k2)vLq − ωiLd + (k2 + 1k2)viq (1)

where vid , viq, iid , and iiq are the dq-axis inverter voltages and

currents, vLd , vLq, iLd , and iLq are the dq-axis load voltages

and currents, ω is the angular frequency (ω = 2π · f ),

f is the fundamental frequency of output voltage or current,

k1 = 1/Cf , k2 = 1/Lf , and 1k1 and 1k2 are the parameter

deviations in k1 and k2 due to aging and changing operating

conditions [5], respectively.

III. SWITCHING CONTROL LAW DESIGN AGAINST

MISMATCHED NORM−BOUNDED LC FILTER

UNCERTAINTIES

This section presents the sliding surface design and the

switching control law design for the proposed SMC. First,

the proposed sliding surface is designed using a more relaxed

norm-bounds for the matched and mismatched uncertainties

of the LC filter. Moreover, the proposed sliding surface is

dynamically characterized using the linear matrix inequality

(LMI). Next, the switching control law is designed to drive

the VSI trajectory to the switching surface and maintain a

sliding mode condition.

A. SLIDING SURFACE DESIGN

1) RELAXED NORM-BOUNDS FOR MATCHED AND

MISMATCHED UNCERTAINTIES

This subsection presents the relaxed norm-bounds for the

matched and mismatched uncertainties of LC filter that are

used to design the proposed sliding surface. According to

the control theory, the matched uncertainties lie within the

range space of the control input matrix, while the mismatched

uncertainties do not lie within the range space of the input

matrix. It should be noted that although the matched uncer-

tainties can be easily removed by a properly designed control

input, the mismatched uncertainties cannot be completely

rejected [23]. Therefore, the design of a stabilizing controller

for a mismatched uncertain system is a challenging task.

Also, the robust SMC for the wide range variations in the

parameter uncertainties of Lf and Cf is achieved by setting

the relaxed conditions for the norm-bounds. The design of

the mathematical norm-bounds is important so that the SMC

can mitigate both matched and mismatched uncertainties.

Consequently, the parameter uncertainties 1k1 and 1k2,

due to aging and changing operating conditions [6], in (1)

are norm-bounded with the assumptions that there exist the

known finite constants ρ1, ρ2 such that |1k2| ≤ ρ2k2 ≪ k2;

|1k1| ≤ ρ1k1, and (ρ1 / (1−ρ1)) ≪ k1. These inequalities

imply that
∣

∣

∣

∣

1

k1
−

1

k1 + 1k1

∣

∣

∣

∣

=

∣

∣

∣

∣

1k1

k1(k1 + 1k1)

∣

∣

∣

∣

≤
ρ1

(1 − ρ1)k1
≈ 0.

(2)

And for all the bounded but unknown disturbances with the

bounded time derivative uncertainties, there exists a solu-

tion which is also uniformly bounded. Hence, by utilizing

the relaxed norm-bounds which set very high limits for the

parameter variations of Lf and Cf , the proposed SMC will

produce the sinusoidal output voltage and ensure the robust-

ness for all the wide range of parameter variations in the

Lf and Cf within the limits set by the norm-bounds.

2) DYNAMIC CHARACTERIZATION OF SLIDING SURFACE

In this subsection, the new design of robust sliding surface

against the matched and mismatched uncertainties is pre-

sented based on the LMI approach by setting the decay rate

within the bounds. The reference values id_ref and iq_ref for

iid and iiq are explicitly explained as

id_ref = iLd −
1

k1 + 1k1
ωvq_ref ≈ iLd −

1

k1
ωvq_ref

iq_ref = iLq +
1

k1 + 1k1
ωvd_ref ≈ iLq +

1

k1
ωvd_ref . (3)

and vd_ref , vq_ref are the reference values of vLd and vLq.

It is more convenient to use the error dynamics of the state

variables for designing the sliding surface of the VSI as

follows:

vde = vLd − vd_ref , vqe = vLq − vq_ref

ide = iid − id_ref , iqe = iiq − iq_ref . (4)

The state-space model of the VSI employing the error

dynamics is given as

ẋ = [A+ 1A]x + B[uR + d] (5)

where x represents the state variables, uR represents the reach-

ing switching control law, 1A symbolizes the mismatched

uncertainties, and d represents the disturbance inputs and

matched parameter uncertainties,

x =









vde
vqe
ide
iqe









, A =









0 ω k1 0

−ω 0 0 k1
0 0 0 0

0 0 0 0









, B =









0

0

k2
0

0

0

0

k2









,

uR =

[

vid
viq

]

,

d =

[

dd
dq

]

=









−vLd +
1

k2
ωiLq +

1k2

k2
vLd +

1k2

k2
vid

−vLq −
1

k2
ωiLd −

1k2

k2
vLq +

1k2

k2
viq









.
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In d (i.e., dd and dq), the first and second terms are the

disturbance inputs, and the third and fourth terms denote

the matched parameter uncertainties. Also, the mismatched

uncertainties 1A are not required to be matched and they can

be decomposed as follows:

1A =









0 0 1k1 0

0 0 0 1k1
0 0 0 0

0 0 0 0









= NM1k1,

N =









1

0

0

0

0

1

0

0









, M =









0

0

1

0

0

0

0

1









T

.

The parameter deviations in the LC filter are the norm

bounded uncertainties (2) in the state matrix as well as the

input matrix. The sufficient condition for the existence of

the sliding surface sliding surface is presented in terms of

LMIs by referring to [24]. Then, the sliding surface S is

parameterized as

σ = Sx = (BTPB)−1BTP x =

[

σ1
σ2

]

= 0 (6)

where P = X−1 ∈ R4×4 is a positive-definite matrix satisfy-

ing the following LMI condition
[

8T (AX + XAT + NNT )8 ρ1k18
TXMT

ρ1k1MX8 −I

]

< 0. (7)

In the above LMI condition, the symbol 8 ∈ R4×2 denotes

the orthogonal complement of B and a full rank matrix such

that 8TB = 0 and 8T8 = I . It should be noted that the

sliding surface matrix S ∈ R2×4 has a null space identical

to BTP. In this regard, a transformation matrix T and its

associated vector Z are defined as

T =

[

(8TX8)−18T

(BTPB)−1BTP

]

, Z = Tx =

[

z

σ

]

. (8)

It is easy to show that T−1 = [X8, B]. By using the Shur’s

complement lemma [25], we can show that the LMI condi-

tion (7) is equivalent to the following Riccati-like inequality

8T [AX + XAT + NNT + (ρ1k1)
2XMTMX ]8 < 0. (9)

It should be noted that the result of [25] implies the exis-

tence of some positive constant ρM guaranteeing the feasibil-

ity of the LMI (7) or equivalently (9) for any 0 ≤ ρ1 ≤ ρM .

Remark 1: It is worth noting that the proposed slidingmode

control (SMC) guarantees a better voltage control perfor-

mance such as better robustness against the parameter vari-

ations of both Lf and Cf , more relaxed norm-bounds for the

wide range variations of an LCfilter, andmore dynamic LMIs

for the characterization of the sliding surface compared to the

conventional SMC in [21]. First, the proposed SMC considers

the parameter variations of both Lf and Cf , while [21] taking

into consideration the parameter variations of Lf only. If the

parameter deviation 1k2 of Lf lies within the range space of

the control input matrix B, it is taken as the matched uncer-

tainties. On the other hand, if the parameter deviation 1k1 of

Cf does not lie within the range space of B, it is considered

as the mismatched uncertainties. Hence, unlike [21], both the

matched and mismatched uncertainties (i.e., 1k1 and 1k2)

are taken into account to design the proposed SMC law

with low THD and small steady-state error in the output

voltage. Second, unlike [21], the norm-bounded uncertainties

presented in this paper are more relaxed (i.e., the parame-

ters (e.g., Lf and Cf ) constrained by the norm-bounds can

have a wide range of variations), which enable the robust

behavior of the proposed SMC against the wide range uncer-

tainties in Lf and Cf . Last, the proposed SMC employs the

LMIs in the form of Riccati like inequalities which are more

dynamic with a completely different structure from [21] to

characterize the sliding surface, whereas [21] utilizes the

Lyapunov inequality to design the sliding surface of the

conventional SMC. Consequently, the proposed SMCmethod

can achieve more robustness against the parameter variations,

faster dynamic response, and smaller steady-state error in

comparison to [21].

B. SWITCHING CONTROL LAW DESIGN

The objective of this subsection is to determine the reaching

control law and the switched feedback gains which can drive

the VSI trajectory to the switching surface and maintain a

sliding mode condition. The variable structure control uR is

designed such that the error dynamics x of the VSI outside

the switching surface are driven to reach the sliding surface

in finite time. The control variable uR = [vid viq]
T can be

divided into the following two terms

uR = vff + vfb (10)

where vff = [vffdvffq]
T are the feedforward control terms for

the compensation of matched disturbance inputs in d given

as

vff =

[

vffd
vffq

]

=

[

vLd
vLq

]

+
1

k2
ω

[

−iLq
iLd

]

(11)

and vfb = [vfbd vfbq]
T are the switching feedback control

terms to force the system trajectories to the sliding surface

(σ = 0), presented as

vfb =

[

vfbd
vfbq

]

=

[

−Ddx − ρd (t)SIGN (σ1)

−Dqx − ρq(t)SIGN (σ2)

]

(12)

where SA = [DTdD
T
q ]
T are the matrix product of the sliding

surface matrix S and the control state matrix A, and

ρd (t) = κd +
1

1 − ρ2





ρ1k1 |Hdx| + 2ρ2 |vLd |

+
ρ2

k2
ω
∣

∣iLq
∣

∣+ ρ2 |Ddx|



 ,

ρq(t) = κq +
1

1 − ρ2





ρ1k1
∣

∣Hqx
∣

∣+ 2ρ2
∣

∣vLq
∣

∣

+
ρ2

k2
ω |iLd | + ρ2

∣

∣Dqx
∣

∣



 . (13)

with κd > 0, κq > 0, and SNM = [HT
d H

T
q ]

T .
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FIGURE 2. Block diagram of the proposed sliding mode control for a VSI.

Fig. 2 presents the block diagram of the proposed sliding

mode control for a VSI with S and SA explained in (6)

and (12), respectively. In this figure, the small values of ρ(t),

i.e., ρd and ρq are more suitable for the steady-state operating

condition. However, in terms of control activities, too small

values of ρd and ρq can lead to slow transient responses.

Therefore, the values of ρd and ρq should satisfy the two state

sides, i.e., the steady-state and transient responses.

IV. SLIDING-MODE OBSERVER BASED CONTROL LAW

AND STABILITY ANALYSIS

This section presents the sliding mode observer (SMO) that

estimates the load currents iLd and iLq. Furthermore, the esti-

mated load currents are used by the proposed SMC to design

the SMO-based control law. Next, the stability analysis of

the proposed SMO-based control law is presented using the

Lyapunov function.

A. SLIDING-MODE LOAD CURRENT OBSERVER-BASED

CONTROL LAW

To accurately estimate the load currents iLd and iLq under

the wide range of parameter variations and noisy environ-

ments [25], the sliding mode observer (SMO) is employed

due to its robustness to the external disturbances. Moreover,

the load current SMO omits the situations of sudden break-

down of the current sensors and provides the reliability and

cost reduction to the VSI. In this paper, it is assumed that

the load currents change slowly during a small sampling

period [25]. The sliding mode based load current observer

for the iLd and iLq is represented as;

˙̂vLd = ωvLq + k1iid + ldSIGN
(

vLd − v̂Ld
)

˙̂vLq = ωvLd + k1iiq + lqSIGN
(

vLq − v̂Lq
)

(14)

where ld ≫ 1 and lq ≫ 1. By referring to [24], [26], [27]

and references therein, the error dynamics of the SMO can

be derived from (1)

iLd ≈ −
ld

k1
SIGN

(

vLd − v̂Ld
)

, (15)

iLq ≈ −
lq

k1
SIGN

(

vLq − v̂Lq
)

. (16)

To estimate the load currents iLd and iLq [25], an averaging

filter, i.e., a low pass filter is designed such that the charac-

teristics of the signals are determined by the low frequencies

and the unmodeled dynamics produces the high frequencies.

The estimated load currents can be calculated as;

îLd = −
1

1 + τd s
·
ld

k1
SIGN (vLd − v̂Ld )

îLq = −
1

1 + τqs
·
lq

k1
SIGN (vLq − v̂Lq) (17)

where 0 < τd ≪ 1, 0 < τq ≪ 1 are small filter time constants

and s is the Laplace variable.

These estimated load currents îLd , îLq are utilized for con-

structing the error dynamics of the estimated state vector

x̂ = [vde, vqe, îde, îqe]
T such that

îde = iid − îLd +
1

k1
ωvq_ref , îqe = iiq − îLq −

1

k1
ωvd_ref .

(18)

The SMO-based control law can be rewritten as;

vid = vLd −
1

k2
ωîLq − Dd x̂ − ρ̂dSIGN

(

σ̂1
)

viq = vLq +
1

k2
ωîLd − Dqx̂ − ρ̂qSIGN

(

σ̂2
)

(19)

where ρ̂d and ρ̂q are given by

ρ̂d (t) = κd +
1

1 − ρ2





ρ1k1
∣

∣Hd x̂
∣

∣+ 2ρ2 |vLd |

+
ρ2

k2
ω

∣

∣

∣
îLq

∣

∣

∣
+ ρ2

∣

∣Dd x̂
∣

∣



 ,

ρ̂q(t) = κq +
1

1 − ρ2





ρ1k1
∣

∣Hqx̂
∣

∣+ 2ρ2
∣

∣vLq
∣

∣

+
ρ2

k2
ω

∣

∣

∣
îLd

∣

∣

∣
+ ρ2

∣

∣Dqx̂
∣

∣



 . (20)

Thus, the performance of the VSI will be robust to the

measurement noise by utilizing the load currents provided by

the SMO.

B. STABILITY ANALYSIS

This subsection discusses the stability of the SMO-based

control law by analyzing the sliding mode dynamics and

reachability conditions. The estimated state vector x̂ =

[vde, vqe, îde, îqe]
T converges to the actual state x, i.e.,

the SMO-based control law (19) converges to (10). By the

separation property given in [24], [26], [27], it is sufficient

to show that the sliding mode dynamics with the switching

control law (10) are stable and the reachability condition

σ T σ̇ < 0 is guaranteed for all σ 6= 0. First, the stability

analysis of the sliding mode dynamics is presented using the

Lyapunov function. In this regard, the resulting reduced-order

sliding mode dynamics restricted to the switching surface S

with the input control law are defined using (8) as follows:

z = (8TX8)−18T x (21)

where z ∈ R2. Then, from (5) the sliding mode dynamics are

given by the following uncertain second-order equation

ż =
(

8TX8

)−1
8T [A+ 1A]X8z. (22)

The stability of the sliding mode dynamics requires the

selection of a generalized Lyapunov function V(t,z) which
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is positive definite and has a negative time derivative in the

region of attraction. Therefore, the Lyapunov function to

yield an appropriate sliding mode for mismatched uncertain-

ties is defined as

V (z) = zT
(

8TX8

)

z. (23)

And its derivative is calculated as

V̇ = 2zT8T [A+ NM1k1]X8z

≤ zT8T [AX + XAT + NTN + |1k1|
2 XMTMX ]8z

≤ zT8T [AX + XAT + NTN + (ρ1k1)
2XMTMX ]8z

≤ 0 (24)

where the Riccati-like inequality (9) is used to prove the

stability. The time derivative of the above Lyapunov func-

tion (24) is negative for all z 6= 0, which proves the stability

of the sliding mode dynamics (22).

Second, the stability analysis of the reachability condition

is presented by highlighting that the sliding motion is reached

with the switching feedback control law. The reachability

condition is proven for all σ 6= 0 such that

σ T σ̇ = σ T (SAx + SNM1k1x + uR + d)

= σ1(Ddx + 1k1Hdx + vid + dd )

+ σ2(Dqx + 1k1Hqx + viq + dq)

≤ |σ1| (ρ1k1 |Hdx| + ρ2 |vLd | + ρ2 |vid | − ρd )

+ |σ2| (ρ1k1
∣

∣Hqx
∣

∣+ ρ2
∣

∣vLq
∣

∣+ ρ2
∣

∣viq
∣

∣− ρq)

≤ |σ1|





ρ1k1 |Hdx| + ρ2 |vLd |

+ρ2

[

|vLd | +
1

k2
ω
∣

∣iLq
∣

∣+|Ddx| + ρd

]

− ρd





+ |σ2|

(

ρ1k1
∣

∣Hqx
∣

∣+ ρ2
∣

∣vLq
∣

∣+

ρ2

[

∣

∣vLq
∣

∣+ 1
k2

ω |iLd |+
∣

∣Dqx
∣

∣+ ρq

]

− ρq

)

≤ −
1

1 − ρ2

[

εd |σd | + εq
∣

∣σq
∣

∣

]

. (25)

Hence, the convergence of σ is proven by the Lyapunov

stability criteria. Thus, the reachability conditions are guaran-

teed, and the state-space model (5) with a SMC law is asymp-

totically stable in spite of the mismatched uncertainties and

external disturbances. The physical meaning of the stability

analysis and reachability conditions is that the proposed SMC

will converge to the solution under all operating conditions.

Then, the proof of the stability analysis of the sliding mode

dynamics and reachability conditions provides the analytical

analysis on a much wider scale compared to the numerical

analysis.

Accordingly, the design procedure for the practical imple-

mentation of the proposed slidingmode voltage controller can

be summarized by the following:

Step 1) Build the system model (1) in d–q coordinate frame,

and then derive the error dynamics (4) by using

system parameters.

Step 2) Get the estimated load currents îLd , îLq from (17)

using the observer gain parameters τd , τq, ld , and lq.

Step 3) Determine the solution X using the LMI condi-

tions (7) and (9).

Step 4) Solve the sliding surface parameter matrix σ in (6)

using the solution X .

Step 5) Calculate the switching feedback control law (19)

using the controller gains ρd and ρq from (20).

As depicted in Fig. 2, the proposed SMC can be easily

implemented by solving S and SA. It is also noted that the

tuning of the controller gains ρd and ρq is simple, so the

proposed SMC does not require any exhaustive gain tuning

as the gains are calculated from (20).

V. IMPLEMENTATION AND COMPARATIVE

PERFORMANCE ANALYSIS UNDER WIDE-

RANGE LC FILTER UNCERTAINTIES

A. EXPERIMENTAL SETUP

To prove the authenticity and effectiveness of the proposed

SMC algorithm, experiments with a prototype 1 kVA testbed

are conducted for the following three scenarios, i.e., a load

step change from no load to full load, an unbalanced load

by suddenly opening one phase, and a non-linear load step

change with a full-bridge diode rectifier. Note that these

operating scenarios are selected to highlight the robustness

of the proposed SMO under parameter variations. In this

paper, the conventional SMC scheme [15] is used to carry

out the comparative studies with the proposed SMC method.

In addition, the conventional PI-PI control scheme is chosen

for another comparative study to authenticate the superior

performance of the proposed observer-based SMC scheme.

Note that the PI gains are tuned using a general tuning rule

mentioned in [3]. The optimum values of the control parame-

ters for the proposed SMC are calculated as τd = 0.0001,

τq = 0.0001, ld = 60000, lq = 50000, κd = 0.1, and

κq = 0.1 due to the trade-off between the higher values

increasing the chattering problem and the lower values reduc-

ing the convergence rate. The filter time constants τd and τq
should be sufficiently small to preserve the control input

component undistorted and large enough to eliminate the

high-frequency components [28]. Meanwhile, the small val-

ues of the ld and lq can produce a slow convergence of

the estimated load current, whereas the large values of the

ld and lq can induce the chattering problem in the estimated

load current values.

Furthermore, the control parameters κd and κq are the

small offset values added in the gains of the SMC control to

avoid the zeromultiplication condition and execute the exper-

iments. By solving the LMI condition (7), the solution matrix

X is obtained and the sliding surface parameter matrix S is

derived from (6) as follows:

S =

[

0.0018 0.00007 0.0196 0.00012

0.00002 0.003 0.00045 0.0185

]

. (26)

Fig. 3(a)−(c) presents the schematic diagram of the pro-

posed sliding mode voltage control system using a 16-bit

floating point TMS320LF28335 DSP, the photograph of the

test-bed used to obtain all the experiment results, and the
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FIGURE 3. Experimental set-up of the proposed sliding mode control
system. (a) Schematic diagram. (b) Photograph of the test-bed.
(c) Flowchart of the DSP code.

flowchart of the DSP code to implement the experiments of

the proposed SMC, respectively.

As shown in this figure, the load for each operating

scenario is selected by the switch. The measured inverter

phase currents (ii) and line-to-neutral load voltages (vL) in

the abc reference frame are transformed into the correspond-

ing quantities in the synchronously rotating d-q reference

frame. Then, these dq-axis quantities are provided to the

proposed sliding mode voltage controller. The command

signals (vid and viq) are transformed into the quantities

(vα and vβ ) in the stationary α-β reference frame to imple-

ment a space-vector PWM (SVPWM) technique [29], [30].

In the experiments, the THD, root-mean square (RMS) val-

ues, and some waveforms for the experimental results are

obtained using a Tektronix digital oscilloscope TDS5000,

which is equipped with integrated power measurement and

analysis (power analyzer) software. Note that the parameters

of the LC filter are selected by considering several key factors

such as cost, volume, and switching frequency. In the paper,

the switching frequency (fs) is selected as 5 kHz by taking into

account a trade-off between the control performance and the

efficiency with low switching loss. Even if numerous options

of the L-C combinations are available for the selected fs,

the capacitance Cf = 7 µF is first chosen to minimize the

no-load currents in capacitors and capacitor hardware cost,

and then the inductance Lf = 10 mH is properly selected

based on the Cf . In practical applications, the most common

tolerance variations of the filter inductance (Lf ) and filter

capacitance (Cf ) used as an output filter are within ±10%.

To further justify the robustness against parameter variations,

±50% variations in respective Lf and Cf are assumed under

all load conditions such as load step change, unbalanced

load, and non-linear load step change. It is noted that the

parameters of the non-linear load (i.e., Rload = 200 � and

Cload = 330 µF) shown in Fig. 3(a) are selected to achieve

the maximum crest factor by considering the overcurrent

limitation of our VSI. Table 1 presents the system parameters

used to perform the experiments. In the following subsec-

tions, the detailed comparative studies with the experimental

results will be presented.

TABLE 1. System parameters of a prototype 1 kVA test-bed.

B. COMPARATIVE PERFORMANCE ANALYSIS UNDER A

SUDDEN LOAD STEP CHANGE WITH WIDE-RANGE LC

FILTER UNCERTAINTIES (i.e., 150% Lf 0 AND 50% Cf 0)

To highlight the effectiveness and robustness of the pro-

posed SMC against matched and mismatched uncertainties,

the experiments are conducted with wide range variations of

Lf and Cf . In this scenario, the variations in the values of the

LC filter are selected as 150% Lf 0 (i.e., Lf = 1.5 × Lf 0) and

50% Cf 0 (i.e., Cf = 0.5 × Cf 0) to verify the robustness of

the proposed SMC. Hence, the proposed SMC can effectively

regulate the voltage with wide range variations of an LC filter.

Fig. 4(a)−(b) shows the experimental results of the proposed

SMCand the conventional SMCwith thewaveforms of vL , iL ,
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FIGURE 4. Experimental waveforms (vL, iL, σ1, and σ2) under a sudden
load step change (i.e., resistive load: 0% to 100%) with Lf = 150% Lf 0
and Cf = 50% Cf 0. (a) Proposed observer-based SMC scheme.
(b) Conventional observer-based SMC scheme. (c) Conventional PI−PI
control scheme.

σ1, and σ2, while Fig. 4(c) shows the experimental results of

the conventional PI−PI control scheme with the waveforms

of vL and iL under the scenario of a sudden load step change.

In Fig. 4(a), the load output voltages are restored within less

than only half a cycle after the load is suddenly applied.

Even though the vL slightly exhibits the undershoot due to

the underdamped nature of the control scheme, its rms mag-

nitude deviates to less than 1% of the nominal value. In this

scenario, the output voltage undershoot is less than 30.4%

and the settling time (ts) is about 1.2 ms. However, it is noted

that the conventional SMC in Fig. 4(b) has a higher voltage

undershoot of 55% and longer ts of 2.4 ms compared to the

proposed SMC in Fig. 4(a). It can be seen in Fig. 4(c) that

the conventional PI-PI control scheme has a higher voltage

undershoot of 64.5% and longer ts of 2.85 ms compared to

the proposed SMC. Next, the THDs for the proposed SMC

in Fig. 4(a), the conventional SMC in Fig. 4(b), and the

conventional PI−PI control scheme in Fig. 4(c) are 0.81%,

1.2%, and 1.53%, respectively. Hence, the low THD, small

steady-state error (SSE), and robustness against parameter

variations verify the better performance of the proposed SMC

scheme compared to the conventional SMC scheme and the

conventional PI−PI control scheme.

C. COMPARATIVE PERFORMANCE ANALYSIS UNDER AN

UNBALANCED LOAD WITH WIDE-RANGE LC FILTER

UNCERTAINTIES (i.e., 50% Lf 0 AND 150% Cf 0)

Next, the behavior of the proposed SMC in Fig. 5(a) is com-

pared to that of the conventional SMC in Fig. 5(b) under the

scenario of an unbalanced load with 50% Lf 0 and 150% Cf 0.

In this scenario, phase A is suddenly opened to observe the

FIGURE 5. Experimental waveforms (vL, iL, σ1, and σ2) under an
unbalanced load (i.e., suddenly phase A opened) with Lf = 50% Lf 0 and
Cf = 150% Cf 0. (a) Proposed observer-based SMC scheme.
(b) Conventional observer-based SMC scheme.
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FIGURE 6. Experimental waveforms (vL, iL, σ1, and σ2) under a non-linear
load step change (i.e., three-phase diode rectifier with crest factor
of 2.15) with Lf = 150% Lf 0 and Cf = 150% Cf 0. (a) Proposed
observer-based SMC scheme. (b) Conventional observer-based SMC
scheme. (c) Conventional PI−PI control scheme.

dynamic and steady-state behaviors of the proposed SMC and

the conventional SMC. The waveforms of σ1 and σ2 verify

that the proposed SMC can efficiently regulate the voltage

under an unbalanced load condition due to the robust switch-

ing control law. Regardless of phase A opening, all output

voltage waveforms in Fig. 5(a) are more sinusoidal than those

in Fig. 5(b) because it is observed that the THDs/voltage dips

in vL for the proposed SMC and the conventional SMC are

0.85%/2% and 1.31%/4%, respectively.

FIGURE 7. Experimental waveforms (Frequency spectrum of vLa) under a
non-linear load (i.e., three-phase diode rectifier with crest factor of 2.15)
with Lf = 150% Lf 0 and Cf = 150% Cf 0. (a) Proposed observer-based
SMC scheme. (b) Conventional observer-based SMC scheme.
(c) Conventional PI−PI control scheme.

D. COMPARATIVE PERFORMANCE ANALYSIS UNDER A

SUDDEN NON-LINEAR LOAD STEP CHANGE WITH

WIDE-RANGE LC FILTER UNCERTAINTIES

(i.e., 150% Lf0 AND 150% Cf0)

Lastly, Fig. 6 illustrates the comparative performance

analysis of the three control schemes (i.e., proposed SMC,
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TABLE 2. Summary of the Comparative Performance Analysis of the
Proposed SMC, Conventional SMC, and Conventional PI−PI.

conventional SMC, conventional PI−PI) under the scenario

of the sudden non-linear load step change (i.e., a three-

phase diode rectifier shown in Fig. 3) with the 150% Lf 0
and 150% Cf 0. It is noted that the non-linear load has the

load resistor Rload while the capacitor Cload is pre-charged

by the inverter. Because of the pre-charged capacitor voltage,

the load current gets out of control for first one to two

cycles during the transient-state after the insertion of the

load resistor [3]. Fig. 6(a) highlights that the proposed SMC

has a reduced THD (1.82%), faster ts (1.61 ms), smaller

output voltage undershoots (35.6%), and smaller SSE (1.5 V).

Meanwhile, the experimental results of the conventional

SMC (THD: 3.38%; ts: 3.5 ms; voltage undershoot: 67.1%;

SSE: 2.4 V) in Fig. 6(b) and the conventional PI-PI (THD:

4.31 %; ts: 4.8 ms; voltage undershoot: 71.9%; SSE: 2.7 V)

in Fig. 6(c) display higher THD, longer ts, larger undershoot,

and larger SSE compared to the proposed SMC. In addition,

Fig. 6(a) shows that the output voltage is not almost affected

despite the very high rate of change of the iL . The sliding

surfaces σ1 and σ2 under this scenario show small overshoots

which are reflected in the vL . Meanwhile, the higher pertur-

bations in the vL shown in Fig. 6(b) and (c) prove that the

conventional SMC and conventional PI−PI control schemes

are not effective to mitigate the wide range variations of an

LC filter under a sudden non-linear load step change.

Next, Fig. 7 presents the frequency spectrum analysis of the

load voltage in volts as well as dBs for the proposed SMC,

conventional SMC, and conventional PI−PI, respectively.

As depicted in Fig. 7(a), the magnitudes of 5th (1.5 V) and

7th (0.8 V) harmonic components for the proposed SMC are

significantly reduced due to the relaxed conditions designed

for the norm-bounds of the proposed SMC. The 5th (3.99 V)

and 7th (1.92 V) harmonic components in Fig. 7(b) for the

conventional SMC and 5th (4.89V) and 7th (3.28V) harmonic

components in Fig. 7(c) for the conventional PI−PI are higher

compared to the proposed SMC.

From the experimental results of the three scenarios,

the proposed SMC method provided the better performance

such as good voltage regulation and lower THDs compared to

the conventional SMCmethod. Moreover, the proposed SMC

showed more robustness against the wide range parameter

uncertainties of Lf and Cf . Last, Table 2 presents a summary

of the comparative performance analysis of the proposed

SMC, conventional SMC, and conventional PI−PI under all

three operating scenarios described previously.

VI. CONCLUSION

This paper presents an advanced sliding mode voltage con-

troller to mitigate the matched and mismatched uncertainties

of the LC filter in a three-phase voltage source inverter. The

sliding surface is designed using the LMIs which can select

the relaxed norm-bounded conditions for the matched and

mismatched uncertainties. The sliding mode observer, due to

its robustness to external disturbances, is also employed to

estimate the load currents. The stability of the sliding mode

dynamics and the reachability conditions are presented using

the Lyapunov theory. The more robustness against LC filter

uncertainties, lower THD, smaller steady-state error, and

faster transient response of the proposed SMC were verified

under the three scenarios of a sudden load change, an unbal-

anced load, and a sudden non-linear load change compared

to the conventional SMC and conventional PI−PI control.

The proposed SMC in this paper can be applied to various

applications such as active power filter, STATCOM, and

ac motor drive to compensate for matched and mismatched

uncertainties.
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