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✢♦✇✳ ❚❤✐s ❛ss✉♠♣t✐♦♥ ✐♠♣❧✐❡s t❤❛t✱ ♣r♦✈✐❞❡❞ t❤❛t ✇❡ ❤❛✈❡ s♦❧✈❡❞ ❛♥ ❡❧❧✐♣t✐❝ ❜♦✉♥❞❛r② ✈❛❧✉❡
♣r♦❜❧❡♠✱ t❤❡ ♠♦❞❡❧ r❡❞✉❝❡s t♦ t❤❡ ♦r❞✐♥❛r② ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ❝♦♠✐♥❣ ❢r♦♠ ◆❡✇t♦♥✬s
❧❛✇s✳ ■❢ ✇❡ ❞♦ ♥♦t ♥❡❣❧❡❝t t❤❡ ✈✐s❝♦s✐t② ❡✛❡❝ts✱ t❤❡ r❡❧❡✈❛♥t ♠♦❞❡❧ ❝♦♥s✐sts ✐♥ t❤❡ ♥♦♥
st❛t✐♦♥❛r② ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s ❢♦r t❤❡ ✢✉✐❞ ✇❤✐❝❤ ❛r❡ ❝♦✉♣❧❡❞ t♦ ◆❡✇t♦♥✬s ❧❛✇s ❢♦r
t❤❡ ✜s❤✲❧✐❦❡ s✇✐♠♠✐♥❣ ♦❜❥❡❝t✳ ❆s ❢❛r ❛s ✇❡ ❦♥♦✇✱ ♦♥❧② ❢❡✇ ♣❛♣❡rs ❤❛✈❡ t❛❝❦❧❡❞ t❤❡ ♣r♦❜❧❡♠
❢r♦♠ t❤✐s ♣❡rs♣❡❝t✐✈❡ ✭s❡❡ ❈❛r❧✐♥❣ ❬✹❪✱ ▲✐✉ ❛♥❞ ❑❛✇❛❝❤✐ ❬✷✻❪✮✳ ❚❤❡s❡ ♣❛♣❡rs ❛ss✉♠❡ t❤❛t t❤❡
✢✉✐❞✲❜♦❞② s②st❡♠s ✜❧❧s t❤❡ ✇❤♦❧❡ s♣❛❝❡ ❛♥❞ t❤❡② ✐♥tr♦❞✉❝❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ✢✉✐❞ ❞②♥❛♠✐❝s
♠❡t❤♦❞s t♦ ✐♥✈❡st✐❣❛t❡ t❤❡ ❧♦❝♦♠♦t✐♦♥ ♦❢ ✜s❤✲❧✐❦❡ ♦❜❥❡❝ts ✐♥ ❛ ✈✐s❝♦✉s ✐♥❝♦♠♣r❡ss✐❜❧❡ ✢✉✐❞✳
❚❤❡ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s ✐♥tr♦❞✉❝❡❞ ✐♥ t❤❡ ❛❜♦✈❡ ♠❡♥t✐♦♥❡❞ ♣❛♣❡rs ❞♦ ♥♦t s❡❡♠ ❛❞❛♣t❡❞ t♦
t❤❡ s✐♠✉❧t❛♥❡♦✉s s✐♠✉❧❛t✐♦♥ ♦❢ t❤❡ ♠♦t✐♦♥ ♦❢ s❡✈❡r❛❧ ✐♠♠❡rs❡❞ ♦❜❥❡❝ts✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱
t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ ❛♥❛❧②s✐s ♦❢ t❤❡ ❛ss♦❝✐❛t❡❞ s②st❡♠ ♦❢ P❉❊✬s ✭t❤❛t ✐s ❡①✐st❡♥❝❡✱ ✉♥✐q✉❡♥❡ss
❛♥❞ st❛❜✐❧✐t② ♣r♦♣❡rt✐❡s✮ s❡❡♠s ❛♥ ♦♣❡♥ ♣r♦❜❧❡♠✳

■♥ t❤✐s ♣❛♣❡r ✇❡ ❝♦♥s✐❞❡r ❛♥ ✐♥✐t✐❛❧ ❛♥❞ ❜♦✉♥❞❛r② ✈❛❧✉❡ ♣r♦❜❧❡♠ ❢♦r ❛ s✐♠♣❧✐✜❡❞ ♠♦❞❡❧ ♦❢
✜s❤✲❧✐❦❡ s✇✐♠♠✐♥❣✳ ❚❤✐s ♠♦❞❡❧ ❝♦♥s✐sts ✐♥ ❛ s♦❧✐❞ ✉♥❞❡r❣♦✐♥❣ ❛♥ ✉♥❞✉❧❛t♦r② ❞❡❢♦r♠❛t✐♦♥✱
✇❤✐❝❤ ✐s ✐♠♠❡rs❡❞ ✐♥ ❛ ✈✐s❝♦✉s ✐♥❝♦♠♣r❡ss✐❜❧❡ ✢✉✐❞✳ ■♥ t❤❡ r❡♠❛✐♥✐♥❣ ♣❛rt ♦❢ t❤✐s ♣❛♣❡r
t❤❡ ✉♥❞✉❧❛t✐♥❣ ❜♦❞② ✐s ❝❛❧❧❡❞ t❤❡ ❝r❡❛t✉r❡✳ ❚❤❡ ❞✐s♣❧❛❝❡♠❡♥t ♦❢ t❤❡ ❝r❡❛t✉r❡ ✐s ❞❡❝♦♠♣♦s❡❞
✐♥t♦ ❛ r✐❣✐❞ ♣❛rt ❛♥❞ ❛ ❞❡❢♦r♠❛t✐♦♥ ✭✉♥❞✉❧❛t♦r②✮ ♣❛rt✳ ❚❤❡ r✐❣✐❞ ♣❛rt ♦❢ t❤❡ ❞✐s♣❧❛❝❡♠❡♥t
r❡s✉❧ts ❢r♦♠ t❤❡ ✐♥t❡r❛❝t✐♦♥ ♦❢ t❤❡ ✢✉✐❞ ❛♥❞ t❤❡ s♦❧✐❞✱ ✇❤❡r❡❛s t❤❡ ❞❡❢♦r♠❛t✐♦♥ ♣❛rt ✐s ❣✐✈❡♥✳
❙✐♥❝❡ ♦✉r ❛✐♠ ✐s t♦ ♣♦ss✐❜❧② ❝♦♥s✐❞❡r s❡✈❡r❛❧ ❝r❡❛t✉r❡s ❛♥❞ t♦ t❛❝❦❧❡ t❤❡ ❝❛s❡ ♦❢ ❛ ❜♦✉♥❞❡❞
✢✉✐❞✲❜♦❞② s②st❡♠✱ t❤❡ ❞♦♠❛✐♥ ✜❧❧❡❞ ❜② t❤❡ ✢✉✐❞ ✐s ♦♥❡ ♦❢ t❤❡ ✉♥❦♥♦✇♥s✳ ❚❤❡r❡❢♦r❡ ✇❡
❤❛✈❡ t♦ t❛❝❦❧❡ ❛ ❢r❡❡ ❜♦✉♥❞❛r② ✈❛❧✉❡ ♣r♦❜❧❡♠✳ ❚❤✐s ❞✐✣❝✉❧t② ❤❛s ❜❡❡♥ r❡❝❡♥t❧② ❛❞❞r❡ss❡❞
✐♥ s❡✈❡r❛❧ ♣❛♣❡rs ❢♦r t❤❡ ❝❛s❡ ♦❢ r✐❣✐❞ ❜♦❞✐❡s ✐♠♠❡rs❡❞ ✐♥ ❛ ✈✐s❝♦✉s ✐♥❝♦♠♣r❡ss✐❜❧❡ ✢✉✐❞
✭s❡❡✱ ❢♦r ✐♥st❛♥❝❡✱ ❉❡s❥❛r❞✐♥s ❛♥❞ ❊st❡❜❛♥ ❬✶✷❪✱ ❙❛♥ ▼❛rtí♥✱ ❙t❛r♦✈♦✐t♦✈ ❛♥❞ ❚✉❝s♥❛❦ ❬✷✾❪✱
❋❡✐r❡✐s❧ ❬✶✸❪ ♦r ●✉♥③❜✉r❣❡r✱ ▲❡❡ ❛♥❞ ❙❡r❡❣✐♥ ❬✶✽❪✮✳ ▲❡t ✉s ❛❧s♦ ♠❡♥t✐♦♥ t❤❛t ✐♥ t❤❡ ❝❛s❡ ♦❢
❛ ✢✉✐❞✲r✐❣✐❞ s②st❡♠ ✜❧❧✐♥❣ t❤❡ ✇❤♦❧❡ s♣❛❝❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ s❡❧❢✲♣r♦♣❡❧❧❡❞ ♠♦t✐♦♥s ❤❛s ❜❡❡♥
✐♥✈❡st✐❣❛t❡❞ ✐♥ ●❛❧❞✐ ❬✶✹❪ ❛♥❞ ❬✶✺❪✳ ❘❡❝❡♥t❧②✱ s❡✈❡r❛❧ ✇♦r❦s ❛❞❞r❡ss❡❞ t❤❡ ♠❛t❤❡♠❛t✐❝❛❧
❛♥❛❧②s✐s ♦❢ t❤❡ ✐♥t❡r❛❝t✐♦♥ ♦❢ ❛ ✈✐s❝♦✉s ✐♥❝♦♠♣r❡ss✐❜❧❡ ✢✉✐❞ ✇✐t❤ ❛♥ ❡❧❛st✐❝ ♦r ✈✐s❝♦❡❧❛st✐❝
❜♦❞② ✭s❡❡✱ ❢♦r ✐♥st❛♥❝❡ ❈♦✉t❛♥❞ ❛♥❞ ❙❤❦♦❧❧❡r ❬✼❪✱ ❬✽❪✱ ❈❤❛♠❜♦❧❧❡✱ ❉❡s❥❛r❞✐♥s✱ ❊st❡❜❛♥ ❛♥❞
●r❛♥❞♠♦♥t ❬✺❪✱ ❉❡s❥❛r❞✐♥s✱ ❊st❡❜❛♥✱ ●r❛♥❞♠♦♥t ❛♥❞ ▲❡ ❚❛❧❧❡❝ ❬✶✶❪ ❛♥❞ ❇♦✉❧❛❦✐❛ ❬✸❪✮✳ ❆s
✐t ✇✐❧❧ ❜❡ ❡①♣❧❛✐♥❡❞ ♠♦r❡ ♣r❡❝✐s❡❧② ❜❡❧♦✇✱ ♦♥❡ ♦❢ t❤❡ ♣❛rt✐❝✉❧❛r✐t✐❡s ♦❢ ♦✉r ✇♦r❦ ✐s t❤❛t ✇❡
❞♦ ♥♦t ✉s❡ ❛♥② ♣❛rt✐❝✉❧❛r ❝♦♥st✐t✉t✐✈❡ ❧❛✇ ❢♦r t❤❡ s♦❧✐❞ ❜✉t ✇❡ ✐♠♣♦s❡ t❤❡ ♥♦♥r✐❣✐❞ ♣❛rt ♦❢
t❤❡ ❞❡❢♦r♠❛t✐♦♥✳ ❚❤❡ ❛❞✈❛♥t❛❣❡s ♦❢ t❤✐s ❛♣♣r♦❛❝❤ ❝♦♥s✐st ✐♥ t❤❡ ❣❧♦❜❛❧ ❝❤❛r❛❝t❡r ✭✉♣ t♦

✷



♣♦ss✐❜❧❡ ❝♦♥t❛❝ts✮ ♦❢ t❤❡ ♦❜t❛✐♥❡❞ str♦♥❣ s♦❧✉t✐♦♥s ❛♥❞ ✐♥ t❤❡ ♣♦ss✐❜✐❧✐t② ♦❢ ✉s✐♥❣ ♥✉♠❡r✐❝❛❧
♠❡t❤♦❞s ✐♥s♣✐r❡❞ ❜② t❤♦s❡ ❞❡✈❡❧♦♣❡❞ ✐♥ t❤❡ r✐❣✐❞✲✢✉✐❞ ❝❛s❡✳

❖✉r ♠❛✐♥ t❤❡♦r❡t✐❝❛❧ r❡s✉❧t ❛ss❡rts t❤❛t t❤❡ ✐♥✐t✐❛❧ ❛♥❞ ❜♦✉♥❞❛r② ✈❛❧✉❡ ♣r♦❜❧❡♠ ♦❜t❛✐♥❡❞
❜② ❝♦✉♣❧✐♥❣ t❤❡ ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s ❢♦r t❤❡ ✢✉✐❞ t♦ ◆❡✇t♦♥✬s ❧❛✇ ❢♦r t❤❡ ❝r❡❛t✉r❡ ✐s
✇❡❧❧✲♣♦s❡❞ ✐♥ ❙♦❜♦❧❡✈ t②♣❡ s♣❛❝❡s✳ ❖✉r ♠❡t❤♦❞ ✐s ❜❛s❡❞ ♦♥ ❛ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡s ✐♥tr♦❞✉❝❡❞
✐♥ ❚❛❦❛❤❛s❤✐ ❬✸✶❪ ❝♦♠❜✐♥❡❞ t♦ ❛♥ ❛♣♣r♦♣r✐❛t❡ ❧✐❢t✐♥❣ ♦❢ t❤❡ ♥♦♥ r✐❣✐❞ ♣❛rt ♦❢ t❤❡ ✈❡❧♦❝✐t②
✜❡❧❞ ❛♥❞ t♦ s♦♠❡ ❛ ♣r✐♦r✐ ❡st✐♠❛t❡s✳ ❖✉r ♠❡t❤♦❞ ❢♦r ♣r♦✈✐♥❣ t❤❡ ❡①✐st❡♥❝❡ r❡s✉❧t ❝❛♥ ❜❡
❡①t❡♥❞❡❞ t♦ t❤❡ ❝❛s❡ ♦❢ s❡✈❡r❛❧ ✐♠♠❡rs❡❞ ❜♦❞✐❡s✳

❚❤❡ s❡❝♦♥❞ ❝♦♥tr✐❜✉t✐♦♥ ❜r♦✉❣❤t ✐♥ ❜② t❤✐s ✇♦r❦ ❝♦♥s✐sts ✐♥ ❣✐✈✐♥❣ ❛ ✇❡❛❦ ❢♦r♠✉❧❛✲
t✐♦♥ ✭♦❢ ♠✐①❡❞ t②♣❡✮ ❛♥❞ ❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ s❝❤❡♠❡ ❢♦r t❤❡ ❣♦✈❡r♥✐♥❣ ❡q✉❛t✐♦♥s✳ ❚❤✐s
s❝❤❡♠❡ ✐s ✜♥❛❧❧② t❡st❡❞ ♦♥ s♦♠❡ ✉♥❞✉❧❛t♦r② ♠♦t✐♦♥s ♦❜s❡r✈❡❞ ❜② t❤❡ ③♦♦❧♦❣✐sts ✐♥ ♦r❞❡r t♦
❣❡t str❛✐❣❤t✲❧✐♥❡✲s✇✐♠♠✐♥❣ ♦r t✉r♥✐♥❣✳ ▼♦r❡♦✈❡r✱ ✇❡ t❛❦❡ ❛❞✈❛♥t❛❣❡ ♦❢ t❤❡ ❢❛❝t t❤❛t ♦✉r
♠❡t❤♦❞ st✐❧❧ ✇♦r❦s ✐❢ ✇❡ ❤❛✈❡ s❡✈❡r❛❧ ✐♠♠❡rs❡❞ ❜♦❞✐❡s✱ ✐♥ ♦r❞❡r t♦ s✐♠✉❧❛t❡ t❤❡ s✐♠✉❧t❛♥❡✲
♦✉s s✇✐♠♠✐♥❣ ♦❢ t✇♦ ✜s❤✲❧✐❦❡ ❝r❡❛t✉r❡s✳

❚❤✐s ♣❛♣❡r ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✳ ■♥ ❙❡❝t✐♦♥ ✷ ✇❡ ❞❡s❝r✐❜❡ t❤❡ ♠♦❞❡❧✳ ❙❡❝t✐♦♥ ✸ ✐s
❞❡✈♦t❡❞ t♦ t❤❡ st❛t❡♠❡♥t ♦❢ t❤❡ ♠❛✐♥ t❤❡♦r❡t✐❝❛❧ r❡s✉❧t✳ ❚❤❡ ❧♦❝❛❧ ❡①✐st❡♥❝❡ ♦❢ str♦♥❣
s♦❧✉t✐♦♥s ✐s ♣r♦✈❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳ ❚❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❣❧♦❜❛❧ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss r❡s✉❧t
✐s ❣✐✈❡♥ ✐♥ ❙❡❝t✐♦♥ ✺✳ ■♥ ❙❡❝t✐♦♥ ✻ ✇❡ ❞❡r✐✈❡ ❛ ✇❡❛❦ ❢♦r♠ ♦❢ t❤❡ ❣♦✈❡r♥✐♥❣ ❡q✉❛t✐♦♥s ❛♥❞
✇❡ ❞❡s❝r✐❜❡ ❛ s❡♠✐✲❞✐s❝r❡t✐③❛t✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ t✐♠❡ ✈❛r✐❛❜❧❡✳ ❋✐♥❛❧❧②✱ ✐♥ ❙❡❝t✐♦♥ ✼
✇❡ ❞❡s❝r✐❜❡ ❛ ❝❧❛ss ♦❢ ♣♦ss✐❜❧❡ ❞❡❢♦r♠❛t✐♦♥s ♦❢ t❤❡ s✇✐♠♠❡rs ❛♥❞ ✇❡ ✐❧❧✉str❛t❡ t❤❡♠ ❜②
♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s✳

✷ ❚❤❡ ❣♦✈❡r♥✐♥❣ ❡q✉❛t✐♦♥s

✷✳✶ ❆ ❦✐♥❡♠❛t✐❝ ♠♦❞❡❧ ♦❢ ✜s❤✲❧✐❦❡ s✇✐♠♠✐♥❣

❉❡♥♦t❡ ❜② S0 t❤❡ ❞♦♠❛✐♥ ♦❝❝✉♣✐❡❞ ❜② t❤❡ ❝r❡❛t✉r❡ ✐♥ ❛ r❡❢❡r❡♥❝❡ ❝♦♥✜❣✉r❛t✐♦♥✳ ❲❡ ❛ss✉♠❡
t❤❛t S0 ✐s ❛♥ ♦♣❡♥ ❝♦♥♥❡❝t❡❞ s❡t ✇✐t❤ C∞ ❜♦✉♥❞❛r②✳ ▼♦r❡♦✈❡r✱ ✇❡ s✉♣♣♦s❡ t❤❛t t❤❡ ♠♦t✐♦♥
X ♦❢ S0 ✐s ❛ s♠♦♦t❤ ♠❛♣♣✐♥❣

X : S0 × [0,∞) → R
2,

✇❤✐❝❤ s❛t✐s✜❡s
X(y, t) = XR(X∗(y, t), t) ∀ y ∈ S0, t > 0,

✇❤❡r❡ XR ✐s ❛ r✐❣✐❞ ❞✐s♣❧❛❝❡♠❡♥t ❛♥❞ X∗ ✐s ❛♥ ❛♣♣r♦♣r✐❛t❡ s♠♦♦t❤ ♠❛♣♣✐♥❣✱ r❡♣r❡s❡♥t✐♥❣
t❤❡ ✉♥❞✉❧❛t♦r② ❞❡❢♦r♠❛t✐♦♥ ♦❢ t❤❡ ❝r❡❛t✉r❡✳ ■♥ t❤❡ r❡♠❛✐♥✐♥❣ ♣❛rt ♦❢ t❤✐s ✇♦r❦ t❤❡ r✐❣✐❞
♠♦t✐♦♥ XR ✇✐❧❧ ❜❡ ❛♥ ✉♥❦♥♦✇♥ t♦ ❜❡ ❞❡t❡r♠✐♥❡❞ ❢r♦♠ t❤❡ ❣♦✈❡r♥✐♥❣ ❡q✉❛t✐♦♥s ❜❡❧♦✇✱
✇❤❡r❡❛s t❤❡ ✉♥❞✉❧❛t♦r② ♠♦t✐♦♥ X∗ ✇✐❧❧ ❜❡ s✉♣♣♦s❡❞ t♦ ❜❡ ❦♥♦✇♥ ❛♥❞ t♦ s❛t✐s❢② s❡✈❡r❛❧ ❛s✲
s✉♠♣t✐♦♥s ✇❤✐❝❤ ✇✐❧❧ ❜❡ ❣✐✈❡♥ ✐♥ t❤✐s s❡❝t✐♦♥✳ ❆♥ ❡①❛♠♣❧❡ ♦❢ ✉♥❞✉❧❛t♦r② ♠♦t✐♦♥X∗ ❝♦♠✐♥❣
❢r♦♠ ③♦♦❧♦❣✐❝❛❧ ♦❜s❡r✈❛t✐♦♥s ❛♥❞ s❛t✐s❢②✐♥❣ ♦✉r ❛ss✉♠♣t✐♦♥s ✇✐❧❧ ❜❡ ❣✐✈❡♥ ✐♥ ❙❡❝t✐♦♥ ✼✳

▲❡t ✉s ❣✐✈❡ t❤❡ ❛ss✉♠♣t✐♦♥s ♦♥ t❤❡ ✉♥❞✉❧❛t♦r② ♠♦t✐♦♥ X∗✳ ❲❡ ❝❤♦♦s❡ ❛ s②st❡♠ ♦❢
❝♦♦r❞✐♥❛t❡s ✇✐t❤ t❤❡ ♦r✐❣✐♥ ✐♥ t❤❡ ♠❛ss ❝❡♥t❡r ♦❢ S0✳ ❖✉r ✜rst ❛ss✉♠♣t✐♦♥ ✐s

✭❍✶✮ ❋♦r ❡✈❡r② t > 0✱ t❤❡ ♠❛♣♣✐♥❣ y 7→ X∗(y, t) ✐s ❛ C∞ ❞✐✛❡♦♠♦r♣❤✐s♠ ❢r♦♠ S0 ♦♥t♦

✸



S
∗
(t)✱ ✇❤❡r❡ S∗(t) = X∗(S0, t)✳ ▼♦r❡♦✈❡r✱ ❢♦r ❡✈❡r② y ∈ S0✱ t❤❡ ♠❛♣♣✐♥❣ t 7→ X∗(y, t) ✐s

♦❢ ❝❧❛ss C∞✳

❋♦r ❡✈❡r② t > 0 ✇❡ ❞❡♥♦t❡ ❜② Y ∗ t❤❡ ✐♥✈❡rs❡ ❞❡ X∗✱ ✐✳❡✳ t❤❡ ❞✐✛❡♦♠♦r♣❤✐s♠ s❛t✐s❢②✐♥❣

X∗(Y ∗(x∗, t), t) = x∗, Y ∗(X∗(y, t), t) = y ✭✷✳✶✮

❢♦r ❡✈❡r② x∗ ∈ S∗(t)✱ t > 0 ❛♥❞ y ∈ S0✳

❚❤❡ ❞❡❢♦r♠❛t✐♦♥ X∗ ✐s ❛❧s♦ s✉♣♣♦s❡❞ t♦ s❛t✐s❢② t❤❡ ❢♦❧❧♦✇✐♥❣ ❛ss✉♠♣t✐♦♥✳

✭❍✷✮ ❚❤❡ t♦t❛❧ ✈♦❧✉♠❡ ♦❢ t❤❡ ❝r❡❛t✉r❡ ✐s ♣r❡s❡r✈❡❞✱ ✐✳❡✳✱
∫

S∗(t)
dx∗ =

∫

S0

dy ∀ t > 0. ✭✷✳✷✮

❉❡♥♦t❡ ❜② w∗ t❤❡ ✉♥❞✉❧❛t♦r② ✈❡❧♦❝✐t② ♦❢ ❝r❡❛t✉r❡✱ ✇r✐tt❡♥ ❛s ❛ ✈❡❝t♦r ✜❡❧❞ ♦♥ S∗(t)✱ ✐✳❡✳✱

w∗(x∗, t) =
∂X∗

∂t
(y, t)

∣

∣

∣

∣

y=Y ∗(x∗,t)

∀ x∗ ∈ S∗(t), t > 0. ✭✷✳✸✮

▲❡t ρ0 ❜❡ t❤❡ ❞❡♥s✐t② ✜❡❧❞ ♦❢ t❤❡ s♦❧✐❞ ✐♥ t❤❡ r❡❢❡r❡♥❝❡ ❝♦♥✜❣✉r❛t✐♦♥ S0 ❛♥❞ ❧❡t ρ∗(t) ❜❡ t❤❡
❞❡♥s✐t② ✜❡❧❞ ♦❢ S∗(t)✳ ❚❤❡ ♠❛ss ❝♦♥s❡r✈❛t✐♦♥ ♣r✐♥❝✐♣❧❡ ❛♣♣❧✐❡❞ t♦ t❤❡ ✇❤♦❧❡ ❜♦❞② ❣✐✈❡s

∫

S∗(t)
ρ∗(x∗, t) dx∗ =

∫

S0

ρ0(y) dy ∀ t > 0 , ✭✷✳✹✮

✇❤❡r❡❛s t❤❡ ❧♦❝❛❧ ❢♦r♠ ♦❢ t❤❡ ❝♦♥s❡r✈❛t✐♦♥ ♦❢ ♠❛ss ②✐❡❧❞s

ρ∗(x∗, t) =
ρ0 (Y ∗(x∗, t))

det (∇X∗)(Y ∗(x∗, t))
∀ t > 0, ∀ x∗ ∈ S∗(t) . ✭✷✳✺✮

▼♦r❡♦✈❡r s✐♥❝❡ ♦✉r ❛✐♠ ✐s t♦ st✉❞② s❡❧❢✲♣r♦♣❡❧❧❡❞ ♠♦t✐♦♥s✱ ✐t ✐s ♥❛t✉r❛❧ t♦ ❛ss✉♠❡ t❤❛t t❤❡
✉♥❞✉❧❛t♦r② ♠♦t✐♦♥ ❞♦❡s ♥♦t ♠♦❞✐❢② t❤❡ ❧✐♥❡❛r ❛♥❞ t❤❡ ❛♥❣✉❧❛r ♠♦♠❡♥t❛ ♦❢ t❤❡ ❝r❡❛t✉r❡✳
❇② ✉s✐♥❣ t❤❡ ❢❛❝t t❤❛t t❤❡ ♦r✐❣✐♥ ♦❢ ♦✉r s②st❡♠ ♦❢ ❝♦♦r❞✐♥❛t❡s ❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❡ ♠❛ss
❝❡♥t❡r ♦❢ S0✱ t❤❡s❡ ❛ss✉♠♣t✐♦♥s ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s

✭❍✸✮

∫

S∗(t)
ρ∗(x∗, t)w∗(x∗, t) dx∗ = 0 ❢♦r ❛❧❧ t > 0✱

✭❍✹✮

∫

S∗(t)
ρ∗(x∗, t) x∗⊥ · w∗(x∗, t) dx∗ = 0 ❢♦r ❛❧❧ t > 0✱ ✇❤❡r❡✱ ❢♦r x =

(

x1

x2

)

✱ ✇❡

❞❡♥♦t❡ ❜② x⊥ t❤❡ ✈❡❝t♦r x⊥ =

(

−x2

x1

)

✳

❘❡♠❛r❦ ✷✳✶✳ ❆ss✉♠♣t✐♦♥ ✭❍✸✮ ✐♠♣❧✐❡s✱ ✐♥ ♣❛rt✐❝✉❧❛r✱ t❤❛t t❤❡ ♣♦s✐t✐♦♥ ♦❢ t❤❡ ❝❡♥t❡r ♦❢
♠❛ss ♦❢ t❤❡ ❜♦❞② ✐s ♥♦t ❛✛❡❝t❡❞ ❜② t❤❡ ✉♥❞✉❧❛t♦r② ♠♦t✐♦♥✱ ✐✳❡✳ t❤❛t ✿

∫

S∗(t)
ρ∗(x∗, t)x∗ dx∗ = 0 ∀ t > 0 .

✹



❚❤❡ r✐❣✐❞ ♠♦t✐♦♥ XR : R
2 × [0,∞) → R

2 ✐s ❣✐✈❡♥ ❜②

XR(x∗, t) = Rθ(t)x
∗ + ξ(t) ,

✇❤❡r❡ ξ : [0,∞) → R
2 ✐s t❤❡ tr❛❥❡❝t♦r② ♦❢ t❤❡ ♠❛ss ❝❡♥t❡r ♦❢ t❤❡ ❝r❡❛t✉r❡ ❛♥❞✱ ❢♦r ❡✈❡r②

t > 0✱ θ(t) ✐s ❛♥ ❛♥❣❧❡ ❣✐✈✐♥❣ t❤❡ ♦r✐❡♥t❛t✐♦♥ ♦❢ t❤❡ ❝r❡❛t✉r❡ ❛♥❞ Rθ ✐s t❤❡ ♠❛tr✐① ❛ss♦❝✐❛t❡❞
t♦ t❤❡ r♦t❛t✐♦♥ ♦❢ ❛♥❣❧❡ θ✳ ❲❡ str❡ss t❤❛t t❤❡ ❢✉♥❝t✐♦♥s ξ ❛♥❞ θ ❛❜♦✈❡ ❛r❡ ✉♥❦♥♦✇♥s ✐♥
♦✉r ♠♦❞❡❧✳ ❋r♦♠ t❤❡ ❛❜♦✈❡ ✐t ❢♦❧❧♦✇s t❤❛t t❤❡ ♣♦s✐t✐♦♥ ♦❢ t❤❡ ❝r❡❛t✉r❡ ❛t ✐♥st❛♥t t ✐s ❣✐✈❡♥
❜②

S(ξ(t), θ(t), t) = Rθ(t)S
∗(t) + ξ(t) ∀ t > 0 . ✭✷✳✻✮

■t ✐s ❡❛s② t♦ ❝❤❡❝❦ t❤❛t t❤❡ ❊✉❧❡r✐❛♥ ✈❡❧♦❝✐t② ✜❡❧❞ ♦❢ t❤❡ s♦❧✐❞ ✐s ❣✐✈❡♥✱ ❢♦r ❡✈❡r② t > 0 ❜②

uS(x, t) = ξ′(t) + θ′(t)(x− ξ(t))⊥ + w(x, t) ∀ x ∈ S(ξ(t), θ(t), t) , ✭✷✳✼✮

✇❤❡r❡
w(x, t) = Rθ(t)w

∗
(

R−θ(t)(x− ξ(t)), t
)

∀ x ∈ S(ξ(t), θ(t), t). ✭✷✳✽✮

■♥ ♦t❤❡r ✇♦r❞s✱ t❤❡ ❊✉❧❡r✐❛♥ ✈❡❧♦❝✐t② ✜❡❧❞ ♦❢ t❤❡ ❝r❡❛t✉r❡ ❝❛♥ ❜❡ ❞❡❝♦♠♣♦s❡❞ ✐♥ ❛ ♣❛rt
❝♦♠✐♥❣ ❢r♦♠ t❤❡ r✐❣✐❞ ♠♦t✐♦♥ ✭t❤❡ ✜rst t✇♦ t❡r♠s ✐♥ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ♦❢ ✭✷✳✼✮✮ ❛♥❞ ❛
♣❛rt w ❝♦♠✐♥❣ ❢r♦♠ t❤❡ ❞❡❢♦r♠❛t✐♦♥ ♦❢ t❤❡ ❝r❡❛t✉r❡✳

❚❤❡ ❊✉❧❡r✐❛♥ ❞❡♥s✐t② ✜❡❧❞ ♦❢ t❤❡ ❜♦❞② ✐s ❣✐✈❡♥ ❜②

ρ(x, t) = ρ∗(R−θ(t)(x− ξ(t)), t) ∀ t > 0, x ∈ S(ξ(t), θ(t), t) ✭✷✳✾✮

✇✐t❤ ρ∗ ❣✐✈❡♥ ❜② ✭✷✳✺✮✳ ❚❤❡ ♠❛ss m ♦❢ t❤❡ ❜♦❞② ❛♥❞ ✐ts ♠♦♠❡♥t ♦❢ ✐♥❡rt✐❛✱ ✇✐t❤ r❡✲
s♣❡❝t t♦ ❛♥ ❛①✐s ♦rt❤♦❣♦♥❛❧ t♦ t❤❡ ♣❧❛♥❡ ♦❢ t❤❡ ♠♦t✐♦♥ ❛♥❞ ♣❛ss✐♥❣ ❜② t❤❡ ♠❛ss ❝❡♥t❡r ♦❢
S(ξ(t), θ(t), t)✱ ❛r❡ ❛s ✉s✉❛❧❧② ❣✐✈❡♥ ❜②

m =

∫

S(ξ(t),θ(t),t)
ρ(x, t) dx. ✭✷✳✶✵✮

I(t) =

∫

S(ξ(t),θ(t),t)
ρ(x, t)|x− ξ(t)|2 dx. ✭✷✳✶✶✮

▲❡t ✉s ♥♦t✐❝❡ t❤❛t ❢r♦♠ ✭✷✳✹✮✱ ✭✷✳✾✮ ❛♥❞ ✭✷✳✶✵✮✱ ✇❡ ❤❛✈❡ t❤❛t

m =

∫

S0

ρ0(y) dy.

✷✳✷ ❚❤❡ ❢✉❧❧ s②st❡♠

▲❡t Ω ❜❡ ❛♥ ♦♣❡♥ ❜♦✉♥❞❡❞ s❡t ✐♥ R
2 r❡♣r❡s❡♥t✐♥❣ t❤❡ ❞♦♠❛✐♥ ♦❝❝✉♣✐❡❞ ❜② t❤❡ s♦❧✐❞✲✢✉✐❞

s②st❡♠✳ ❘❡❝❛❧❧✐♥❣ t❤❛t S(ξ(t), θ(t), t) ✐s t❤❡ ❞♦♠❛✐♥ ♦❝❝✉♣✐❡❞ ❜② t❤❡ s♦❧✐❞ ❛t ✐♥st❛♥t t✱ ✇❡
❤❛✈❡ t❤❛t t❤❡ ✢✉✐❞ ✜❧❧s✱ ❛t ✐♥st❛♥t t✱ t❤❡ ❞♦♠❛✐♥ F(ξ(t), θ(t), t) = Ω \ S(ξ(t), θ(t), t)✳

✺



❲✐t❤ t❤❡ ❛❜♦✈❡ ♥♦t❛t✐♦♥ ❛♥❞ ❜② s✉♣♣♦s✐♥❣ t❤❛t t❤❡ ❞❡♥s✐t② ♦❢ t❤❡ ✢✉✐❞ ✐s ❡q✉❛❧ t♦ ♦♥❡✱
t❤❡ ❢✉❧❧ s②st❡♠ ❞❡s❝r✐❜✐♥❣ t❤❡ s❡❧❢✲♣r♦♣❡❧❧❡❞ ♠♦t✐♦♥ ♦❢ t❤❡ ❝r❡❛t✉r❡ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s

∂u

∂t
− ν∆u+ (u · ∇)u+ ∇p = 0 ✐♥ F(ξ, θ, t), t ∈ (0, T ), ✭✷✳✶✷✮

❞✐✈ u = 0 ✐♥ F(ξ, θ, t), t ∈ (0, T ), ✭✷✳✶✸✮

u = 0 ♦♥ ∂Ω, t ∈ (0, T ), ✭✷✳✶✹✮

u = ξ′ + θ′ (x− ξ)⊥ + w ♦♥ ∂S(ξ, θ, t), t ∈ (0, T ), ✭✷✳✶✺✮

mξ′′ = −

∫

∂S(ξ,θ,t)
σ(u, p)n dΓ ✐♥ (0, T ), ✭✷✳✶✻✮

(Iθ′)′ = −

∫

∂S(ξ,θ,t)
(x− ξ)⊥ · σ(u, p)n dΓ ✐♥ (0, T ). ✭✷✳✶✼✮

■♥ t❤❡ ❛❜♦✈❡ s②st❡♠ ν > 0 st❛♥❞s ❢♦r t❤❡ ✈✐s❝♦s✐t② ♦❢ t❤❡ ✢✉✐❞✱ u ✐s t❤❡ ❊✉❧❡r✐❛♥ ✈❡❧♦❝✐t②
✜❡❧❞ ♦❢ t❤❡ ✢✉✐❞ ❛♥❞ p ❞❡♥♦t❡s t❤❡ ♣r❡ss✉r❡ ✜❡❧❞ ♦❢ t❤❡ ✢✉✐❞✳ ❆ ♣r✐♠❡ st❛♥❞s ❢♦r t❤❡
❞❡r✐✈❛t✐♦♥ ♦♣❡r❛t♦r ✇✐t❤ r❡s♣❡❝t t♦ t✐♠❡✳ ❇② ✉s✐♥❣ t❤❡ ❝❧❛ss✐❝❛❧ ♥♦t❛t✐♦♥

D(u) =
1

2

(

(∇u) + (∇u)T
)

, ✭✷✳✶✽✮

t❤❡ str❡ss t❡♥s♦r ✜❡❧❞ σ ✐s ❞❡✜♥❡❞ ❜②

σ(u, p) = 2νD(u) − p Id, ✭✷✳✶✾✮

✇❤❡r❡ Id ✐s t❤❡ ✐❞❡♥t✐t② ♠❛tr✐① ✐♥ M2(R)✳ ▼♦r❡♦✈❡r✱ ❢♦r t ∈ [0, T ] ❛♥❞ x ∈ ∂S(ξ(t), θ(t), t)
✇❡ ❞❡♥♦t❡ ❜② n(x, t) t❤❡ ✉♥✐t ♥♦r♠❛❧ t♦ S(ξ(t), θ(t), t) ♦r✐❡♥t❡❞ t♦✇❛r❞s t❤❡ s♦❧✐❞✳ ❘❡❝❛❧❧
t❤❛t t❤❡ ♠❛ss m ❛♥❞ t❤❡ ♠♦♠❡♥t ♦❢ ✐♥❡rt✐❛ I(t) ♦❢ t❤❡ s♦❧✐❞ ❛t ✐♥st❛♥t t ❛r❡ ❞❡✜♥❡❞ ❜②
✭✷✳✶✵✮ ❛♥❞ ✭✷✳✶✶✮✳

❚❤❡ s②st❡♠ ✭✷✳✶✷✮✲✭✷✳✶✾✮ ✐s ❝♦♠♣❧❡t❡❞ ❜② t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s

u(x, 0) = u0(x) x ∈ F(ξ(0), θ(0), 0), ✭✷✳✷✵✮

ξ(0) = ξ0, θ(0) = θ0, ξ′(0) = g0, θ
′(0) = ω0. ✭✷✳✷✶✮

❘❡♠❛r❦ ✷✳✷✳ ◆♦t✐❝❡ t❤❛t ✐♥ t❤❡ ❜❛❧❛♥❝❡ ♦❢ ❧✐♥❡❛r ❛♥❞ ❛♥❣✉❧❛r ♠♦♠❡♥t❛ ❢♦r t❤❡ s♦❧✐❞
S(ξ(t), θ(t), t) ✭s❡❡ ❡q✉❛t✐♦♥s ✭✷✳✶✻✮ ❛♥❞ ✭✷✳✶✼✮✮✱ t❤❡r❡ ✐s ♥♦ ❢♦r❝❡ ♦r t♦rq✉❡ ❝♦rr❡s♣♦♥❞✐♥❣
t♦ t❤❡ ♥♦♥ r✐❣✐❞ ❞❡❢♦r♠❛t✐♦♥ ♦❢ S(ξ(t), θ(t), t)✳ ❚❤✐s ✐s ❞✉❡ t♦ t❤❡ ❢❛❝t t❤❛t t❤❡ ♥♦♥ r✐❣✐❞
❞❡❢♦r♠❛t✐♦♥ ✐s ♣r♦❞✉❝❡❞ ♦♥❧② ❜② ❢♦r❝❡s ✇❤✐❝❤ ❛r❡ ✐♥t❡r♥❛❧ t♦ t❤❡ ❝r❡❛t✉r❡ ❛♥❞ ✐t ✐s ❝♦❤❡r✲
❡♥t ✇✐t❤ ❛ss✉♠♣t✐♦♥s ✭❍✸✮ ❛♥❞ ✭❍✹✮ ✇❤✐❝❤ ✐♠♣❧② t❤❛t t❤❡ ❧✐♥❡❛r ❛♥❞ ❛♥❣✉❧❛r ♠♦♠❡♥t❛
r❡s✉❧t✐♥❣ ❢r♦♠ t❤❡ ✉♥❞✉❧❛t♦r② ♠♦t✐♦♥ ❛r❡ ✈❛♥✐s❤✐♥❣✳

❘❡♠❛r❦ ✷✳✸✳ ❋r♦♠ ❛ss✉♠♣t✐♦♥ ✭❍✷✮ ✐t ❢♦❧❧♦✇s t❤❛t
∫

∂S(ξ,θ,t)
w · n dΓ = 0,

✇❤✐❝❤ ✐s ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ t❤❡ ❝♦♥❞✐t✐♦♥ ❞✐✈ u = 0 ✐♥ F(ξ, θ, t)✳ ▼♦r❡♦✈❡r✱ s✐♥❝❡

I(t) =

∫

S∗(t)
ρ∗(x∗, t)|x∗|2 dx∗ =

∫

S0

ρ0(y)|X
∗(y, t)|2 dy ,

✐t ❢♦❧❧♦✇s t❤❛t t❤❡r❡ ❡①✐sts I0 > 0 ✇✐t❤ I(t) > I0 ❢♦r ❛❧❧ t ∈ [0, T ]✳

✻



✸ ❙t❛t❡♠❡♥t ♦❢ t❤❡ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss r❡s✉❧t

■♥ t❤❡ s❡q✉❡❧✱ ✇❡ ❞❡♥♦t❡ F = F(ξ(0), θ(0), 0) ❛♥❞ S = S(ξ(0), θ(0), 0)✳ ❲✐t❤♦✉t ❧♦ss ♦❢
❣❡♥❡r❛❧✐t②✱ ✇❡ ❝❛♥ ❛ss✉♠❡ t❤❛t ξ(0) = ξ0 = 0✱ t❤❛t θ(0) = θ0 = 0✱ ❛♥❞ t❤❛t S∗(0) = S0✳ ■♥
♣❛rt✐❝✉❧❛r✱ ✇❡ ❤❛✈❡ t❤❛t S = S0✳ ▼♦r❡♦✈❡r✱ ✐❢ t❤❡r❡ ✐s ♥♦ r✐s❦ ♦❢ ❝♦♥❢✉s✐♦♥✱ ✇❡ ❞❡♥♦t❡

S(t) = S(ξ(t), θ(t), t), F(t) = F(ξ(t), θ(t), t).

■♥ ♦r❞❡r t♦ st❛t❡ t❤❡ ♠❛✐♥ r❡s✉❧t ✇❡ ♥❡❡❞ s♦♠❡ ❢✉♥❝t✐♦♥ s♣❛❝❡s✳ ❆s ✉s✉❛❧✱ ✇❡ ❞❡♥♦t❡ ❜②
Hs(F) t❤❡ ❝❧❛ss✐❝❛❧ ❙♦❜♦❧❡✈ s♣❛❝❡ ♦❢ ♦r❞❡r s ∈ R ❛♥❞

Hs(F(t))) = [Hs(F(t))]2, Hs(F) = [Hs(F)]2, Hs(Ω) = [Hs(Ω)]2.

❋♦r q > 1 ✇❡ s❡t

Lq(F(t))) = [Lq(F(t))]2, Lq(F) = [Lq(F)]2, Lq(Ω) = [Lq(Ω)]2.

▲❡t ξ ∈ H2((0, T ); R2)✱ θ ∈ H2((0, T ); R) ❜❡ t✇♦ ❢✉♥❝t✐♦♥s s✉❝❤ t❤❛t S(ξ(t), θ(t), t) ⊂ Ω
❢♦r ❛❧❧ t ∈ [0, T ] ✭r❡❝❛❧❧ t❤❛t S(ξ(t), θ(t), t) ✇❛s ❞❡✜♥❡❞ ✐♥ ✭✷✳✻✮✮✳ ▲❡t Ψ : R

2 × [0, T ] → R
2

❜❡ ❛ C∞✲❞✐✛❡♦♠♦r♣❤✐s♠ ❢r♦♠ F ♦♥t♦ F(ξ(t), θ(t), t) s✉❝❤ t❤❛t t❤❡ ❞❡r✐✈❛t✐✈❡s

∂i+k1+k2Ψ

∂ti∂yk1

1 ∂y
k2

2

, i 6 1, k1 > 0, k2 > 0

❡①✐st ❛♥❞ ❛r❡ ❝♦♥t✐♥✉♦✉s ✭t❤❡ ❡①✐st❡♥❝❡ ♦❢ s✉❝❤ ❛ ❢✉♥❝t✐♦♥ ✇✐❧❧ ❜❡ ❞✐s❝✉ss❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✮✳

▲❡t ✉s s❡t
FT =

{

(x, t) ∈ R
2 × (0, T ) ; x ∈ F(t)

}

.

❋♦r u ∈
[

L2(FT )
]k
✱ ✇✐t❤ k ∈ {1, 2}✱ ✇❡ ❞❡♥♦t❡ ❜② uΨ t❤❡ ❢✉♥❝t✐♦♥

uΨ : F × (0, T ) → R
2, (y, t) 7→ u(Ψ(y, t), t).

❲❡ ❝❛♥ ♥♦✇ ❞❡✜♥❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢✉♥❝t✐♦♥s s♣❛❝❡s✿

L2(0, T ;H2(F(t))) = {u | uΨ ∈ L2(0, T ;H2(F))},

H1(0, T ;L2(F(t))) = {u | uΨ ∈ H1(0, T ;L2(F))},

C([0, T ];H1(F(t))) = {u | uΨ ∈ C([0, T ];H1(F))},

L2(0, T ;H1(F(t))) = {p | pΨ ∈ L2(0, T ;H1(F))}.

▼♦r❡♦✈❡r✱ ✇❡ s❡t

U(0, T ;F(t)) = L2(0, T ;H2(F(t))) ∩H1(0, T ;L2(F(t))) ∩ C([0, T ];H1(F(t))), ✭✸✳✶✮

U(0, T ;F) = L2(0, T ;H2(F)) ∩H1(0, T ;L2(F)) ∩ C([0, T ];H1(F)). ✭✸✳✷✮

❉❡✜♥✐t✐♦♥ ✸✳✶✳ ❆ss✉♠❡ t❤❛t T > 0✳ ❆ q✉❛❞r✉♣❧❡t (u, p, ξ, θ) ✇✐t❤
{

u ∈ U(0, T ;F(t)), p ∈ L2(0, T ;H1(F(t))),

ξ ∈
[

H2(0, T )
]2
, θ ∈ H2(0, T ),

✭✸✳✸✮

s✉❝❤ t❤❛t t❤❡ ❞✐st❛♥❝❡ ❢r♦♠ S(t) t♦ ∂Ω ✐s ♣♦s✐t✐✈❡ ❢♦r ❛❧❧ t ∈ [0, T ] ❛♥❞ ✇❤✐❝❤ s❛t✐s✜❡s
✭✷✳✶✷✮✕✭✷✳✷✶✮ ✐s ❝❛❧❧❡❞ ❛ str♦♥❣ s♦❧✉t✐♦♥ ♦❢ ✭✷✳✶✷✮✕✭✷✳✷✶✮ ♦♥ [0, T ]✳

✼



❚❤❡ ♠❛✐♥ t❤❡♦r❡t✐❝❛❧ r❡s✉❧t ♦❢ t❤✐s ♣❛♣❡r ❝♦♥❝❡r♥s t❤❡ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ str♦♥❣
s♦❧✉t✐♦♥s ❢♦r t❤❡ s②st❡♠ ✭✷✳✶✷✮✕✭✷✳✷✶✮ ❛♥❞ ✐t ❝❛♥ ❜❡ st❛t❡❞ ❛s ❢♦❧❧♦✇s✳

❚❤❡♦r❡♠ ✸✳✷✳ ❆ss✉♠❡ t❤❛t X∗ s❛t✐s✜❡s ❛ss✉♠♣t✐♦♥s ✭❍✶✮✲✭❍✹✮ ❛❜♦✈❡✳ ▼♦r❡♦✈❡r✱ ❛ss✉♠❡
t❤❛t u0 ∈ H1(F(0)) ❛♥❞ t❤❛t















div u0 = 0 ✐♥ F ,
u0 = 0 ♦♥ ∂Ω,
u0 = g0 + ω0x

⊥ + w∗(x, 0) ♦♥ ∂S,
dist (S, ∂Ω) > 0.

❚❤❡♥ t❤❡r❡ ❡①✐sts Tmax > 0 s✉❝❤ t❤❛t✿

• ❋♦r ❡✈❡r② T ∈ (0, Tmax) t❤❡ s②st❡♠ ✭✷✳✶✷✮✲✭✷✳✷✶✮ ❛❞♠✐ts ❛ ✉♥✐q✉❡ str♦♥❣ s♦❧✉t✐♦♥ ♦♥
[0, T ]✳

• ❖♥❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛❧t❡r♥❛t✐✈❡s ❤♦❧❞s✿

✭✐✮ Tmax = ∞❀

✭✐✐✮ limt→Tmax
dist (S(t), ∂Ω) = 0✳

✹ ❆ ❧♦❝❛❧ ❡①✐st❡♥❝❡ r❡s✉❧t

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♣r♦✈❡ t❤❡ ❧♦❝❛❧ ✐♥ t✐♠❡ ❡①✐st❡♥❝❡ ♦❢ str♦♥❣ s♦❧✉t✐♦♥s ❢♦r t❤❡ s②st❡♠
✭✷✳✶✷✮✲✭✷✳✷✶✮✳ ▼♦r❡ ♣r❡❝✐s❡❧② ✇❡ s❤♦✇ t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ❤♦❧❞s✳

❚❤❡♦r❡♠ ✹✳✶✳ ▲❡t ε > 0, C1 > 0✳ ❆ss✉♠❡ t❤❛t X∗ ❛♥❞ u0 s❛t✐s❢② t❤❡ ❛ss✉♠♣t✐♦♥s ✐♥
❚❤❡♦r❡♠ ✸✳✷✱ t❤❛t ||u0||H1(F) 6 C1 ❛♥❞ t❤❛t dist (S, ∂Ω) > ε✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts T0 > 0✱
❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ ε ❛♥❞ C1✱ s✉❝❤ t❤❛t✱ ❢♦r ❡✈❡r② T ∈ (0, T0), t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ str♦♥❣
s♦❧✉t✐♦♥ ♦❢ ✭✷✳✶✷✮✲✭✷✳✷✶✮ ♦♥ [0, T ]✳

Pr♦♦❢✳ ❚❤❡ ♣r♦♦❢ ♦❢ t❤✐s t❤❡♦r❡♠ ✐s ❜❛s❡❞ ♦♥ ✐❞❡❛s ❛♥❞ t❡❝❤♥✐q✉❡s q✉✐t❡ s✐♠✐❧❛r t♦ t❤♦s❡
✐♥ ❬✸✶❪✳ ❚❤❡ ♠❛✐♥ ❞✐✛❡r❡♥❝❡ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♣r♦♦❢ ✐♥ ❬✸✶❪ ❝♦♥s✐sts ✐♥ t❤❡ ❝♦♥str✉❝t✐♦♥
♦❢ ❛ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡s tr❛♥s❢♦r♠✐♥❣ t❤❡ ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s ✐♥ t❤❡ ♥♦♥ ❝②❧✐♥❞r✐❝❛❧
❞♦♠❛✐♥ FT ✐♥t♦ ❛ s②st❡♠ ♦❢ P❉❊✬s ✐♥ t❤❡ ❝②❧✐♥❞r✐❝❛❧ ❞♦♠❛✐♥ F×(0, T )✳ ❋♦r t❤✐s r❡❛s♦♥✱ ✇❡
♦♥❧② ❞❡s❝r✐❜❡ ❜❡❧♦✇ t❤❡ ✜rst st❡♣ ♦❢ t❤❡ ♣r♦♦❢✱ ❝♦♥s✐st✐♥❣ ✐♥ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤✐s ❝❤❛♥❣❡
♦❢ ✈❛r✐❛❜❧❡s✳ ❚❤❡ r❡♠❛✐♥✐♥❣ ♣❛rt ♦❢ t❤❡ ♣r♦♦❢ ✐s s✐♠✐❧❛r t♦ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣
r❡s✉❧t ❢♦r r✐❣✐❞ ✐♠♠❡rs❡❞ ❜♦❞✐❡s s♦ t❤❛t ✇❡ r❡❢❡r t♦ ❬✸✶❪ ❢♦r ❢✉rt❤❡r ❞❡t❛✐❧s✳

❇② ❛ s❧✐❣❤t ✈❛r✐❛t✐♦♥ ♦❢ t❤❡ ❛r❣✉♠❡♥t ✐♥ ▲❛❞②③❤❡♥s❦❛②❛ ❬✷✷✱ ♣✳✷✼❪ ✐t ❝❛♥ ❜❡ s❤♦✇♥ t❤❛t✱
❢♦r ❡✈❡r② δ > 0✱ t❤❡r❡ ❡①✐sts ❛ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ (x∗, t) 7→ Λ∗(x∗, t) s✉❝❤ t❤❛t✱ ❢♦r ❡✈❡r②
t > 0✱ t❤❡ ♠❛♣ x∗ 7→ Λ∗(x∗, t) ✐s C∞ ♦♥ F(t) ❛♥❞ s✉❝❤ t❤❛t✱ ❢♦r ❡✈❡r② x∗ ∈ F(t)✱ t❤❡
❢✉♥❝t✐♦♥ t 7→ Λ∗(x∗, t) ✐s ♦❢ ❝❧❛ss C∞✳







❞✐✈ Λ∗ = 0 ✐♥ R
2 \ S∗(t), t ∈ (0, T ),

Λ∗(x∗, t) = 0 ✐❢ dist(x∗,S∗(t)) > δ > 0, t ∈ (0, T ),
Λ∗(x∗, t) = w∗(x∗, t) ✐❢ x∗ ∈ S∗(t), t ∈ (0, T ).

✭✹✳✶✮

❲❡ t❤❡♥ ❞❡✜♥❡ Λ ❜②

Λ(x, t) = RθΛ
∗ (R−θ(x− ξ(t)), t) ∀ x ∈ R

2, t ∈ (0, T ). ✭✹✳✷✮

✽



❆ss✉♠❡ t❤❛t t❤❡r❡ ❡①✐sts T > 0 s✉❝❤ t❤❛t

dist (S(t), ∂Ω) > δ ∀ t ∈ [0, T ].

❚❤❡♥ t❤❡ ❢✉♥❝t✐♦♥ Λ s❛t✐s✜❡s

❞✐✈ Λ = 0 ✐♥ R
2 \ S(t), t ∈ (0, T ),

Λ = 0 ♦♥ ∂Ω, t ∈ (0, T ),

Λ = w ✐♥ S(t), t ∈ (0, T ) .

❋r♦♠ t❤❡ r❡❣✉❧❛r✐t② ♦❢ Λ∗ ♠❡♥t✐♦♥❡❞ ❛❜♦✈❡ ❛♥❞ t❤❡ ❞❡✜♥✐t✐♦♥ ✭✹✳✷✮ ♦❢ Λ ✐t ❢♦❧❧♦✇s t❤❛t
t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t C > 0 s✉❝❤ t❤❛t

∣

∣

∣

∣

∂Λ

∂t
(x1, x2, t)

∣

∣

∣

∣

+

∣

∣

∣

∣

∣

∂k1+k2Λ

∂xk1

1 ∂x
k2

2

(x1, x2, t)

∣

∣

∣

∣

∣

6 C
(

1 + |ξ′(t)| + |θ′(t)|
)

, ✭✹✳✸✮

❢♦r ❛❧❧ t ∈ [0, T ]✱ (x1, x2) ∈ F(t) ❛♥❞ k1, k2 ∈ {0, 1, 2}✳

❲❡ ♥❡①t ❝♦♥s✐❞❡r z : R
2 × [0, T ] → R

2 ❞❡✜♥❡❞ ❜②

z(x, t) =

(

ξ′(t) · x⊥ +
θ′(t)

2
|x− ξ(t)|2

)

rot (τ) + τ
(

ξ′(t) + θ′(t)(x− ξ(t))⊥
)

+ Λ(x, t),

✭✹✳✹✮
✇❤❡r❡ τ ✐s s♠♦♦t❤ ❢✉♥❝t✐♦♥ ✇✐t❤ ❝♦♠♣❛❝t s✉♣♣♦rt ✐♥

Ω−δ/2 =

{

x ∈ Ω

∣

∣

∣

∣

dist (x, ∂Ω) >
δ

2

}

❛♥❞ ❡q✉❛❧ t♦ ✶ ✐♥ Ω−δ✳ ❋♦r t > 0✱ t❤❡ ❢✉♥❝t✐♦♥ x 7→ z(x, t) ❤❛s ❛ ❝♦♠♣❛❝t s✉♣♣♦rt ❛♥❞ ❢♦r
x ∈ Ω−δ ❛♥❞ t > 0✱ ✇❡ ❤❛✈❡ t❤❛t

z(x, t) = ξ′(t) + θ′(x− ξ(t))⊥ + Λ(x, t).

❚❤✐s ♣r♦♣❡rt② ✐♠♣❧✐❡s✱ ❜② ✉s✐♥❣ t❤❡ r❡❧❛t✐♦♥ Λ(x, t) = w(x, t) ❢♦r x ∈ S(t)✱ t❤❛t ✐❢ S(t) ⊂
Ω−δ✱ t❤❡♥✱ ❢♦r ❛❧❧ y ∈ S✱ t❤❡ ❢✉♥❝t✐♦♥

X(y, t) = ξ(t) +Rθ(t)X
∗(y, t)

s❛t✐s✜❡s t❤❡ ✐♥✐t✐❛❧ ✈❛❧✉❡ ♣r♦❜❧❡♠

dX

dt
(y, t) = z(X(y, t), t), X(y, 0) = y. ✭✹✳✺✮

❙✐♥❝❡ t❤❡ ❛❜♦✈❡ ✐♥✐t✐❛❧ ✈❛❧✉❡ ♣r♦❜❧❡♠ ♠❛❦❡s s❡♥s❡ ❢♦r ❡✈❡r② y ∈ R
2 ✇❡ st✐❧❧ ❞❡♥♦t❡ ❜② X t❤❡

✢♦✇ ♦♥ R
2 ❛ss♦❝✐❛t❡❞ t♦ ✭✹✳✺✮✳ ❚❤✉s✱ ❢♦r ❡✈❡r② t ∈ [0, T ]✱ X(·, t) ✐s ❛ C∞✲❞✐✛❡♦♠♦r♣❤✐s♠

❢r♦♠ Ω ♦♥t♦ Ω s✉❝❤ t❤❛t X(F , t) = F(t) ❛♥❞ X(S, t) = S(t)✳ ❚❤❡ ✐♥✈❡rs❡ ♦❢ X(·, t) ✐s
❞❡♥♦t❡❞ ❜② Y (·, t) ❛♥❞ t❤❡ ❏❛❝♦❜✐❛♥ ♠❛tr✐① ♦❢ Y (·, t) ✭r❡s♣❡❝t✐✈❡❧② X(·, t)✮ ✐s ❞❡♥♦t❡❞ ❜②
JY (·, t) ✭r❡s♣❡❝t✐✈❡❧② JX(·, t)✮✳

❇② ✉s✐♥❣ t❤❡ ♠❛♣♣✐♥❣X ❝♦♥str✉❝t❡❞ ❛❜♦✈❡✱ ✐t ✐s ❡❛s② t♦ s❡❡ t❤❛t t❤❡ s②st❡♠ ✭✷✳✶✷✮✲✭✷✳✷✶✮
✐s ❡q✉✐✈❛❧❡♥t t♦ ❛ s②st❡♠ ✐♥ t❤❡ ✜①❡❞ ❞♦♠❛✐♥ F × (0, T ) ♦❢ ✉♥❦♥♦✇♥s

U(y, t) = JY (X(y, t), t)u(X(y, t), t), P (y, t) = p(X(y, t), t) (y ∈ F , t ∈ (0, T )),
✭✹✳✻✮

✾



❛♥❞

Ξ(t) =

∫ t

0
R−θ(s)ξ

′(s)ds (t ∈ [0, T ]) . ✭✹✳✼✮

◆♦t✐❝❡ t❤❛t t❤❡ ✈❡❝t♦r ✜❡❧❞ U ✐s ♦❢ ❢r❡❡ ❞✐✈❡r❣❡♥❝❡ ✭s❡❡✱ ❢♦r ✐♥st❛♥❝❡✱ ■♥♦✉❡ ❛♥❞ ❲❛❦✐♠♦t♦
❬✶✾❪✮✳ ❆s ✇❡ ♠❡♥t✐♦♥❡❞ ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ ♣r♦♦❢✱ t❤❡ ❧♦❝❛❧ ✐♥ t✐♠❡ ❡①✐st❡♥❝❡ ❛♥❞
✉♥✐q✉❡♥❡ss ♦❢ s♦❧✉t✐♦♥s ❢♦r t❤❡ tr❛♥s❢♦r♠❡❞ s②st❡♠ ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❜② ❢♦❧❧♦✇✐♥❣ ❝❧♦s❡❧②
t❤❡ ♠❡t❤♦❞ ♦♥ ❬✸✶❪✳ ❇② ✉s✐♥❣ t❤❡ ✐♥✈❡rs❡ tr❛♥s❢♦r♠❛t✐♦♥ Y ✇❡ ❣❡t t❤❡ ❧♦❝❛❧ ✐♥ t✐♠❡ ❡①✐st❡♥❝❡
❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ s♦❧✉t✐♦♥s ❢♦r ✭✷✳✶✷✮✲✭✷✳✷✶✮✳

✺ Pr♦♦❢ ♦❢ t❤❡ ♠❛✐♥ r❡s✉❧t

❚❤✐s s❡❝t✐♦♥ ✐s ❞❡✈♦t❡❞ t♦ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✸✳✷✳ ❲❡ ✜rst ♣r♦✈❡ ❛♥ ❡♥❡r❣② ❡st✐♠❛t❡✳

Pr♦♣♦s✐t✐♦♥ ✺✳✶✳ ▲❡t (u, p, ξ, θ) ❜❡ ❛ str♦♥❣ s♦❧✉t✐♦♥ ♦❢ ✭✷✳✶✷✮✲✭✷✳✷✶✮ ❞❡✜♥❡❞ ♦♥ [0, T )✱
✇✐t❤ T > 0✳ ▼♦r❡♦✈❡r✱ ❛ss✉♠❡ t❤❛t t❤❡r❡ ❡①✐sts δ > 0 s✉❝❤ t❤❛t

dist (S(t), ∂Ω) > δ (t ∈ [0, T )). ✭✺✳✶✮

❚❤❡♥ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t CT,δ > 0 s✉❝❤ t❤❛t✱

‖u‖L∞(0,T ;L2(F(t)) + ‖u‖L2(0,T ;H1(F(t)) + ‖ξ′‖L∞(0,T ;R2) + ‖θ′‖L∞(0,T ;R)

6 CT,δ

(

‖u0‖
2
L2(F) + |g0|

2 + |ω0|
2 + 1

)

. ✭✺✳✷✮

Pr♦♦❢✳ ❉❡♥♦t❡ v = u− Λ✱ ✇❤❡r❡ Λ ✐s ❞❡✜♥❡❞ ✐♥ ✭✹✳✷✮✳ ❚❤❡♥✱ ❢♦r t ∈ (0, T )✱ ✇❡ ❤❛✈❡























































∂v

∂t
+ (u · ∇)v − ν∆u+ ∇p = −(v · ∇)Λ − (Λ · ∇)Λ −

∂Λ

∂t
✐♥ F(t),

❞✐✈ v = 0 ✐♥ F(t)
v = 0 ♦♥ ∂Ω,

v = ξ′(t) + θ′(t) (x− ξ(t))⊥ ♦♥ ∂S(t),

mξ′′ = −

∫

∂S(t)
σ(u, p)n dΓ

(Iθ′)′ = −

∫

∂S(t)
(x− ξ)⊥ · σ(u, p)n dΓ.

✭✺✳✸✮

■❢ ✇❡ t❛❦❡ t❤❡ ✐♥♥❡r ♣r♦❞✉❝t ✐♥ R
2 ♦❢ t❤❡ ✜rst ❡q✉❛t✐♦♥ ❜② v ❛♥❞ ✇❡ ✐♥t❡❣r❛t❡ t❤❡ r❡s✉❧t

♦♥ F(t) ✇❡ ♦❜t❛✐♥ t❤❛t

∫

F(t)

(

∂v

∂t
+ [(u · ∇)v]

)

· v dx−

∫

F(t)
❞✐✈ σ(u, p) · v dx = −

∫

F(t)
[(v · ∇)Λ] · v dx

−

∫

F(t)
[(Λ · ∇)Λ] · v dx−

∫

F(t)

∂Λ

∂t
· v dx.

❚❤❡ ❛❜♦✈❡ ❢♦r♠✉❧❛✱ s✉♠♠❡❞ ✉♣ ✇✐t❤ t❤❡ ✜❢t❤ ❡q✉❛t✐♦♥ ♦❢ ✭✺✳✸✮ ♠✉❧t✐♣❧✐❡❞ ❜② ξ′ ❛♥❞ t❤❡
s✐①t❤ ♦♥❡ ♠✉❧t✐♣❧✐❡❞ ❜② θ′✱ ❝♦♠❜✐♥❡❞ t♦ s♦♠❡ ✐♥t❡❣r❛t✐♦♥s ❜② ♣❛rts ❛♥❞ t♦ t❤❡ ❘❡②♥♦❧❞s

✶✵



tr❛♥s♣♦rt ❢♦r♠✉❧❛ ❣✐✈❡s✿

1

2

d

dt

∫

F(t)
|v|2 dx+ 2ν

∫

F(t)
|D(v)|2 dx+

1

2
m

d

dt
|ξ′|2 +

d

dt
(Iθ′)θ′

= −

∫

F(t)
[(v · ∇)Λ] · v dx−

∫

F(t)
[(Λ · ∇)Λ] · v dx

−

∫

F(t)

∂Λ

∂t
· v dx− 2ν

∫

F(t)
D(Λ) : D(v) dx.

❇② ✉s✐♥❣ ✭✹✳✸✮ ✐t ❢♦❧❧♦✇s t❤❛t t❤❡r❡ ❡①✐sts C1 > 0 ✭❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ δ✮ s✉❝❤ t❤❛t

1

2

d

dt

∫

F(t)
|v|2 dx+ 2ν

∫

F(t)
|D(v)|2 dx+

1

2
m

d

dt
|ξ′|2 +

1

2

d

dt

(

I|θ′|2
)

6 C1

(

1 +

∫

F(t)
|v|2 dx+ |ξ′(t)|2 + |θ′(t)|2

)

.

❇② ❛♣♣❧②✐♥❣ t❤❡ ●r♦♥✇❛❧❧✬s ❧❡♠♠❛ ✇❡ ♦❜t❛✐♥ t❤❡ ❞❡s✐r❡❞ ❝♦♥❝❧✉s✐♦♥✳

❲❡ ❛r❡ ♥♦✇ ✐♥ ❛ ♣♦s✐t✐♦♥ t♦ ♣r♦✈❡ t❤❡ ♠❛✐♥ r❡s✉❧t✳

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✸✳✷✳ ▲❡t T > 0 ❛♥❞ ❧❡t (u, p, ξ, θ) ❜❡ ❛ str♦♥❣ s♦❧✉t✐♦♥ ♦❢ ✭✷✳✶✷✮✲✭✷✳✷✶✮✳
■♥ ♦r❞❡r t♦ ♣r♦✈❡ t❤❡ ❧♦❝❛❧ s♦❧✉t✐♦♥ ♦❜t❛✐♥❡❞ ✐♥ ❚❤❡♦r❡♠ ✹✳✶ ❝❛♥ ❜❡ ❡①t❡♥❞❡❞ t♦ ❛ ❣❧♦❜❛❧
♦♥❡✱ ✐t ❝❧❡❛r❧② s✉✣❝❡s t♦ s❤♦✇ t❤❛t ✐❢ t❤❡r❡ ❡①✐sts δ > 0 s✉❝❤ t❤❛t dist (S(t), ∂Ω) > δ ❢♦r
❛❧❧ t ∈ (0, T ) t❤❡♥ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t CT > 0 ✇✐t❤✱

‖u(t)‖H1(F(t)) 6 CT ∀t ∈ [0, T ). ✭✺✳✹✮

❘❡❝❛❧❧ t❤❛t v = u − Λ s❛t✐s✜❡s ✭✺✳✸✮✳ ❇② t❛❦✐♥❣ t❤❡ ✐♥♥❡r ♣r♦❞✉❝t ♦❢ t❤❡ ✜rst ❡q✉❛t✐♦♥
✐♥ ✭✺✳✸✮ ✇✐t❤ ∂v

∂t ✇❡ ♦❜t❛✐♥

∥

∥

∥

∥

∂v

∂t

∥

∥

∥

∥

2

L2(F(t))

−

∫

F(t)
div σ(u, p) ·

∂v

∂t
dx = −

∫

F(t)
[(u ·∇)v] ·

∂v

∂t
dx−

∫

F(t)
[(v ·∇)Λ] ·

∂v

∂t
dx

−

∫

F(t)
[(Λ · ∇)Λ] ·

∂v

∂t
dx−

∫

F(t)

∂Λ

∂t
·
∂v

∂t
dx, ❛✳❡ ✐♥ (0, T ),

❛♥❞ t❤✉s

∥

∥

∥

∥

∂v

∂t

∥

∥

∥

∥

2

L2(F(t))

−

∫

F(t)
div σ(v, p) ·

∂v

∂t
dx = −

∫

F(t)
[(v ·∇)v] ·

∂v

∂t
dx−

∫

F(t)
[(Λ ·∇)v] ·

∂v

∂t
dx

−

∫

F(t)
[(v · ∇)Λ] ·

∂v

∂t
dx−

∫

F(t)
[(Λ · ∇)Λ] ·

∂v

∂t
dx−

∫

F(t)

∂Λ

∂t
·
∂v

∂t
dx

+ ν

∫

F(t)
∆Λ ·

∂v

∂t
dx. ❛✳❡ ✐♥ (0, T ) . ✭✺✳✺✮

❯s✐♥❣ ❛ ❞❡♥s✐t② ❛r❣✉♠❡♥t ✭s❡❡✱ ❢♦r ✐♥st❛♥❝❡✱ ❬✶✵❪✱ ❬✾❪✮✱ ❛♥❞ t❤❡ ❢❛❝ts t❤❛t

v(x, t) = ξ′(t) + θ′(t)(x− ξ(t))⊥ ♦♥ ∂S(t), t ∈ (0, T )

✶✶



❛♥❞
v(x, t) = 0 ♦♥ ∂Ω, t ∈ (0, T )

✇❡ ♦❜t❛✐♥

−

∫

F(t)
div σ(v, p) ·

∂v

∂t
dx = ν

d

dt

∫

F(t)
|D(v)|2 dx+m|ξ′′(t)|2 + I(θ′′)2

−mθ′(ξ′)⊥ · ξ′′ + I ′θ′θ′′ + 2ν

∫

∂S(t)
D(Λ)n ·

(

ξ′′ − θ′(ξ′)⊥ + θ′′(x− ξ)⊥
)

dΓ. ✭✺✳✻✮

❈♦♠❜✐♥✐♥❣ ✭✺✳✺✮ ❛♥❞ ✭✺✳✻✮ ②✐❡❧❞s

∥

∥

∥

∥

∂v

∂t

∥

∥

∥

∥

2

L2(F(t))

+ ν
d

dt

∫

F(t)
|D(v)|2 dx+m|ξ′′(t)|2 + I(θ′′)2

=

∫

F(t)
F1 ·

∂v

∂t
dx+ F2 · ξ

′′ + F3θ
′′ + F4 ❛✳❡ ✐♥ (0, T ), ✭✺✳✼✮

✇✐t❤

F1 = − ([(v · ∇)v] + [(Λ · ∇)v] + [(v · ∇)Λ] + [(Λ · ∇)Λ]) −
∂Λ

∂t
+ ν∆Λ,

F2 = mθ′(ξ′)⊥ − 2ν

∫

∂S(t)
D(Λ)n dΓ,

F3 = −I ′θ′ − 2ν

∫

∂S(t)
D(Λ)n · (x− ξ)⊥ dΓ,

F4 = 2ν

∫

∂S(t)
D(Λ)n · θ′(ξ′)⊥ dΓ.

❋r♦♠ t❤❡ ❈❛✉❝❤②✲❙❝❤✇❛r③ ✐♥❡q✉❛❧✐t②✱ ❝♦♠❜✐♥❡❞ t♦ t❤❡ ❢❛❝t t❤❛t ξ′ ❛♥❞ θ′ ❛r❡ ❜♦✉♥❞❡❞
✐♥ [0, T ) ✭❜② Pr♦♣♦s✐t✐♦♥ ✺✳✶✮✱ ✇❡ ♦❜t❛✐♥ t❤❛t ❢♦r ❛✳❡✳ t ∈ (0, T ) ✇❡ ❤❛✈❡

1

2

∥

∥

∥

∥

∂v

∂t

∥

∥

∥

∥

2

L2(F(t))

+ ν
d

dt

∫

F(t)
|D(v)|2 dx+

m

2
|ξ′′(t)|2 +

I

2
|θ′′(t)|2

6 C0

(

1 + ‖(v · ∇)v‖2
L2(F(t))

)

, ✭✺✳✽✮

✇❤❡r❡ C0 ✐s ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t ✇❤✐❝❤ ❞❡♣❡♥❞s ♦♥ δ✱ ‖u0‖H1(F)✱ g0 ❛♥❞ ω0✳

❇② ❛♣♣❧②✐♥❣ ❛ ❍ö❧❞❡r✬s ✐♥❡q✉❛❧✐t②✱ ❝♦♠❜✐♥❡❞ t♦ t❤❡ ❝♦♥t✐♥✉♦✉s ❡♠❜❡❞❞✐♥❣ ♦❢ H1/2(F(t))
✐♥ L4(F(t)) ❛♥❞ t♦ ❛♥ ✐♥t❡r♣♦❧❛t✐♦♥✬s ✐♥❡q✉❛❧✐t② ✭s❡❡✱ ❢♦r ✐♥st❛♥❝❡✱ ▲✐♦♥s ❛♥❞ ▼❛❣❡♥❡s ❬✷✺✱
♣♣✳ ✷✸❪✮✱ ✇❡ ❣❡t t❤❛t t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t C1 > 0 s✉❝❤ t❤❛t ❢♦r ❛✳❡✳ t ∈ (0, T )✱

∫

F(t)
|(v · ∇)v|2 dx 6 ‖v‖2

L4(F(t))‖∇v‖
2
[L4(F(t))]4

6 C1‖v‖L2(F(t))‖v‖H1(F(t))‖∇v‖[L2(F(t))]4‖∇v‖[H1(F(t))]4

6 C1‖v‖L2(F(t))‖v‖
2
H1(F(t))

{

‖∇v‖[L2(F(t))]4 +

2
∑

i=1

‖D2vi‖[L2(F(t))]4

}

. ✭✺✳✾✮

✶✷



❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✇❡ ❝❛♥ ❝♦♥s✐❞❡r (v, p) ❛s t❤❡ s♦❧✉t✐♦♥ ♦❢ ❛ st❛t✐♦♥❛r② ❙t♦❦❡s ♣r♦❜❧❡♠✱
❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ♣❛r❛♠❡t❡r t > 0✱

−ν∆v + ∇p = f ✐♥ F(t),

div v = 0 ✐♥ F(t),

v = ξ′(t) + θ′(t)[x− ξ(t)]⊥ ♦♥ ∂S(t),

v = 0, ♦♥ ∂Ω,

✇❤❡r❡

f = −
∂v

∂t
+ F1. ✭✺✳✶✵✮

❇② ✉s✐♥❣ t❤❡ ❝❧❛ss✐❝❛❧ ❡❧❧✐♣t✐❝ r❡❣✉❧❛r✐t② ♦❢ t❤❡ ❙t♦❦❡s s②st❡♠✱ ✇❡ ♦❜t❛✐♥ t❤❛t t❤❡r❡ ❡①✐sts
❛ ❝♦♥st❛♥t C2 = C2(ν,Ω,S) > 0 s✉❝❤ t❤❛t

‖∇v‖[L2(F(t))]4 +

2
∑

i=1

‖D2vi‖[L2(F(t))]4 6 C2

(

‖f‖L2(F(t)) + |ξ′| + |θ′|
)

. ✭✺✳✶✶✮

✭❍❡r❡ t❤❡ ❝♦♥st❛♥t C2 ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ t s✐♥❝❡ t❤❡ ❛ss✉♠♣t✐♦♥ ✭✺✳✶✮ ❤♦❧❞s tr✉❡✳✮

❋r♦♠ ✭✺✳✾✮ ❛♥❞ ✭✺✳✶✵✮ t♦❣❡t❤❡r ✇✐t❤ t❤❡ ❛❜♦✈❡ ✐♥❡q✉❛❧✐t②✱ ✇❡ ❞❡❞✉❝❡ t❤❛t

‖(v · ∇)v‖2
L2(F(t)) 6 C3‖v‖L2(F(t))‖v‖

2
H1(F(t))

(

∥

∥

∥

∥

∂v

∂t

∥

∥

∥

∥

L2(F(t))

+ ‖(v · ∇)v‖L2(F(t))

+ ‖v‖2
H1(F(t)) + 1 + |ξ′|2 + |θ′|2

)

.

❯s✐♥❣ t❤❡ ❡♥❡r❣② ❡st✐♠❛t❡ ✭✺✳✷✮ ♦❢ Pr♦♣♦s✐t✐♦♥ ✺✳✶✱ ✇❡ ♦❜t❛✐♥ t❤❛t✱ ❢♦r ❡✈❡r② ε > 0 t❤❡r❡
❡①✐sts cε > 0 s✉❝❤ t❤❛t

‖(v · ∇)v‖2
L2(F(t)) 6 ε

∥

∥

∥

∥

∂v

∂t

∥

∥

∥

∥

2

L2(F(t))

+ cε

(

‖v‖4
H1(F(t)) + ‖v‖2

H1(F(t))

)

.

❈♦♠❜✐♥✐♥❣ t❤❡ ❛❜♦✈❡ ✐♥❡q✉❛❧✐t② ✭❢♦r ε s♠❛❧❧ ❡♥♦✉❣❤✮ ✇✐t❤ ✭✺✳✽✮ ②✐❡❧❞s

1

4

∥

∥

∥

∥

∂v

∂t

∥

∥

∥

∥

2

L2(F(t))

+ ν
d

dt

∫

F(t)
|D(v)|2 dx+

m

2
|ξ′′(t)|2 +

I

2
|θ′′(t)|2

6 C4

(

1 + ‖v‖4
H1(F(t))

)

, ✭✺✳✶✷✮

❢♦r ❛✳❡✳ t ∈ (0, T )✳ ❚❤❡ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t C4 ❞❡♣❡♥❞s ♦♥ δ✱ ‖u0‖H1(F)✱ g0 ❛♥❞ ω0✳

■❢ ✇❡ ❡①t❡♥❞ v t♦ t❤❡ ✇❤♦❧❡ ❞♦♠❛✐♥ Ω ❜② s❡tt✐♥❣

v(x, t) = ξ′(t) + θ′(t)[x− ξ(t)]⊥ ∀x ∈ S(t), t ∈ (0, T ),

t❤❡♥ ✇❡ ❤❛✈❡ t❤❛t v(t) ∈ H1
0(Ω) ❛♥❞✱ ❜② ✉s✐♥❣ t❤❡ P♦✐♥❝❛ré ✐♥❡q✉❛❧✐t② ✇❡ ♦❜t❛✐♥

‖v‖H1(F(t)) 6 ‖v‖H1(Ω) 6 CΩ‖∇v‖[L2(Ω)]4 .

✶✸



❚❤❡ ❛❜♦✈❡ ❡st✐♠❛t❡✱ ❝♦♠❜✐♥❡❞ t♦ t❤❡ ❢❛❝ts t❤❛t ❞✐✈ v = 0 ✐♥ Ω ❛♥❞ t❤❛t D(v) = 0 ✐♥ S(t)✱
✐♠♣❧✐❡s t❤❛t

‖v‖H1(F(t)) 6 C

(

∫

F(t)
|D(v)|2 dx

)
1

2

.

❈♦♠❜✐♥✐♥❣ t❤❡ ❛❜♦✈❡ r❡❧❛t✐♦♥ ✇✐t❤ ✭✺✳✶✷✮✱ ✭✹✳✸✮ ❛♥❞ Pr♦♣♦s✐t✐♦♥ ✺✳✶✱ ✇❡ ❣❡t ❛❢t❡r ❛♣♣❧②✐♥❣
t❤❡ ●r♦♥✇❛❧❧ ✐♥❡q✉❛❧✐t②✱ t❤❛t

∥

∥

∥

∥

∂v

∂t

∥

∥

∥

∥

L2(FT )

+ ‖ξ′′‖L2(0,T ;R2) + ‖θ′′‖L2(0,T ;R) + ‖v‖L∞(0,T ;H1(Ω)) 6 CT . ✭✺✳✶✸✮

❚❤✐s ❝♦♥❝❧✉❞❡s t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✸✳✷✳

✻ ❆ ♠✐①❡❞ ❢♦r♠✉❧❛t✐♦♥ ❛♥❞ ❛ t✐♠❡ ❞✐s❝r❡t✐③❛t✐♦♥ ♠❡t❤♦❞

■♥ t❤✐s s❡❝t✐♦♥✱ ❜❛s❡❞ ♦♥ ❛ ✇❡❛❦ ❢♦r♠ ♦❢ t❤❡ ❣♦✈❡r♥✐♥❣ ❡q✉❛t✐♦♥s✱ ✇❡ ❞❡s❝r✐❜❡ ❛ ♠❡t❤♦❞ ❢♦r
t❤❡ t✐♠❡ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ ✭✷✳✶✷✮✲✭✷✳✷✶✮✳ ❚❤✐s ♠❡t❤♦❞ ✐s ❛ ✈❡rs✐♦♥ ♦❢ t❤❡ ✏❣❧♦❜❛❧ ♠❡t❤♦❞✑
✐♥tr♦❞✉❝❡❞ ✐♥ ❙❛♥ ▼❛rtí♥✱ ❙❝❤❡✐❞✱ ❚❛❦❛❤❛s❤✐ ❛♥❞ ❚✉❝s♥❛❦ ❬✷✽❪ ❢♦r t❤❡ ♥✉♠❡r✐❝❛❧ ❛♥❛❧②s✐s
♦❢ t❤❡ ♠♦t✐♦♥ ♦❢ r✐❣✐❞ ❜♦❞✐❡s ✐♥ ❛ ✈✐s❝♦✉s ✢✉✐❞✳

❲❡ ✜rst ❞❡✜♥❡ s♦♠❡ ❢✉♥❝t✐♦♥ s♣❛❝❡s✳ ▲❡t (ξ(t), θ(t))t>0 ❜❡ ❛ tr❛❥❡❝t♦r② ♦❢ t❤❡ s♦❧✐❞ s✉❝❤
t❤❛t S(ξ(t), θ(t), t) ⊂ Ω ❢♦r ❡✈❡r② t > 0✳ ❲❡ ❞❡♥♦t❡✱ ❢♦r ❡✈❡r② t > 0✱

K(ξ(t), θ(t), t) = {u ∈ H1
0(Ω) | D(u) = 0 ✐♥ S(ξ(t), θ(t), t)}, ✭✻✳✶✮

M(ξ(t), θ(t), t) =

{

p ∈ L2(Ω) |

∫

Ω
p dx = 0 ❛♥❞ p = 0 ✐♥ S(ξ(t), θ(t), t)

}

, ✭✻✳✷✮

✇❤❡r❡ D(u) ✐s t❤❡ str❛✐♥ r❛t❡ t❡♥s♦r ❞❡✜♥❡❞ ❜② ✭✷✳✶✽✮✳

❆❝❝♦r❞✐♥❣ t♦ ▲❡♠♠❛ ✶✳✶ ♦❢ ❬✸✸✱ ♣♣✳✶✽❪✱ ❢♦r ❛♥② u ∈ K(ξ(t), θ(t), t)✱ t❤❡r❡ ❡①✐st ℓu ∈ R
2

❛♥❞ ωu ∈ R s✉❝❤ t❤❛t

u(x) = ℓu + ωu (x− ξ)⊥ ∀ x ∈ S(ξ(t), θ(t), t).

▲❡t (u, p, ξ, θ) ❜❡ ❛ str♦♥❣ s♦❧✉t✐♦♥ ♦❢ ✭✷✳✶✷✮✲✭✷✳✷✶✮✳ ❚❤❡ ✈❡❝t♦r ✈❡❧♦❝✐t② ✜❡❧❞ u ❛♥❞ t❤❡
♣r❡ss✉r❡ p ❝❛♥ ❜❡ ❡①t❡♥❞❡❞ t♦ Ω ❜② s❡tt✐♥❣

u(x, t) = ξ′(t) + θ′(t)(x− ξ(t))⊥ + w(x, t) ✐❢ x ∈ S(ξ(t), θ(t), t), ✭✻✳✸✮

p(x, t) = 0 ✐❢ x ∈ S(ξ(t), θ(t), t). ✭✻✳✹✮

❚❤❡ ❡①t❡♥❞❡❞ ✈❡❝t♦r u(t) ❜❡❧♦♥❣s t♦ H1
0(Ω)✳ ■♥ t❤❡ r❡♠❛✐♥✐♥❣ ♣❛rt ♦❢ t❤✐s ♣❛♣❡r✱ t❤❡

s♦❧✉t✐♦♥ u ❛♥❞ p ♦❢ ✭✷✳✶✷✮✲✭✷✳✷✶✮ ✇✐❧❧ ❜❡ ❡①t❡♥❞❡❞ ❛s ❛❜♦✈❡✳

❲❡ ❛❧s♦ ♥❡❡❞ t♦ ❡①t❡♥❞ t❤❡ ❞❡♥s✐t② ✜❡❧❞ ρ ♦❢ t❤❡ ❝r❡❛t✉r❡ ✭❞❡✜♥❡❞ ✐♥ ✭✷✳✾✮✮ t♦ t❤❡ ✇❤♦❧❡
❞♦♠❛✐♥ Ω ❜② s❡tt✐♥❣

ρ(x, t) = 1 ❢♦r ❛❧❧ x ∈ F(ξ(t), θ(t), t), t > 0. ✭✻✳✺✮

▲❡t ϕ : Ω → R ❜❡ ❛ s♠♦♦t❤ s❝❛❧❛r ✜❡❧❞ ❛♥❞ v : Ω → R ❜❡ ❛ s♠♦♦t❤ ✈❡❝t♦r ✜❡❧❞✳ ❚❤❡
♠❛t❡r✐❛❧ ❞❡r✐✈❛t✐✈❡ ♦❢ ϕ ✐s ❞❡✜♥❡❞ ❜②

dϕ

dt
=
∂ϕ

∂t
+ u · ∇ϕ,

✶✹



✇❤❡r❡❛s t❤❡ ♠❛t❡r✐❛❧ ❞❡r✐✈❛t✐✈❡ ♦❢ v ✇r✐t❡s ❛s

dv

dt
=
∂v

∂t
+ (u · ∇)v.

■t ✐s ✇❡❧❧ ❦♥♦✇♥ t❤❛t ❢♦r ❡✈❡r② s♠♦♦t❤ s❝❛❧❛r ✜❡❧❞s ϕ ❛♥❞ ψ✱ ✇❡ ❤❛✈❡

d(ϕψ)

dt
=

dϕ

dt
ψ + ϕ

dψ

dt
, ✭✻✳✻✮

d

dt

∫

S(ξ,θ,t)
ρϕ dx =

∫

S(ξ,θ,t)
ρ
dϕ

dt
dx. ✭✻✳✼✮

■♥ ♦r❞❡r t♦ ❣✐✈❡ t❤❡ ❣❧♦❜❛❧ ✇❡❛❦ ❢♦r♠✉❧❛t✐♦♥ ♦❢ ♦✉r ♣r♦❜❧❡♠✱ ✇❡ ♥❡❡❞ t❤❡ ❜✐❧✐♥❡❛r ❢♦r♠s

a : H1
0(Ω) ×H1

0(Ω) → R, b : H1
0(Ω) × L2(Ω) → R,

❞❡✜♥❡❞ ❜②

a(u, v) = 2ν

∫

Ω
D(u) : D(v) dx ∀ u, v ∈ H1

0(Ω) ,

b(u, q) = −

∫

Ω
(div u)q dx ∀ u ∈ H1

0(Ω), q ∈ L2(Ω) .

Pr♦♣♦s✐t✐♦♥ ✻✳✶✳ ▲❡t (u, p, ξ, θ) ❜❡ ❛ str♦♥❣ s♦❧✉t✐♦♥ ♦❢ ✭✷✳✶✷✮✲✭✷✳✷✶✮ ✇❤❡r❡ u ❛♥❞ p ❛r❡
❡①t❡♥❞❡❞ t♦ Ω ❛s ❛❜♦✈❡✳ ❚❤❡♥✱ ✇❡ ❤❛✈❡

∫

Ω
ρ
du

dt
· v dx+ a(u, v) + b(v, p) = 0 ∀v ∈ K(ξ, θ, t), ✭✻✳✽✮

b(u, q) = 0 ∀q ∈ M(ξ, θ, t), ✭✻✳✾✮

❢♦r ❛✳❡✳ t ∈ (0, T )✳
❈♦♥✈❡rs❡❧②✱ ❛ss✉♠❡ t❤❛t (u, p, ξ, θ) ❤❛s t❤❡ ♣r♦♣❡rt✐❡s ✐♥ ✭✸✳✸✮ ❛♥❞ t❤❛t u ❛♥❞ p s❛t✐s❢②
✭✻✳✸✮✕✭✻✳✹✮ t♦❣❡t❤❡r ✇✐t❤ ✭✻✳✽✮✕✭✻✳✾✮✳ ❚❤❡♥ (u, p, ξ, θ) ✐s ❛ str♦♥❣ s♦❧✉t✐♦♥ ♦❢ ✭✷✳✶✷✮✕✭✷✳✷✶✮✳

Pr♦♦❢✳ ■♥ t❤✐s ♣r♦♦❢ ✇❡ ✉s❡ t❤❡ ♥♦t❛t✐♦♥✱ ✐♥tr♦❞✉❝❡❞ ✐♥ ❙❡❝t✐♦♥ ✸

S(t) = S(ξ(t), θ(t), t), F(t) = F(ξ(t), θ(t), t).

▲❡t t ∈ [0, T ]✳ ❊q✉❛t✐♦♥ ✭✷✳✶✷✮ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s

ρ
du

dt
− ❞✐✈ σ(u, p) = 0 ❢♦r x ∈ F(t).

❇② t❛❦✐♥❣ t❤❡ ✐♥♥❡r ♣r♦❞✉❝t ✐♥ R
2 ♦❢ t❤❡ ❛❜♦✈❡ ❡q✉❛t✐♦♥ ❜② v ∈ K(ξ(t), θ(t), t) ❛♥❞ ❜②

✐♥t❡❣r❛t✐♥❣ ❜② ♣❛rts ♦♥ F(t) ✇❡ ♦❜t❛✐♥ t❤❛t

∫

F(t)
ρ
du

dt
· v dx+ 2ν

∫

F(t)
D(u) : D(v) dx−

∫

F(t)
(div v)p dx−

∫

∂S(t)
σ(u, p)n · v dΓ = 0

✭✻✳✶✵✮

❙✐♥❝❡ D(v) = 0 ✐♥ S(t)✱ t❤❡r❡ ❡①✐st ℓ ∈ R
2 ❛♥❞ ω ∈ R s✉❝❤ t❤❛t

v(x) = ℓ+ ω(x− ξ(t))⊥ ∀ x ∈ S(t), ✭✻✳✶✶✮

✶✺



s♦ t❤❛t✱
∫

∂S(t)
σ(u, p)n · v dΓ = ℓ ·

∫

∂S(t)
σ(u, p)n dΓ + ω

∫

∂S(t)
(x− ξ)⊥ · σ(u, p)n dΓ.

❚❤❡ ❛❜♦✈❡ ❡q✉❛t✐♦♥✱ ❝♦♠❜✐♥❡❞ t♦ ✭✷✳✶✻✮✲✭✷✳✶✼✮✱ ②✐❡❧❞s t❤❛t

−

∫

∂S(t)
σ(u, p)n · v dΓ = mξ′′ · ℓ+ ω(Iθ′)′.

❚❤❡ ❛❜♦✈❡ ❢♦r♠✉❧❛ ❛♥❞ ✭✻✳✶✵✮ ✐♠♣❧② t❤❛t
∫

F(t)
ρ
du

dt
· v dx+2ν

∫

F(t)
D(u) : D(v) dx−

∫

F(t)
p div v dx+mξ′′ · ℓ+ω(Iθ′)′ = 0. ✭✻✳✶✷✮

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ ❛ss✉♠♣t✐♦♥s ✭❍✸✮ ❛♥❞ ✭❍✹✮ ✐♠♣❧② t❤❛t
∫

S(t)
ρw dx = 0,

∫

S(t)
ρ(x− ξ)⊥ · w dx = 0

s♦ t❤❛t✱
∫

S(t)
ρu dx = mξ′(t),

∫

S(t)
ρ(x− ξ)⊥ · u dx = I(t)θ′(t).

❙✐♥❝❡ t❤❡ ❛❜♦✈❡ ❡q✉❛t✐♦♥s ❤♦❧❞ ❢♦r ❡✈❡r② t ∈ [0, T ] ✇❡ ❝❛♥ t❛❦❡ t❤❡✐r ❞❡r✐✈❛t✐✈❡s ✇✐t❤ r❡s♣❡❝t
t♦ t t♦ ❣❡t

∫

S(t)
ρ
du

dt
dx = mξ′′(t),

∫

S(t)
ρ(x− ξ)⊥ ·

du

dt
dx = (Iθ′)′(t).

❚❤❡ ❛❜♦✈❡ r❡❧❛t✐♦♥✱ ❝♦♠❜✐♥❡❞ t♦ ✭✻✳✶✶✮✱ ✐♠♣❧✐❡s t❤❛t

mξ′′(t) · ℓ+ ω(Iθ′)′(t) =

∫

S(t)
ρ
du

dt
· v dx.

❚❤❡ ❛❜♦✈❡ ❡q✉❛t✐♦♥ ❛♥❞ ✭✻✳✶✷✮ ❣✐✈❡ t❤❡ ✜rst ✐♠♣❧✐❝❛t✐♦♥✳

❋♦r t❤❡ ❝♦♥✈❡rs❡✱ ✇❡ ♥♦t✐❝❡ t❤❛t✱ s✐♥❝❡ (u, p, ξ, θ) ❤❛s t❤❡ r❡❣✉❧❛r✐t② ♣r♦♣❡rt② ✭✸✳✸✮✱ ✇❡
❝❛♥ ✐♥t❡❣r❛t❡ ❜② ♣❛rts ✐♥ ✭✻✳✽✮ t♦ ❣❡t t❤❛t✱ ❢♦r ❛♥② v ∈ K(S(t))✱ ✇❡ ❤❛✈❡

∫

Ω
ρ
du

dt
· v dx−

∫

F(t)
(div σ(u, p)) · v dx+

∫

∂S(t)
σ(u, p)n · v dΓ = 0. ✭✻✳✶✸✮

■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ❛❜♦✈❡ ❡q✉❛t✐♦♥ ❤♦❧❞s ❢♦r ❛♥② s♠♦♦t❤ ❢✉♥❝t✐♦♥ v ✇✐t❤ ❝♦♠♣❛❝t s✉♣♣♦rt
✐♥ F(t)✱ s♦ t❤❛t (u, p) s❛t✐s✜❡s ✭✷✳✶✷✮✳ ❯s✐♥❣ t❤✐s ❢❛❝t ✐♥ ✭✻✳✶✸✮✱ ✇❡ ❣❡t t❤❛t

∫

S(t)
ρ
du

dt
· v dx = −

∫

∂S(t)
σ(u, p)n · v dΓ. ✭✻✳✶✹✮

◆♦✇ ✉s✐♥❣ t❡st ❢✉♥❝t✐♦♥s s✉❝❤ t❤❛t v = ei, ✭i = 1, 2✮ ✐♥ S(t)✱ ✇❡ ♦❜t❛✐♥
∫

S(t)
ρ
du

dt
dx = −

∫

∂S(t)
σ(u, p)n dΓ ∀ v ∈ K(S(t)),

✇❤✐❝❤ ②✐❡❧❞s✱ ❜② ✉s✐♥❣ ✭✻✳✼✮✱ ❡q✉❛t✐♦♥ ✭✷✳✶✻✮✳ ❋✐♥❛❧❧②✱ ❜② ✉s✐♥❣ ❛ t❡st ❢✉♥❝t✐♦♥ s✉❝❤ t❤❛t
v = (x− ξ)⊥, ✐♥ S(t)✱ ✇❡ ♦❜t❛✐♥ t❤❛t

∫

S(t)
ρ(x− ξ(t))⊥ ·

du

dt
dx = −

∫

∂S(t)
(x− ξ(t))⊥ · σ(u, p)n dΓ,

✇❤✐❝❤✱ ❝♦♠❜✐♥❡❞ t♦ ✭✻✳✻✮ ❛♥❞ ✭✻✳✼✮✱ ✐♠♣❧✐❡s ✭✷✳✶✼✮✳

✶✻



❇② ✉s✐♥❣ t❤❡ ✇❡❛❦ ❢♦r♠ ❞❡r✐✈❡❞ ❛❜♦✈❡✱ ✇❡ ❣✐✈❡ ❜❡❧♦✇ ❛ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ t❤❡ ❣♦✈❡r♥✐♥❣
❡q✉❛t✐♦♥s ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ t✐♠❡ ✈❛r✐❛❜❧❡✳ ▲❡t ✉s ✜rst ❞✐✈✐❞❡ t❤❡ t✐♠❡ ✐♥t❡r✈❛❧ [0, T ] ✐♥t♦

s✉❜✐♥t❡r✈❛❧s [tk, tk+1] ✇✐t❤ tk+1 − tk = ∆t ❛♥❞ k ∈ N ∩

[

0,
T

∆t

]

✳ ▲❡t (uk, pk, ξk, θk) ❜❡ t❤❡

❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ s♦❧✉t✐♦♥ ♦❢ ✭✻✳✽✮✱ ✭✻✳✾✮ ❛t t✐♠❡ t = tk ✭r❡♠❛r❦ t❤❛t uk ❛♥❞ pk ❛r❡
❢✉♥❝t✐♦♥s ❞❡✜♥❡❞ ♦♥ ❛❧❧ Ω✮✳ ❲❡ ❞❡♥♦t❡

Kk = K(ξk, θk, tk), Mk = M(ξk, θk, tk),

Sk = S(ξk, θk, tk), Fk = F(ξk, θk, tk),

❛♥❞ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❢✉♥❝t✐♦♥s

Λk(x) = RθkΛ∗
(

R−θk(x− ξk), tk
)

∀ x ∈ R
2,

ρk(x) =

{

ρ∗(R−θk(x− ξk), tk) ✐❢ x ∈ Sk

1 ✐❢ x ∈ Fk .

◆♦✇✱ ❧❡t ✉s ❞❡s❝r✐❜❡ t❤❡ ♥✉♠❡r✐❝❛❧ ♣r♦❝❡❞✉r❡ ❢♦r ❛♣♣r♦①✐♠❛t✐♥❣ t❤❡ s♦❧✉t✐♦♥s ♦❢ ✭✷✳✶✷✮✕
✭✷✳✷✶✮✳ ❚❤✐s ♣r♦❝❡❞✉r❡ ✐s ❜❛s❡❞ ♦♥ t❤❡ ✇❡❛❦ ❢♦r♠ ❞❡r✐✈❡❞ ✐♥ Pr♦♣♦s✐t✐♦♥ ✻✳✶✳

❚❤❡ ✜rst st❡♣ ♦❢ ♦✉r s❝❤❡♠❡ ❝♦♥s✐sts ✐♥ ❝♦♠♣✉t✐♥❣ t❤❡ ♥❡✇ ♣♦s✐t✐♦♥ ♦❢ t❤❡ ♠❛ss ❝❡♥t❡r
❛♥❞ t❤❡ ♥❡✇ ♦r✐❡♥t❛t✐♦♥ ♦❢ t❤❡ ❝r❡❛t✉r❡ ❜② s❡tt✐♥❣

ξk+1 = ξk + ∆t uk(ξk), θk+1 = θk +
∆t

I(tk)

∫

Sk

ρk(uk(x) − uk(ξk)) · (x− ξk)⊥dx.

❚❤❡ s❡❝♦♥❞ st❡♣ ❝♦♥s✐sts ✐♥ ❝♦♠♣✉t✐♥❣ t❤❡ ❣❧♦❜❛❧ ✈❡❧♦❝✐t② ✜❡❧❞ uk+1 ❛♥❞ t❤❡ ❣❧♦❜❛❧ ♣r❡s✲
s✉r❡ ✜❡❧❞ pk+1✳ ❚♦ t❤✐s ❡♥❞✱ ✇❡ ✉s❡ ❛ ❤✐❣❤✲♦r❞❡r ❝❤❛r❛❝t❡r✐st✐❝s ♠❡t❤♦❞ t♦ ❛♣♣r♦①✐♠❛t❡ t❤❡
♠❛t❡r✐❛❧ ❞❡r✐✈❛t✐✈❡ ✭s❡❡ ❇♦✉❦✐r✱ ▼❛❞❛②✱ ▼ét✐✈❡t ❛♥❞ ❘❛③❛✜♥❞r❛❦♦t♦ ❬✷❪✮✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱
✇❡ ❧♦♦❦ ❢♦r uk+1 ∈ Λk+1 + Kk+1 ❛♥❞ pk+1 ∈ Mk+1 s✉❝❤ t❤❛t✱ ❢♦r ❛❧❧ φ ∈ Kk+1 ❛♥❞ ❢♦r ❛❧❧
q ∈ Mk+1✱ ✇❡ ❤❛✈❡

1

2∆t

(

ρk+1
(

3uk+1 − 4uk ◦X
k

+ uk−1 ◦X
k−1)

, φ

)

+ a(uk+1, φ) + b(φ, pk+1) = 0, ✭✻✳✶✺✮

b(uk+1, q) = 0. ✭✻✳✶✻✮

■♥ t❤❡ ❛❜♦✈❡ ❡q✉❛t✐♦♥s✱ t❤❡ ❛♣♣r♦①✐♠❛t❡ ❝❤❛r❛❝t❡r✐st✐❝s ❛r❡ ❣✐✈❡♥ ❜②X
k
(x) = χk(tk; tk+1, x)

❛♥❞ X
k−1

(x) = χk(tk−1; tk+1, x) ❢♦r ❛❧❧ x ∈ Ω✱ ✇❤❡r❡ χk ✐s t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠











d

dt
χk(t; tk+1, x) = uk∗(χk(t; tk+1, x)), t ∈ [tk−1, tk+1]

χk(tk+1; tk+1, x) = x,

✭✻✳✶✼✮

✇✐t❤ uk∗ = 2uk − uk−1✳

■t ✐s ❡❛s② t♦ s❡❡ t❤❛t✱ ❢♦r ❛♥② k ∈ N
∗ ∩

[

0,
T

∆t

]

✱ ❡q✉❛t✐♦♥s ✭✻✳✶✺✮✕✭✻✳✶✻✮ r❡♣r❡s❡♥t ❛

♠✐①❡❞ ❢♦r♠✉❧❛t✐♦♥ ♦❢ ❛ ✇❡❧❧✲♣♦s❡❞ ❙t♦❦❡s t②♣❡ s②st❡♠✱ s♦ t❤❛t ♦✉r s❝❤❡♠❡ ✐s ✇❡❧❧ ❞❡✜♥❡❞✳

✶✼



✼ ◆✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ❛♣♣❧② t❤❡ t✐♠❡ ❞✐s❝r❡t✐③❛t✐♦♥ ♠❡t❤♦❞ ♣r♦♣♦s❡❞ ❛❜♦✈❡ t♦ s❡✈❡r❛❧ ❡①❛♠♣❧❡s✳
❋♦r s✐♠✉❧❛t✐♦♥ ♣✉r♣♦s❡s✱ t❤❡ t✐♠❡ ❞✐s❝r❡t✐③❛t✐♦♥ ✐s ❝♦✉♣❧❡❞ t♦ ❛ ❞✐s❝r❡t✐③❛t✐♦♥ ✇✐t❤ r❡s♣❡❝t
t♦ t❤❡ s♣❛❝❡ ✈❛r✐❛❜❧❡✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ✇❡ ✉s❡ ❛ ♠✐①❡❞ ✜♥✐t❡✲❡❧❡♠❡♥t ♠❡t❤♦❞ t♦ s♦❧✈❡ ✭❛t
❡❛❝❤ t✐♠❡ st❡♣✮ ✭✻✳✶✺✮✕✭✻✳✶✻✮✳ ❚❤✐s ❞✐s❝r❡t✐③❛t✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ s♣❛❝❡ ✈❛r✐❛❜❧❡ ✐s
s✐♠✐❧❛r t♦ t❤❡ ♠❡t❤♦❞ ✐♥ ❬✷✽❪✱ s♦ ✇❡ ❞♦ ♥♦t ❞❡s❝r✐❜❡ ✐t ❤❡r❡✳ ❚❤❡ st❛❜✐❧✐t② ❛♥❞ ❝♦♥✈❡r❣❡♥❝❡
♣r♦♣❡rt✐❡s ♦❢ t❤❡ ♠❡t❤♦❞ ✇✐❧❧ ❜❡ ❛♥❛❧②③❡❞ ✐♥ ❛ ❢♦rt❤❝♦♠✐♥❣ ♣❛♣❡r✳

❈♦♥s✐❞❡r ❛ r❡❢❡r❡♥❝❡ ❞♦♠❛✐♥ S0 ✇❤✐❝❤ ✐s ❛ss✉♠❡❞ t♦ ❜❡ s②♠♠❡tr✐❝ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡
❤♦r✐③♦♥t❛❧ ❛①✐s✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ S0 ✐s ❞❡✜♥❡❞ ❜②

S0 = {(y1, y2) ∈ [0, l] × R, y2 ∈ [−γ(y1), γ(y1)]} ✭✼✳✶✮

✇❤❡r❡ γ ∈ C∞(0, l) ∩ C([0, l]) ✐s ❛ ❣✐✈❡♥ ♥♦♥✲♥❡❣❛t✐✈❡ ❢✉♥❝t✐♦♥ ✇✐t❤ γ(0) = γ(l) = 0 ❛♥❞
γ′(0) = ∞ ❛♥❞ γ′(l) = −∞ ✭t❤❡ ❧❛st t✇♦ ❝♦♥❞✐t✐♦♥s ❛r❡ ♥❡❝❡ss❛r② ✐♥ ♦r❞❡r t♦ ❤❛✈❡ t❤❡
s♠♦♦t❤♥❡ss ♦❢ t❤❡ ❞♦♠❛✐♥ ✜❡❧❞ ❜② t❤❡ ✢✉✐❞✮✳ ❚❤❡ ✐♠♣♦s❡❞ ❞❡❢♦r♠❛t✐♦♥ ♦❢ t❤❡ ✜s❤✲❧✐❦❡
s✇✐♠♠❡r ❝❛♥ ❜❡ ❝❤♦s❡♥ ✐♥ ✈❛r✐♦✉s ✇❛②s ❞❡♣❡♥❞✐♥❣✱ ✐♥ ♣❛rt✐❝✉❧❛r✱ ♦♥ t❤❡ ♦r❣❛♥✐s♠ ✇❡ ❛r❡
tr②✐♥❣ t♦ ✐♠✐t❛t❡ ✭s❡❡✱ ❢♦r ✐♥st❛♥❝❡✱ ❬✹❪ ♦r ❬✷✻❪✮✳ ■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ❝❤♦♦s❡ ❛ ❞❡❢♦r♠❛t✐♦♥
❧❛✇ ✐♥s♣✐r❡❞ ❜② ▲❡r♦②❡r ❛♥❞ ❱✐s♦♥♥❡❛✉ ❬✷✸❪✱ ✇❤✐❝❤ ✐♠✐t❛t❡s ❡❡❧✲❧✐❦❡ s✇✐♠♠✐♥❣✳ ❆❝❝♦r❞✐♥❣
t♦ ❬✷✸❪✱ t❤❡ ❞❡❢♦r♠❛t✐♦♥ ♦❢ t❤❡ ❜♦❞② ✐s ❣✐✈❡♥ ❜② ❛ ❜❡❛♠ ♠♦❞❡❧✳ ❚❤✐s ♠❡❛♥s t❤❛t✱ ❞✉r✐♥❣
t❤❡ ❞❡❢♦r♠❛t✐♦♥✱ t❤❡ ❝r♦ss s❡❝t✐♦♥s r❡♠❛✐♥ ♦rt❤♦❣♦♥❛❧ t♦ t❤❡ ♠✐❞❞❧❡ ❛①✐s ✭❑✐r❝❤❤♦✛ ♠♦❞❡❧✱
s❡❡ ❋✐❣✳ ✶✮✳

B(.,t)

0

2
y

y

z

y
1

n

❋✐❣✉r❡ ✶✿ ❚❤❡ ❜❡❛♠ ♠♦❞❡❧ ❢♦r t❤❡ ❞❡❢♦r♠❛t✐♦♥ B✳

■♥ ♦r❞❡r t♦ ❞❡✜♥❡ t❤❡ ❞❡❢♦r♠❛t✐♦♥ X∗ ✇❡ ❝♦♥s✐❞❡r✱ ❢♦r ❡✈❡r② t > 0 ❛ ♠❛♣♣✐♥❣

B(·, t) : S0 → R
2

y = (y1, y2) 7→ B(y, t) = f(y1, t) + y2 n(y1, t).
✭✼✳✷✮

■♥ t❤❡ ❛❜♦✈❡ ❞❡✜♥✐t✐♦♥✱ f(·, t) =

(

f1(·, t)
f2(·, t)

)

∈ C∞([0, l],R2) ✐s t❤❡ ♣❛r❛♠❡tr✐③❛t✐♦♥ ♦❢ t❤❡

♠✐❞❞❧❡ ❧✐♥❡ ❜② ✐ts ❛r❝✲❝♦♦r❞✐♥❛t❡ y1 ✭✐✳❡✳ ✇✐t❤ |∂f/∂y1| ≡ 1✮ ❛t ✐♥st❛♥t t ❛♥❞ n ✐s t❤❡
♥♦r♠❛❧ ✉♥✐t ✈❡❝t♦r✳ ■t ✐s ❡❛s② t♦ s❡❡ t❤❛t✱ ❢♦r ❡✈❡r② t > 0✱ t❤❡ ♠❛♣♣✐♥❣ y 7→ B(y, t) ✐s ✐♥
C∞(S0,R

2) ❛♥❞ ✐ts ❥❛❝♦❜✐❛♥ ✐s ❡q✉❛❧ t♦

det (∇B)(y, t) = 1 − y2κ(y1, t) ❢♦r ❛❧❧ t > 0, y ∈ S0, ✭✼✳✸✮

✇❤❡r❡ κ(y1, t) ✐s t❤❡ ❝✉r✈❛t✉r❡ ♦❢ t❤❡ ♠✐❞❞❧❡ ❧✐♥❡ ❛t t❤❡ ♣♦✐♥t ♦❢ ❛❜s❝✐ss❛ y1✱ ❛t t✐♠❡ t✳

■♥ t❤❡ r❡♠❛✐♥✐♥❣ ♣❛rt ♦❢ t❤✐s s❡❝t✐♦♥ ✇❡ ❛ss✉♠❡ t❤❛t✱ ❢♦r ❡✈❡r② t ∈ (0, T )✱ ✇❡ ❤❛✈❡

inf
y1∈(0,l)

∂f1

∂y1
(y1, t) > 0, sup

y1∈(0,l)
|κ(y1, t)γ(y1)| < 1. ✭✼✳✹✮

✶✽



❲✐t❤ t❤❡ ❛❜♦✈❡ ❛ss✉♠♣t✐♦♥s✱ ✐t ✐s ♥♦t ❞✐✣❝✉❧t t♦ ♣r♦✈❡ t❤❛t B(·, t) ✐s ❛ C∞✲❞✐✛❡♦♠♦r♣❤✐s♠
❢r♦♠ S0 ♦♥t♦ B(S0, t)✱ ❢♦r ❛❧❧ t > 0✳ ❚❤❡r❡❢♦r❡✱ ❛ss✉♠♣t✐♦♥ ✭❍✶✮ ✐s s❛t✐s✜❡❞ ✇✐t❤ X∗ = B✳
❉✉❡ t♦ t❤❡ s②♠♠❡tr② ♦❢ S0✱ t❤❡ ❜❡❛♠ ♠♦❞❡❧ ♣r❡s❡r✈❡s t❤❡ t♦t❛❧ ❛r❡❛ ♦❢ t❤❡ ❜♦❞②✱ ✐✳❡✳✱
X∗ = B ❛❧s♦ s❛t✐s✜❡s ❛ss✉♠♣t✐♦♥ ✭❍✷✮✳

❚❤❡ ♠❛♣♣✐♥❣ B ❞♦❡s ♥♦t ♣r❡s❡r✈❡ t❤❡ ❧✐♥❡❛r ❛♥❞ t❤❡ ❛♥❣✉❧❛r ♠♦♠❡♥t✉♠ ♦❢ t❤❡ ❝r❡❛t✉r❡
✭✐✳❡✳✱ t❤❡ ❛ss✉♠♣t✐♦♥s ✭❍✸✮ ❛♥❞ ✭❍✹✮ ❞♦ ♥♦t ❤♦❧❞ ✇✐t❤ X∗ = B✮✳ ❍♦✇❡✈❡r✱ ♦♥❡ ❝❛♥ ❝❤❡❝❦
t❤❛t t❤❡r❡ ❡①✐st t✇♦ s♠♦♦t❤ ❢✉♥❝t✐♦♥s θB : [0, T ] → R ❛♥❞ ξB : [0, T ] → R

2 s✉❝❤ t❤❛t X∗

❞❡✜♥❡❞ ❜②
X∗(y, t) = RθB(t)(B(y, t) − ξB(t)), ✭✼✳✺✮

s❛t✐s✜❡s t❤❡ ❛ss✉♠♣t✐♦♥s ✭❍✸✮ ❛♥❞ ✭❍✹✮✳ ❙✐♥❝❡ ❛ss✉♠♣t✐♦♥s ✭❍✶✮ ❛♥❞ ✭❍✷✮ ❛r❡ ✐♥✈❛r✐❛♥t
✇✐t❤ r❡s♣❡❝t t♦ r♦t❛t✐♦♥s ❛♥❞ tr❛♥s❧❛t✐♦♥s✱ ✇❡ ❤❛✈❡ t❤❛t X∗ s❛t✐s✜❡s ✭❍✶✮✕✭❍✹✮✳

❆♥ ❡①❛♠♣❧❡ ♦❢ ♠❛♣♣✐♥❣ f t♦ ❜❡ ✉s❡❞ ✐♥ ✭✼✳✷✮ ❢♦r t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ B ✐s ✐♥s♣✐r❡❞ ❜②
③♦♦❧♦❣✐❝❛❧ ♦❜s❡r✈❛t✐♦♥s ✭s❡❡ ❬✷✸❪✮ ❛♥❞ ✐t ❝❛♥ ❜❡ ❝♦♥str✉❝t❡❞ ❜② ✜rst s♣❡❝✐❢②✐♥❣ t❤❡ t✐♠❡
✈❛r✐❛t✐♦♥ ♦❢ t❤❡ ❝✉r✈❛t✉r❡✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ✇❡ s❡t

κ(y1, t) = (a2y
2
1 + a1y1 + a0) sin (2π(y1/λ− t/T )) + a3 (y1 ∈ (0, l)), ✭✼✳✻✮

✇❤❡r❡ ai, i ∈ {1, 2, 3}✱ λ✱ T ❛r❡ ❣✐✈❡♥ ❝♦♥st❛♥ts✳ ❚❤❡ ♠✐❞✲❧✐♥❡ f = (f1, f2) ✐s ❝♦♠♣✉t❡❞ ❜②
✐♥t❡❣r❛t✐♥❣ t❤❡ ❋r❡♥❡t ❢♦r♠✉❧❛❡

∂2f

∂y2
1

(y1, t) = κ(y1, t)

[

∂f

∂y1
(y1, t)

]⊥

. ✭✼✳✼✮

■❢ ✇❡ ❝❤♦♦s❡ f(0, t) = (0, 0)T ✱
∂f

∂y1
(0, t) = (1, 0)T ❢♦r ❛❧❧ t > 0 ❛♥❞ ✇❡ ✐♥t❡❣r❛t❡ ✭✼✳✼✮ ✇✐t❤

r❡s♣❡❝t t♦ y1✱ ✇❡ ❣❡t ❢♦r ❛❧❧ t > 0✱

f(y1, t) =

(
∫ y1

0
cos(α(z, t)) dz, −

∫ y1

0
sin(α(z, t)) dz

)T

✇✐t❤ α(y1, t) = −
∫ y1

0 κ(z, t) dz✳ ◆♦t✐❝❡ t❤❛t t❤❡ ❛❜♦✈❡ ❢♦r♠✉❧❛ ✐♠♣❧✐❡s t❤❛t ✐❢

l3|a2|

3
+
l2|a1|

2
+ l(|a0| + |a3|) <

π

2
,

t❤❡♥ inf
y1∈(0,l)

∂f1

∂y1
(y1, t) > 0 s♦ t❤❛t t❤❡ ✜rst ❝♦♥❞✐t✐♦♥ ✐♥ ✭✼✳✹✮ ✐s s❛t✐s✜❡❞✳ ▼♦r❡♦✈❡r✱ ✐❢ ✇❡

❝❤♦♦s❡ γ s✉❝❤ t❤❛t

sup
y1∈(0,l)

|γ(y1)| <
1

l2|a2| + l|a1| + |a0| + |a3|
,

t❤❡♥ t❤❡ s❡❝♦♥❞ ❝♦♥❞✐t✐♦♥ ✐♥ ✭✼✳✹✮ ✐s ❛❧s♦ s❛t✐s✜❡❞✳ ❚❤❡r❡❢♦r❡✱ ✇✐t❤ t❤❡ ❛❜♦✈❡ ❝❤♦✐❝❡ ♦❢ f ✱
t❤❡ ♠❛♣ B ✐♥ ✭✼✳✷✮ ✐s ✐♥❞❡❡❞ ❛ C∞ ❞✐✛❡♦♠♦r♣❤✐s♠✳

❲✐t❤ t❤❡ ❛❜♦✈❡ ✐♥❣r❡❞✐❡♥ts ❢♦r t❤❡ ❞❡❢♦r♠❛t✐♦♥ ❧❛✇✱ ✇❡ ♣❡r❢♦r♠❡❞ t❤r❡❡ ♥✉♠❡r✐❝❛❧ t❡sts✳
■♥ ❡❛❝❤ ♦♥❡ ♦❢ t❤❡ t❡sts ❜❡❧♦✇ t❤❡ ❘❡②♥♦❧❞s ♥✉♠❜❡r ✐s ♦❢ ♦r❞❡r ♦❢ 104✱ ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s
t♦ t❤❡ s✇✐♠♠✐♥❣ r❡❣✐♠❡ ♦❢ ✉s✉❛❧ ✜s❤❡s ✭s❡❡✱ ❢♦r ✐♥st❛♥❝❡✱ ❬✻❪✮✳

❊①❛♠♣❧❡ ✼✳✶✳ ❙tr❛✐❣❤t ❧✐♥❡ s✇✐♠♠✐♥❣✳
■♥ t❤✐s ❡①❛♠♣❧❡ ✇❡ ❝❤♦♦s❡✱ ❢♦❧❧♦✇✐♥❣ ❬✷✸❪✱ a0 = 1✱ a1 = 0.5✱ a2 = 2 ❛♥❞ a3 = 0✱ λ = 1
❛♥❞ T = 1✱ l = 0.3 ✐♥ ✭✼✳✻✮✳ ■♥ t❤✐s ❝❛s❡ t❤❡ ♣❡r✐♦❞✐❝ ✭✇✐t❤ r❡s♣❡❝t t♦ t✐♠❡✮ ❞❡❢♦r♠❛t✐♦♥

✶✾



t=0

t=T

t=T/2
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❋✐❣✉r❡ ✷✿ ❉❡❢♦r♠❛t✐♦♥ ♦❢ t❤❡ ❝r❡❛t✉r❡ ❢♦r t❤❡ str❛✐❣❤t ❧✐♥❡ s✇✐♠♠✐♥❣✳

♦❢ t❤❡ ❝r❡❛t✉r❡ ✐s s②♠♠❡tr✐❝ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❝♦♥✜❣✉r❛t✐♦♥ ✐♥ ✇❤✐❝❤ t❤❡ ♠✐❞❧✐♥❡ ✐s ❛
str❛✐❣❤t ❧✐♥❡ ✭s❡❡ ❋✐❣✉r❡ ✷✮✳ ❆s ❡①♣❡❝t❡❞✱ t❤❡ ♠♦t✐♦♥ ♦❢ t❤❡ ♠❛ss ❝❡♥t❡r ♦❢ t❤❡ ❝r❡❛t✉r❡
✐s ❡ss❡♥t✐❛❧❧② ❛ tr❛♥s❧❛t✐♦♥ ✭s❡❡ ❋✐❣✉r❡ ✸✮✳ ❲❡ r❡❢❡r t♦ ❬✹❪ ❛♥❞ ❬✷✻❪ ❢♦r s✐♠✐❧❛r s✐♠✉❧❛t✐♦♥s✱
♦❜t❛✐♥❡❞ ✇✐t❤ ❞✐✛❡r❡♥t ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s✳

❊①❛♠♣❧❡ ✼✳✷✳ ❚✉r♥✐♥❣✳
■♥ t❤✐s ❡①❛♠♣❧❡ ✇❡ ❝❤♦♦s❡ a0 = 0✱ a1 = 0.5✱ a2 = 3✱ a3 = −3 ❛♥❞ λ = 1, T = 1✱ l = 0.3 ✐♥
✭✼✳✻✮✳ ■♥ t❤✐s ❝❛s❡ t❤❡ t✐♠❡ ♣❡r✐♦❞✐❝ ❞❡❢♦r♠❛t✐♦♥ ♦❢ t❤❡ ❝r❡❛t✉r❡ ✐s s②♠♠❡tr✐❝ ✇✐t❤ r❡s♣❡❝t
t♦ ✐ts ♣♦s✐t✐♦♥ ✐♥ ✇❤✐❝❤ t❤❡ ♠✐❞ ❧✐♥❡ ❤❛s ❛ ❝♦♥st❛♥t ❝✉r✈❛t✉r❡ ❡q✉❛❧ t♦ a3 ✭s❡❡ ❋✐❣✉r❡ ✹✮✳
❚❤✐s t✉r♥✐♥❣ ❧❛✇ ❞✐✛❡rs ❢r♦♠ t❤❛t ✐♥ ❬✷✸❪ ❜② t❤❡ ❢❛❝t t❤❛t t❤❡ ❝r❡❛t✉r❡ ✐s s✐♠✉❧t❛♥❡♦✉s❧②
❛❞✈❛♥❝✐♥❣ ❛♥❞ t✉r♥✐♥❣✳ ❆s ❡①♣❡❝t❡❞ t❤❡ ♠❛ss ❝❡♥t❡r ♦❢ t❤❡ ❝r❡❛t✉r❡ ❞❡s❝r✐❜❡s ❛ ❝✉r✈❡❞
tr❛❥❡❝t♦r② t✉r♥✐♥❣ ❞♦✇♥✇❛r❞s ✭s❡❡ ❋✐❣✉r❡ ✺✮✳

❊①❛♠♣❧❡ ✼✳✸✳ ▼❡❡t✐♥❣✳
❚❤✐s ❡①❛♠♣❧❡ t❛❦❡s ❛❞✈❛♥t❛❣❡ ♦❢ ♦♥❡ ♦❢ t❤❡ ♥❡✇ ❢❡❛t✉r❡s ♦❢ ♦✉r ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞ ✇❤✐❝❤ ✐s
t❤❛t ✇❡ ❝❛♥ t❛❝❦❧❡ s❡✈❡r❛❧ s✇✐♠♠❡rs ✐♥ ❛ ❜♦✉♥❞❡❞ ✢✉✐❞✳ ❲❡ ❝♦♥s✐❞❡r t✇♦ ✐❞❡♥t✐❝ ❝r❡❛t✉r❡s
❛♥✐♠❛t❡❞ ❜② ❢♦r✇❛r❞ ❧❛✇s s✐♠✐❧❛r t♦ t❤❛t ✐♥ ❊①❛♠♣❧❡ ✼✳✶ ❛♥❞ ♦r✐❡♥t❡❞ ✐♥ ♦♣♣♦s✐t❡ ❞✐r❡❝t✐♦♥s✳
❲❡ ❝❛♥ ♥♦t✐❝❡ ✐♥ ❋✐❣✉r❡ ✻ t❤❛t t❤❡ t✇♦ ❝r❡❛t✉r❡s ❣❡t ✈❡r② ❝❧♦s❡✱ ✇✐t❤♦✉t t♦✉❝❤✐♥❣✱ ❛♥❞
t❤❛t t❤❡② ❝♦♥t✐♥✉❡ t❤❡✐r ✇❛②s ✐♥ ♦♣♣♦s✐t❡ ❞✐r❡❝t✐♦♥s✳ ❚❤✐s s✐♠✉❧❛t✐♦♥ ❝❛♥ ❜❡ s❡❡♥ ❛s ❛ ♥❡✇
✈❡rs✐♦♥ ♦❢ t❤❡ ✧❦✐ss ❛♥❞ ❣♦✧ ❡✛❡❝t st✉❞✐❡❞ ♥✉♠❡r✐❝❛❧❧②✱ ✐♥ t❤❡ ❝❛s❡ ♦❢ r✐❣✐❞ ❜♦❞✐❡s ♠♦✈✐♥❣
✐♥ ❛ ✢✉✐❞✱ ❜② ●❧♦✇✐♥s❦✐ ❛♥❞ ▼❛✉r② ✐♥ ❬✷✼❪✳

✷✵



t=0.013 s

t=18.75 s

t=37.5 s

❋✐❣✉r❡ ✸✿ ❙tr❛✐❣❤t ❧✐♥❡ s✇✐♠♠✐♥❣✳

✷✶
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❋✐❣✉r❡ ✹✿ ❉❡❢♦r♠❛t✐♦♥ ♦❢ t❤❡ ❝r❡❛t✉r❡ ❢♦r t❤❡ t✉r♥✐♥❣✳

✷✷



t=0.013 s t=12.5 s

t=18.75 s t=25.0 s

t=31.25 s t=37.5 s

❋✐❣✉r❡ ✺✿ ❚✉r♥✐♥❣✳

✷✸



t=0.013 s

t=9.375 s

t=14.062 s

t=20.0 s

t=25.0 s

❋✐❣✉r❡ ✻✿ ▼❡❡t✐♥❣✳

✷✹



❘❡❢❡r❡♥❝❡s

❬✶❪ ●✳ ❇♦r❡❧❧✐✱ ❖♥ t❤❡ ♠♦✈❡♠❡♥t ♦❢ ❛♥✐♠❛❧s✱ ❙♣r✐♥❣❡r✱ ❙♣r✐♥❣❡r✲❱❡r❧❛❣✱ ◆❡✇ ❨♦r❦✱
✶✾✽✾✳

❬✷❪ ❑✳ ❇♦✉❦✐r✱ ❨✳ ▼❛❞❛②✱ ❇✳ ▼ét✐✈❡t✱ ❛♥❞ ❊✳ ❘❛③❛❢✐♥❞r❛❦♦t♦✱ ❆ ❤✐❣❤✲♦r❞❡r
❝❤❛r❛❝t❡r✐st✐❝s✴✜♥✐t❡ ❡❧❡♠❡♥t ♠❡t❤♦❞ ❢♦r t❤❡ ✐♥❝♦♠♣r❡ss✐❜❧❡ ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s✱
■♥t❡r♥❛t✳ ❏✳ ◆✉♠❡r✳ ▼❡t❤♦❞s ❋❧✉✐❞s✱ ✷✺ ✭✶✾✾✼✮✱ ♣♣✳ ✶✹✷✶✕✶✹✺✹✳

❬✸❪ ▼✳ ❇♦✉❧❛❦✐❛✱ ❊①✐st❡♥❝❡ ♦❢ ✇❡❛❦ s♦❧✉t✐♦♥s ❢♦r t❤❡ ♠♦t✐♦♥ ♦❢ ❛♥ ❡❧❛st✐❝ str✉❝t✉r❡ ✐♥ ❛♥
✐♥❝♦♠♣r❡ss✐❜❧❡ ✈✐s❝♦✉s ✢✉✐❞✳✱ ❈✳ ❘✳✱ ▼❛t❤✳✱ ❆❝❛❞✳ ❙❝✐✳ P❛r✐s✱ ✸✸✻ ✭✷✵✵✸✮✱ ♣♣✳ ✾✽✺✕✾✾✵✳

❬✹❪ ❏✳ ❈❛r❧✐♥❣✱ ❚✳ ❲✐❧❧✐❛♠s✱ ❛♥❞ ●✳ ❇♦✇t❡❧❧✱ ❙❡❧❢✲♣r♦♣❡❧❧❡❞ ❛♥❣✉✐❧❧✐❢♦r♠ s✇✐♠♠✐♥❣✿
s✐♠✉❧t❛♥❡♦✉s s♦❧✉t✐♦♥ ♦❢ t❤❡ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s ❛♥❞ ◆❡✇t♦♥✬s
❧❛✇s ♦❢ ♠♦t✐♦♥✱ ❏✳♦❢ ❊①♣❡r✐♠❡♥t❛❧ ❇✐♦❧♦❣②✱ ✷✵✶ ✭✶✾✾✽✮✱ ♣♣✳ ✸✶✹✸✕✸✶✻✻✳

❬✺❪ ❆✳ ❈❤❛♠❜♦❧❧❡✱ ❇✳ ❉❡s❥❛r❞✐♥s✱ ▼✳ ❏✳ ❊st❡❜❛♥✱ ❛♥❞ ❈✳ ●r❛♥❞♠♦♥t✱ ❊①✐st❡♥❝❡
♦❢ ✇❡❛❦ s♦❧✉t✐♦♥s ❢♦r t❤❡ ✉♥st❡❛❞② ✐♥t❡r❛❝t✐♦♥ ♦❢ ❛ ✈✐s❝♦✉s ✢✉✐❞ ✇✐t❤ ❛♥ ❡❧❛st✐❝ ♣❧❛t❡✳✱
❏✳ ▼❛t❤✳ ❋❧✉✐❞ ▼❡❝❤✳✱ ✼ ✭✷✵✵✺✮✱ ♣♣✳ ✸✻✽✕✹✵✹✳

❬✻❪ ❙✳ ❈❤✐❧❞r❡ss✱ ▼❡❝❤❛♥✐❝s ♦❢ s✇✐♠♠✐♥❣ ❛♥❞ ✢②✐♥❣✱ ✈♦❧✳ ✷ ♦❢ ❈❛♠❜r✐❞❣❡ ❙t✉❞✐❡s ✐♥
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