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AN INDEX THEOREM FOR FIRST ORDER REGULAR SINGULAR
OPERATORS

By JocHEN BrUNING and ROBERT SEELEY

1. Introduction. In this paper we use the methods developed in
[B+S1,2] to prove index theorems for certain first order elliptic operators.
More precisely, let M be a Riemannian manifold of dimensionn + 1, E, F
hermitian vector bundles over M, and D:Cg (E) — C¢ (F) an elliptic first
order differential operator. We think of M as a singular Riemannian mani-
fold with singularities in an open subset U such that M\ U is a smooth
compact manifold with boundary. Our assumptions on the nature of the
singularities and the behavior of D on U will be formulated abstractly in
the following way.

(RS1). There is a compact Riemannian manifold N of dimension »
and a hermitian vector bundle G over N such that there are bijective linear
maps

& CT(E|U) - C3U, C(G)),
&.:CT(F|U) — CyU, C*(G)),

where I := (0, €] for some e with 0 < e < 1.

(RS2). @;and ®yextend, respectively, to unitary maps L2(E|U) —
L2(I1, L*(G)) and LX(F|U) — L*I, L*(G)).

(RS3). For ¢ € C>(I) with ¢ constant near 0 and e let M, be the
multiplication operator on L2(I, L*(G)). Then ®}M &, = &M &y =
M, for some ¢ € C*(M), and ¢ € Cq (M) if ¢ vanishes in a neighborhood
of 0.
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660 JOCHEN BRUNING AND ROBERT SEELEY

(RS4). On C7(E|U) we have for some 3 > —1/2
T:=®D®% =9, + x7 1Sy + x5,(x)

where

(a) S is a self-adjoint first order elliptic differential operator on
C>(G),

(b) §(x) is a first order differential operator on C*(G) with smooth
coefficients in (0, €],

© IS:1(Sol + DY + I(|So| + 1)71S1(x)|| = C uniformly in
(0, €].

If these assumptions are satisfied we refer to D as a first order regular
singular elliptic operator. We will express this fact in writing

D=93,+x71S¢g+ x55,x) on U,

and we will also identify ¢ and ¢ in (RS 3) for simplicity. In addition, we
use the notation listed in [B+S2] Section 1, which we recall for conve-
nience of the reader at the end of this introduction.

Of course, the principal example of this situation is a manifold with
conical singularities where certain index theorems for geometric operators
are known [Che], [Cho]. It was our aim to unify and to generalize these
results. The plan of the paper is as follows. In Section 2 we construct a
closed extension D ; (where 6 refers to ‘‘Dirichlet’”) of D and show that it is
Fredholm with index essentially independent of S ;. In Section 3 we impose
slightly stronger conditions on 3 and S, and classify all closed extensions
between the minimal D ;, and the maximal D ,, given by

DD ax) = {u € LX(E)|Du € L2(F)}.

It turns out that D .y, = D . iff spec So N (—1/2, 1/2) = @. The closed
extensions are classified by the subspaces of

W= @ ker(§o—ys)
|s| <172

(Theorem 3.1), and their indices are related in a simple way (Theorem
3.2). In Section 4 we take up the calculation of the index of D;. This is
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done directly from the resolvent, using some results of [B+S2]. We obtain
the index formula (Theorem 4.1)

1
ind D; = S wp — ?(’750 + dim ker Sy) + R.
M

Here wj denotes the index form of D i.e. wp(p) is the constant term in the
asymptotic expansion of

trp e '250y(p, p) — trpe 203 (p, p), PEM,

ast N 0, and the integral stands for a certain regularization of the possibly
divergent integral; ns, is the usual n-invariant of S, as introduced in
[A+P+S]; and R is a linear combination of residues of the n-function of
So. We apply our results to the GauB-Bonnet and the signature operator
on manifolds with asymptotically cone-like singularities (see (5.1) for the
definition), and recover the GauB-Bonnet Theorem and the Signature
Theorem of [Che] for suitable closed extensions in the conic case (Theorem
5.1, 5.2). Asymptotically cone-like singularities are still very close to conic
ones, but they cannot be treated analytically by separation of variables. We
hope, however, to extend the method given here to considerably more gen-
eral situations.

' We are indebted to Robert McOwen and Richard Melrose for helpful
conversations. The first author also acknowledges the support of the
Deutsche Forschungsgemeinschaft and the hospitality of MIT and North-
eastern University, the second author acknowledges the hospitality of the
University of Augsburg.

Notation.

R* is the interval (0, o), R, is [0, o).

C¢ (Y) is C>-functions with compact support in Y.

H is a fixed Hilbert space.

H; is the common domain of the family of self-adjoint operators
Sx) =8¢+ xS ,(x), x € (0, €.

X denotes the operator Xf(x) = xf(x) on L2(R, H).

If y € L*(Ry), ¥ denotes the operator ¥f(x) = y(x)f(x) on
L2(R4, H).
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2. The construction of a boundary parametrix for the operator
2.1) T=20,+ XS+ X55,(x), g > —1/2,

acting in L>(R ., H) with domain Cg’ (R*, H), amounts to the integration
of first order ordinary differential equations. We assume as before that §,
is smooth away from 0 and that for some constant Cy

(2.2) 1S1G)([Sol + D7 Hlg + 1(|Sol + D781 || = Co

uniformly in x > 0.
For f € L?*(0, o) we put

(2.3) Py, f(x):= S (y/x)f(y)dy, s > —1/2,
0
2.4) P, f(x):= S (y/x)f(y)dy, s < 1/2.
1
Note that
(2.5) 0, + X 1s)Py, =@, + X Is)P,, =1

Appropriate parametrices are constructed by combining Py ; and P, ;.

LEMMA 2.1. Forfin L*(0, 1) and x — 0 we have the following esti-
mates.

P

172
a) |Pyf(x)| = x'?|2s + 1|_”2<S |f(y)|2dy> ,s > —1/2.
0
b) [P f(x)] =<

x12|2s + 1|72 £l 12, s < —1/2,
x'2[|log x| 2(f5 | £(»)|2dy) 12
+ [log 6|'2| fll 2], s=—1/2, 0<d<1.

c) For —1/2 <s < 1/2

1
‘Pn,sf(x) X X y‘f(y)dy‘ = x2|2s + 172 f] 2.
0
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Proof. We prove the second estimate in b); the other estimates in a)
and b) are proved similarly, while c) follows from a). Let 0 < § < 1 and
s = —1/2; wefind forx < §

|P1__1/2f(x)| =

xl/2 le—l/Zf(y)dy‘

& 1
< xl/Z{g + X :ly—l/ZIf(y)Idy
&

x

1 172
sxI/Z[nogxl'”(SO'f(y)lldy> +llog6|”2||f||Lz]- U

LEMMA 2.2. Let0 < e < land —1 < B < 0. Then in L%(0, €) we
have

2.6) || X8Posll + ||P1_ X8| = C'Gs, (|s| + D71, s> —1/2,
Q.7 1XPP | + |Po_XE|| < C2(s, e)(|s| + D!,  s<1/2+ 6.

Here lim.o Ci(s, €) = 0,i = 1, 2, and uniformly for |s| = 2.
Proof. We note first that

(2.8) (XPPo X")* = —X"P, _ XP

whenever XfP, X7 is bounded in L2(0, €). Thus it is sufficient to estimate
the norm of the operators

(2.9a) u b xfs S yu(yddy, s> —1/2,
0
and
(2.95) u b xt j y S TBu(y)dy, s < B+ 1/2.
0

Now the assertion follows from standard estimates for integral operators,
e.g. from Schur’s test ((H+S], p. 22). O
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We introduce the ““Dirichlet” boundary condition for the operator T
at 0 by defining an operator T'; as restriction of Ty, to the domain

(2.10a) D(T5) := {u € D(T o) | |l u@) || g = o(1) asx — 0}.

This also gives rise to Dirichlet boundary conditions for D; we thus call D
the restriction of D ,,, to the domain

(2.105) DD;) = {u € DD )| |uE) ||z = 0o(1) asx — 0}.
The boundary parametrix P; is then defined by

(2.11) P5 = @ PO,S@ @ Pl,:
sespec Sy sespe%SO
s= s<

with each term P or P, ; acting in the appropriate eigenspace. Since we
assume that 8 > —1/2 in (2.1), Lemma 2.2 applies to P;. We will now
establish that D; is a Fredholm operator.

LemmMma 2.3. If Y € C5(—1, 1) then ¥ P; maps L*((0, 1), H) into
D(TH).

Proof. By Lemma 2.1, setting f(x) = @;espec 5,.f5(x) we have

18, Posslli = 0(x | £ 1500ar) = ofx || Isliay).

| @ Pus@li=0( Z _ +>I41)

—1/2<s<

+ OGxliog x|l f-1al12) + O E £l

= o £II?
so Psf(x) = o(1) asx — 0. Now
2.12) TYPsf = YTPsf + y'Psf

= Yf + YXOS\Pof + Y'Psf
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so in view of (2.2) it suffices to estimate
I X5(|S,| + DP:f|? = §0(ISI + 2| XPPo . f |12
+ I (sl + DAXPLAIR < o@ B 1A = 0@ £11%,
where we have used Lemma 2.2. O
LeMMA 2.4. Ifu € D(T;) and u(x) = 0 for x = 1 then
(2.13) PaTu =u+ (PaXBS,)u.

Proof. Let (e;)espec s, b€ an orthonormal basis in H with Soe, = se;.
For x > 0 we put

2.14) h(x) := (0, + x7'So)ulx) = Tulx) — X585 ,(x)u(x)

and

hy(x) := (h(x), ;) = (Tu(x), e;dy — {ulx), xPS;(x)*e, )y
= u](x) + x " Lsu,(x), s € spec Sy.

In view of (2.2) and 8 > —1/2 we have A, € L!(0, 1), and since u,(1) = 0
we obtain

us(x) = Pl,shs(x)-

It remains to show that for s = 0, P, ; can be replaced by P, ;. We write

1
(2.15) us;(x) = —x* S h (x)dx + Py hs(x)
0

=:cx™5 + Py hy(x).

Fors = 0and h e L!

X

|Posh(x)| < L |A@)|dt = o(1),
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and u;(x) = o(1) since u € D(T). Soc; = 0, and u;, = Py h,ifs = 0. The
proof is complete. O

LEMMA 2.5. Thereis 0 < € < 1such that for ¢,y € Cy’(—e, €), with
Vo = g and u € D(D;)

(2.16) ou = YyPsVTspou
for some bounded operator V in L*((0, 1), H). As a consequence,
(2.17) leXB(|So| + Dul| = C||Tsoull-

Proof. Choose x € C5(—e, €) with x¢ = ¢. Since ou € D(T;) we
obtain from Lemma 2.4 with f := T;ou

ou = YPsxf — YP:XPS \xpu.
Iterating,

pu = YPsx .):0 (—=XBS 1 YPsx)if + (—1)" N (YPs XBS,x)" ou.
j=

For e sufficiently small we have by Lemma 2.2 and (2.2) the operator
norms

(2.18) 1 X281 Psx |l 2.0, + WP XES X || 20,0001 < 1,

so we obtain (2.16) with

L8

Vi= L (—XPS yPsx) .

Il

j=0

(2.17) follows from Lemma 2.2 and (2.2). 0
LeEMMA 2.6. D is a closed operator.

Proof. 1 (u,) C D(D;)withu, = u, Dsu, — vin L2(E) then clearly
u € D(D ) and v = Du. So we have to show only that u satisfies the
boundary condition (2.105b). If € is chosen as in Lemma 2.5 and ¢ €
C¢ (—e, €) with ¢ = 1 near 0 then we derive from (2.16)

ou, = yP;V(e'u, + ¢Dsu,)
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hence
ou = YPs;V(e'u + ov).

Thus it follows from Lemma 2.1 that ||u(x)||y = o(1) asx — 0. O
THEOREM 2.1. D;:D(D;) = L*(F) is a Fredholm operator.

Proof. By Lemma 2.6, D(D;) is a Hilbert space under the graph
norm, so we only have to prove that D; has finite kernel and cokernel; for
this we construct right and left parametrices. Choose ¢, @ € Cg(—¢, €)
such that ¢ = 1 near 0 and @ = 1 near supp ¢, and choose ¥, § € Cq (M)
such that ¢ + ¥ = 1 and ¥ = 1 in a neighborhood of supp y. Let P;: L*(F)
— H\.(F) be an interior parametrix for D with

(2.19a) DyPy =y + R,

(2.19b) YyPyD =y + L,,

with R;, L; compact in L2(F) and L*(E), respectively. Define

Qs := @Psp + VP

By Lemma 2.3, Qs maps into (D) and
D(SQ& =1+ ¢’P5<P + @XﬂS|P5tp + R,-.

Now if the support of ¢ is sufficiently small we have in view of Lemma 2.2
and (2.2)

@' Pse + @XPS 1P| < 1/2
and we can write

D5Q5:I+R+R,

where R; is compact and ||R|| < 1/2. This implies

DsQ;(I +R)"'=I+R,(I+R)
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so D has finite cokernel. Next we find with Lemma 2.4
QsDs = @PspTs + ¥ + L;
=1+ ¢P;X5S10 — @Psp’ + L;
and as before we obtain for small ¢
Q:D;=I+L+L;
where L; is compact and ||L|| < 1/2. But then
I+ L)y'QsDs;=1+ U+ L)'L;

so D has finite kernel. O

To compute the index of D it is convenient to have S (x) = 0 near 0.
This can always be achieved by a deformation of D;.

LemMma 2.7. Let S(x) € £(Hs, H) be a smooth function of x in (0, 1]
and satisfy (2.2). Then for x € Cy (—¢, €) with € sufficiently small and 3 >
—1/2

D; + xX8S(x) =: D;
is a Fredholm operator on (D ;) with
ind D, = ind D;.
Proof. By (2.17) and interior regularity
xXPS(x) = Se)(|So| + D7 IxXE(|So] + 1)

is bounded from D (D;) to L2(F). Thus the family
(2.20) D;s(0) := Ds + 6xX°S(x)
is a continuous function of 4 € [0, 1] with values in £(D(D;), L*(F)). Re-

peating the proof of Theorem 2.1 with y such that xy = 0 we see that each
D(0) is a Fredholm operator, so the index must be constant. ]
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3. The closed realizations of D are all Fredholm operators; we show
this by proving that D ,, and D, are Fredholm. We then identify those
realizations with the subspaces of ®|;| <1/, ker(Sy — s). Assume now that
B =0, thatisforx < 1
(3.1a) D=09,+ X185+ S8,x)=T,

(3.1b) D' = —93,+X 1Sg+S8ix)=T",

and maintain the hypothesis (2.2) on §;. We have the following analog of
Lemma 2.4.

LeMMA 3.1. Ifu € D(Tax) and u(x) = 0 for x = 1 then
PooxTu = u + (PraxSi)u

where

and P.,.S1 is bounded in L*((0, 1), H).

Proof. Let {e;}espec 5, b€ an orthonormal basis of eigensections for
So. Let w and Tu € L?, and set

3.3) h(x) ;= u'(x) + x 'Soulx) = Tulx) — S,0)ulx).
By (2.2)

|S1G)*es|p = |S1G)(|So] + D7I(|So] + Degllg < Co(|s| + 1).

Hence for each s,
hs(x) = <h(x)a es)H = <(Tu)(x)a es)H - (u(x), Sl(x)*es>H ELZ(O’ 1)
since u and Tu are in L2, For any s, u,(1) = 0 implies that

(3.4) Pyh, = Py (u] + x " 'su,) = u, e L2
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It follows that for s = 1/2
1
(3.5) S yhi(y)dy =0
0
since
1
x* S y*hy(y)dy = Py h;(x) — Pish(x)
0

is in L2, the last term by (3.4) and the other by Lemma 2.1. Now (3.4) and
(3.5) give

Po,shs = Pl'shs = us, N 2 1/2.
Combining this with (3.4) for s < 1/2 gives P,.xsh = u, and this proves the

lemma, by (3.3). O

THEOREM 3.1. D, and D, are Fredholm operators. The exten-
sions of D i, are all Fredholm operators, and correspond to the subspaces
of the finite-dimensional space

iD(Dmax)/S)(Dmin)'

Proof. Choose ¢, @, ¥, ¥ as in Theorem 2.1 and define the para-
metrix

pP= ¢Pmax¢ + J’P«\[’

Then by Lemma 3.1 and (2.195)
PD oy = u + [¢Pmaxsl‘p - ¢Pmax(p’]u + Lu.

As in the proof of Theorem 2.1 we see that, by an appropriate choice of ¢
and @, the operator in brackets has small norm, while L; is compact; hence
PD.,., is a Fredholm operator, and has finite nullity. Thus D ,,,, has finite
nullity. Since it is an extension of the Fredholm operator D, it also has
closed range with finite codimension; thus it is Fredholm. The same argu-
ment applies to D/, hence its adjoint D ., is also Fredholm.
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Now D (D pin) and D (D ,.¢) are Hilbert spaces under the graph norm.
Thus D (D i) is a closed subspace of D (D ,,,), and it has finite codimen-
sion since both operators are Fredholm. Hence the inclusion map is Fred-
holm and

ind D 5 = ind D i + dim D (D 1oy )/ D (D yin)-

The conclusion of the theorem is now clear. a

We next show that D(D )/ D(Dyin) is isomorphic to @5 <12
ker(S, — s), and relate the extensions of D ;, to the asymptotic behavior
of their elements at x = 0.

LeEmMA 3.2. Forsin specSy, |s| < 1/2, there are continuous linear

functionals c; on D (D ) such that for x in (0, 1) and 0 < e < 1

(3.6)  |ulx) — ' |Evz c;w)x e |y < ex'?|log x|'2 + C, ,x'7
s <

for uin D(D yax). The same statement holds for D’ , mutatis mutandis. (If
s has multiplicity m > 1, there are m corresponding functionals c;.)

Proof. Just as Lemma 2.4 implies Lemma 2.5, Lemma 3.1 implies
that if u € D(D,,) then || (|So| + Du()| 5 € L*(0, 1), and

1
So (|So] + Dux)]|?dx <= C(||Dul|? + ||u]|?).

Hence in (3.3), | A(*)|| g € L*(0, 1). Since k. = u’ + x~'Sou, we have for
s > —1/2, for some constants c,(u),

X

(3.7) u,(x) = x_‘[cs(u) + S y*hs(y)dy}.

0
Since x~* {§y*h,(y)dy € L? by Lemma 2.2, we have
(3.8) c,(u) =0, s = 1/2.

For |s| < 1/2, setting x = 1 gives

1
3.9) c(u) = u(1) — g yh(y)dy.
0
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Fors < 1/2,
(3.10) us(x) = [xFu,(1) + Py h(x)].

By interior regularity, u’ € L2((3, 1), H) and
1
ety = | duwl? + @i
172

Hence the functionals in (3.9) are continuous on (D ,,,), and

3.11) r x¥|u,)|? = Cyx.

s<—1/2
By Lemma 2.1b), for every positive 6 < 1,
3.12)

&
21/2 |P1'Shs(x)|2 = x[”h”z + 210g6”h_1/2 ”2 + 2|logx| X |h_1/2|2:|.
s<— 0

By Lemma 2.1a) and (3.7), (3.8),
L Ju,x) —c,()x~s|2= ¥ |Poshs(x)|?> =< Cx|h|>
s>—1/2 s>—1/2

This together with (3.10)-(3.12) proves the Lemma. O

We can now define, for each subspace W C @;|<1,2 ker(So — s), an
extension Dy of D ;;, by restricting D ., to

DDw) ={ueDWDn)| L ciu)e,e W}
|s] <172

Note that D is automatically closed since the functionals c; are continu-
ous on D (D a)-

THEOREM 3.2. The operators Dy give all closed extensions of D iy,
and (Dw)* = D1 . Moreover

ind(Dw) = ind(D ) + dim W.
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Proof. We note first that for u € D(D ) and v € D(D fay)

(3.13) (Du, v) = (u, D'v) — ; Em ¢, ()l (v)

s

where ¢ _; are the functionals for D’. For by Lemma 3.2, taking ¢ €
Cy(—1, 1) with ¢(x) = 1 near x = 0, we have

ux) = ox) L c,(m)x"e, + @x),
|s|<1/2

vx) = pkx) ¥ cl,(v)xse, + (x)
|s|<1/2

with ||#(x)| + ||#(x)|| = Cx'?|logx|"? asx — 0. Then
1
(Du, v) = lin(}X {Du, ¢vdy + (u, D’(1 — ¢)v)

= lirrol [—<ule), v(e)du] + (u, D'v)

=— ¥ cmelw)+ @, D).
172

Is|<
Note second that

(3.19) { T cweueDDmy)}= @ ker(So— s).
|s|<1/2 [s|<1/2
For, given any constants ¢, |s| < 1/2, we set
u(x) = o(x) L cx%e,
|s|<1/2

with ¢ as before, and find

Tulx) = ¢’(x) X c,x e,
|s]<1/2

+ o(x) isl§1/2 cx 81 )(|So| + D7(|s| + Ve, e L2
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We observe next that
(3.15) c,(u) =0 forall s iff ue€ DDy

In fact, (3.13) implies that u € D (D L.x)*) if u satisfies (3.15). But since
D/x = (Dmin)* we have (D/.)* = D . The converse part of (3.15) is
true since c, is continuous on D (D 4y ).

Now let D be any extension of D ;, and define

W:={ L c,ue]|uecDD)}
ls|<1/2

Then clearly D C Dy . Conversely, for v e D(D ) there is u € D(D) with
c,(v — u) = 0for all s by definition. But thenu — v € D(D ;) C D(D) by
(3.15) proving D = D . The formula for ind D is clear from Theorem
3.1 and DD w)/D(Din) = W. The relation DF, = Dy follows from
(3.13). ]

Example. Foru e D (D) we haveu(x) = o(1) asx = Qiffc,(u) =
0 for s = 0. Introducing

W, = @0 ker(So — s), W, = @0 ker(Sy — s)
s< s=

we see that
D5=Dw<, D?:D()VZ.
Thus we obtain for W C @®),<1/2 ker(Sy — s) from Theorem 3.2
(3.16) ind Dy = ind D, + dim W
= ind D + dim W — dim W_.

4. The index of D ; will be calculated in this section, using a variant of
the approach in [B-+S2]. We assume for small x the representation (2.1)
with 8 > —1/2 and the regularity property (2.2). Moreover, at first we

assume also that §,(x) = 0, that is

4.1) Sx)=S,, 0<x<e
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for some sufficiently small positive e. We then pass to the general case by a
limiting argument.
Since Dj; is closed, the operators

4.2) At = D¥D;, A~ = D;D}

are nonnegative and self-adjoint. We will show that the resolvent powers
(A* + N)~™ are trace class for appropriate m, and tr(A* + \)™" has an
expansion in powers of A and log A as A\ = +oo. By a familiar argument,
the nonzero eigenvalues of At and A~ coincide, counting multiplicities;
for the maps

¢ = Dsp, ¢ — D¥Y

are injective between the corresponding eigenspaces. Thus

4.3) tr(AT + N7 — tr(A~ + N)™™ = N"™ind Ds.

For this difference, all terms in the expansion as A\ = + o are zero, except
for the term in A™"™, and the one gives the index.

The expansion of tr(A + N\) ™™ comes from a parametrix. For 0 < x <
€, (4.1) implies that

(4.4) A* = =932+ X7XS§ = So)

with §§ + Sy + 1/4 = (S £ 1/2)2 = 0. Denote by T* the operators in
L2(R,, H) defined by the right hand side of (4.4), with the appropriate
boundary conditions:

For Tt:u(x) =0(1) and u’ + x~'Sou = O(1).

For T :u(x) =0(1) and —u’ + x"'Sou = o(1).

The resolvent for T* is obtained as a direct sum over s € spec Sy,

4.5 (T + N =L+ +N'®m,
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where L} is the appropriate realization of —92 + X~2(s? * s), and 7, is
the projection on the s-eigenspace of S,. Set

(4.6) ve = vils)i=Vs? s+ Va=|s + 1/2].

We generally suppress the dependence of v, on s to simplify notation.

LEMMA 4.1. Let Imz? # Oand x < y. Then (L} + z?)~! has the
kernel

4.7a) )2, (x2)K, (yz) if s< —12 or s=0
and
4.7b) )2, (x2)K, (yz) if —1/2<s5 <0,

whereas (L7 + z2)7! has the kernel

(4.8a) Cey)V2,_(x2)K,_(yz) if s<0 or s=1/
and
(4.8b) )V, (x2)K, (yz) if 0<s <1/

Proof. We consider L; only; L; is treated similarly. To compute
the resolvent kernel we may apply Theorem 16 in [D+S], XIII. 3, i.e. if
@(x, z), ¥(x, z) denote the (up to constants) unique solutions of (L;" +
z2)u(x) = 0 satisfying the boundary conditions at 0 and o, respectively,
then

L+ 27, y) = (@'Y — o¥') Hx, 2)o(x, 2)¥(p, 2),

0<x<y< oo,

The equation

4.9) [—32 4+ x %s2 + s) + 22Ju(x) = 0, x € R¥*,
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has the general solution

(4.10a) ulx) = x"(al,+(xz) + BK,+(xz))

or, if »; is not an integer,

(4.10b) u(x) = xV2(yI,4+(xz) + 81—, (xz)).

The unique solution satisfying the boundary condition at o is

Vv(x, z) 1= x'2K ,(xz).

Unless —1/2 < s < 0, the function
e(x, z) 1= x4 (5(xz)

satisfies the relevant boundary condition ¢(x) = o(1) and (3, + x~s)
o(x) = O(1) asx — 0. Since

1
Lx)K,(x) — I(x)K,)(x) = e

the Wronskian of ¢ and ¢ is 1, and (4.7a) follows. When —1/2 < s < 0
then

olx, z) == x12I_, (xz)

solves the above boundary conditions. Since K, = K_,, the Wronskian
calculation is the same as above, and we obtain (4.7b). O

Now we construct the parametrix for (A + N)~™. In the interior, away
from x = 0, there is the standard pseudodifferential parametrix for (A +
M)~ ([G], [S]), which we denote by P;. If ¢ and y are C*, vanishing near x
= 0, with y = 1 near supp ¢, then

(4.12) (A + N"WPip = ¢ — R; with |R|« = O
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where k can be arbitrarily large. Moreover, where M = (0, xo) X N, P;
has a kernel P;(x, x’; y, y'; N)dy’dy with an expansion (when (x, x’) =
(y, ¥

(4.13)  tr Pi(x, x";x,x"; Ndx'dx = L p;(x, x")\"72dx " dx.
J

The expansion is uniform for x’ in the cross section N and x > ¢, with any
€ > 0. We patch this together with a boundary parametrix as in (4.5). To
control the remainder arising from the patching, we use:

Lemma 4.2. If ¢ € C5(—1, yo) and ¥ € C5(xg, ) with yy < xo,
then for all j, i, m, k and \ large,

3% 8HT + N0l < CiimN7*.
Proof. For high eigenvalues s € spec S, we use the a priori estimates
(3.5) in [B+S2]; we identify the L, in those estimates with L in (4.5),
taking

(4.14) a =s? +s.

We will prove inductively that for |s | sufficiently large, and y, ¢ satisfying
the conditions of Lemma 4.2,

(4.15)  |[W(LSF + N ""e|| + YL + N "e|| < Couls? + M)k,

We abbreviate LF to L, and write L = —92 + X ~2a with a in (4.14).
Since ¥ and ¢ have disjoint supports,

L+MNEL+NTo=—y"L + Nl —2¢'0L + N lo.
Thus if ¢, € C¢(0, ) and y; = 1 near supp ¥,

(4.16a)
VL +NTo= =i+ NTIYEL + N7+ 29 0(L + N7 el

Similarly, since

UL + N '=—IT+ (aX 2+ NI + N!
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and
(L + N3 =L+ N\ +2ax7?,

we have

(4.16b) YL + N7l = —[¥i(L + N7lY"aL + N7e

+ 2y (aX 2+ N(L + N7l + 2¢aX 3L + N) el

From (3.5) in [B+ S2], the following have bounds independent of a and A:
al| X727(L + N7IX, INX—H(L + N)7IXA,

a2 Xi1a(L + NTIX T, N2XYL + N)TIX,

for any fixed integer j. Since

a(L + N7k = X%*[aX KL + N)TIX%2) - [aX AL + N7

we find for y with compact support that
(4.17)  ||yak(L + N7k = Cx and [N + N)7F|| =1
and hence
[ + N7 < Cla + N*.

Likewise
ak=129(L + N)7*

= X2%-1[X1-2%g\23(L + N)"1X2%=2] - [aX~ AL + N7,
o

(4.18) YL + N)7*| = Cla + N2k,
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Now differentiate (4.16) k — 1 times with respect to A and apply (4.17),
(4.18) to obtain

(4.17") IV + N = Cla + N *172,

(4.18") 1WA + N *e|| < Cla + N)7*,

when ¥, ¢ have disjoint supports and y vanishes near 0. The proof of (4.15)
is completed by induction; in (4.16), use (4.17) in the first factor on the
right, and successive improvements of (4.17”) and (4.18") in the other fac-
tors.

It remains to obtain estimates like (4.15) for low eigenvalues s. There
we use the kernels (4.7)-(4.8). From the asymptotics of the Bessel func-
tions, and noting that y € C*(x,, o) and ¢ € C5(—1, yo) with yo < x,, we
can estimate the kernel of Y(L,; + z?)~! by

1/2+v
[ ¥ (x)(xp) 2K (xz)] 1 (yz)e(y)| < Cye_""_y’<1 fyz)

< C,e =070

when Y(x)¢(y) # 0; note that —» occurs only when » < 1/2. Similar esti-
mates for the derivatives of the Bessel functions (see e.g. (3.11) in [B+S2])
yield the necessary inequalities for low eigenvalues, with exponential decay
inz = VA, proving (4.15) for all s, and \ large.

To complete the proof of Lemma 4.2 we need trace estimates. The
operators y (L + \)~%y, are positive, with trace norm equal the trace.
The estimate of these trace norms (and indeed the index calculation below)
uses the Mellin transforms from [O, p. 123]:

© 1 k) m—1
(4.19q) jo ¢ <*—2?3?> LK,(Dd¢

w+1 w w+3
_F< 2 >F<m 1 7>F<" mt— >

4\/¥r<y+1+m—w+3>
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if » = 0 and max{—1,2m — 2» — 3} < Re(w) < 2m — 2; and

e 1 9 \"!
(4.19b) S i“”(—-—- —> I_,K,(§d¢
0

2¢ d¢
w+1 w+1
11‘( : >I‘(—w)1‘< ! —>

et )

if0<v<1/2and2m + 2v — 3 < 2m — 2. So the trace norm of ¢ (L +
N) kY, is, for the kernels with I,K ,,

= Qw—

1 @ 1 9\ !
“—-—-“(k — 1) So \l’l(x)zx<_?z'—g> I,K,(xz)dx

B oo k—1
= T S 1//|<£>2 §—2k—1<_._—1_ —?—> LK,(Od¢
0

(4.20)

(k — 1) z 2¢ 9¢
~ oo g_ -2 B <__L —a_>k—l
< Co-2 XO (1 +;> o —5par) LKA

- e S " pes(— 2 Lk war
< . 20 95/ U

I'(k — DI'(—5/2)

= Cp2-% , 0.
¢z N v

Similar estimates hold for » = 0 (use a different power to estimate
V1({/2)?), and for the kernels involving I_,. Thus

YL+ N5 [l = CANTRA + [s]7L
This with (4.16) gives (4.15) again, but now with trace norms:

[WLE + N7 le + [VLF + N0l < Couils® + N7,
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Since the power k is arbitrary, we get the same inequalities with arbitrary
powers of s on the left. Moreover, using AT+ N m=—(T+ N+
(X724 + N(T + M), we get

(4'21) " l//s’ajx(l’si + )\)_m¢||tr < C!‘,'km(sz + x)_k_".

Since S, is a first-order elliptic operator on the compact n-dimensional
manifold N, then

(4.22) T+ |s)"% < oo

for all 6 > 0. Thus Lemma 4.2 follows by summing (4.21) over s €
spec So. O

To construct the parametrix for (A + X\)~™, choose ¢ in Cq(—1, yo)
with yy < e and ¢ = 1 nearx = 0; and ¢ in Cg(—1, ¢) with ¢y(x) = 1 for
0 < x < x,, where xo > y,. Let ¢; = 1 — ¢, and choose V; in Cq’ (M),
vanishing near x = 0, with y; = 1 near supp ¢;. Let P be an interior
parametrix for (AT + N)™™ as in (4.12) above. With slight abuse of nota-
tion, and suppressing the superscript +, define

(4.23) P=y(T+ N "¢+ ¢;Pio,.
Then (A + N\)"P = I — R, where

R=R;+ .Eoc(,ﬁy_,kw('f)Xuafsg(T + N ke.
>
By (4.12) and Lemma 4.2, |R || = CA~*. Hence for large A

@+N"=P+PERI
i

and |P LY R/|| = CA*. So we may compute the asymptotics of tr(A +
N)~™ from P. The interior term gives, by (4.13),

J M |
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We will show that the boundary contribution to tr(Y(T 4+ N)™"¢) has the

form

S o(x, xz)dx,
0

with o satisfying the conditions for the expansion theorem in [B+S1].
The operators (7 + N\)~! have, on the diagonal x = y, the kernels
given in Lemma 4.1: for (T + N\)™!

x[s<@/z I, ,(x2)K, (xz) + _1/2€F<)S<OI_,,+(xz)Ky+(xz)]

s=0
and for (T— + N)!

x[ @D I, (x2)K, (xz) + @D I,,_(xz)K_,,_(xz)}
s=1/2 0<s<1/2

s<0

where z2 = N and v4(s) = |s + 1/2] as in (4.6). Noting that

1 1 8\ !
T + y—m — <_____ _> 2 —l,
(T + 29 m—D\" 27 3z) Tt

and setting xz = {, we are led to define formally

_am (1 oy
(4.24a) oi(x, O-m( 2¢ 6f>

X [sﬁm 1, (DK, (%) + _l/2>:<s<01_v+(§)1<y+(s“)]

s=0

x2m—l 1 ) m—1
(4.24b) o_(x, O) = (_m__l)!<—2_§a_§>

X[ L I(OK,-(+ L I-u_(f)Ku_(é')}-
s=1/2 0=<s<1/2

s<0
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LemmA 4.3. If2m > n + 1then each series (4.24a, b) converges to
a C* function for { > 0, and

oo

(4.25) tr[Y(TE + z2)"mp] = S e(x)a+(x, xz)dx.
0

Proof. Calculating as in (4.20), for |s| so large that » =
|s & 1/2| = m — 1, the positive operator (L + \)~™y has trace norm

1

el 1 0 m—1
iy vl ) e

0
—2m o 2 m—1
= Z—S ¢<5> W-‘(—i i > LK (Dd¢

< Cezﬂ—lm jm §—2m—l—0<__1_ __a_>m_lI”Kv(§-)d§-
0 2¢ o
'+ 1—46/2)
0—2m 0—2m,,1—6
< Cyz TG ¥ 6/2) < Cyz v

forl < 0 <2m.If2m > n + 1, we can choose 2m > 60 > n + 1 and
deduce from (4.22) that the sum over s of the terms in (4.26) is convergent.
Further, each integrand in (4.26) is the restriction to the diagonal of the
kernel of a positive operator, so the integrand is positive, hence the sum of
the integrands in (4.26) is still positive with m replaced by m + 1, so

1 a m—1
< EE> I,K (xz)

is a decreasing function of z, and it follows that (4.24a, b) converge uni-
formly; so do their derivatives. This proves Lemma 4.3. O

In order to expand g o+(x, xz)dx as z = + oo, we must verify the
conditions (1.2a, b) in [B+S1]. The main point is an asymptotic expan-
sion

4.27) oi(x, O ~ ‘El o (x)¢, {— +oo.
=
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Now 0. (x, xz) gives the trace of the kernel of (T* + z2)~" on the diagonal.
This kernel can be approximated by pseudodifferential methods. Denote
by p(f,(x, x')dx’dx the forms (4.13) computed for

0+ X71S)*3 + X7 1Sp) and (@ + X 1S0)(@ + X 18,)*.
Then

o1, ~ L X pai1, x")dx’ ¢,
i JN
Since o.(x, {) = x?"lg.(1, {), from (4.24) we get (4.27) with
(4.28) q,-i(x) = x2m—1 j pafL,(l, x")dx’.
N

Now apply the expansion theorem of [B+ S1]; note that ¢(x) = 1 near
0, and drop the “=%":

(o]

tr (A + z3)™m ~ g e(x)o(x, xz)dx + L <g <Pip_f>z_-f
i \Jm

0

E(] oo

l

(4.29q) + X j @(x)aj(x)(xz)dx
J 0

(4.29b) + L z7k-t K L FkakX0, OdE
k=0 o k!

(4.29¢) + kgo z7*" 1 log zo'k) (0)/k!

with a¥)(x, ¢) = (3,)*a(x, {). In particular, there is precisely one logarith-
mic term in (4.29¢) namely z 2" log z, and the coefficient of that term is

a@=(0)/2m — 1) = S Poam(1, x")dx’.
N
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From (4.3),
(4.30) tr[(AY + z2)™m — (A~ 4+ z2)™"] = z72" ind D;

so the terms in z72" log z coming from A* and A~ must cancel:

(431) S pa:2n1(1a x,)dxl = S p()_,Zm(lix’)de,
N N

and so 05,(x) = 05,(x). Hence in (4.29a)

X w<x>vz+m<x>x2""'dx=§ (X072, (x)x 2"~ dx
0 0

and these two terms cancel from the expansion of (4.30), leaving

(4.32) ind Da = S <P:(P;—m - pZ_m)
M

L 2m—1
" Xo (_2,%?1—)'[0‘1""”(0, 0 — 02770, lds.

In the integral over M, we have the usual locally computed “‘index form”
Wp = pZ-tn - p2_m'

Nearx = 0, D; = 98, + X 'So, S0 p3, = piam; hence from (4.31),
S wplx, x’)dx’ = 0 for x nearO.
N

It remains to compute the second integral in (4.32), which is defined
by analytic continuation in the power of {. Define

o

g8, .

ha(w) = So @m — 1
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For a meromorphic function h(w), denote by Res; k(w,) the coefficient of
(w — wo)~¥ in the Laurent expansion of k; we want

Resoly — h_12m — 1).

In view of (4.24), we decompose

(4.33) he =hy + KL

where

= 1 8\
hl(w) = Z; SO (W<—2—( 3?> I, K, (Ddi/(m — 1),

R = I rrw(——l——"’—yﬂ
—1/2<s<0 Jg 2¢ a¢

XU, (D) — 1, (DIK, ()d¢/(m — !

and h_ is similarly decomposed on the basis of (4.24b). From (4.19)

(4.34)

+1 w w+ 3
1‘<W2 >I‘<m—1—7> F<v++ . -m>

4T (m) . P<1+V+_ w-2F3 +m>

hl(w) =

The sum (4.34) is analyzed in [B+S2], equations (7.12)-(7.16), where z =
(w + 1 — 2m)/2. The analytic continuation is expressed in terms of the
zeta function of a complex variable ¢,

1 —t
(4.35) )= XL (vy)' = s + —‘ ,
vy £0 s#E—1/2 2
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as follows:

(4.36) Resoh’(2m — 1)
1 1 ¢ B
= —5 Resof + (—1) = 5 T (—1*k"'B, Resi¢ + 2k — 1)

+ ¢,, Res; ¢ + (—1)
where the B, are Bernoulli numbers and

4.37) en=2C1D vy

NS 4 ?)1:

|
J
with y the Euler constant. For the correction term k% we have from
(4.19a), continued analytically to vy > —1/2,

—1 L 1 0 m—1 N 1
m =D ReS°H S“< 2% 3§> ’"+K”+“’d§]w=zm_1 a2

and from (4.195), for v, < 1/2

1

= r ResOHO I—,+Ky+(§‘)d§] = 2.

w=2m—1

Hence

(4.38) Resgh2(2m — 1) = L <s + i).
—1/2<s<0 2

The computation for 4 _ is the same, except for the possible occurrence of
v_(s) = 1/2 when s = 0. But then

1 e %
I_nK () = 2% + T

and by the prescription of the Singular Asymptotics Lemma in [B+S1]

{2y dareo
£ 27 a¢ 2¢ ¢ =
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while

1 bl 1 9\l e % 1
m — DI Res"Ho ¢ <_2_r 6_§> R df]w=zm_, 7

Thus

1

Resoh’(2m — 1) = ¥ <— — s>.
0=s<1/2 \2

Thus the second integral in the index formula (4.32) is

® §-2m—l

Gm =11 [67"720, §) — %710, ld¢
0 .

(4.39) S
= Reso(h' + h% — hY — BL)2m — 1)

= —% Reso(§+ — ¢-)(1) — %kg:l (=D*k™'By Resi(§+ — §-)(2k — 1)

—1/2<s<0

1 1
temReslfe =D+ L < + 7> T oZin (7 - >
with

(4.40) ()= L s +

[s£1/2|#0

1“’
- -

We shall see from (4.41) below that Res({+ — {-)(—1) is the residue
of the eta function of S, at the origin, which is known to be zero for a
differential operator S; but this vanishing can be deduced from (4.39) and
(4.32). For, the first integral in (4.32) gives the coefficient of A~ in the
expansion of tr ¢;,[(A* + A\)™™ — (A~ + N)~"]y;, which is independent of
m as one sees by differentiating the expansion with respect to A. (Note that
this expansion has no term in A™™ log A.) The second integral is given by
the right hand side of (4.39), where the only term depending on m is the
one with ¢,,: since c,, in (4.37) varies with m its coefficient in (4.39) must be
Zero.
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We next relate the difference ¢ — ¢{— in (4.39) to the eta function of
S 0-

n(z) = X |s|*sgns.
sespec Sg
s#0

Introduce

Fiz)i= I s+ 1/2]
sespec So
|s|>1/2

For Re z large,

(441) Ti(2)—F-(z)= ¥ (s+1/2|77—|s —1/2|7%)
s

= T |s|7H(1 + 1/2s)72 — (1 — 1/25)7%)
sespec Sg
|s|>1/2

=2 X |s| Z< o >(2S)_2k_1

sespec o k=0
|s|>1/2 2k +1

—Zz
= kEO 2% ( ) r s |s| 7272~ sgn s
7 \ak + 1) sy

— ¥ 9% (—=z2)(—z — 1) -+ (—z — 2k)
k=0 2k + 1!

ns(z + 2k + 1)

(—z)(—z—1) -+ (—z — 2k)
— —2k
k§02 Qk + 1)! 0<|s|=1/2

|s| 2%~ 1sgns.

Since S is a first order elliptic differential operator we know e.g. from [G],
Lemma 1.10.3 that 55, is meromorphic in the whole complex plane with
possibly simple poles at n, n — 1, --+, n = dim N, and holomorphic at
z = 0 and in Re z > n. In particular, the n-invariant of S,

Nso = nSO(O);
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is well defined. The right hand side of (4.19) can then be written as a finite
sum plus a remainder holomorphic in Re z > —2 and vanishing at z =

—1. This gives
(4.42a) Reso(f+ — (=1

= ¥ [s+1/2—(1/2 - 5)] + dim ker(S, — 1/2)

- si<1/2

— dim ker (S, + 1/2) + 95, — 0<[2? L, 58S
si=<

2—2k

T E ke 7o Res )

andforj = 1

(4.42b) Resy(§+ — ()2 — 1)

k=0

-z
= L 27% Res, N5z + 2k + 1)
2k +1 2=2j—1

2% +2j — 1
=L 2% Res; 75,2/ + 2k).
k=0 2%k + 1
Also,
(4.42c) Res ({+ — §-)(—1) = Res;ngy(0).

This gives, using (4.39)

®© g-lm"l

G 1% 10,0 = o0, la

(4.42¢) S

1
= _‘i‘ (T)SO + dim ker So) + kE] (292 Resmso(Zk)
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as the second contribution in the index formula (4.32). The coefficients o
can be computed from (4.39) and (4.42a, b); they are independent of S.
The residues are given by “local’”” formulae ([G], Lemma 1.10.3) unlike 5,
and dim ker S . For the classical geometric operators, they vanish, accord-
ing to [A+P+S].

Summing up, we have proved:

LemMA 4.4. Suppose that S(x) = 0 for x < €. Then

(4.43)

1
ind D,s = —7 (T]so + dim ker So) + kzl O ReSlT]sO(Zk) + S wp
= M,

where wp is the usual locally computable index form for D, and M, =
M\{x < ¢}.

Suppose now that we are in the general case, where S;(x) need not be
zero for small x; we then obtain the index formula by a limiting process.
Choose ¢ € C*(R) with Y(x) = 1ifx = —1 and y(x) = 0ifx < —2. Put

Y(x) := Y(nx — 3),

sothat y,(x) = 1ifx = 2/n and ¥,(x) = 0if x < 1/n. The operators D,
defined by

D,=D on M\U,

It

D, =9, + X 'S) + XPY,(x)S(x)

satisfy the same assumptions as D, and Lemmas 2.7 and 4.5 give

(4.44)
ind D5 = ind D,,'a

1
= "?(nso + dim ker So) + k):l Oy Resmso(Zk) + S w,
= M

where w, is the index form for D,. Denote by w, the index form for 9, +
X~ 1'S,. Then w, = wy for x < 1/n, and as we noted after (4.32),
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S wolx, x)dx’ =
N
Thus the integral of w, in (4.44) can be written as

1
(4.45) g w, + g X w,(x, x")dx'dx.
M\U 0JN

Moreover, since the coefficients of D, converge to those of D in C* on each
compact subset, w, = wp pointwise, and uniformly on compact subsets.
Thus to pass to the limit as n = oo in (4.45) we need only:

LEMMA 4.5. Suppose that each coefficient a(x, x") in the differential
operator S {(x) satisfies

(4.46) |xka%3%.a(x, x")| = O(1)

uniformly for x in I and x' in compact subsets of the local coordinate patch
on N. Then, with the same uniformity,

(4.47) |wa(x, x') — wolx, x")| < CxP

with C independent of n.
Proof. The cut-off functions y,(x) = Y(nx — 3) satisfy

|xka5yn(x)| = Ci

uniformly in 7, so if we replace S(x) by ¥,(x)S(x) then (4.46) remains
valid uniformly in n. Thus it is enough to show the constant C in (4.47)
depends only on the constants implied in (4.46); so our notation ignores
the dependence on n. We obtain uniformity in x by rescaling to x = 1.
Nearx = 0,

D=9, + X 'S(x) with S(x) =S5, + XS (x).

Forc < 1, set D. = 3, + x~1S8(cx), and let A be the corresponding
Laplaceans. We have locally computable forms wE(x, x")dx’dx such that
for ¢ in C5(0, 1)
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oo

tr (AF + N7 ~ A7 S S wE (e, x")dx’ p(x)dx
N

0

+ other powers of A.

The change of variable x = cy converts 4, + X 1S(x) to ¢~ '[9, +
Y~ 1S(cy)], hence

tr p(c2AE + N)"m ~ A m S X wi(cy, x")dx’ ¢(y)dy + other powers.
0 JN

Replacing \ by ¢ ~?\ and comparing these two expansions, we find

wi(y,x") = cwiley, x’) =: cwtlcy, x’).
Set y = 1, and find that the index form w = w* — w™ for D satisfies
(4.48) w(0,x’) = c w1, x’)
where w, is the form for D,. Thus

wle, x’) — wole, x’) = ¢ w1, x") — wo(l, x")]

and it suffices to show that

(4.49) A w1, x") = O(ch).
dc

Now let 0(S(cx)) = 0(So) + (cx)f+10(S(cx)) =: 0,1+ &’ + 0.9, where £’
denotes the cotangent variables dual tox’, and - denotes the scalar prod-
uct. The usual pseudodifferential parametrices for (AX + N)7, differenti-
ated m — 1 times with respect to A, give

(4.50) w.(x,x’) = S S Ql%, pa, 0°x oo+ £/, 3 lo0ldEdE’
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where p, = [£2+ 1 + x %o, £7)47, 0 = 9,,, and Q is a polynomial
such that the integral (4.50) converges. The conditions (4.46) give

9 094010y = O
dc

for x near 1. This with (4.50) proves (4.49), hence the lemma. O

Thus we may pass to the limit in (4.45) and (4.44) to obtain the follow-
ing index theorem:

THEOREM 4.1. Assume that D satisfies (RS1) to (RS4) and that the
assumption (4.46) is satisfied. Then D;is a Fredholm operator with index

(4.51)

1
ind D5 = S wp — —2— (T]so + dim ker So) + kzl (e 7" Reslnso(Zk)

M

where

S wp — limS wp.
M €20 Jx>e

If Dy denotes the closed extension of D corresponding to V as in Theorem
3.1, then Dy is also Fredholm and

(4.52)

1
indDV = S wp — '2— (T]_yo + dim kerSo) + kzl O Resmso(Zk)

M

+dimV— Y dimker(S; — s).
—1/2<s<0

5. Applications of Theorem 4.1 will be given to the GauB-Bonnet and
the Signature operators on manifolds with asymptotically cone-like singu-
larities. By this we mean Riemannian manifolds M which possess an open
subset U such that M\U is a smooth compact manifold with boundary
and U is isometric to (0, €) X N, where N is a smooth compact manifold of
dimension »n, with metric

(5.1) gm = dx? + x’gn(x), x € (0, €),




696 JOCHEN BRUNING AND ROBERT SEELEY

where g y(x) is a family of Riemannian metrics on N and smooth on [0, ¢).
We denote by Q2 the smooth p-forms and by Q4 those with compact sup-
port. With I := (0, ¢) we define a bijective map

¥ CoU, QP7UN) D QP(N)) = Q4(U),
(5.2)
(Dp—1, p) > xP7 171 270%(p,,_1(x)) A dx + xP~"27¥(pp(x)),
where m : I X N — N is the projection on the second factor and x is the
canonical coordinate on I. Denoting by % and #, the Hodge operator on U

and on N (with respect to the metric gn(x)), respectively, one computes
that

(5-3) *‘l/p(¢p—19 ¢p) = ‘l’n+1—p(*x¢p9 (—l)n+1_p*x¢p—l)
and
5.4
1
" ‘l/p(¢p—15 ¢p) ||%2'p(u) = S [“ ¢p—1(x) "b.p—l(Nx) + || ¢p(x) "%sz(Nx)]dx,
0
where L2? denotes the completion of Q5 with respect to the scalar product

defined by the metric.
Next we find that with d, dy the exterior derivative on U, N

(5.5 dyp(d,—1, ¢))
= Ypr1(= DP9, + (p — n/2)x7 ¢, + x7'dnd,—1, x"'dNo))
and with similar notation
(5.6) Y, (dy—1, B)
= Yp—1(x 70N bp—1, (—DP[3, + (/2 — p + Dx7'¢,—1 + x70n8,)
+ ¥p-1(0, (=) [y, 0] 1)

Here [*,, d,] denotes the commutator of operators on Cg (I, 2(N)), where
QN) := Dp>0 2°(N). Note that
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(5.7 by(x) := [#,, 0.]%, : Cg (I, Q7(N)) = Cg, Q*(N))
is a differential operator of order 0 with coefficients depending smoothly
onx € [0, €).

Now assume n + 1 even. The GauB-Bonnet operator on M is

(5.8) Dgp:=d + 6 : QM) - Q9M),

where Q¢, Q°d4 denotes even and odd forms, respectively. Introducing

(5.9a) Y., : CTU, UN)) — QF'(V),
(¢0’ o ey ¢n) s (‘//0(0’ ¢0)’ ‘//2(¢1’ ¢2)9 o e ey ‘//n+l(¢n9 0))9
(5.96) Youa : CTU, UN)) — Q3UV),

(¢0’ L) d)n) - (¢l(¢0’ ¢l)’ ‘l’3(¢29 ¢3)9 LR} ‘//n(¢n—l’ ¢n))’

a straightforward computation using (5.5) and (5.6) shows that on
Co(I, A(N))

Tep = Voat Dop¥er = 9, + x71S(x),

where S(x) is the operator

(5.10)
co Oy, O e 0 0 0
dy ¢ b(x)
0 0 + x 0
Ch—1 Opny
0 0 dy ¢, 0 0

b,(x)
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with
(5.11) c, = (—1?(p — n/2).

Now T'gp does not yet satisfy the assumptions of Section 1 since we do not
have a fixed Hilbert space fiber in (5.4). To achieve this we denote by
(*]*) . the scalar product defined by g n(x) on Q?(N). Then we can write

v w)pe = (A X))V Wy
where A ,(x) is a family of bounded positive definite operators with respect
to (|- ,.0. Moreover, A ,(x) is smooth in [0, €) and satisfies A,(0) = Id.

We put

R : C3(I, UN)) = CT(, UN)),
(5.12)
R(¢0, o e ey ¢n)(x) = (Ao(x)_l/2¢0(x)’ o e ey An(x)_]/2¢n(x))~
Then
TGB = R_] TGBR

is defined in L%(I, ®,»0L*?(N)) with domain C§'(I, Q(N)) where L>»(N)
now denotes the L2 structure on Q7(N) defined by g x(0). Unless otherwise
stated all geometric quantities on N will now be computed with respect to

the metric g5(0). From (5.10) we obtain

TGB = ax + x_l(S() + xSl(x))

where
Co 6N 0 0
dy ¢
(5.13) So={ O 0
Cu—1 On
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is clearly a symmetric first order elliptic differential operator on Q(N) and
§1(x) is a smooth family of first order differential operators on Q(N) with
smooth coefficients in [0, €). So Tgp is well defined with domain
Co(, @,>oH"P(N)) where H"P(N) is the space of p forms with square
integrable derivatives of order <1.

To determine the closed extensions of D gpin@,s¢L**?(M) and their
indices we have to investigate the spectrum of S,. We denote by A, the
(positive) Laplacian on p-forms, and by

H’),\,ccl(N) = {w € QP(N”APUJ = )\w, 5Nw = 0}

the space of coclosed eigenfunctions of A, with eigenvalue .

LEMMA 5.1. p e spec S, iff

(5.14) (b= cp)(p — cpr1) =2 Ny(p)

is an eigenvalue of A, such that

(5.15) Hf ()ca(N) # {0},
1. If p e spec Soand p ¢ {c,, - . ., C,} then the multiplicity of p is
(5.16a) pEO dim H’;p(“)_cd(N)-

2. If p=c, forsomepand p # ¢;,0 <i < p — 1, then the multi-
plicity of p is

(5.16b) L dim H ) 0 (N).
i#p=1

Proof. 1. Let p € spec So, p & {co, . .., Cn}, and put o, :=
ker(So — w). By elliptic regularity we have S, C Q(N). We define a map
¢0 ¢(¢)o
(5.17a) ¥ : S0, = AWN),  ¢=|: |k | : |=¥),
o V(9),
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as follows:

(5.17b)
V(D)o =0,  ¥(d), =0, = (n—¢,)7'd($)p—y if p>0.

Then we claim that y is a bijection of S, onto @, H ’{p( ».cct(N). First we
show that

(5.18) Y(d), € H’{p(“)_cc,(N).
The proof of (5.18) is based on two observations. First suppose that ¢ € S,

and for some p = 0¢; = 0if 0 < i < p. Then So¢ = p¢o implies the
equations

6, =0,
(5.19) cpdp T 00,41 = pdy,
do, + cpr10p+1 T 00,12 = pndpti.
Hence ¢, is coclosed and
App, = 8dd, = (= cpr1)0®,01 = Np()D).

Thus ¢, = ¥(¢), € H’{p(“)m(N); in particular, this is always true if p = 0.
Next let ¢, € HY () .a(N) and define é by

b J=p,
&5_,‘ = {(p — cps1)"'do), j=pt+1,
0 otherwise.
Then it follows from the equations (5.19) that des ou; in fact
8¢, = 8¢, =0,
cpbp, + 8b,11 = c,0, + 6(n — cp41)7'dD,

= cp¢p + (/" - cp+l)_lAp¢p = /"d’p = [L(;'Z),,,
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d&’p + cp+l$p+| = d¢p + Cp+1([.t - cp+])-ld¢p
= plp — cpi1)"'do, = nd,41,

dJ)p-f—] = 0.

Using these facts it follows easily by induction that for ¢ € So, and p = 0

¢(¢)P € Hl):p(u).ccl(N)

/ 0
0
¢(¢)p+] ESOu'

and

bp+2
L

Hence (5.18) is proved. Moreover, the same arguments show that the map

V:So > @ HI):p(;;),ccl(N)
p=0

is bijective, proving the assertion on the multiplicity of u.

2. Now assume that p = ¢, but p # ¢;, 0 < i < p — 1. From the
arguments above we conclude that the map
Y(d)o
. p_2 .
Suddb| 1 |e D Hypeal)
i=
¢(¢)p—2
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is surjective and that

‘lb(qs)p—l € SO;U
by

o

Writing out the eigenvalue equation as before we find that y(¢),—, is in the
range of 6, while 6dy/(¢),—, = 0, so

Y(¢)p—1 = 0.
Thus
0
¢y |€Son
b,

and we conclude as before that the map

¥(d)o 0
Y(P),—2 0 )
S0.3 ¢ b T+ e @ Higpal)
0 ép i%p—1
0 s

is bijective. The proof is complete. g
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We can now investigate the small eigenvalues of S. Denote by A,
0 < p = n,j = 0, the different eigenvalues of A, with nontrivial coclosed
eigenforms, where \,; < A\, ;1. Then u € spec S iff for some p and j
xpj = (”’ - cp)(l" - cp+l)
or

(M - cp)2 + (cp - cp+l)(ll' - cp) = )\pj~

Thus N, generates two eigenvalues namely

+ — 2
wiom St \/)‘ni + <&__29¢1_>

(—1)rt1 n— 1)\2
= Pt (P -5

If N, > 0 it follows from Lemma 5.1 that assigning to p ;—7 the multiplicity

(5.20)

e Aj P
(5.21) mp; 1= dim H)\pj_cc,(N),
we obtain that for each eigenvalue p ¢ {cy, . . ., ¢, }

multiplicity of p = L m,;.

v
K= Mp,j

Now consider the eigenvalues A, = 0 with nontrivial coclosed eigenspace
HP(N). By Lemma 5.1 again they contribute to the eigenvalue ¢, only, and
with multiplicity

b, := dim HP(N).
Moreover, if p # (n — 1)/2 and j = 0 then
(5.22a) py and p, have different signs

and

(5.22b) lud| = 1/2.
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Therefore, eigenvalues with absolute value <1/2 can occur only if p =
(n — 1)/2. In that case we find that eigenvalues p with |p| < 1/2 arise
precisely from eigenvalues N, —y)2,; with 0 < N(,—1)2,; < 1. For these j

(5.23a)  ui—1,; have the same sign if N(,—1),,; < 1/4,
(5.23b) I"(-Tt—l)/z,j have different Sigl’lS if 1/4 < )\(n—l)/Z,j < 1,
(5.23¢) the multiplicity of the eigenvalue 0 of S, is dim H{3 *(N).

Thus we obtain from Theorem 3.2.
LEMMA 5.2. A choice of boundary conditions for D gp is necessary
iff
spec Ap—1y2.ca N (0, 1) %= 0.
Our next goal is the computation of the n-invariant 55,. We know
from [G], Lemma 1.10.3 that the #-function n s (z) of S is meromorphic in

C and regular at z = 0, and by the previous discussion it is given for Re z
large by

5.24 = —: = =
(5.24) ns,(2) Sespego\{o}sgnshl pZz:osgnc,,Icp| b,

+ [ +
0<>\(,,_|)/2_,51/4 )\ph,+(2p+1—n)2/4>1/4
Hn—1)2, %0

X m i (sgn pp | ™+ sgnopy | pp,77)
=:1(s) + n2(s) + n3(s).

Clearly, n, and 7, are entire functions. The contribution of 7, to ng, is
given by (setting n =: 2k + 1)

7:1(0) = X sgnc, b,
p=0
(5.25)
k 2k+1
=X (—l)”+'bp+ r (—l)pbp.
p=0 p=k+1
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To determine the contribution of 5, we have to distinguish two cases.

Case 1. (n — 1)/2 = k is odd. Then if 0 < A;; < 1/4 the eigen-
values of S, between 0 and 1/2 are precisely

_ 1
Pk,j = ? _V)\k,j~

If \y; = 1/4 then p, ; is the zero eigenvalue and pi; > 0 has the same
multiplicity. Thus we obtain in this case

(5.26a)  7,(0) = dim ker So + 2 . Y  dim ker(S, — ).

<s<1/2

Case 2. k is even. A similar discussion shows that in this case

(5.26h) 7,(0) = —dim ker §¢ — 2 r dim ker(So — s).
—1/2<s<0

We turn to the contribution of 53;. By the above, 53 is meromorphic, and
regular at z = 0. Writing d, := (p — (n — 1)/2)? and recalling
Y ct(N) = {0} if A > 0 we have for Re z large

(5.27) m(z)= K 1(—1)P+1nzp,~[|1/2+(>\,,,~,.+df,)1/2|—z

<p<n—

N, Td2>1/4

— 172 = (\,; + d;‘;)ml_z] = os g » (—1DPtim,
x,,.,_fd_f,>1/4

k=0

‘T < —z )2_2k()\pi+dg)1/2(—z—2k—1).
5 .

k+1

Denote by Q,, the orthogonal projection in L?P(N) onto the space of co-
closed forms and put

(5.28) Go(2) == tr Q,(A, + d})~+%
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It follows from standard arguments that {, is meromorphic and holo
morphic for Re z sufficiently large. From (5.27) it follows that

(5.29)

N
m(z)= L (=1t K 2_2"<
k=0

O<p=n-—1

> $p(z + 2k + 1) + zRN(2)
2k +1

where Ry is holomorphic in Re z > ay = — . Thus we obtain

n—1

n—1
73(0) = L (—1)? Res; {,(1) + L (—1)? L By Res; {,2k + 1)
p=0 p=0 k=1
(5.30)

n—1

L (—1)? Res; {,(1) + R.

p=0

If we know that 7, is regular in Re z > —1/2 then (5.29) clearly implies
that

n—1
z L (=D z + 1)
p=0

is holomorphic in Re z > —1/2. Thus R = 0 in this case. Since the coeffi-
cients of §(x) in Tp are smooth in [0, ¢) Theorem 4.1 applies and we can
state the GauB-Bonnet Theorem for manifolds with asymptotically cone-
like singularities.

THEOREM S5.1.  Let M be a Riemannian manifold of dimension n +
1 = 2k with asymptotically cone-like singularities. If k is odd then the
maximal closed extension D Gp max of the Gau B-Bonnet operator Dgp is a
Fredholm operator with index

ind DGB.max

n—1
= S [Oe):] + E [ak Re51 ’ﬂso(Zk) + ﬁk E (_l)p RBS] fp(2k + 1)]
M k=1 p=0

1k 2/:51

—_ —1)P —_ —1 p+]b
+2p§0( 1)l,”-|_2=+1( ) P

1 2k+1

+ E) pgo (—1)P*! Res; ,(1).
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Here b, is the p™ Betti number of N, ¢, is defined in (5.28), and the con-
stants (3 are determined from (5.29). wgp denotes the Chern-GauB3-Bon-
net form on M, and the integral exists in the sense of Theorem 4.1. If k is
even the same formula holds for the index of D g min, the closure of Dgp.

Proof. The proof follows from Theorem 4.1 and (5.25), (5.26a),
(5.26b), and (5.30). O

The index of Dgjp is also equal to the L2-Euler characteristic of M.
Assuming that g is regular in Re z > —1/2 the second sum on the right
vanishes and the expression (5.31) thus gives essentially Cheeger’s formula
([Che] Theorem S.1). As a corollary it gives the GauB-Bonnet theorem for
manifolds with boundary and identifies the boundary contribution as a
spectral invariant of the boundary; this is explained in [Che] Section S.
Note also that our approach expresses the boundary contribution by means
of an y-invariant.

We now turn to the signature operator Dg. Assume that n + 1 = dim
M =: 4k and denote by 7 the involution of Q(M) = @,>¢ 2*(M) which
equals

(\/_—1)2k+p(p—1)* on QP(M).

Denoting by Q*(M) the eigenspace of 7 with eigenvalue +1 we obtain the
decomposition

QM) = QT (M) D2 (M).

Now d + 6 anticommutes with 7 so

Dg:=d + 6: Q" (M) > Q (M)

defines a first order elliptic differential operator, the signature operator.
With ; as in (5.2) we introduce the bijections

Yy Ce U, AUN)) — Q5 (U),
W (@0, ***y Par—1)); 1= Y (E(—DFFWDIUD 5y _is b)),

0 <j=< 4k,
and a map o : Q(N) = Q(N),

(00); := (— 1kTWDE=DEk—j=Dg. 0 <j < 4k — 1.
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Then a straightforward computation using (5.3), (5.5), and (5.6) shows
that

W) ' Dgytox =: 3, + x ' (So(x) + x5,(x))

where S;(x) is a first order differential operator on Q(N) with smooth coef-
ficients in [0, €), { = 0, 1, and in particular for ¢ € Q/(N)

(5.32)

4k — 1

So(x)p = < 5 —j>d> + (—DAHHGEDA(—1)] %, dy — dy %09,

where [(j + 1)/2] denotes the greatest integer < (j + 1)/2. Modifying ¢~
and Yo« by R in (5.12) we obtain that

T:=R 'Y ) 'Dsy*o*R
=:9, + x 1(§o + x5,(x))

with domain C§ (I, Q(N)) in L*(I, H), where again H = @, L2P(N).
Then T is unitarily equivalent to D son Q¢ (U) with respect to the L2 struc-
ture defined by the metric of M. Here

So = 5'0(0)

and §(x) is again a first order differential operator on Q(N) with smooth
coefficients in [0, ¢). Note that S, differs only by a diagonal operator with
constant coefficients from the operator introduced in [A+P+S], p. 63.
Also it is easy to see that S is a self-adjoint first order elliptic operator on
Q(N). To apply our Index Theorem in this case we have to investigate spec
So. This analysis is very similar to the arguments given in Lemma 5.1 so we
only sketch the proof of the following result. We denote by H ';\,d(N ) and
H?Y . (N) the spaces of closed and coclosed eigenforms of A, on N with
eigenvalue A.

LEmMMA 5.3. Let by;:= (4k — 1)/2 — 2j),0 <j < 2k — 1, and
1
@ 1= o (bak—2i~2 + bak+2),

1 .
vii= T(bZk—Zi—Z — bak+2)% O=si<k—1,
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1
B; = 5 (bag—2i—2 T bokr2i12),

1

=7 (bak—2i—2 — b2+’ 0=<i<k—2.

6[ :
Then the spectrum of S consists precisely of the following series:

(a) T((/2) = VN + v.), all with multiplicity dim H¥*3*~%(N) for
A>0andO0=<i=<k—1;

(b) £((B:/2) = NN + v,), all with multiplicity diim HZ***X(N) for
AN>0and0<i<k—2;

(c) £b,;, both with multiplicity dim H%(N), 0 < j < 2k — 1;

(d)

+ by + VN, both with multiplicity m;,
+ by — VN, both with multiplicity my,,

where mi: denotes the dimension of the *1 eigenspace of the involution
N"V2dy on HZ%(N).

Proof. Observe first that Q°'(N) and Q°4(N) are invariant under S,
inducing the decomposition S, = S§' @ $§°*. Denoting by S§' the operator
arising from S§' by changing all b,; to —b,; one checks that

S§Mer = ¢ x S5

where € : Q(N) = Q(N) is given by (e¢); = (—DIT12¢, Hence it is
sufficient to treat S§'. Next we note that

Q(N) := QTN @ QFTE(N) @ - - @ QHFTE(N),

0 < i < k — 1, is also invariant under S§'. Denoting the restriction by S§'*
we prove the assertion by induction on i.

i = 0 Let u # by be an eigenvalue of S¢"°. This means that

(5.33a) (bag—2 — w)pak—2 — #ddy = 0,

(5.33b) (bax — wW)bak + *¥ddy—r + d * ¢y = 0.
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Eliminating *d ¢,; from (5.33a) by (5.33b) we see that
(5.34) b2x—2 € Hyca"(N)

with

N = Np) = (bak—2 — p)(by — p).

On the other hand, if ¢,;—, satisfies (5.34) then it is easy to see that

b2x—2 o
¢y 1= € S?)V;L
(0 — b)) ' %ddr—,

for p = (a¢/2) &= VN + v,. Hence we may assume ¢,;—, = 0 in (5.33).
Then we must have

(5.35) bk € HYa(N)
where

N = Np) = (b — p)?
and

(5.36) Tdu + N1 2dxpy =0

with & according to b,y — p = £~/\. On the other hand, if ¢, satisfies
(5.35) and (5.36) then

where
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The eigenvalues p # by of S§°° are therefore precisely the following:

3‘21 + VN + v,  both with multiplicity dim HZZX(N),

(5.37a)
A> 0

(5.37b) by—, with multiplicity dim H2~2(N),
(5.37¢) by = N\ with multiplicity mis, N\ > 0.

If p» = by, then we obtain from (5.33b) that ¢, is closed, hence har-
monic, and ¢, is coclosed. But then we get from (5.33a) that ¢ is also
closed and ¢,;,—, = 0 since by, — by # 0. Thus we find an additional
eigenvalue

(5.37d) by, with multiplicity dim HZ*(N).

i = i + 1 Using completely analogous arguments we find the fol-
lowing description of the spectrum of S§"“*!: it consists of

ﬁ"i*—‘- + N+ 741,  both with multiplicity dim H2524(N)

(5.38a)
for A > 0;

—i—" + N+,  both with multiplicity dim H%+2(N)

(5.38b)
for A > 0;

byk—2i—4 with multiplicity dim H?*~2~4(N),
(5.38¢)
b2k+2i+2 with multlphCIty dim H2k+2i+2(N);

(5.38d) p  with multiplicity dim § Sf;f.

The assertion of the lemma now follows inductively from (5.37) and
(5.38). O
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As an immediate consequence of Lemma 5.3 we see that eigenvalues p
of Sy with |u| < 1/2 are of the form

(5.39a) —1/2 + v\ with multiplicity my
and
(5.396) 1/2 — /N with multiplicity mj

for 0 < A < 1. This implies

LemMA S5.4. A choice of boundary conditions for D is necessary iff

@ Hikcl(N) *+ {O}
0<A<l

It remains to study the n-function of S,. Since the eigenvalues in (a),
(b), (c) of Lemma 5.3 occur in pairs with opposite sign we have for Re z
large (by, = —1/2)

(5.40) ns(z) = L [mi(—=|=1/2 + VN7 + 172 + VX[ ™)
0<A<1/4

+ my(—|—1/2 — VA7 + |1/2 — VN |79)]
+miy— mys + . (my — my)
X (172 + VN2 + | —1/2 + VN |7)
=:m1(z) + mis — mig + 02).
Clearly, 7, is entire and satisfies

(5.41) 71(0) = 0.

The study of 5, is analogous to that of n; in (5.23); we obtain the represen-
tation
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1zZ)=27(z) —2 ¥ (my —my)\2?

0<A=<1/4

(5.42)

N —z

+ X 21% 7(z + 2j) + zRN(2)

Jj=1 2j
where
(5.43) 7(z) := ) (m)“\L — my )\"Z2

A>0

and Ry is holomorphic in |z| < ¢y with limy_s ¢y = oo. The arguments
given in Lemma 5.3 can be applied to the case that all b; = 0 also. This
gives

LemMA 5.5. 27 is the n-function of N in the sense of [A+P+S].
In particular, 7 is holomorphic in Re z > —1/2 and we obtain from
(5.39), (5.40), and (5.41)

N5o(0) = miy —mys +9(N) —2 L (my — my).
0<A=1/4

As before, (4.31) is satisfied and Theorem 4.1 applies. If Dy v is the closed
extension corresponding to the subspace V of ®),|<1,2So,, then the singu-
lar contribution to the index formula is according to Theorem 4.2

1
—— (n5,(0) + dim ker §,) + dim V — Y dimS,,
2 —1/2<u<0
_ 1 + + -
= —71](N)—m1/4+ L (my —my)
0<A<1/4
+ dim V — ) dim S, .
—1/2<u<0
By (5.39) we have
XY dimSy,= X mi+ L my

—1/2<pu<0 0<A<1/4 174< <1
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hence the singular contribution becomes
1 . -
——=n(N) +dimV— Y m;y.
2 0<r<l
Thus we can state the Signature Theorem for our case.

THEOREM 5.2. Let M be a Riemannian manifold of dimension n =
4k with asymptotically cone-like singularities. Then the closed extension
Dy v of the signature operator corresponding to the eigenvalues (5.39b) is
a Fredholm operator with index

. 1
ind DS.V = S ws — 5‘ n(N)
M

Here wg is the Hirzebruch L-polynomial in the Pontrjagin classes of M,
and the integral exists in the sense of Theorem 4.2.
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