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SUMMARY  

An zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAimproved t r ansve r se  shear deformation theory f o r  laminated an i so t rop ic  

plates under bending i s  presented. The theory e l imina tes  t h e  need f o r  an a rb i 

t r a r i l y  chosen shear cor rec t ion  f ac to r .  For a general  laminate with coupled 

bending and s t r e t ch ing ,  t h e  cons t i t u t ive  equations connecting s t r e s s  r e s u l t a n t s  

with average displacements and ro t a t ions  are derived. Simplif ied forms of 

t h e s e  r e l a t i o n s  a r e  a l s o  obtained f o r  t h e  spec ia l  case of a symmetric laminate 

with uncoupled bending. The governing equation f o r  t h i s  spec ia l  case is 

obtained as a s ixth-order  equation f o r  t h e  normal displacement requi r ing  pre

s c r i p t i o n  of t h e  t h r e e  phys ica l ly  na tu ra l  boundary condi t ions along each edge. 

For t h e  l imi t ing  case of isotropy,  t h e  present  theory reduces t o  an improved 

version of Mindlin 's  theory.  

Numerical r e s u l t s  are obtained from t h e  present  theory f o r  an example of a 

laminated p l a t e  under cy l ind r i ca l  bending. Comparison with r e s u l t s  from exact 

three-dimensional ana lys i s  shows t h a t  t he  present  theory is  more accurate  than 

other  t heo r i e s  of equivalent  order.  

INTRODUCTION 

Class i ca l  bending theory produces e r r o r s  when t h e  r a t i o  of t he  e l a s t i c  

modulus t o  shear modulus becomes large.  Advanced composites l i k e  graphite-

epoxy and boron-epoq have r a t i o s  of about 25 and 45, respec t ive ly ,  i n  con t r a s t  

t o  2.6 which is  t y p i c a l  of i s o t r o p i c  mater ia ls .  These high r a t i o s  render c las

s i c a l  p l a t e  theory inaccurate  f o r  ana lys i s  of composite p l a t e s .  S t ruc tures  

from advanced composites a r e  constructed i n  layered form with each layer  being 

or thot ropic .  Consequently, f o r  ana lys i s  of composite p l a t e s ,  a s a t i s f a c t o r y  

t r ansve r se  shear deformation theory f o r  laminated an iso t ropic  p l a t e s  is  needed. 

Current shear deformation theo r i e s  f o r  laminated an iso t ropic  p l a t e s  have 

one drawback o r  another.  The m o r e  rigorous t h e o r i e s  ( r e f s .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA1 and 2 )  are zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAcum-
bersome because of t h e i r  high order and inconvenient boundary conditions.  Most 

of t h e  s i m p l e r ,  sixth-order  t heo r i e s  ( r e f s .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA3 t o  5 )  requi re  an a r b i t r a r y  cor

r ec t ion  t o  t h e  t ransverse  shear s t i f f n e s s  matrix. Cohen's s ixth-order  theory 

( r e f .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA6 )  does not requi re  a cor rec t ion  f a c t o r  but,  l i k e  a l l  other  s ixth-order  

t heo r i e s  ( r e f s .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA3 t o  51, h i s  theory is no b e t t e r  than c l a s s i c a l  p l a t e  theory i n  

p red ic t ing  s t r e s ses .  

Herein, a sixth-order bending theory f o r  laminated an iso t ropic  p l a t e s  i s  

developed t h a t  requi res  j u s t  t h e  th ree  na tu ra l  boundary condi t ions i n  uncoupled 

bending problems. These t h r e e  condi t ions are t h e  normal moment, t h e  tw i s t ing  

moment, and t h e  t r ansve r se  shear  force.  Al te rna t ive ly ,  any one of t hese  condi

t i o n s  could be replaced by presc r ip t ion  of t h e  corresponding displacement 

degree of freedom, such as ro t a t ion  o r  normal displacement. The theory does 



not requi re  an a r b i t r a r y  shear  cor rec t ion  f ac to r .  Unlike o ther  t heo r i e s  of 

equivalent order  ( r e f s .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA3 t o  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA61, t h e  present  theory gives an accurate  predic

t i o n  of stresses. 

The present  theory uses a displacement approach l i k e  t h a t  i n  Mindlin 's  

theory ( r e f .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA7 )  and its st ra ightforward extensions t o  laminated an i so t rop ic  

plates ( r e f s .  3 t o  5) .  However, i n  con t r a s t  t o  earlier t heo r i e s ,  a special 

displacement f i e l d  is used. The displacement f i e l d  is chosen so t h a t  t h e  

t r ansve r se  shear stress vanishes on t h e  plate sur faces .  This important modifi

ca t ion  el iminates  t h e  need f o r  using an a r b i t r a r y  shear  cor rec t ion  f a c t o r ,  

c h a r a c t e r i s t i c  of o ther  t heo r i e s  ( r e f s .  3 t o  5). 

The theory is f i r s t  developed f o r  a general  unsymmetric laminate. Simpli

f i e d  r e l a t ions  a r e  then derived f o r  a symmetric laminate i n  which bending and 

s t r e t ch ing  a re  uncoupled. The r e s u l t s  a r e  f u r t h e r  spec ia l i zed  f o r  a symmetric 

cross-ply laminate, which is  a case of c l a s s i c a l  orthotropy. For t h e  l imi t ing  

case of isotropy,  t he  present  theory reduces t o  an improved vers ion of 

Mindlin 's  theory ( r e f .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA7). 

Cyl indr ica l  bending of a three-layered laminate is  considered, as a nwner

i c a l  example, t o  compare r e s u l t s  from the  present  theory with those from t h e  

exact so lu t ion  and o ther  theor ies .  

SYMBOLS 

Ai " d i f f e r e n t i a l "  bending and tw i s t ing  r i g i d i t i e s  f o r  laminatedj 
an i so t rop ic  p l a t e  (i,j zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= 1, 2 ,  3 )  

'i j elements of s t i f f n e s s  matrix f o r  ind iv idua l  lamina connecting 

s t r e s s e s  and s t r a i n s  (i = 1, 2,  3 ,  . . ., 6 )  
-
'i j elements of reduced s t i f f n e s s  matrix f o r  ind iv idua l  lamina 

def in ing  cons t i t u t ive  r e l a t i o n s  of plane s t r e s s  type 

(i= 1, 2, 3 )  

- ( n )
'i j 

3
Eh

D bending r i g i d i t y  of i s o t r o p i c  p l a t e ,  
12(1 - v 2 j  

Dij 
bending and tw i s t ing  r i g i d i t i e s  f o r  laminated an iso t ropic  p l a t e  

( i , j  = 1, 2 ,  3 )  

E Young's modulus of i so t rop ic  p l a t e  

E R ' E t  e l a s t i c  moduli of ind iv idua l  lamina i n  longi tudina l  and 

t ransverse  d i rec t ions ,  respec t ive ly  

G shear modulus of i so t rop ic  p l a t e  
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- 

G 
A t  'Gtt 

shear  moduli of ind iv idua l  lamina 

h laminate th ickness  

k shear  cor rec t ion  f a c t o r  i n  Whitney and Pagano's theory 

K1,KZ t ransverse  shear s t i f f n e s s  coe f f i c i en t s  f o r  laminated an i so t rop ic  

plate  

Mx,My,Mw bending and t w i s t i n g  moments per u n i t  length of laminate element 

Nx,Ny,Nw membrane fo rces  per u n i t  length of laminate element 

-

t r ansve r se  shear  forces  per u n i t  length of laminate element 

d i s t r i b u t e d  normal load per u n i t  area of laminate sur face ,  

p o s i t i v e  i n  d i r ec t ion  of increas ing  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAz 

span length i n  numerical example 

displacements i n  x-, y-, and z-d i rec t ions ,  respec t ive ly  

average values of displacement components over thickness  

Cartesian coordinates  with z-axis or ien ted  i n  thicknesswise 

d i r e c t i o n  and measured from middle plane of laminate ( f i g .  1) 

average values of r o t a t i o n s  of l i n e  normal t o  middle sur face  over 

th ickness  

A1,A2,* * * rA  1 1  
l i n e a r  d i f f e r e n t i a l  operators  

1 '  s t r a i n  components i n  Cartesian coordinates  

Yxy Yyz zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAY x z  

3 



h zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAangle  of f i b e r  o r i en ta t ion   

V Poisson 's  r a t i o  of isotropic plate  

V
A t  Vtt 

Poisson 's  ratios of ind iv idua l  lamina  

ox, oy, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAUz 

stress components i n  Cartesian coordinates  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Txy"Gyz%Z 

X t r ansve r se  shear  funct ion i n  Reissner 's  theory f o r  isotropic p l a t e s  

under bending 

Subscr ipts :  

R , t  longi tudina l  and t ransverse  d i r ec t ions  of un id i r ec t iona l  lamina, 

respec t ive ly  

max maximum value 

S , B  s t r e t c h i n g  and bending components, respec t ive ly  

SS,BB appl ied t o  matrices, r e f e r  t o  s t r e t c h i n g  and bending parts, 

respec t ive ly  

SB,BS appl ied  t o  matrices, r e f e r  t o  stretching-bending coupling 

Superscr ipt :  

T t ranspose of matrix 

Matrix notat ion:  

c 3  matrix 

0 column matrix 

L J  row matrix 

Col n u l l  matrix 

DEVELOPMENT OF THE THEORY 

The present  theory is developed zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAby using a displacement approach. The 

inplane displacements u and v are approximated by cubic polynomials i n  

z. The out-of-plane displacement w is assumed t o  be constant with respect 

t o  z. By requi r ing  t h a t  shear  stresses vanish on t h e  surface,  c o e f f i c i e n t s  of 
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t h e  polynomials are r e l a t ed .  By using t h e s e  r e l a t i o n s ,  t h e  displacement f i e l d  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
is completely defined i n  terms of zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAz, "average" displacements U, V, and W, 
and "average" ro t a t ions  of a l i n e  normal t o  t h e  middle sur face  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA$, and By. 

Then t h e  stress d i s t r i b u t i o n  through t h e  thickness  is  determined from t h e  

c o n s t i t u t i v e  r e l a t i o n s  of ind iv idua l  layers .  N e x t  t h e  laminate c o n s t i t u t i v e  

equations,  which r e l a t e  t h e  fo rces  and moments t o  displacements U, V, and 

W and r o t a t i o n s  @, and gY, axe obtained from stresses by i n t eg ra t ion  

through t h e  thickness .  

F ina l ly ,  f o r  t h e  case of a symmetric laminate, t h e  moments and t ransverse  

shear  forces  from t h e  plate c o n s t i t u t i v e  equations are s u b s t i t u t e d  i n t o  t h e  

t h r e e  p l a t e  equi l ibr ium equations.  By e l imina t ing  a l l  q u a n t i t i e s  except W, a 

s i n g l e  governing equation i n  terms of W is  obtained. 

Unsymmetric Laminate 

The general  case of an unsymmetric laminate with stretching-bending cou

p l i n g  is  considered f i r s t .  The c o n s t i t u t i v e  r e l a t i o n s  f o r  any ind iv idua l  

lamina a r e  

( 1  
'13 '23 '33 

-

where t h e  coordinate system is  shown i n  f i g u r e  1. The oZ i s  assumed t o  be 

small i n  comparison with o ther  normal stresses and is  neglected. Whitney and 

Pagano ( r e f .  4 )  have shown t h a t ,  with t h i s  assumption, equation ( 1 )  reduces t o  

t h e  following contracted form: 

- 
c 1 1  c12  

-  
c 1 2  c 2 2 (3  

-
'23 
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where 

- i 4cij  -- cij  -
c c

j 4  

c44 

The s t r a i n s  i n  equation ( 3 )  are determined from an assumed d i s t r i b u t i o n  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAof dis

placements through t h e  thickness .  The displacements are approximated as 

The polynomial representa t ion  of u and v as shown i n  equations (5) 
and ( 6 )  is  an important departure  from Mindlin’s theory ( r e f .  7 )  and i ts  exten

s ions  t o  laminated plates ( r e f s .  3 t o  51, which assume u and v as l i n e a r  

func t ions  of zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAz .  The assumption of a higher order  polynomial i n  z f o r  u 

and v i n  p l a t e  bending theo r i e s  is not new. Lo and o thers  ( r e f .  2 )  have 

previously used a cubic polynomial f o r  u and v as i n  equations zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA( 5 )  

and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(6). However, i n  cont ras t  t o  t h e i r  theory,  ui,vi (i= 0 ,  1, 2, 3 )  i n  

equat ions ( 5 )  and ( 6 )  are not independent. Ins tead ,  they are chosen so t h a t  
-t h e  condition zXz - ‘tYz = 0 a t  z = +h/2 is  s a t i s f i e d .  When these  four  

condi t ions a r e  s a t i s f i e d ,  t h e  f i n a l  number of independent unknowns is f ive .  

Thus, t h e  order of t h e  theory is t h e  s a m e  as t h a t  of earlier low-order t h e o r i e s  
-( r e f s .  3 t o  5 ) .  In  addi t ion,  t h e  physical  condi t ions T= - zyz = 0 a t  

z = fh/2 a r e  a l s o  s a t i s f i e d .  It w a s  not poss ib l e  t o  s a t i s f y  these  condi t ions 

i n  the  e a r l i e r  t heo r i e s  ( r e f s .  3 t o  5). 

Because t h e  shear  stresses T~~ and T a r e  zero on t h e  two laminate
YZ

sur faces ,  equation ( 2 )  i nd ica t e s  t h a t  t h e  shear  s t r a i n s  a l s o  must vanish. 

Consequently, t he  shear s t r a i n s  determined from equations (5) t o  (7)must equal 

zero  as 

6  



Equations zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(8) and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(9) lead t o  

Equations (8) t o  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA( zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA10)  ind ica te  t h a t  t he re  a r e  i n  a l l  only f i v e  independent 

unknowns uo, u l ,  vo, v l ,  and W; however, t h e  f i r s t  four lack d i r e c t  phys

ical  i n t e r p r e t a t i o n  and are inconvenient from t h e  poin t  of view of prescr ib ing  

boundary conditions.  Therefore uo: u l ,  vo, and v1 are replaced by four 

o ther  q u a n t i t i e s  with physical  meaning; namely, "average" inplane displacements 

U and V and "average" ro t a t ions  of a l i n e  normal t o  t h e  middle surface,  

which are defined as 

"Averaging" here  means averaging through t h e  thickness.  Equations ( 11 

and (12)  are obtained from a l e a s t  square approximation. Deta i l s  of der iva t ion  

of equations ( 1 1 )  and (12)  are given i n  appendix A. 

BY using equation ( l o ) ,  de f in i t i ons  (11) and (12) y i e l d  

u = uo 

v = vo 

2
3hpx = u1 + -

u3 
(15)20 

(16)  

7 



Solving equations zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(81, (91, (151, and ( 1 6 )  leads to  

u zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= - $  + - 5 1 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAaw 
1 4 x zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA4 a x  

v = - $  + - 5 1 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAaw 
1 4 Y 4 a y  

v
3 

= - -(p5 

3h2 +E) 

( 1 7 )  

( 1 8 )  

( 1 9 )  

From equations (31 ,  (51, (61, and (101,  the strain-displacement relations, 
and the definitions of force and moment stress resultants, there follows 

4N = k  N "d'= (3:9) (9x1 )  
( 2 1  

(3x1  1 

where  

I 

I = Ess I LSJ 

(3x3 )  (3x6 )  

Lss = '0 
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( 3 x 3 )  ( 3 x 3 )  

( 3 x 3 )  ( 3 x 3 )  

--
-(n) -(n) -(n)  
c 1  1 ‘12 ‘1 3 

- ( n )  - ( n )  - ( n )  ( 2 9 a )  

‘12 ‘22 ‘23 

- ( n )  - ( n )  - ( n )  

‘13 ‘23 ‘33 
-

6 =(;:) 

9 



The matrix cons t i t u t ive  equations (21) and ( 2 2 )  are arranged zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAso t h a t  

matrices corresponding t o  s t r e t ch ing ,  bending, and stretching-bending coupling 

appear separa te ly  i n  t h e  t o t a l  matrix. These matrices are denoted by t h e  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAsub-
s c r i p t s  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBASS, BB, and SB o r  BS, respect ively.  A l s o ,  elements  of t h e  column 

matrix zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(0 a r e  arranged so t h a t  t h e  var iab les  s ign i fy ing  s t r e t c h i n g  and bending 

are grouped separately.  These groups are denoted by t h e  subsc r ip t s  S and B, 
respect ively.  Although t h e  present  formulation is f o r  a general  laminate with 

coupled s t r e t ch ing  and bending, t h e  arrangement of matrices allows easy extrac

t i o n  of matrices f o r  symmetric laminate r e l a t ions .  The symmetric laminate case 

is  discussed i n  a subsequent sect ion.  

By combining equations (131,  (141,  (171,  (181,  (191,  and (201 ,  t h e  column 

matrix $ is expressed as a funct ion of t h e  der iva t ives  of U, V, W ,  

and By as 

$ = H 3, 
(9x1 )  (9x11)  (11x1)  

where 

4 = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA6:) 

H =   

HSS = [  ;  

BX 

(34 1 

(35  1 

( 3 6 )  

(37  1 

( 3 8 )  

(391 
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-
5/4 0  

0 5/4  

0 0  

-5/3h 2 o  

0 -5/3h 2  

0 0  
-

where 0 is a null matrix.  

N = I H 

-
0 0 1 /4 0 0  

0 0 0 1 /4 0  

5/4 5/4 0 0 1 /2 

0 0 -5/3h 2 o 0 

0 0 0 -5/3h2 0 

-5/3h2 -5/3h 2 0 0 -1 0/3h2
-

J, 

(3x1) (3x9) (9x11) (11x1)  

M = J H J, 

(3x1) (3x9) (9x11) (11x1) 

BY using the strain-displacement relations and equations (51, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(61, (71, 
(io), (17), (18), (19), and (20), equation (2) yields on integration through 
the thickness  

where  

1 1   



r 

-
c55 

-‘56 

3c552 2 ‘56 3c5627 

dz (45) 

3c562 2 ‘66 3c6622_] 

= 5 j  dz 

‘66 

Equations (41) t o  (43)  are t h e  c o n s t i t u t i v e  equations f o r  a general ,  

unsymmetric laminate with stretching-bending coupling. These equations def ine  

t h e  force  and moment stress r e s u l t a n t s  i n  terms of average inplane displace

ments U and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAV, normal de f l ec t ion  W, and average r o t a t i o n s  of a l i n e  normal 

t o  t h e  middle sur face  px and By. The governing equations can be derived by 

s u b s t i t u t i n g  from these  c o n s t i t u t i v e  equations i n t o  t h e  equi l ibr ium equations.  

Because they are lengthy and cumbersome, they a r e  not shown herein.  Derjvation 

of t h e  governing equation is c a r r i e d  out here  only f o r  t h e  symmetric laminate 

case,  i n  which t h e r e  is  no coupling between s t r e t c h i n g  and bending. 

Symmetric Laminate Under Bending 

For a symmetric laminate, t h e  matrices LSB and LBs which couple 

s t r e t c h i n g  and bending become n u l l  matrices. Consequently, t h e  c o n s t i t u t i v e  

equation ( 4 2 )  f o r  moments s impl i f i e s  t o  

M = L
BB 

H
BB ‘B 

(471 

( 3 x 1 )  (3x6)(6x7) (7x1) 

,where the‘ various matrices appearing on t h e  right-hand side of equation (47) 
are defined by equations (281, (291, (371, and ( 4 0 ) .  The c o n s t i t u t i v e  equa

t i o n  (43) f o r  t ransverse  shear  forces  i s  not s implif ied.  Further  t reatment  of 

symmetric laminates herein is confined t o  der iva t ion  of r e l a t i o n s  pe r t a in ing  t o  

bending. The s t r e t c h i n g  r e l a t i o n s  become i d e n t i c a l  with those  from classical 

lamination theory and need no separa te  treatment.  

The moment and force  equilibrium equations f o r  t h e  laminate under bending 

a r e  

12 



On subs t i t u t ion  from t h e  cons t i t u t ive  equations zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA( 4 3 )  and (471,  equations 

( 4 8 )  t o  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(50) y i e l d  t h r e e  governing equations f o r  t h ree  unknowns: namely, W,
BX, and By. These can be reduced t o  a s i n g l e  equation i n  terms of W by 

e l imina t ing  B X  and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAfly, as follows: 

Equation ( 4 3 )  can be rewr i t ten  as 

where 

[PI zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA[-e -1 r) ' 5-11 

The zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA[E] and [r)] i n  equation (52) are 2 x 2 submatrices obtained by 

p a r t i t i o n i n g  t h e  2 x 4 matrix [R] of equation ( 4 4 )  a s  

" = r 5I(2x2) I (2x2) 
(53  

A column matrix Q is now defined as 

From equation (511, a re l a t ionsh ip  between t h e  column matrices and 

62 is  found as 

Js = r P 

(7x1 I 
(7x7) (7x1) 

(55  1 
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where 

- 
p1 1 0 p12 '13 0 '14 0 

0 p22 p21 0 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA'2 3 0 '24 

0 p12 p11 0 '13 0 '14 

r =  p2 1 0 p22 '2 3 0 '24 0 

1 0 0 0 0 0 0 

0 1 0 0 0 0 0 

0 0 1 0 0 0 0 --

The elements Pij i n  t h e  foregoing equation are t h e  elements of t h e  [PI 
matrix obtained from equation (52).  By using equation (551, equation (47) i s  
reduced t o  

~ = 5-2 e 
(3x1) (3x7) (7x1) 

where 

e =  L
BB 

H
BB 

r (57) 

(3x6) (6x7) (7x7) 

By using equation ( 5 6 ) ,  t h e  moment equilibrium equations (48) and (49) 

become 

-A4Qx + A5Qy = A6W (59)  

Here, A1 t o  A6 are l i n e a r  d i f f e r e n t i a l  operators ,  t h e  c o e f f i c i e n t s  of which 

are defined i n  terms of elements of t h e  matrix 8 .  Equations (58) and (59) 

y i e l d  

14 



A7Qx zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= (A3A5 + A2A6)W 

A7Qy = (A1A6 + A3A4)W 

where  

A7 = (AlA5 - A2A4) (62zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA1 

Elimination of Qx and Qy from equations (501, (601, and (61)results 

in 

4 6  
a w  + a w  

i=O,l,2,... 

a
(4-i)i 

ax
(4-i)

ay 
i 

i=O,l,2,... 

a
(6-i)i 

ax
(6-i)

aY
i 

where the coefficients a and b are derived in appendix zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAB in terms of ele
ments of the matrix 8. The convention followed for the subscripts on a 

and b in equation (63) is that the two subscripts (the first one being in 

parentheses) are not to be multiplied with each other but written adjacent to 

each other. For example, a(6-i)i 
for i = 1 is aS1. 

Equation (63) is a sixth-order governing equation for the normal displace

ment. It permits the three natural physical boundary conditions to be pre

scribed over each boundary as in Reissner's (ref. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA8) or Mindlin's (ref. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA7 )  
theory for isotropic plates. Once W is determined from equation (63) and the 

prescribed boundary conditions, all the other physical quantities can be deter

mined in terms of W. To this end, the transverse shear forces are found 

through equations (58) and (591, moments through the matrix equation (561, and 

rotations through equation (511. 
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Symmetric Cross-Ply Laminate Under Bending 

The c o n s t i t u t i v e  equations f o r  an unsymmetric laminate and a general  sym

m e t r i c  laminate w e r e  derived i n  matrix form zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAso t h a t  t h e  c o e f f i c i e n t s  appearing 

i n  them could be ca lcu la ted  rout ine ly  with matrix algebra.  The special case of 

a symmetric cross ply  is now considered. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAA symmetric cross-ply laminate is 

defined as one which is comprised of only zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAO o  and 90° l aye r s  s tacked symmetri

c a l l y  with respect t o  t h e  middle surface.  I n  t h i s  case, t h e r e  i s  no coupling 

between bending and twis t ing ,  and t h e  matrix r e l a t i o n s  derived previously f o r  a 

general  symmetric laminate reduce t o  s i m p l e  formulas. These formulas are now 

derived. 

For  convenience, t h e  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAx- and y-axes ( f i g .  1 )  are chosen t o  be or i en ted  

along t h e  p r inc ipa l  axes of t h e  laminate. Thus 

-
C 1 3  = c23 - c34 = 0 

and consequently some elements of t h e  reduced s t i f f n e s s  matrix a l s o  vanish; 

thus  

By using equations ( 6 5 )  and (661 ,  equations ( 4 7 )  and ( 4 3 )  reduce t o  

aP a w  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAaw- a P X  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAY -
2 2 

Mx - D1l  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAax + D12 ay + 2 + A12 2 
ax a Y  

aP 2 a w2 
a w  a P X  Y - -

My = D12 ax + D22 ay + A12 2 + A22 2 
ax 3Y 

ayMxy = D33i"+ 2)
+ 2A33 

a2w 

Q x = K  I (  @ x + -E) 
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QY = K ( B  Y zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA+E)2 

where 

D = 

1 - ( 2 )  5 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA- ( 4 )  
(731= - -

A i j  4 ' ij 3h2 
C
i j  

H e r e  D i j  can be i n t e r p r e t e d  a s  an i so t rop ic  plate bending r i g i d i t i e s .  A s  

shown subsequently, they become equal t o  t h e  isotropic values f o r  t h e  l i m i t i n g  

case of isotropy.  The c o e f f i c i e n t s  Ai .  vanish f o r  t h e  i s o t r o p i c  case and 

might theref  o re  be re f  e r r e d  t o  as anisogropic " d i f f e r e n t i a l "  p l a t e  bending 

r i g i d i t i e s .  

S u b s t i t u t i n g  from equations (70) and (71) i n t o  equations (67)  t o  (69) and 

using equation (50) y i e l d s  

M 
X 

= -C l l  
2 c12 

2 
D12 aQx D12- ( 2 )  a2

w - ( 2 )  fi + (?---)---
qax K2ax a Y  

2 2 
D12

M = -C
- ( 2 )  a w - ( 2 )  a w + 2 2 _ 1 2 Y - -

Y l 2  ax 
2 c22 

aY2  
(:2 zl ):: K1 
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- - 

Equations (67) to (69)and (76) to (78)are two alternate forms of con 
stitutive equations for moments for a symmetric cross-ply laminate. Equations  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
(70) and (71) are the constitutive equations for transverse shear forces.  

By using equations (501, (76), (77), and (781, the moment equilibrium  

equations (48)and (49)can be written as  

A Q = -AloW - c1 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA3 (79)ax  
8 x   

AgQy = -A 11
W - c 3 

2 aY 

where A8 to A l l  are linear differential operators defined by 

3 3 3 2
A l 0  = e1 a ( )/ax + e2 a ( )/ax ay 

- 1 Dl 1
dl - T(Dl2 + D33)

2 K 1  

18  



d2 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA-D33/K1 

d3 = -D 
33/K

2 

-zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA1 D22
d4 - -(D 

12 
+ D33) -:K1  K

2 

- ( 2 )e = C l l
1 

- ( 2 )
e3 = C 2 2  

1
c1 = y ( D 1 2  + D33 

2 

1 
c

2 
=-(D 

12 + D33K 
1 

Elimination of Qx and Q from equations (501, ( 7 9 1 ,  

in the governing equation for zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA8 as 

( 8 6 )  

( 8 7  

( 8 8 )  

(93 1 

and ( 8 0 )  results 

B y  substituting for the differential operators, equation ( 9 4 )  becomes 

19 



4 4 
- a w  + e3 - a 

6 a6w 
a w + ~ e 2  a 

4]: + %el --g 
+ [e2(d1 + 

+ d4el] ax4ay2el 
ax 

4 
ax ay a Y  ax 

2 2 

= zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAq + (d l  + d3 - C 1 ) % +  + d4 - c,) as 
ax aY 

4 

+ d2(d4 - c,) 
as (95zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA1 
3Y 

Equation (95)  has no de r iva t ive  involving odd number of d i f f e r e n t i a t i o n s  

with respect t o  x o r  y. In  con t r a s t ,  t hese  de r iva t ives  appear i n  t h e  

governing equation (63) f o r  a general  symmetric laminate. 

Reduction t o  I so t rop ic  P l a t e  Relat ions 

For t h e  spec ia l  case of i so t ropy  

(96 )  

- 2  
C12 = vE/(1 - v (97 1  

3
Eh- - - (2 )  - --(2) = P l a t e  bending r i g i d i t y ,  D = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

D1l - D22 = c l l  - c22 
1 2 ( 1  - v 

2 
1 

- - ( 2 )  
= vD

D12 - c12 
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I1  

K1 = K2 = -5 
Gh (102)6 

By us ing  equations (96) t o  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(1021 ,  t h e  c o n s t i t u t i v e  equations (67) t o  ( 7 1 )  
and (76)  t o  (78)  reduce t o  a form s i m i l a r  t o  Reissner 's  ( r e f .  8) .  The only 

discrepancy involves terms of q. For t h e  homogeneous case q = 0, t h e  t w o  

t heo r i e s  are i den t i ca l .  The discrepancy f o r  q zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAf 0 vanishes i f  t h e  contribu

t i o n  from 
bz 

t o  s t r a i n  energy i s  neglected i n  Reissner 's  energy formulation 

( r e f .  8) .  As t h i s  cont r ibu t ion  is r e l a t i v e l y  s m a l l ,  t h e  discrepancy between 

t h e  two theo r i e s  can be considered t o  be a higher  order  e f f e c t  and negl ig ib le .  

The discrepancy i n  terms involving q is a consequence of t h e  assumption 

of constant  w through th ickness  i n  t h e  present  theory.  Reissner 's  isotropic 

plate  theory is  based on exact s a t i s f a c t i o n  of t h e  equi l ibr ium equation i n  t h e  

z-direct ion f o r  a l l  z which i m p l i e s  var i a t ion  of w with zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAz .  

DISCUSSION  

A sixth-order  governing equation f o r  W is  obtained here f o r  a symmetric 

laminate. This is  i n  con t r a s t  t o  t h e  Reissner ( r e f .  8 )  and Mindlin ( r e f .  7 )  

t heo r i e s  f o r  an i s o t r o p i c  p l a t e  which give a fourth-order equation f o r  W 

toge ther  with an aux i l i a ry  equation of second order  f o r  a t r ansve r se  shear  

funct ion zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAx. However, t h e  t o t a l  order  is  t h e  s a m e  i n  both cases, thereby 

r equ i r ing  p resc r ip t ion  of t h e  same number of boundary conditions.  

A c lose  inspec t ion  revea ls  t h a t ,  f o r  t h e  l i m i t i n g  case of i so t ropy ,  t h e  

present  theory a l s o  leads t o  lower order  equations f o r  W and x l i k e  t h e  

Reissner ( r e f .  8)  and Mindlin ( r e f .  7 )  t heo r i e s .  This happens because, f o r  

i so t ropy ,  t h e  d i f f e r e n t i a l  operators  A8 and Ag i n  equations (79)  and (80)  

become iden t i ca l .  Thus, fewer d i f f e r e n t i a t i o n s  would be required t o  e l i m i 

nate  Qx and Qy from equations (501, (791, and (80) .  (See der iva t ion  of 

eq. (941.1 

The Qx and Qy f o r  a laminated plate are determined completely i n  terms 

of W as p a r t i c u l a r  i n t e g r a l s  of equations (79)  and (80) .  Complementary solu

t i o n s  of t hese  equations are not admissible a s  they v i o l a t e  t h e  equilibrium 

equation (50). Recall t h a t ,  i n  con t r a s t ,  complementary so lu t ions  a r e  used i n  

i s o t r o p i c  p l a t e s  ( r e f s .  7 and 8) because complementary so lu t ions  i n  t h e  iso

t r o p i c  case can be chosen t o  s a t i s f y  t h e  equi l ibr ium equation (50). 

Shear Correct ion Factor  

The term "shear cor rec t ion  f ac to r "  i n  t ransverse  shear  deformation 

t h e o r i e s  i s  usual ly  meant t o  r e f e r  t o  an a r b i t r a r y  co r rec t ion  appl ied t o  t h e  

shear s t i f f n e s s  previously determined. I n  t h e  present  theory,  t h e r e  is no 

shear  co r rec t ion  f a c t o r  i n  t h i s  sense of t h e  t e r m  because t h e  t r ansve r se  shear  

s t i f f n e s s  is  e x p l i c i t l y  determined and no cor rec t ion  is necessary. This 
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becomes clear by examining t h e  l i m i t i n g  case of i so t ropy  i n  d e t a i l .  From equa

t i o n s  (701, (71 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA1, and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA( 102zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAl, t ransverse  shear  forces  f o r  an i s o t r o p i c  plate are 

given by 

where G is t h e  i s o t r o p i c  shear  modulus. Equations (103) and (104) agree with 

t h e  r e s u l t s  from Reissner 's  theory f o r  i s o t r o p i c  p l a t e s  ( r e f .  8 ) .  

The q u a n t i t i e s  
Px + zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAax and By + - represent  average shear  s t r a i n s  

a Y  

through t h e  thickness .  Thus, t h e  f a c t o r  5/6 (0.833) i n  equations (103) 

and ( 1 0 4 )  can be looked upon a s  a cor rec t ion  t o  be appl ied  t o  t h e  t r ansve r se  

shear s t i f f n e s s  t o  account f o r  va r i a t ion  of shear stress through t h e  thickness .  

I n  Mindlin 's  theory ( r e f .  71, t h e  assumption of constant  shear  s t r a i n  l e d  t o  a 

f a c t o r  of uni ty  ins tead  of 5/6 (0.833) i n  equations (103) and (104).  However, 

Mindlin replaced t h i s  f a c t o r  of un i ty  by an a r b i t r a r y  f ac to r ,  t h e  value of 

which was adjusted so t h a t  r e s u l t s  from t h e  theory agreed with t h e  exact solu

t i o n  f o r  a chosen example. H e  a r r ived  a t  a value of 7t2/12 (0.822) for  t h i s  

f a c t o r  by consider ing one example. By consider ing a second example, he 

obtained another value which depends on Poisson's r a t io  v and va r i e s  from 

0.76 t o  0.91 as v v a r i e s  from 0 t o  0.5. The f i r s t  value 7t2/12 ( 0 . 8 2 2 )  is  

c lose  t o  5/6 (0.833) obtained from Reissner 's  theory.  However, t h e  manner i n  

which the  shear cor rec t ion  f a c t o r  is derived i n  Mindlin's approach is  a r b i t r a r y  

because t h e  value a r r ived  a t  depends on t h e  example chosen. The present  theory 

is  a l s o  based on a displacement formulation s imi l a r  t o  Mindlin 's  but t h e  shear  

co r rec t ion  i s  derived i n  a l o g i c a l  way. Thus, t h e  present  theory can be looked 

upon a s  an improvement of Mindlin's theory f o r  i s o t r o p i c  plates. 

Straightforward extensions of Mindlin's theory t o  laminated composite 

p l a t e s  ( r e f s .  3 t o  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA5) have the  same degree of a r b i t r a r i n e s s  as Mindlin 's  theory 

i t s e l f .  For instance,  Whitney and Pagano ( r e f .  4 )  a r r ived  a t  d i f f e r e n t  shear 

cor rec t ion  f ac to r s  f o r  two-layered and three- layered plates. The suggested 

procedure i n  t h e i r  method appears t o  be t o  der ive  t h e  shear  cor rec t ion  f a c t o r  

f o r  each set of lamination parameters by consider ing t h e  known exact so lu t ion  

f o r  a c e r t a i n  problem. But with t h e  present  theory,  no shear  cor rec t ion  f a c t o r  

is  necessary and t h e  t ransverse  shear  s t i f f n e s s  is  obtained as a funct ion of 

elast ic  constants  and t h e  s tacking  sequence without consider ing t h e  exact solu

t i o n  f o r  a s p e c i f i c  problem. The required expressions are given by equa

t i o n s  (74) and (75). 
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Inter laminar  Shear S t r e s ses  

Inter laminar  shear  is one of t h e  sources of f a i l u r e  i n  laminated plates. 

Therefore,  ca l cu la t ion  of in te r laminar  shear  stresses is  important i n  any bend

ing  problem. With t h e  use of t h e  present  theory,  t hese  stresses can be calcu

l a t e d  as follows: zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAA problem is  considered solved i f  Bx, fly, and W a r e  

determined as func t ions  of x and y. The displacements can be determined a s  

func t ions  of x, y, and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAz by t h e  use of equations (101, (17)  t o  (201 ,  and 

(5) t o  ( 7 ) .  Thus, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAax, ay, and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAz
Xy 

are also determined a s  funct ions of 

x, y, and z from t h e  c o n s t i t u t i v e  r e l a t i o n s  of ind iv idua l  laminae. The 

in te r laminar  shear stresses are then determined from t h e  following equi l ibr ium 

equat ions: 

axT -- / ”  (%+$) dz 

yz -h/2 

This  method gives single-valued inter laminar  shear  s t r e s s e s  a t  t h e  i n t e r 

faces .  An a l t e r n a t e  method would be t o  c a l c u l a t e  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAzxz and z
YZ 

d i r e c t l y  from 

t h e  displacements given by equations zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA( 5 )  t o  ( 7 ) .  However, t h i s  method gives 

two values f o r  t h e  in te r laminar  shear stress a t  each i n t e r f a c e  depending upon 

t h e  lamina chosen. 

NUMERICAL EXAMPLE 

A numerical example is used t o  compare t h e  present  theory with t h e  e x i s t 

i n g  theo r i e s .  The example chosen is  t h a t  of c y l i n d r i c a l  bending of a three-

layered, symmetric cross-ply laminate (Oo/900/Oo) of high modulus graphite-

epoxy. The l aye r s  a r e  a l l  taken t o  be of equal thickness  with f i b e r s  i n  t h e  

outer  l aye r s  o r i en ted  i n  t h e  d i r ec t ion  of bending ( f i g .  2 ) .  The layer  proper

t i e s  used are 

= 25
ER/Et  

GRt/Et = 0.5 

Gtt/Et = 0.2 

vRt = vtt = 0.25 
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The plate is  considered t o  be semi- inf in i te  with a f i n i t e  span s i n  t h e  

x-direct ion ( f i g .  2 )  and subjected t o  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAa s inusoida l ,  d i s t r i b u t e d  normal load of 

i n t e n s i t y  q zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= qmax s i n  p. The boundary condi t ions considered a r e  

A t  x = 0 and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAs ,  

W = f !  = M x = O  (105)
Y 

For t h e  case of c y l i n d r i c a l  bending, a l l  der iva t ives  with respec t  t o  y 

are zero. Thus equation (95) y i e l d s  

7tXw = w  
m a X  

s i n  -zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(106 )
S 

where 

The t ransverse  shear force  Qx is obtained from equation (79) as 

- 7tX 

Qx - Qx,max 
cos - ( 1 0 8 )

S 

where 

Equation (70) y ie lds  t h e  r o t a t i o n  a s  
BX 

7tX 

px = Bx,max 
cos - ( 1 1 0 )

s 
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- -  

where 

1 

px, max 
-

K1 Qx,max 
- (n/s)Wmx (111) 

F r o m  equations ( 8 0 )  and (71) and t h e  boundary condi t ion on 
BY 

Q zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAE O  $ zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA: o  
Y Y 

S t r e s s e s  i n  t h e  d i f f e r e n t  laminae are now determined as follows. I n  pure 

bending, t h e  terms uo and vo i n  equations zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(5) and ( 6 )  vanish. Conse

quent ly ,  t h e  inplane displacements u and v a r e  defined, i n  view of equa

t i o n  (101, by 

3 
u = u z + u z  (113)

1 3 

3
v = v z + v z  ( 1  14)

1 3 

The u1 and u3 are determined from equations (17) and ( 1 8 ) .  It follows 

from equations (191, (201, (1061, (107),  and (112) t h a t  v1 and v3 a r e  zero.  

The inplane displacements are thus  determined. Bending stress d i s t r i b u t i o n  

through t h e  thickness  is naw determined from t h e  c o n s t i t u t i v e  r e l a t i o n s  of 

d i f f e r e n t  laminae. 

Exact so lu t ion  f o r  t h i s  problem based on three-dimensional e l a s t i c i t y  

ana lys i s  w a s  given zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAby Pagano ( r e f .  9 ) .  Figures 3 and 4 compare r e su l t s  from 

t h e  present  theory with those  from t h e  exact so lu t ion  and t h e  theory of Whitney 

and Pagano ( r e f .  4 1. The theo r i e s  presented i n  references 3 t o  5 are a l l  a 

s impl i f i ed  s e t  r equ i r ing  an a r b i t r a r y  shear cor rec t ion  f ac to r .  I n  t h e  r e s u l t s  

presented i n  these  references,  t h e  value of t h e  shear  cor rec t ion  f a c t o r  is 

adjus ted  so t h a t  t h e  r e s u l t s  c o m e  close t o  t h e  exact  so lu t ion .  Therefore a 

comparison of r e s u l t s  from a l l  t hese  theo r i e s  could be misleading. For t h i s  

purpose, only Whitney and Pagano's theory ( r e f .  4) is chosen f o r  comparison and 

is t r e a t e d  as being representa t ive  of t h e  s impl i f ied  theo r i e s  ( r e f s .  3 t o  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA5 ) .  

Figure 3 shows a plot  of t h e  maximum de f l ec t ion  
Wmax 

a t  t h e  center  of 

t h e  span as a funct ion of t h e  span-to-thickness r a t i o .  The present  theory is 

closer t o  t h e  exact so lu t ion  than Whitney and Pagano's theory ( r e f .  4 )  with a 

shear  cor rec t ion  f a c t o r  k of uni ty .  On t h e  o ther  hand, Whitney and Pagano's 

theory shows b e t t e r  c o r r e l a t i o n  i f  k is shown a s  2/3. However, t h e  f a c t o r  

2/3 w a s  a r r ived  at  by Whitney and Pagano by a t r ia l -and-er ror  procedure. There 

are two disadvantages i n  Whitney and Pagano's method. F i r s t ,  t h e  t r ia l -and

error procedure is t o  be repeated i f  t h e  lamination parameters a r e  d i f f e ren t .  
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There is  no s i n g l e  value of k which holds good f o r  a l l  lamination parameters. 

(For example, Whitney and Pagano a r r ived  a t  another value f o r  k, namely, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA5 / 6 ,  
f o r  a two-layered p l a t e . )  Secondly, t h e  shear  cor rec t ion  f a c t o r  a r r ived  a t  by 

t h i s  procedure is problem-dependent and it is not sure  whether t h e  value f o r  

k zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAso derived is  v a l i d  f o r  a problem other  than c y l i n d r i c a l  bending. Recal l  

t h a t  Mindlin ( r e f .  7 )  a r r ived  a t  d i f f e r e n t  values f o r  k by consider ing d i f 

f e r e n t  problems. 

Figure zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA4 presents  t h e  bending stress ax d i s t r i b u t i o n  through t h e  thick

ness f o r  a laminate with a span-to-thickness ra t io  s/h of 4. The exact solu

t i o n  of Pagano ( r e f .  9)  and r e s u l t s  from Whitney and Pagano's theory and t h e  

present  theory are presented i n  t h i s  f igure.  Resul ts  from t h e  classical l a m i 

nated p l a t e  theory are a l s o  included f o r  comparison. The exact so lu t ion  and 

t h e  present  theory show considerable deviat ion from t h e  c l a s s i c a l  theory.  

Furthermore, t h e  exact so lu t ion  and t h e  present  theory are i n  good agreement 

f o r  most of t h e  thickness .  Note t h a t  i n  t h e  middle layer ,  t h e  90° lamina, t h e  

stresses ";c are extremely small and a l l  t heo r i e s  p red ic t  near zero values.  

Figure 4 shows t h a t  Whitney and Pagano's theory ( r e f .  4 )  y ie lds  t h e  s a m e  

stress d i s t r i b u t i o n  a s  t h e  c l a s s i c a l  laminated p l a t e  theory i r r e s p e c t i v e  of t h e  

value of t h e  shear cor rec t ion  f a c t o r  used. This i s  t r u e  of a l l  curren t  s ix th-

order t heo r i e s  f o r  laminated an iso t ropic  p l a t e s  ( r e f s .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA3 t o  6 ) .  The f a c t  t h a t  

t hese  theo r i e s  p red ic t  s t r e s s e s  no d i f f e r e n t  from t h e  classical theory i s  a 
severe l imi t a t ion .  Even Cohen's theory ( r e f .  61, which p r e d i c t s  W with good 

accuracy without a shear cor rec t ion  f ac to r ,  has t h i s  drawback. A ca re fu l  

inspect ion revea ls  t h a t  t h i s  drawback i n  current  s ixth-order  bending t h e o r i e s  

i s  a consequence of t h e  assumption of l i n e a r i t y  of sX, cy, and yxy with 

respec t  t o  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAz .  The present  theory allows f o r  a m o r e  general  v a r i a t i o n  of t hese  

s t r a i n s  with respect t o  z and does not have t h i s  drawback. 

CONCLUDING REMARKS 

A shear deformation theory f o r  laminated an iso t ropic  plates is devel

oped. In  t h e  case of uncoupled bending, t h e  present  theory is  one of s i x t h  

order and requi res  ju s t  t h ree  na tu ra l  boundary conditions.  Most of t h e  cur ren t  

s ixth-order  t heo r i e s  requi re  an a r b i t r a r y  shear cor rec t ion  f a c t o r  and a l l  of 

them have t h e  drawback t h a t  t h e i r  stress predic t ion  is  highly inaccurate .  The 

present  theory does not have e i t h e r  of t hese  drawbacks, 

The present  theory is not presented as an improvement over t h e  cur ren t  

higher order  theor ies .  Surely,  they should be m o r e  accurate  but they requi re  

p re sc r ip t ion  of inconvenient boundary conditions.  From t h e  engineering po in t  

of view, it is  d i f f i c u l t  t o  prescr ibe  anything o ther  than t h e  t h r e e  na tu ra l  

boundary conditions involving moments and forces  or t h e  corresponding r o t a t i o n s  

and displacements. Consequently, a sixth-order bending theory which requi res  

t h e  t h r e e  boundary conditions is  desirable .  This paper w a s  aimed a t  developing 

t h e  bes t  poss ib le  theory r e s t r i c t i n g  t h e  order  of t h e  theory t o  s ix .  

The theory is developed f o r  t h r e e  cases. F i r s t ,  t h e  formulation i s  

c a r r i e d  out f o r  an unsymmetric laminate. Here, t h e  c o n s t i t u t i v e  equations con

nect ing moments and forces  t o  average displacements and r o t a t i o n s  are derived. 
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Second, s impl i f i ed  forms of t hese  c o n s t i t u t i v e  equations are derived f o r  a 
symmetric laminate. In  both these  cases, t h e  various r e l a t i o n s  are derived i n  

matr ix  form t o  avoid ted ious  algebra and also t o  f a c i l i t a t e  rout ine  computation 

on a computer. Last, f u r t h e r  s impl i f ied  r e l a t i o n s  a r e  derived f o r  a symmetric 

cross  ply which is  a case of c l a s s i c a l  orthotropy. I n  t h i s  case, it w a s  found 

t h a t  matrix formulation could be dispensed with and t h e  various r e l a t i o n s  are 
obtained i n  t h e  form of simple formulas. 

For t h e  l i m i t i n g  case of isotropy,  t h e  present  theory reduces t o  an 

improved vers ion of Mindlin's theory. The shear  cor rec t ion  f a c t o r  of 5/6 i n  

t h i s  case is obtained from t h e  theory r a t h e r  than with a s p e c i f i c  example as i n  

Mindlin's approach. 

Of p a r t i c u l a r  i n t e r e s t  should be t h e  method of computing t h e  in te r laminar  

shear stress suggested i n  t h i s  paper. The use of equilibrium equations leads  

t o  single-valued shear  stresses unlike s t ra ight forward  computation from 

displacements. 

The accuracy of t h e  present  theory is demonstrated zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAby consider ing a 

numerical example of c y l i n d r i c a l  bending of a three-layered plate. 

Langley Research Center  

National Aeronautics and Space Administration  

Hampton, VA 23665  

June 30, 1981  

27 



APPENDIX A 

D E F I N I T I O N  OF "AVERAGE" VALUES OF DISPLACEMENTS zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAAND ROTATIONS 

L e t  t h e  displacements u and v be a r b i t r a r y  func t ions  of zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAz .  L e t  U 

and V represent  average values of displacements and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAfix and By represent  

average values of ro t a t ions .  "Averaging" here  means averaging through t h e  

thickness .  Essen t i a l ly ,  t h e  deformed shape of a l i n e  normal t o  t h e  middle 

sur face  is sought t o  be approximated zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAby a s t r a i g h t  l i n e  so  t h a t  its deviat ion 

from the  t r u e  deformed shape is minimum. To t h i s  end, the.  displacements u 

and v a r e  expressed as U zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA+ Bxz and V + Byz, respec t ive ly .  Then, t h e  devi

a t i o n  from t h e  t r u e  deformed shape i s  represented by t h e  fol lowing i n t e g r a l s  of 

squares of e r r o r s  i n  determining u and v: 

h/2 
(u  - u - B x Z l 2  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAdz 

EU = 

The bes t  least square approximation is  t h a t  which satisfies t h e  conditions 

Equations ( A I )  y i e l d  t h e  d e f i n i t i o n s  given by equations (11) and ( 1 2 ) .  The 

def in i t i ons  given by equations (11) and (12)  are i d e n t i c a l  with those obtained 

by Timoshenko and Woinowsky-Krieger ( r e f .  10) from considerat ions of work done 

by t h e  forces  and moments. However, t h e  der iva t ion  i n  reference 10 is  v a l i d  

only i f  t h e  stress var i e s  l i n e a r l y  through t h e  thickness .  The stress var i a t ion  

f o r  a laminated plate can, a t  t h e  bes t ,  be only piecewise l i nea r .  In  such a 

case, it would be necessary t o  resort t o  a mathematical d e f i n i t i o n  a s  given 

herein.  
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APPENDIX B  

DERIVATION OF COEFFICIENTS IN THE GOVERNING EQUATION  

FOR A SYMMETRIC LAMINATE  

Elimination of Qx and Q, from equations zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA( S O ) ,  (601, and (61 )  r e s u l t s  

in-

By s u b s t i t u t i n g  f o r  t h e  d i f f e r e n t i a l  operators  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAA 1  t o  A7 i n  terms of ele

ments of t h e  matrix [ e ] ,  t h e  following expressions f o r  c o e f f i c i e n t s  i n  t h e  

governing equation ( 6 3 )  are obtained: 

azyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA60 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= '16'31 - '11'36 

a33 = e11e25 + el6eZ2 + e34(e12 + e33)  + e37(e21 + e33)  

+ ('13 + e31 ) (ez4  + e35)  + ( e l 7  + zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAe 3 6 ) ( e 2 3  + zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAe 3 2 )  - e31 e35 - '32 '36 

- ',4('23 + 8 3 2 )  - e2,(e13 + e 3 1 )  - ( e l 2  + e33)(e26  + e37)  

- ( e l 5  + e34)(e21 + e 3 3 )  

29 



a
06 

= e
25 

8
32 - '22 '35 

a
40 

= e l l  

a
31 

= €Il3 + 2831 

a
22 = e12 + 821 + 2833 

a 
13 

= 823 + zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA2832 

a = 822
04 

-
b20 - '14 + '36 

-
b l l  - '15 + '26 + '34 + '37 

-
b02 - '27 + '35 

b40 = '16'34 - '14'36 
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b22 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= '16'25 + '34'37 + (' 17 + e36 (e24 + e35 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAI 

- '14'27 - e,,',, -zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(e,s + e34)(e26+ e3,) 

b04 = '25'37 - '27 '35 
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Figure 1 . - System of coordinates and stress resultants.  
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Figure 2.- Cylindrical bending of three-layered symmetric cross ply.  
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the  present theory is  more accurate than other theories of equivalent order. 
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