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An infinite family of linear codes supporting
4-designs

Chunming Tang, Cunsheng Ding

Abstract—The question as to whether there exists an infinite
family of near MDS codes holding an infinite family of ¢-designs
for t > 2 was answered in the recent paper [Infinite families of
near MDS codes holding ¢-designs, IEEE Trans. Inf. Theory 66(9)
(2020)], where an infinite family of near MDS codes holding an
infinite family of 3-designs and an infinite family of near MDS
codes holding an infinite family of 2-designs were presented, but
no infinite family of linear codes holding an infinite family of
4-designs was presented. Hence, the question as to whether there
is an infinite family of linear codes holding an infinite family of
4-designs remains open for 71 years. This paper settles this long-
standing problem by presenting an infinite family of BCH codes
of length 22! 1 over GF(2*™"!) holding an infinite family of
4-(2*™F141,6,2%™ —4) designs. This paper also provides another
solution to the first question, as some of the BCH codes presented
in this paper are also near MDS. Moreover, an infinite family of
linear codes holding the spherical geometry design S(3,5,4™+1)
is presented. The new direction of searching for t-designs with
elementary symmetric polynomials will be further advanced.

Index Terms—BCH code, cyclic code, linear code, near MDS
code, t-design.

I. INTRODUCTION

Let P be a set of v > 1 elements, where v is an integer,
and let B be a set of k-subsets of P, where k is a positive
integer with 1 < k < v. Let ¢ be a positive integer with ¢ < k.
The pair D := (P, B) becomes an incidence structure when
the incidence relation is the set membership. The incidence
structure D = (P, B) is called a t-(v, k, \) design, or simply
t-design, if every t-subset of P is contained in exactly A
elements of B. The elements of P are called points, and those
of B are referred to as blocks. The set B is called the block set.
The number of blocks in B is usually denoted by b. Let (7;)

denote the set of all k-subsets of P. Then (P, (7;)) is a k-

(v, k, 1) design, which is called a complete design. A t-design
is called simple if B does not contain any repeated blocks.
This paper considers only simple ¢-designs with v > k > t.
A t-(v, k, A) design is referred to as a Steiner system if t > 2
and A\ = 1, and is denoted by S(¢, k,v). From the definition,
it follows that the parameters of a t-(v, k, \) design have the
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following relation:

(2= (o)

Let C be a [v,k,d] linear code over GF(q), where ~ and
d denote the dimension and minimum distance of C. Let A;
denote the number of codewords with Hamming weight 7 in
C for 0 < i < v. The sequence (Ag, A1, -, A,) of integers
is called the weight distribution of C, and the polynomial
oo Aiz" is referred to as the weight enumerator of C. In
this paper, C* denotes the dual code of a linear code C, d*
denotes the minimum distance of C*, and (Ag-, A, -+, AL)
denotes the weight distribution of C*.

There are different approaches to constructing ¢-designs. A
coding-theoretic construction of ¢-designs is as follows. For
each k with Ay # 0, let B (C) denote the set of the supports
of all codewords with Hamming weight k£ in C, where the
coordinates of a codeword are indexed by (pi,...,py). Let
P(C) ={p1,...,pv} The incidence structure (P(C), Bx(C))
may be a t-(v, k, \) design for some positive integers ¢ and A,
which is called a support design of the code C, and is denoted
by Dy (C). In such a case, we say that the codewords of weight
k in C support or hold a ¢-(v, k, \) design, and for simplicity,
we say that C supports or holds a ¢-(v, k, \) design.

There are three sets of sufficient conditions under which
the incidence structure (P(C), By (C)) is a t-design for some
positive integer ¢. The first set of conditions is described in the
Assmus-Mattson Theorem [1]. The second set of conditions is
documented in a generalised Assmus-Mattson Theorem [20].
The third set of conditions is in terms of the automorphism
group of the code C [12, p. 308].

A number of infinite families of ¢-designs with ¢ € {2, 3}
have been constructed from this coding-theoretic approach
[4]. In [6], the authors solved the 70-year-old open problem
as to whether there exists an infinite family of near MDS
codes supporting an infinite family of ¢-designs for t > 2
by presenting an infinite family of near MDS codes over
GF(3°%) supporting an infinite family of 3-designs and an
infinite family of near MDS codes over GF(22%) supporting
an infinite family of 2-designs. However, no infinite family
of 4-designs has been produced with this coding approach,
though sporadic ¢-designs with ¢ = 4 and ¢ = 5 have been
obtained from some sporadic linear codes. The first linear code
supporting ¢-design with ¢ > 4 was the [11, 6, 5] ternary Golay
code discovered in 1949 by Golay [11]. This ternary code
holds 4-designs, and its extended code holds a Steiner system
S(5,6,12) having the largest strength known. In the past 71
years, some sporadic linear codes holding 4-designs and 5-



designs were discovered and many infinite families of linear
codes supporting 3-designs were constructed. However, the
question as to whether there is an infinite family of liner codes
holding an infinite family of 4-designs remains open for 71
years, in spite of the recent breakthrough in [6]. The objective
of this paper is to settle this 71-year-old problem by presenting
an infinite family of near MDS codes over GF(22™"1) holding
an infinite family of 4-(22"*! 4 1,6,22™ — 4) designs. In
addition, this paper presents an infinite family of linear codes
holding the spherical geometry design S(3,5,1 + 4™). The
new direction of searching for t-designs with elementary
symmetric polynomials will be further advanced.

Since a number of infinite families of linear codes support-
ing an infinite family of 2-designs and 3-designs are known
in the literature [4] and the codes presented in [6] support
only 2-designs and 3-designs, the breakthrough made in [6]
is limited to an open question regarding near MDS codes.
The work of this paper is not incremental, as it presents the
first and unique infinite family of linear codes supporting an
infinite family of 4-designs in the literature. This paper also
gives another solution to the problem solved in [6], as the
codes presented in this paper are also near MDS. Both [6]
and this paper consider BCH codes and near MDS codes and
make use of elementary symmetric polynomials.

II. CycLic cOoDES, BCH CODES, AMDS CODES AND
NMDS CODES

In this section, we recall cyclic codes, BCH codes, almost
MDS codes and near MDS codes, as they will be used later
for constructing a family of 4-designs.

A. Cyclic codes and BCH codes

An [n,k,d] code C over GF(q) is said to be
cyclic if the condition (cp,c1,-+-,cp—1) € C implies
(¢n—1,C0,¢1, "+ yCcn—2) € C. In this paper we identify a
vector (cg, ¢1,- -+ ,cn—1) € GF(g)™ with the polynomial

co+e1w +cax® + -+ ezt € GF(g)[z]/ (2™ — 1).

In this way, any code C of length n over GF(q) corresponds
to a subset of the quotient ring GF(q)[z]/(2™ — 1). A linear
code C is then cyclic if and only if the corresponding subset in
GF(q)[z]/(z™—1) is an ideal of the ring GF(q)[z]/(z™ —1).

It is well known that every ideal of GF(¢)[z]/(z"™ — 1) is
principal. Let C = (g(x)) be a cyclic code, where g(x) is
monic and has the smallest degree among all the generators
of C. Then this g(x) is unique and called the generator
polynomial of C, and h(x) = (2™ — 1)/g(z) is called the
parity-check polynomial of C.

We are now ready to recall BCH codes over finite fields.
Let ged(n,q) = 1. Let m := ord,(q), which is the order of
g modulo n, and let « be a generator of the group GF(¢™)*.
Define 3 = a(?" =1/ Then $ is a primitive n-th root of
unity in GF(¢™). The minimal polynomial M- () of 3° over
GF(q) is defined to be the monic polynomial of the smallest
degree over GF(q) with 3° as a root. It is easy to verify that
this minimal polynomial is given by

Mg: () = ] (@ - 8') € GF(q)[x], (1)

i€Cy

which is clearly irreducible over GF(q).

Let § be an integer with 2 < § < n and let h be an integer.
A BCH code over GF(q) with length n and designed distance
9, denoted by C(; ,.5,), is the cyclic code of length n over
GF(q) with generator polynomial

g(q,n,&,h) = 1CIn(Mﬁh (CC), Mﬁ}z+1 (CC), e ,Mﬁ}wf&fz (,T)), (2)

where the least common multiple is computed over GF(q).

When = 1, the code C(g ,,5,1) With the generator polyno-
mial in (2) is called a narrow-sense BCH code. If n = ¢ —1,
then C(y 6,1 is referred to as a primitive BCH code.

BCH codes form a subclass of cyclic codes and have nice
properties. It is known that BCH codes are asymptotically bad.
However, in many cases BCH codes are the best linear codes.
For instance, among all binary cyclic codes of odd length at
most 125 the best cyclic code is always a BCH code except
for two special cases [3, Appendix A]. Some BCH codes are
very popular in engineering. As a subclass of BCH codes,
Reed-Solomon codes have been widely used in communication
devices and consumer electronics. In the past ten years, a
lot of progress on the study of BCH codes has been made
(see, for example, [16], [17], [18], [19], [25]). In this paper,
we will investigate an important application of BCH codes in
combinatorial designs.

It is well known that the extended code C(, 4m_1 5,1y Of
the narrow-sense primitive BCH code C(; m_151) holds
2-designs, as the permutation automorphism group of the
extended code contains the general affine group as a subgroup
(see, for example, [7] and [4, Chapter 8]). However, it is very
rare that an infinite family of cyclic codes hold an infinite
family of 3-designs. In this paper, we will present an infinite
family of BCH codes holding an infinite family of 4-designs,
which makes a breakthrough in 71 years and shows the beauty
of BCH codes in theory.

B. AMDS codes and NMDS codes

An [n,k,n — k + 1] linear code is called an MDS code.
An [n,k,n — k] linear code is said to be almost maximum
distance separable (almost MDS or AMDS for short). A code
is said to be near maximum distance separable (near MDS or
NMDS for short) if the code and its dual code both are almost
maximum distance separable. MDS codes do hold ¢-designs
with very large ¢t. Unfortunately, all ¢-designs held in MDS
codes are complete and thus trivial. The first NMDS code was
the [11, 6, 5] ternary Golay code discovered in 1949 by Golay
[11]. This ternary code holds 4-designs, and its extended code
holds a Steiner system S(5,6,12) with the largest strength
known. The authors of this paper very recently presented
an infinite family of NMDS codes over GF(3™) holding an
infinite family of 3-designs and an infinite family of NMDS
codes over GF(22™) holding an infinite family of 2-designs
[6]. In this paper, we will present a family of NMDS codes
over GF(22™*1) holding an infinite family of 4-designs, and
a family of NMDS codes over GF(22") holding an infinite
family of 3-designs.

NMDS codes have nice properties [8], [9], [10], [23]. In
particular, up to a multiple, there is a natural correspondence



between the minimum weight codewords of an NMDS code
C and its dual C, which follows from the next result [10].

Theorem 1. Let C be an NMDS code. Then for every minimum
weight codeword c in C, there exists, up to a multiple,
a unique minimum weight codeword ¢ in C+ such that
suppt(c) N suppt(ct) = 0. In particular, C and C+ have
the same number of minimum weight codewords.

By Theorem 1, if the minimum weight codewords of an
NMDS code support a ¢-design, so do the minimum weight
codewords of its dual, and the two t-designs are complemen-
tary of each other.

IIT. COMBINATORIAL t-DESIGNS FROM ELEMENTARY
SYMMETRIC POLYNOMIALS

The objective of this section is to construct 3-designs and 4-
designs from elementary symmetric polynomials. These results
would play a crucial role in proving that the codes constructed
in the next section support 3-designs or 4-designs.

We define [k] := {1,2,--- ,k}. The elementary symmetric
polynomial (ESP) of degree ¢ in k variables wuy,uso, - , ug,

written oy, ¢, is defined by
> Iw

IC[k],|I|=t €l

3)

O-k,é(ula' o auk) =

In commutative algebra, the elementary symmetric polyno-
mials are a type of basic building blocks for symmetric
polynomials, in the sense that any symmetric polynomial can
be expressed as a polynomial in elementary symmetric poly-
nomials. Throughout this section, we use o ¢ to abbreviate
ope(ut, -+ ,ug) when ug, ..., uy are clear from the context.

Let ¢ = 2™ throughout this section. Let U,y; be the
subgroup of GF(¢?)* of order ¢ + 1, that is, Uy41 = {u €
GF(¢?)* : w9t = 1}. For any integer k with 1 <k < ¢+ 1,
let (qu“) denote the set of all k-subsets of U, ;. Define

Bdk,z-,qul =
Uga
{ula"' 7uk}€ k :Gk,f(ulv"' ,Uk):O . (4)

The incidence structure Dy, , 441 = (Ugy1,Bo, ,,q+1) may be
a t-(¢ + 1,k, \) design for some A, where U,41 is the point
set, and the incidence relation is the set membership. In this
case, we say that the ESP oy, ¢ supports a t-(g+1, k, \) design.
The ESP oy, ¢ always supports a 1-design, but may not support
2-designs. Define the block sets By, ..y and B} .. by

{u17u27u37u4;u55u6} € BUG,Saq“l’l :

BO {uilauizauisvuiwuis} € 805,2711-!-1 5)

06,3,q+1 — for some {7;1, To,- -+ ,i5} with ’
1<i1 <ig<izg<ig<isg <6
and
B! =B \ By (©6)
06,3,9+1 06,3,q+1 06,3,q+1"

The following three theorems and corollary are the main
results of this section. They show an interesting application of
ESPs in the theory of combinatorial designs.

Theorem 2. Let m > 5 be odd. Then the incidence structure
(Ugs1,Bog s,9+1) is a 4-(q+ 1,6, %) design, where the
block set By ;,q11 is given by (4).

Theorem 3. Let m > 4 be even. Then the incidence structure
(Ugs1,Bos 5,q+1) is a Steiner system S(3,5,q+ 1), where the
block set By, , q11 is given by (4).

Theorem 4. Let m > 4 be even. Then the incidence structure

(Ugs1,BY, , 411) is a 3-(q+1,6,2(q — 4)) design, and the
9 - 2
incidence structure (Ugy 1, Bog 5,q+1) is a 3- (q + 1,6, %)

design.

The following corollary follows immediately from the pre-
vious theorem.

Corollary 5. Let m > 4 be even. Then the incidence structure
(Ugs1, B )isa 3-(q +1,6, wﬁq—w)) design.

06,3,9+1
From Theorems 2, 3 and 4, one gets

1 (q+1
|B‘75,2-,q+1‘ —{ (1)0( 3 )v
b)

if m is even,

if m is odd,
and
[ _{ %j?l), if m is even,
W(4)’ if m is odd.

In general, it is difficult to determine |Bg, , 11| It would be
interesting to settle the following problem.

Open Problem 6. Let k, ¢ be two positive integers with { < %
Determine the cardinality of the block set By, , q+1 given by
(4) for (k,0) # (6,3) and (5,2).

To prove Theorems 2, 3, and 4, we need the following
lemmas. The first one is on quadratic equations over finite
fields of characteristic 2 [15], and is documented below.

Lemma 7. Let f(T) = T? +aT + b € GF(q)[T] be a
polynomial of degree 2. Then
1) f has exactly one root in GF(q) if and only if a = 0;
2) f has exactly two roots in GF(q) if and only if a # 0
and Trq/2 (a%) =0, and
3) f has exactly two roots in GF(q*) \ GF(q) if and only
if a#0and Try)n (&) = 1.

Lemma 8. Let {u1,us} € (V). Then

Ui u2 —

Tr, ) (U%ﬂ%) ~1.

-1, —1
— _ujup q — Wi Uy —

Proof. Let a e Then a T a. Thus a €

GF(q). Note that L = u+ 1, where u = ir € Ugt1. One has
(au)? + (au) + a* = 0, (7)

where au € GF(¢?) \ GF(q). Hence, the equation 7% + T +
a? = 0 has two roots in GF(¢?)\ GF(q). It then follows from
Lemma 7 that Try/5(a) = Try/2(a?) = 1. This completes the
proof. O

Ui u2
2 2
uytus

€ GF(q) and

Lemma 9. Let {uy,us,us,us} € (U"jl). Then we have the
following.

1) wp +uo + uz +ug #0.



2) If m is even, then uy + ug + ug # 0.
Proof. Suppose that u; + us + usz + ug = 0. We have then

—+—+—+— = (w1 tuztuz+ug)?=0.

It follows from w4 = w1 + us + ug that
1 1 1 1

U uz us

Multiplying both sides of the previous
ujuous(ug + us + ug) yields

U1+UQ—|—U3

equation by

(u1 + w2 + ug) (uru2 + usuz + uzur) + uruguz = 0,
which is the same as
(w1 + u2)(uz + us)(usz + u1) = 0,

which is contrary to our assumption that uj, uo, us are pair-
wise distinct. Thus, w1 + uo + us + ug # 0.

Let m be even. Suppose that u; + us + us = 0. Then
1 _ 1 _ 1 1 _ ui+tu 2
oyt = T T = ﬁ We then have u] + ujug +
u3 = 0. Thus, u$ = u3. Since m is even , ged(3,¢+1) = 1. It
then follows from u$ = u3 that u; = ug, which is contrary to

our assumption that u; # us. This completes the proof. [

Lemma 10. Let 031,032,033 be the ESPs given by (3) with
{u1,uz,uz} € (U"g“). Then

1) 03,1032+ 033 = (u1 + uz2)(u2 + ug)(us + u1).
2) 031032+ 033 #0. .
3) 0’%72 + 0'3710'373 = 03)3 (0’%71 =+ 0'372) .

Proof. The proofs are straightforward and omitted. (|

Lemma 11. Let m be even. Let 031,032,033 be the ESPs
given by (3) with {u1,us,us} € (U";l). Then

1) 0'%71 + 03,2 #+ 0, and

2) 0'%72 + 03,1033 # 0.

Proof. Suppose that 03 | 4 035 = 0, that is
u% + u% + ug + uruo + usuz + uzug = 0.

Multiplying both sides of the previous equation by u; +ua+us
yields

uzl’, + ug + ug + uiuoug = 0.

It then follows that [{u3, u3, u3, ujugusz}| = 3 from Lemma 9,
which is contrary to the assumption that m is even. Combining
Part 1 and Lemma 10 gives Part 2. This completes the proof.

O

Lemma 12. Let u; € Ugyy1 such that 052 = 0, where j €
{1,2,3,4,5}. Then

(031 +032)(us +us) = 031032+ 033,
(03,1 + 03,2)usus =035+ 031033,

where 031,032,033 and o5 2 are the ESPs given by (3).

Proof. Observe first that

ugus + 03,1 (g + us) + 032 = 0. (8)

Raising to the g-th power both sides of Equation (8) yields

-1 -1 q —1 —1 q
uy us +o3(uy tus ) +oz,=0,

which is the same as
03,1UsUs + 03 2(Us + us) + 033 = 0. 9)

The desired conclusion then follows from Equations (8) and
(9). This completes the proof. O

Lemma 13. Let m be even and {ui,us,us,us,us,ugt €
826’37q+1. Let A and A" be 1two 5-subsets of
{u1, ug, u3, us, us,ue} such thar A, A" € By, q11. Then

A=A
Proof. Suppose that A # A’. Due to symmetry, let
A = {ul,UQ,U3,U4,U5} S 305,27(14»1 and A’ =

{u1, ug, u3, us, u} € By 5,q+1. It then follows from Lemma
12 that

(0571+03,2)(U4+u5) = 03,103,2+t033 = (032,11+03,2)(U4+u6)7

which gives
(0'1%71 =+ 0'372)(11,5 + UG) = O

It then follows from Lemma 11 that us + ug = 0, which is
contrary to the assumption that us # ug. |

The following result is an immediate consequence of Lem-
mas 10, 11 and 12.

Lemma 14. Let {ui,us,u3} € (U‘JB“) and ug,us € Ugiq
such that 052 = 0. Then none of U%_’l + 03,2,03,1032 + 033
and 03)2 + 03,103,3 equals zero, and uy # us.

Lemma 15. Let {u1,us,us} € (Y4") such that (03, +
032)(031032 + 033)(03 5, + 031033) # 0. Put a =

03,103,21+03,3 _ 0321031033 b
o7 1 hoss and b = = S Then b € Ugy1, 5 €

GF(q) and Try/s (%) =1+ m (mod 2).

Proof. First, it follows from Part 3 of Lemma 10 that b €
Uq+1. Next, observe that

b U1U2 U2u3 uzuy
. + + + 1.
a?  (up+u2)?  (u2+wu3)?  (uzg+up)?
The desired conclusion then follows from Lemma 8 and
Equation (10). This completes the proof. O

(10)

Lemma 16. Let the notation and assumption be the same as in
Lemma 15. Let f(u) be the quadratic polynomial u?+au+b €
GF(q)[u]. Then we have the following.

1) If m is odd, then f has no root in Ugy1 '\ {\/1_7}
2) If m is even, then f has exactly two roots in Ug1.

Proof. Let m be odd. Suppose that there exists an u € Ugq1 \
{\/5} such that f(u) = 0. Then

() <7 () -
From Lemma 7 and 7 € Ugy1 \ {1} € GF(¢?)\ GF(q), we

have that Trg /- (a—b2) = 1, which is contrary to the result of
Lemma 15.



Let m be even. By Lemmas 7 and 15, there exists u’ €
GF(¢?)\ GF(q) such that «’, u'? are exactly the two solutions
of the quadratic equation 7%+ \/LET—H = 0. It’s easily checked
that uy = Vbu' and us = Vbu'? are the two roots of I
Then the result follows from u/9t! = 1. This completes the
proof. O

Combining Lemmas 14, 12, and 16 gives the following.

Lemma 17. Let m be odd and {uy, us, u3, ug,us} € (U‘gl).
Then 052 # 0.

Lemma 18. Let m be even and {uy,uz,us} € (U‘gl). Let

Uy, us be the two solutions of the quadratic equation u? +
03,103,2+03,3 and b = 03,2103,103.3

au + b = 0, where a =
+ ’ 03 1 +o3,2 03 1+0o3,2

Then
{ulu U2, U3, Ug, U5} € BG’S,Q;Q+1'

Proof. First, employing Lemmas 10, 11, and 16, we have that
Uy, Us € Uq+1 and ug # us. Using 05,2 = Uqus + (U4 +
u5)031 + 03,2 and Vieta’s formulas yields

2
032 1+ 031033 031032+ 033

2
031 1+ 032

05,2 = 03,1 +032=0.

0';%71 + 03,2
Suppose that uy = u; and us = u; for some 7, j € {1, 2, 3}.
By symmetry, let (¢,7) = (3,2). Then

2 2
05,2 = U3Ug + U2Us = Uy + u3 = 0,

which is contrary to the condition ws # ws. Thus,
[{ur, uz, us} N {ua, us}| # 2.

Suppose that |{u1,us, uz} N {ug,us}| = 1. By the sym-
metry of wuy,u,us, let usy = wuz and ug & {uy,usz,us}.
Then 0'572(U1,UQ,U4,U5,U3) = 0. Note that {’U,l,’U,Q,U4} €
(U‘gl) and us = wug, which is contrary to Lemma 14. Thus,
|{U1,UQ,U3}Q{U4,U5}| # 1. Hence, {ul,u2,u3,u4,u5} S
(U"S“). This completes the proof. O

Lemma 19. Let {ul, U9, U3,’U,4} S (Uq4+1). Then 04,304,1 75 0
and (0’473 +uia4,2)(0472 +uia471) 75 0, where 1 € {1, 2, 3,4}
Proof. Note that

1
04,3041 = 04,402j .
By Part 1 of Lemma 9, we have o4 304,1 # 0.
Note that (04,3 + u;04,2)(042 + ui04,1) = U;o4.4(0a2 +
u;04,1)?1. We only need to prove that 04> + w041 # 0.

On the contrary, suppose that o492 + u;04,1 = 0. Using
the symmetry of wui,us,us,uq, choose u; = wuy. Then
03,2 + uﬁ = uiuo + usgusz + usui + uﬁ = 0, which is

contrary to Part 1 of Lemma 9 if u2 ¢ {ujusa, usus, usus }.
If u? € {ujuz,ugus, uzu;}, due to symmetry suppose that
u? = uyuz. It then follows from wyus +usugz +uszu; +us = 0
that u; = s, which contradicts the assumption that uy # us.
This completes the proof. O

The following result is a direct consequence of Lemma 19.

U,
Lemma 20. Ler {ui,us,us,ua} € ( Tl)-
/04,3 04,3FUi04,2 ;
0417 O42FUi041 € Ul]-i-ly where i € {1’ 2’3’4}'

Then

21. Let

06,3 (U17U27U37U4,

Lemma {ur,ug,ug,us} € Then

74.5 M):Ocmd

04,1 04,1
ui) = 07

(")-

04,3 + U042

06,3 (u17u27u37u47 )
04,2 + U041

where i € {1,2,3,4}.

743 Then

Proof. Set us = ug = o

06,3 (U1, U2, U3, Ug, Us, Ug)
=043+ (us + Up)04,2 + UsUEO4, 1
=043+ u§04,1

=0

04,3 04,3 —
Thus, 063 (U17U27U37U4, Vo W/E) = 0.

Choose o5 = % and o = u,. Then

06,3

=043+ (U5 + Ug)oa,2 + UsUGT41

04,3+ UiO42 04,3+ UiO42
=043+ (7 +u; ) 040+ ————Ui041
04,2 + Ui041 04,2 + Ui041

=0.
This completes the proof. O

Lemma 22. Let {ui,us,usz,u4} € (U‘fl) such that

os5,2(u1, u2, uz, us,us)  # 0 for any us € Ugpr \
{u1,u2,us, us}. Let S be the subset of Ugy1 given by

04,3 +Ui042 . )
— = :7=1,2,3,4 u; c1=1,2,3,4
{04,2+Ui04,1 }U{ '
o)
04,1

Proof. First, we prove that ,/ ij # wuy4. On the contrary,

Then |S| = 9.

suppose that | /7% = u,. Then

2
041Uy + 043 = 0,
which is the same as
3 2 _ O
U4 —+ 0'37111,4 —+ 0'37211,4 + 0’373 = U.

Then,
(ug + ur)(usa + uz)(us +ug) =0,

which is contrary to the assumption that {uq,us,us,us} €

(U‘jl). Thus % # u4. By the symmetry of uy, uo, us3, w4,

I43 £y, for all i (11)
04,1
Suppose that 23144942 — ) Then uy = , /242, which

O4,2tU4 041 04,1

Fa.3tUa042 4y, By the

’ o4,2tus041

is contrary to Inequality (11). Thus
symmetry of wy, ug, us, U4,
04,3+ U042

2+ w; for all 1.
04,2 + Ui041

(12)



04,3+FU404 2
——= = Us. Then a. Uy0.
oaoFtusoa 3 4,3 + U4042 +

us(oa2 + ugo41) = 0, which is the same as (us +
u4)?(u1 + ug) = 0. This is contrary to our assumption that
U +
{ur,uz,uz,us} € (74). Thus, % # wus. By the

symmetry of wy, ug, us, U4,

Suppose that

04,3 + U042

u; for all ¢ .
04,2 + Ui041 7 U 7

13)

O43+tU 042
04,2+U;04,1

Suppose that % for some i € {1,2,3,4}.

Put us = ,/7%2. It follows from Inequality (11) that us ¢

{u1,u2,u3,us}. By Lemma 21, we have

06,3 (U1, U, us, Us, Us, U;) =0,

TJ4,3 _
06,3 u17u27u3,U47U5,\/—) =0.

04,1

By the assumption of this lemma, o5 2(u1, ug, Uz, g, us) # 0.
Thus,

05,3
Ui — ,
i 052’

043 __ 053
04,1 05,2

which is contrary to Inequality (11). Hence,

04,3
# ==
04,1

04,3 T UjO42

14
04,2 + U;04,1 14

Assume that Zi3t4ionz _ Tastu042 for gome j j €
o42+tU;041 o42tU;041

{1,2,3,4}. Put us = % It follows from Inequalities

(12) and (13) that us & {u1,us2,us,us}t. By Lemma 21, we
have

:O,

{ 06,3 (U17U2,U3,U4,U57Uz‘)
=0.

06,3 (U1, U2, us, Us, Us, Uj)

By the assumption of this lemma, o5 2(u1, ug, Uz, g, us) # 0.
Thus,

05,3
Uj ’

05,2

05,3
uj

05,2

Then ¢ = 5. Hence,
04,3 T UijO42
04,2 + Ui04,1

04,3 T U042
04,2 +UjO41

, for i # j. (15
The desired conclusion then follows from Inequalities (11),

(12), (13), (14) and (15). This completes the proof.

O

/ !/ !/ !/ /
Lemma 23. Let m be even, and let {u},uh,us, u),ul} €
Bossqr1  and  us,ug S Ugr1  such  that
!/ / / !/ /
06.3(ul, ub, us, u}, us, ug) = 0. Then ul € {us,ug}-

Proof. Suppose that uf ¢ {us,us}. By Lemmas 11 and 12,
05,2(u], ub, us, u), us) # 0. One has

207
207

/ li li I /
06,3 (U7, uy, us, ul, us, us)
/ / / /
76,3 (u17u27u37u4a Us, uﬁ)

which is the same as

7’ ’ ! !
05,3 (ul,ul,ul,uy,us)
05,2 (u] ub,ul,ulus)’
05,3(u1,u2,u3,u4,u5)
05,2 (u],ub,ul,ul,us) "

/ —
Us =

Ue =

This is contrary to our assumption that u} ¢ {us,ue}. This
completes the proof. |

Lemma 24. Let {ui,uz,uz,u4} € (U‘fl) such that

0’5,2(U1,U2,U3,U47U5) # 0 for any us € Ug+1 \
{u1,ug,us,uqs}. Then
g4.3
05,3 (U1,u2,U3,U4, E) Oa3
= - 5
04,3 g,
05,2 (u17u2,U37U4, W/E) 4.1
and
04,3F+Ui04,2
05,3 (U1,U2,U37U47 m)
04,3F+Ui04,2 = U
5 (2 5
05,2 (ula U2, U3, Usq, oaotuion 1)
where i € {1,2,3,4}.
Proof. The claim follows from Lemma 21. O

We will need the following lemma whose proof is straight-
forward.

Lemma 25. Let {u,us,us,ua} € (Y4') and us €
Ugt1 such that os2 (u1,ug,us, us,us) # 0. Let ug =
05,3(“‘1-,“2-,“37“47“5)
05,2 (u1,uz,uz,uq,us)"

Then we have the following.

04,3

041"

2) Ifug = u;, then us = Ta3TUTL2 \opore € {1,2,3,4}.

04,2FUi04,1

1) If ug = us, then us =

Lemma 26. Let m be even and {uy,us,uz,us} € (U‘fl)
such that o5 2(u1, ug, us, s, us) # 0 for any us € Ugqr \
{u1,u2,us, us}. Let S be the subset of Ugy1 given by

{M:i—1,2,3a4}U{Ui:i—1’2’3’4}

04,2 ui04,1
{ 04,3 }
04,1

Let u4 and us be the two solutions of the quadratic equation
2
2 — _ 7310324053 — 7321931053
u”+au+b = 0, where a = = g and b = T toss
Then Gy ¢ S and Us &€ S.

Proof. By the definition of 44,5 and Lemma 12, uy ¢&
{14, U5 }. Suppose that @y = , /2%2. From Lemma 21 or 24,

04,1
one gets
04,3
U4,1>
04,3 __

From Lemma 23 and w5 # uy, it follows that @5 = oy =

Ta3
i1 By the

06,3 (U1,U2,U3,U4,ﬂ47

iy, which is contrary to a # 0. Thus, @y #

04,3
041"

. From Lemma 21 or 24, one

symmetry of @4 and s, U5 #

04,3+Ui04,2
o42+tU;041

Suppose that 24 =
gets

06,3 (U1, U2, U3, Ug, Ui, Ug) = 0.

From Lemma 23 and @5 # uy, it follows that 45 = u;, which

is contrary to the definition of 5. Thus, iy # % y
B T )
04,3+Ui04,2

the symmetry of 4 and s, U5 # o1sTuos, - This completes
the proof. ’ ’ O



Proof of Theorem 2. Recall Theorem 2  first. Let

{u1,u2,us, us} be a fixed 4-subset of Ugy41. Set

g {M :i:1,2,3,4}U{ui:i:1,2,3,4}

04,2 U041
{ | }
04,1

For any us Q/ {’U,i 1= 1, 2,3,4}, 0'572(U1,UQ,U3,U4,U5) 75 0
from Lemma 17. Define

T {{u5, 05,3(U17U27U37U4,U5)} us € Upir \S}.

0.5.,2(’“17 U2, U3, Usq, U5)
From Lemmas 24 and 25, it follows that Z% :EZi B Z;; 4
S if us ¢ S. By Lemma 22, |T]|

1-9
LQ). From
Lemma 25 and Zzggz;zzzz:; € Ugt1, we deduce that

{ul, U2, U3, U4,u5,u6} € Bgsy&q_’_l for any {U5, UG} eT.
On the other hand, let {uy,us,us,uq,us,us} €
Bog s,q+1- Employing Lemma 24, {us,us} € 7. Thus,
{ul, U9, U3, U4,u5,u6} S BUG,S;Q+1 if and only if {U5,u6} S
T. Hence, (Ugs1,Bogsq+1) is a 4-(q+1,6,%52) design.
This completes the proof. O

Proof of Theorem 3. Recall Theorem 3 first. Let {uy, ug, us}
be a fixed 3-subset of Ugqq1. By Lemmas 12 and 18,
{u1, ug, u3, us, us} € By ,.q+1 if and only if uy and us are
the two solutions of the quadratic equation u? + au + b=20

_ 0310324033 M
in Ug41, where a = o7 1 hoss and b = o o5

Hence, (Uy11,Bs;.,,4+1) is a Steiner System S(3,5,q + 1).
This completes the proof. O

Proof of Theorem 4. Recall Theorem 4 first. For any 3-
subset {uy,us,uz} of Uq+1, let Q(uy,us,u3) denote
the 2-subset {uEUq+1 u?+au+b=0}, where a =

03,103,21+03,3 ‘7'3 2+03,103,3
W and b = %T NeXt, let {u17u27u3} be
fixed. Set
7'10 = {SO @] {’U,G} DU € Uq+1 \ SO} ,
and

Tos = {{ur, ug, us, ua} U Q(us, uj,ua)  ug € Uga \ S°%,

where 1 <i < j <3 and S° = {uy,ua,u3} UQ(u1, uz, us).
Let 7° = TP U TP U T U T5. It is easily checked
that {ul,UQ,Ug,U4,U5,’LL6} € BUG s.q+1 if and only if
{ul,u2,U3,U4,u5,u6} € TY. Note that |7-0| = q—4 and
|79 = 4=, where 1 < i < j < 3. From Lemma 13, it
follows that TP, TP, T{5 and T3’y are pairwise disjoint. Then
(Uq+17836,3,q+1) is a 3'((] +1,6, 2(q - 4‘)) deSign'
Let {u1,u2,us} be a fixed 3-subset of Uj1. Define
T = { {ur, us, us, ua, us, ug} : }
Uyg € Uq+1\SO,U5 S Uq+1\(SOUS1) ’
where SO =

04,3+Ui04,2
04,2F+U;04,1

{ur,u2,uz} U Q(u1,uz,u3), S* =

:1§i§4}U{ 43 L and

04,1

05,3(U1, Uz, U3,U4,u5)
05,2(U1, Uz, u3au47U5)

U =

Let 7 = T U T It is easily checked that B € By, q+1
if and only if B € 7. Note that |7 = ¢ — 4 and
1TV = (o= |5° |)(q6+1 NGy By Lemmas 22 and 26,
|SO U S| = 11. From Lemma 13 T and T are disjoint.
Then (Ugt1, Bog 5,q+1) is a 3- (q—f—l 6, =) ) ) design. This
completes the proof. O

IV. INFINITE FAMILIES OF BCH CODES SUPPORTING
t-DESIGNS FOR t = 3,4

Throughout this section, let ¢ = 2™, where m is a positive
integer. We consider the narrow-sense BCH code C(, ;11,41
over GF(¢) and its dual, and prove that they are almost MDS,
and support 4-designs when m > 5 is odd and 3-designs when
m > 4 is even.

For a positive integer ¢, define a 6 x ¢ matrix M, by

uf?’ ugg u[g
“1_2 u2_2 U, 2
Uy ugl u[l 16
uFt ! G| (16)
w2 uf? ul?
u? ud? u}'3
where ui, -+ ,us € Uggr. For rq,---,r; € {£1,£2,43},
let My[rq,--- ,7;] denote the submatrix of M, obtained by

deleting the rows (u}*, u5!, - - -
of the matrix M.

vugh)s e (untyugts e gt

Lemma 27. Let My be the matrix given by (16) with

{ug, - ,us} € (U"Z“). Consider the system of homogeneous
linear equations defined by

My(zy, -+ 20)" = 0. (17)
Then (17) has a nonzero solution (z1,--- ,x¢) in GF(q)* if

and only if rank(My) < ¢, where rank(My) denotes the rank
of the matrix M.

Proof. 1t is obvious that rank(M,) < £ if (17) has a nonzero
solution (z1,--- ,2¢) in GF(¢)*.

Conversely, assume that rank(M,) < ¢. Then there exists

a nonzero vector x' = (z},---,2}) € GF(¢%)" such that
Mx'" = 0. Choose an ig € {1,---,¢} such that 2} # 0.
Put
x = (a1 + )% a2y +$Z)qv @y + %),

where (2, ,z]) = %

i0
of GF(q?). It is easily checked that M;x? = 0 and x €
GF(g)* \ {0}. This completes the proof. O

Lemma 28. Let My be the matrix given by (16) with
{ur,uz, us, uat € (U"“) Then rank(My) = 4.

Proof. Suppose that rank(M,) < 4. Then det(My[2,3]) =
1gi<j§4(“i+uj)(
0.3

Lemma 194. This completes the proof. |

u1 + ug + us + u4)=0, which is contrary to

Lemma 29. Let M; be the matrix given by (16) with
{ug, - ,us} € (U";l). Then rank(Ms) = 4 if and only if
o5,2(u1, -+ ,us) = 0.



Proof. First, note that

det(M;[3]) = Wng

_ Mhicicjes(uituy) q
det(M5[2]) = =g (05,1052 + 05502 5)
det(Ms[1)) = s ) (o0 60 08 4 02),
det(Ms[-3]) = ng<j§sfm+uj)0g,2a
det(Ms[-2]) = ngiqéiu#uj) (051082 + 01 505.2) ,
det(M;[—1]) = W (U§,10§,50’5,2 + Ug,qz) :

The desired conclusion then follows from Lemma 28. This
completes the proof. (|

Lemma 30. Let Mg be the matrix given by (16) with
{ug, - ,ug} € (U‘*G“). Then rank(Mg) < 6 if and only if
o6,3(u1,- - ,ug) = 0.

Proof. Note that

_ [h<icjco(ui +uy)

06,3
3 139
06,6

det(MG)

which completes the proof. (|

Lemma 31. Let m be even and Mg be the matrix given by (16)
with {uy,--- ,ug} € (U"G“). Let {ur, - ,us} € By, o1
where Biﬁys)q_,_l was defined by (6). Then the set of all
solutions of the system Mg(x1,--- ,26)T = 0 over GF(q)°
is

{(az1,--- ,ax6) : a € GF(q)},

where (z1,--- ,x) is a vector in (GF(q)*)°.
Proof. Let {u1,---,u¢} € BL ... By Lemma 30,

rank(Ms) < 6. By Lemma 27, there exists a nonzero
(z1,--+,26) € GF(q)% such that Mg(x1, -+ ,26)T = 0.
Suppose that there is an ¢ (1 < ¢ < 6) such that x; = 0. Then
the submatrix of the matrix Mg obtained by deleting the i-th
column has rank less than 5, which is contrary to Lemma 29
and the definition of Bgﬁ s,q+1- Thus, for any nonzero solution
(1, ,x6) € GF(q)G,) we have z; # 0, where 1 < i < 6.
The desired conclusion then follows. This completes the proof.

O

Lemma 32. Let m be even and Mg be the matrix given
by (16) with {uy,--- ,UG% € (U‘*G“). If there exists a vector
(1, -+ ,26) € (GF(q)*)” such that Mg(xy,--- ,26)T = 0,

then {uy, -+ ,ug} € Biﬁy?”q_‘_l, where Biﬁy?”q_‘_l was defined
by (6).

Proof. By Lemma 30, {uy, - ,u6} € Bogyq+1. Suppose
that {uy,---,u¢} € B .41 Without loss of general-
ity, let os52(uy, -+ ,us) = 0. By Lemmas 27 and 29,
there exists a nonzero (a7, --,xf) € GF(q)® such that
Ms(z),- -+ ,25)T =0, that is, Mg(z},--- ,25,0)T = 0. Note
that

T
r1 r1 T
M <ZC1+I—,$1="' ,$5+I—,$5=$6+I—,0 =0.

1 1 1
Applying Lemma 29, 05 2(uz, - - - ,ug) = 0, which is contrary
to Lemma 13 and o5 2(u1,- -+ ,u5) = 0. This completes the
proof.

O

Lemma 33. Let f(u) = Trpe/,(au®+bu?+cu
where (a,b,c) € GF(¢*)? \ {0}. Define zero(f)
{u € Ugy1: f(u) =0}. Then |zero(f)] < 6. Moreover,

~—

|zero(f)| = 6 if and only if a = T ) = 726,1 and
_ TO6,2 I B V76,6 J \/& X
= Teos where {ul, ce 7’[,LG} S 06,3,q+1 and T c (q) .

Proof. When u € Ugy1, one has
1
flu) == (au® 4+ bu® + cu' + ctu® + blu + af) .
u
Thus, |zero(f)| < 6.
Assume that |zero(f)| = 6. From (18), there exists
6 .
{u1,--+ ,ue} € Ugy1 such that f(u) = % By Vi-
eta’s formula, b = aog 1, ¢ = aoe 2, 0 = 0¢,3, ¢ = a06760272,
b9 = aoeeog, and a? = aoge. One obtains a = —=

(18)

V6.6
from a?"! = og6, where 7 € GF(q)*. Then b = \T/Z% and
c= mE.

Conversely, assume that a = \/;T,s’ b = \T/Z% and
c= \T/(%’ where {uy, - ,ue} € Bog, q+1 and 7 € GF(q)*.

_ ollf, (utw) —
Then f(u) Ly . Thus, zero(f) = {u1, - ,ug}
and |zero(f)| = 6. O

A. A class of narrow-sense BCH codes with length 2™ + 1

We are now ready to prove the following result about the
code C(q_’q+1_’471).

Theorem 34. Let m > 4 be an integer. Then the narrow-sense
BCH code C(4 441,4,1) over GF(q) has parameters [q+1,q—
5,d), where d =6 if m is odd and d =5 if m is even.

Proof. Put n = ¢ + 1. Let « be a generator of GF(g?)*
and 3 = a97!. Then f3 is a primitive n-th root of unity in
GF(g?), that is, 3 is a generator of the cyclic group U, ;. Let
gi(x) denote the minimal polynomial of 3 over GF(q), where
i € {1,2,3}. Note that g;(x) has only the roots 3% and 3~°.
One deduces that g1 (), g2(x) and g3(x) are pairwise distinct
irreducible polynomials of degree 2. By definition, g(z) :=
g1(w)g2(w)gs(x) is the generator polynomial of C(g qy1,4,1)-
Therefore, the dimension of C(y 41.4,1) is ¢+1—6. Note that
g(z) has only the roots 373,372,371, 3, 3% and (3. By the
BCH bound, the minimum weight of C(, ;11 4,1) is at least 4.
Put v = 8~!. Then ¢+ = g=(¢+1) = 1. Tt then follows from
Delsarte’s theorem that the trace expression of C(lq a1,4,1) is
given by

Clagr1,41) = {Cabe) : a:b,¢ € GF(¢®)}, (19)
where ¢(q,p.¢) = (Trgz/q(a7" + b7 + ™))y
Define
Ly 7% 470 y~3e
1 W*j 7*;* 7’2 24
1 ’}/7 ’yi '-)/7 e ,}ﬁq
H= . 20
1 "y+1 ’y+2 fy+3 . ,-)Hrq ( )
1 442 ytd yH6 2
1 443 46 40 ~+3a



It is easily seen that H is a parity-check matrix of C(g q41.4,1),
i.e.,

Clagiran = {c € GF(q)" :cHT =0}. (1)

Let m be odd. Note that d > 4. Suppose that
d = 4. Then there exist {uj,---,uq} € (U"4+1) and
(21, ,x4) € (GF(g)*)* such that My(z1, - ,x4)T = 0.
Thus rank(My) < 4, which is contrary to Lemma 28. Suppose
that d = 5. Then there exist {uy, -+ ,us} € (U";l) and
(z1,--+ ,x5) € (GF(q)*)” such that Ms(z1, - ,x5)7 = 0.
By Lemma 29, rank(M5) < 5 and 05,2 = 0, which is contrary
to Lemma 17. Thus, d > 6. By Theorem 2, B, , o+1 # 0.

Choose {u1,- -+ ,us} € Byg.s,q+1. By Lemma 27, there exists
(21, ,26) € (GF(q)*)° such that Mg(z1,--- ,x6)T = 0.
Set ¢ = (c1,- -, cq+1) Where
o Ij, lf 7= ij,
€= { 0, otherwise, (22)

where ~;, is given by u; = 7% (j € {1,---,6}). By (21),
c € Cig,q+1,4,1) and wt(c) = 6. Thus, d = 6.

The proof for the even m case is similar to that for the odd
m case and the detail is omitted. This completes the proof. [

Theorem 35. Let m > 4 and C(lq a+1,4,1) be the dual of

the narrow-sense BCH code C(q q41,4,1) over GF(q). Then

C(Lq,q-‘rl,4,1) has parameters [q + 1,6,q — 5. In particular,
(¢,9+1,4,1) is a near MDS code if m is odd.

Proof. From Theorems 2 and 4, By, 4+1 7 . The desired

conclusion then follows from Lemma 33 and Equation (19).

This completes the proof. O

B. An infinite class of near MDS codes supporting 4-designs
Theorem 36. Let m > 5 be odd. Then the incidence structure

(P (Clggt1.a1))  Bs (Cggi1,41)))

of the minimum weight codewords in C(q 41 1,4,1) is isomorphic
o (Uq+17 Bde,s-,qul)'

Proof. Using Lemma 30, the desired conclusion then follows
by a similar discussion as in the proof of Theorem 34. This
completes the proof. (|

The theorem below makes a breakthrough in 71 years in
the sense that it presents the first family of linear codes
supporting an infinite family of 4-designs since the first linear
code holding a 4-design was discovered 71 years ago by Golay
[11].

Theorem 37. Let m > 5 be odd. Then the minimum weight
codewords in Cg qy1,4,1) support a 4-(q + 1,6, (q — 8)/2)
design and the minimum weight codewords in C(lq7q+174,1)
support a 4-(q + 1,9 — 5, \) design with

q—8(q-5
A= —— .
5 (7))
Proof. The desired conclusion follows from Theorems 36, 2
and 1. This completes the proof. O

Example 38. Let m = 5. Then C(, 441,4,1) has parameters
[33,27, 6]. The dual Cé,q+1,4,1) has parameters 33,6, 27) and
weight distribution

1 + 1014816227 4+ 1268520228 + 2029632022° + 6460995223°
+ 21013238423 + 399584823232 + 376835008235,

The codewords of weight 6 in C(qqy14,1) Supports a 4-
(33,6,12) design, and the codewords of weight 27 in
Cé,q+1,4,1) support a 4-(33,27,14040) design.

In Example 38, the code C(yq41,4,1) has a codeword of
weight ¢ for all 7 with 6 < ¢ < 33. Hence, the Assmus-
Mattson Theorem cannot prove that the codes in Theorem
37 support 4-designs. It is an open problem whether the
generalised Assmus-Mattson theorem in [20] can prove that
the codes in Theorem 37 support 4-designs. It looks impossible
to prove that the codes in Theorem 37 support 4-designs with
the automorphism groups of the codes due to the following:

1) Except the Mathieu groups M11, M12, M23, M24, the
alternating group A,, and the symmetric group S,,, no
finite permutation groups are more than 3-transitive [2].

2) No infinite family of 4-homogeneous permutation
groups is known.

It would be a very interesting problem to determine the
automorphism groups of the codes in Theorem 37.

C. An infinite class of linear codes supporting Steiner systems
S(3,5,4™+1)
Theorem 39. Let m > 4 be even. Then the incidence structure

(P (Clggr1.a1) +Bs (Clagr1,4)))

of the minimum weight codewords in C(q 4 1,4,1) is isomorphic
10 (Ugt1, Boy 5 .q+1), and the incidence structure

(P (Clggr1.a1))  Bs (Clggr1,41)))

is isomorphic 10 (Uqy1, By, 411). Moreover, the incidence

structure
P (Clagrran ) +Bas (Clagrran

is isomorphic to the complementary incidence structure of
(Uq+17806,3,Q+1)'

Proof. Using Lemma 29, by a similar discussion as in the
proof of Theorem 34, we can prove that the incidence structure

(P (Clggt1.a1))  B5 (Clgigr1.41)))

is isomorphic to (Ugy1, Bos 5,q+1). Employing Lemma 32, we
can prove that

(P (Clggt1.a1))  Bs (Clgigr1.41)))

is isomorphic to (Uq+1,83_6,3,q 41)- The last statement then
follows from Equation (19) and Lemma 33. This completes

the proof. |

Theorem 40. Let m > 4 be even. Then the minimum weight
codewords in C(q q41.4,1) support a 3-(q + 1,5,1) design,
i.e., a Steiner system S(3,5,q+ 1), and the minimum weight



1

codewords in C(q 4

with

41,4,1) Support a 3-(¢q+1,9—5,\) design

= ()

Furthermore, the codewords of weight 6 in C(q q41,4,1) support
a 3-(q +1,6, M%lﬁ)) design if m > 6.

Proof. The desired conclusion follows from Theorems 39, 3,
4 and Corollary 5. This completes the proof. O

There are two different constructions of an infinite fam-
ily of Steiner systems S(3,7 + 1,7 + 1) for r being a
prime power and m > 2. The first produces the spherical
geometry designs due to [24], which is based on the action
of PGLy(GF(r™)) on the base block GF(r) U {occ}. The
automorphism group of the spherical geometry design con-
tains the group PTI'Lo(GF(r™)). The second construction was
proposed in [13], and is based on affine spaces. The Steiner
systems S(3,r+1,7™+1) from the two constructions are not
isomorphic [13].

When m € {2,3}, the Steiner system S(3,5,4™ + 1) of
Theorem 40 is isomorphic to the spherical geometry design
with the same parameters. We conjecture that they are isomor-
phic in general, but do not have a proof. The contribution of
Theorem 40 is a coding-theoretic construction of the spherical
geometry design S(3,5,4™ + 1) if this conjecture is true. .

Example 41. Let m = 4. Then C(y 441,.4,1) has parameters
[17,11,5] and weight distribution

1+ 10202° 4 22440027 + 37306502% + 553707002°
+ 66951984020 + 637870464021 4 4785708420022
+ 2760835581002 + 1183224112800
+ 3549668972400z + 665563007116521°
+ 5872614694500z
The codewords of weight 5 in C(q q41,4,1) support a Steiner
system S(3,5,17).
The dual CézqurlA,l) has parameters [17,6,11] and weight
distribution
14122402 4 3570022 + 2448002 + 12036002
+32925602'° + 639871526 + 558960027

The codewords of weight 11 in Céz g+1,4,1) Support a 3-
(17,11, 198) design.

This example shows that the Assmus-Mattson Theorem can-
not prove that the codes Cq 41,4,1) and CézqurlA,l) support
3-designs. It is an open question if the generalised Assmus-
Mattson theorem in [20] can prove that the codes in Theorem
40 support 4-designs. It is also an open question if the
automorphism groups of the codes can prove that the codes
support 3-designs.

V. SUMMARY AND CONCLUDING REMARKS

This paper settled the 71-year-old open problem by pre-
senting an infinite family of near MDS codes of length
22m+1 1 1 over GF(2?"*1) holding an infinite family of 4-
(22m+1 1 1,6,22™ —4) designs [14, Table 4.37]. Hence, these
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codes have nice applications in combinatorics. It would be
nice if the automorphism groups of the linear codes could
be determined. It is noticed that the novelty of this paper
and [6] is that elementary symmetric polynomials and their
properties were used to prove the design property of the
incidence structures from special near MDS codes. This opens
a new direction of searching for ¢-designs from elementary
symmetric polynomials.

A coding-theoretic construction of a Steiner system S(3, r+
1,7™ 4 1) was given in [6] for » = 3 and in this paper for
r = 4. Whether there exists an infinite family of linear codes
holding a Steiner system S(3,r + 1,7 + 1) for r > 5 being
a prime power is yet unknown.

An interesting open problem is whether there exists an
infinite family of linear codes holding an infinite family of
t-designs for ¢ > 5. Another open problem is whether there is
a specific linear code supporting a nontrivial 6-design.
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