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Abstract
An integrable coupling hierarchy of Dirac integrable hierarchy is presented by means of zero curvature representation.

A Hamiltonian operator involving two parameters is introduced, and it is used to derive a pair of Hamiltonian operators.
A bi-Hamiltonian structure of the obtained integrable coupling hierarchy is constructed with the aid of Magri pattern of bi-
Hamiltonian formulation. Moreover, we prove the Liouville integrability of the obtained integrable coupling hierarchy and
establish a Darboux transformation of the integrable coupling. As an application, an exact solution of the integrable coupling of
Dirac equation is given. c©2017 All rights reserved.
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1. Introduction

In recent years, the investigation of the integrable couplings of soliton equations has received con-
siderable attention. The integrable couplings originate from the work on perturbations around solutions
of evolution equations [18] and the perturbation bundle [1]. A few methods of constructing integrable
couplings are proposed. Many problems of the integrable couplings have been studied [3, 6–12, 20].

For a given integrable evolution equation

ut = K(u), (1.1)

we actually want to construct a new bigger, triangular integrable system as follows:(
u

v

)
t

=

(
K(u)

χ(u, v)

)
. (1.2)

In Eq. (1.2), χ(u, v) is a real function defined over R2, and it should satisfy the non-triviality condition
∂χ(u, v)
∂[u]

6= 0, where [u] = (u, ux, uxx, · · · ). This statement means that the second equation in the
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bigger system (1.2) involves the dependent variable u of the original integrable system (1.1). The Eq.
(1.2) is called an integrable coupling of Eq. (1.1). In the theory of the integrable couplings, an important
subject is to establish their bi-Hamiltonian structures. If an integrable coupling hierarchy possesses bi-
Hamiltonian structure, then we can derive a hereditary recursion operator and infinitely many conserved
functionals. Thus, the Louville integrability of the integrable coupling hierarchy can be deduced. Usually,
bi-Hamiltonian structures of integrable systems may be establish by using the trace identity [19]. However,
it can not be used in the case of integrable couplings. We find that Magri pattern of bi-Hamiltonian
formulation is very effective way to establish bi-Hamiltonian structure of the integrable hierarchy [13–
15, 17].

In addition, we know that Darboux transformation is a purely algebraic, powerful method to construct
solutions of the integrable systems. The Lax pair plays a key role in the method of Darboux transformation
[2, 16]. To the best of our knowledge, in soliton theory, Darboux transformation of Lax pairs of the
integrable couplings composed by triangular integrable system Eq. (1.2) has not been studied. In this
paper, we are going to establish Darboux transformation of Lax pair for the integrable coupling of Dirac
equation, which has the form of the Eq. (1.2).

It is well-known that the Dirac integrable system{
qt = −1

2rxx + q2r+ r3,

rt =
1
2qxx − qr2 − q3,

(1.3)

is an important soliton equation. Its corresponding integrable hierarchy have been researched in Refs.
[3, 5]. In the following, we would like to research the integrable coupling of Dirac integrable system (1.3)

qt = −1
2rxx + rq2 + r3,

rt =
1
2qxx − q3 − qr2,

st = −1
2(rxx +wxx) + (w+ r)(q2 + r2) + 2qrs+ 2r2w,

wt =
1
2(qxx + sxx) − (q+ s)(q2 + r2) − 2q2s− 2qrw.

(1.4)

Obviously, Eq. (1.4) has the form of the Eq. (1.2). In addition, if we set the Dirac integrable system (1.3)
in the following form

ut = K(u),

where u = (q, r)T , then the integrable coupling system (1.4) may be represented as{
ut = K(u),
vt = K(u) +K

′(u)[v].

Here v = (s,w)T , K ′(u)[v] denotes the Gateaux derivative of K(u) with respect to u in a direction v,
i.e., K ′(u)[v] = ∂

∂εK(u + εv)|ε=0. In view of perturbation theory [10], the integrable coupling (1.4) is
first-order perturbation system of the Dirac integrable system (1.3).

This paper is organized as follows. In Section 2, we consider the spectral problem

ϕx = U(u, λ)ϕ,U(u, λ) =


q λ+ r s w

−λ+ r −q w −s

0 0 q λ+ r

0 0 −λ+ r −q

 . (1.5)

Locality of solution of the related stationary zero curvature equation is proved. An integrable coupling
hierarchy of Dirac integrable hierarchy is deduced by using the zero curvature representation. In Section
3, a pair of Hamiltonian operators is presented by the aid of a Hamiltonian operator containing two ar-
bitrary constants. A bi-Hamiltonian structure of obtained integrable coupling hierarchy is constructed by
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using the Magri pattern [13–15, 17]. Then Liouville integrability of the obtained integrable coupling hier-
archy is demonstrated. In Section 4, a Darboux transformation of Lax pair of the Eq. (1.4) is established
by means of a gauge transformation. In Section 5, as an application of Darboux transformation, an exact
solution of the Eq. (1.4) is given. Finally, we give some conclusions and remarks.

2. An integrable coupling hierarchy of Dirac integrable hierarchy

First of all, we consider the stationary zero curvature equation associated with spectral problem (1.5)

Vx = [U,V] = UV − VU, (2.1)

with

V = V(u, λ) =


c a+ b h f+ g

a− b −c f− g −h

0 0 c a+ b

0 0 a− b −c

 .

The equation (2.1) implies

cx + 2rb− 2aλ = 0,
ax + bx − 2(a+ b)q+ 2rc+ 2cλ = 0,
hx + 2rg+ 2wb− 2fλ = 0,
fx + gx − 2q(f+ g) − 2s(a+ b) + 2rh+ 2wc+ 2hλ = 0,
ax − bx + 2q(a− b) − 2rc+ 2cλ = 0,
fx − gx + 2q(f− g) + 2s(a− b) − 2rh− 2wc+ 2hλ = 0.

(2.2)

From (2.2), we get
2aλ = 2rb+ cx,
bx = 2qa− 2rc,

2cλ = −ax + 2qb,
2fλ = 2wb+ 2rg+ hx,
gx = 2sa− 2wc+ 2qf− 2rh,

2hλ = 2sb− fx + 2qg.

(2.3)

By substituting expansions

a =

∞∑
n=0

anλ
−n, b =

∞∑
n=0

bnλ
−n, c =

∞∑
n=0

cnλ
−n, f =

∞∑
n=0

fnλ
−n, g =

∞∑
n=0

gnλ
−n, h =

∞∑
n=0

hnλ
−n,

into (2.3), we obtain the initial conditions:

a0 = 0, b0x = 2qa0 − 2rc0, c0 = 0, f0 = 0, g0x = 2sa0 − 2wc0 + 2qf0 − 2rh0, h0 = 0, (2.4)

and the recursion relations

an+1 = rbn +
1
2
cnx,

bn = ∂−1(2qan − 2rcn),

cn+1 = −
1
2
anx + qbn,

fn+1 = wbn + rgn +
1
2
hnx,

gn = ∂−1(2san − 2wcn + 2qfn − 2rhn),

hn+1 = sbn + qgn −
1
2
fnx,

n > 0. (2.5)
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Next, we discuss the locality of solution of (2.1) (or (2.5)).

Proposition 2.1. In (2.4), if the initial values are selected as follows

b0 = 1, g0 = 1,

then an, bn, cn, fn, gn, hn, n > 1 which are solved by (2.5), are all local, and they only depend on q, r, s, w
and their spatial derivatives up to some finite order.

Proof. Using first and third equations in (2.5), we see that an+1 and cn+1 can be determined locally by
an, bn, and cn, n > 0. Similarly, from fourth and sixth equations in (2.5), we know that fn+1 and gn+1
can be determined locally by an, bn, cn, fn, gn and hn, n > 0. When bn+1 and gn+1 are derived from
second and fifth equations in (2.5), we need to use operator ∂−1 to solve the corresponding differential
equations. Hereinafter, we are going to show that bn+1 and gn+1 may be deduced through an algebraic
method rather than by solving the differential equations.

A direct verification can show

V2 =


a2 − b2 + c2 0 2(af− bg+ ch) 0

0 a2 − b2 + c2 0 2(af− bg+ ch)

0 0 a2 − b2 + c2 0
0 0 0 a2 − b2 + c2

 ,

and
(V2)x = [U,V2] = 0.

From above two equations, we have

a2 − b2 + c2 = γ1(t), (af− bg+ ch) = γ2(t),

where γ1(t) and γ2(t) are arbitrary functions of time variable t only. We then deduce two recursion
relations for bn+1 and gn+1:

bn+1 =
1
2
(

n∑
j=1

ajan−j+1 −

n∑
j=1

bjbn−j+1 +

n∑
j=1

cjcn−j+1 − γ1(t)),

gn+1 =

n∑
j=1

ajfn−j+1 −

n∑
j=1

bjgn−j+1 +

n∑
j=1

cjhn−j+1 − bn+1 − γ2(t).

Further, we select γ1(t) = γ2(t) = 0. Then, we obtain that an, bn, cn, fn, gn, hn, n > 1 can be solved
successively through the algebraic method. This completes the proof.

The first few terms are given by a1 = r, b1 = 0, c1 = q, f1 = (r+w), g1 = 0, h1 = (q+ s), a2 =
1
2qx, b2 = 1

2(q
2 + r2), c2 = −1

2rx, f2 = 1
2(sx + qx), g2 = (qs+ rw) + 1

2q
2 + 1

2r
2, h2 = −1

2(rx +wx), a3 =

−1
4rxx +

1
2r(q

3 + r2), b3 = 1
2rqx, −1

2qrx, c3 = −1
4qxx +

1
2q(q

2 + r2), f3 = −1
4(rxx +wxx) +

1
2(w+ r)(q2 +

r2) + qrs+ r2w, g3 = 1
2(wqx − qwx + rqx − qrx + rsx − srx), h3 = −1

4(qxx + sxx) +
1
2(q+ s)(q2 + r2) +

q2s+ qrw, · · · . Now we set

Vn =

n∑
j=0


cj aj + bj hj fj + gj

aj − bj −cj fj − gj −hj

0 0 cj aj + bj

0 0 aj − bj −cj

 λn−j.
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To obtain the related integrable coupling hierarchy, we take the time evolution of the eigenfunction of the
spectral problem (1.5) obeys the differential equation

ϕtn = Vnϕ, n > 0. (2.6)

Then the compatibility conditions of (1.5) and (2.6) are

Utn − Vnx + [U,Vn] = 0, n > 0, (2.7)

which give rise to the following hierarchy of integrable equations
qtn = 2an+1,
rtn = −2cn+1,
stn = 2fn+1,
wtn = −2hn+1,

n > 0. (2.8)

Eq. (2.7) is the zero curvature representations of Eq. (2.8). The spectral problem (1.5) and the (2.6)
compose Lax pairs of (2.8). It is easy to verify that the first nonlinear differential equation in (2.8), when
n = 1 , under t1 = t, is the differential equation

qt = −1
2rxx + rq2 + r3,

rt =
1
2qxx − q3 − qr2,

st = −1
2(rxx +wxx) + (w+ r)(q2 + r2) + 2qrs+ 2r2w,

wt =
1
2(qxx + sxx) − (q+ s)(q2 + r2) − 2q2s− 2qrw.

(2.9)

Because first two differential equations in (2.9) form the Dirac integrable system (1.3), (2.9) is an integrable
coupling of the Dirac integrable system (1.3). The time part of the Lax pair of the integrable coupling (2.9)
may be given by

ϕt = V1ϕ,V1 =


V11 V12 V13 V14

V21 V22 V23 V24

0 0 V11 V12

0 0 V21 V22

 , (2.10)

where V11 = qλ− 1
2rx, V12 = λ2 + rλ+ 1

2(qx + q2 + r2), V13 = (q+ s)λ− 1
2(rx +wx), V14 = λ2 + rλ+

wλ+ 1
2(sx + qx) + (qs+ rw) + 1

2q
2 + 1

2r
2, V21 = −λ2 + rλ+ 1

2(qx − q2 − r2), V22 = −qλ + 1
2rx, V23 =

−λ2 + (r+w)λ+ 1
2(sx + gx) − (qs+ rw) − 1

2q
2 − 1

2r
2, V24 = −(q+ s)λ+ 1

2(rx +wx).

3. A bi-Hamiltonian structure and Liouville integrability of the integrable coupling hierarchy (2.8)

In this section, we are going to establish bi-Hamiltonian structure of the integrable coupling hierarchy
(2.8). First, let us introduce some concepts for further discussion. The variational derivative and the inner
product are defined respectively by

δH̃

δu
=
∑
n>0

∂(−n)(
∂H

∂u(n)
), u(n) = ∂nu, 〈f̂, ĝ〉 =

∫
(f̂, ĝ)R4dx,

where f̂, ĝ are required to be rapidly vanished at the infinity, and (f̂, ĝ)R4 denotes the standard inner
product of f̂ and ĝ in the Euclidean space R4. Operator J∗ is defined by 〈J∗f̂, ĝ〉 = 〈 f̂, Jĝ〉, it is called
adjoint operator of J with respect to above inner product. If an operator has the property J = −J∗, then J is
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called to be skew-symmetric. A linear operator J is called a Hamiltonian operator, if J is a skew-symmetric
operator, and satisfies the Jacobi identity, i.e., it satisfies

〈J ′(u)[Jf̂]ĝ, ĥ〉+ Cycle(f̂, ĝ, ĥ) = 0. (3.1)

Based on a given Hamiltonian operator J, we can define a corresponding Poisson bracket [4, 9, 17]

{f̂, ĝ}J = 〈
δf̂

δu
, J
δĝ

δu
〉 =
∫
〈 δf̂
δu

, J
δĝ

δu
〉R4dx. (3.2)

If J,M are Hamiltonian operators, and αJ+βM is still a Hamiltonian operator for all real-values of α and
β, then J and M form a pair of Hamiltonian operators. By means of the pair of Hamiltonian operators,
we can obtain the bi-Hamiltonian structure of the related integrable system.

From the Eqs. (2.5) and Eq. (2.8), we get
2an+1
−2cn+1
2fn+1
−2hn+1

 = J


hn+1
fn+1
cn+1
an+1

 =M


hn
fn
cn
an

 ,

where

J =


0 0 0 2
0 0 −2 0
0 2 0 0
−2 0 0 0

 , (3.3)

M =


0 0 ∂− 4r∂−1r 4r∂−1q

0 0 4q∂−1r ∂− 4q∂−1q

∂− 4r∂−1r 4r∂−1q −4r∂−1w− 4w∂−1r 4r∂−1s+ 4w∂−1q

4q∂−1r ∂− 4q∂−1q 4q∂−1w+ 4s∂−1r −4q∂−1s− 4s∂−1q

 .

Denote
Γ(α,β) = αJ+βM,α,β,∈ R. (3.4)

Proposition 3.1. The operator Γ(α, β) is Hamiltonian operator for all values of two constants α and β.

Proof. It is easy to see that the operator Γ(α, β) is a skew-symmetric operator. Namely,

Γ(α,β) = −Γ(α,β)∗.

Moreover, we can prove that the operator Γ(α,β) satisfies the Jacobi identity (3.1). The concrete check is
given in the appendix. The proof is completed.

Proposition 3.2. The operators J and M are all Hamiltonian operators, and they constitute a pair of Hamiltonian
operator.

Proof. Obviously Γ(1, 0) = J, Γ(0, 1) =M, αJ+βM = Γ(α,β), thus, operators J and M constitute a pair of
Hamiltonian operators. The proof is completed.
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In addition, it is easy to verify that J is reversible, and

J−1 =


0 0 0 1

2
0 0 −1

2 0

0 1
2 0 0

−1
2 0 0 0

 .

Setting
Ψ = J−1M,

and using the bi-Hamiltonian theory [14, 15, 17], we know that its adjoint operator

Φ := Ψ∗ =


−2r∂−1q ∂

2 − 2r∂−1r 0 0

−∂2 + 2q∂−1q 2q∂−1r 0 0

−2w∂−1q− 2r∂−1s −2w∂−1r− 2r∂−1w −2r∂−1q ∂
2 − 2r∂−1r

2s∂−1q+ 2q∂−1s 2s∂−1r+ 2q∂−1w −∂2 + 2q∂−1q 2q∂−1r


is a hereditary operator.

Furthermore, from the Magri pattern, we can obtain the following bi-Hamiltonian initial equality

J
δỸ2

δu
=M

δỸ1

δu
,

namely
δỸ2

δu
= Ψ

δỸ1

δu
,

where two Hamiltonian functionals are Ỹi =
∫
Yi(u(x))dx ( 1 6 i 6 2) and

Y1 = −(qs+ rw) +
1
2
q2 +

1
2
r2, Y2 = −

1
4
(wqx − qwx + rqx − qrx + rsx − srx).

At present, from Eq. (2.8) and Eq. (3.3), we find that the integrable coupling hierarchy (2.8) can be
rewritten as follows

utn = JΨny1, n > 1, (3.5)

where y1 := δỸ1
δu

= (q+ s, r+w, q, r)T , y2 = Ψy1 = δỸ2
δu

.
Note that J and M constitute a pair of Hamiltonian operators. y1, y2 are gradients. According to

the theory of bi-Hamiltonian operators, all vector functions Ψny1(n > 1) are gradients [17]. Thus the
equation hierarchy (3.5) (or (2.8)) has the following bi-Hamiltonian structure

utn = J
δỸn

δu
=M

δỸn−1

δu
, n > 1,

where the Hamiltonian functions Ỹn (n > 1) are given by

Ỹn =

∫
Yn(u)dx, Yn =

∫ 1

0
uT (Ψy1)(µu)dµ, n > 1.

Proposition 3.3. The Hamiltonian functionals Ỹn (n > 1) are all common conserved functionals of the whole
integrable coupling hierarchy (2.8) and commute with each other under the Poisson bracket (3.2).
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Proof. Because the operator M is skew-symmetric, namely M∗ = −M, then JΨ = ΦJ. Therefore, we have

{Ỹm, Ỹl}J = 〈
δỸm

δu
, J
δỸl
δu
〉 = 〈Ψm−1 δỸ1

δu
, JΨl−1 δỸ1

δu
〉 = 〈Ψm−1 δỸ1

δu
,Ψ∗JΨl−2 δỸ1

δu
〉

= 〈Ψm δỸ1

δu
, JΨl−2 δỸ1

δu
〉 = {Ỹm+1, Ỹl−1}J = · · · = {Ỹm+l−1, Ỹ1}J.

Similarly, we can also get
{Ỹl, Ỹm}J = {Ỹm+l−1, Ỹ1}J.

Thus, we have
{Ỹm, Ỹl}J = 0, m, l > 1,

and

Ỹntm
= 〈δỸn

δu
,untm

〉 = 〈δỸn
δu

, J
δỸm

δu
〉 = {Ỹn, Ỹm}J = 0, n,m > 1.

The proof is completed.

Based on Proposition 3.3, we can obtain the following theorem.

Theorem 3.4. The integrable couplings in (2.8) are all Liouville integrable bi-Hamiltonian systems.

4. Darboux transformation

It is well-known that Darboux transformations are a purely algebraic, powerful method to find explicit
solutions of many soliton equations. Lax pair of the integrable system plays a key role [2, 16]. We know
that a gauge transformation of a matrix spectral problem is called Darboux transformation if it transforms
the spectral problems into another spectral problems of the same type.

In what follows, we proceed to search for the Darboux transformation of the integrable coupling (1.4).
We introduce a gauge transformation

ϕ̃ = Π(N)ϕ. (4.1)

Here, we assume Π(N) is of the form

N−1∑
i=0

Aiλ
i λN +

N−1∑
i=0

Biλ
i

N−1∑
i=0

Fiλ
i λN +

N−1∑
i=0

Giλ
i

−λN +

N−1∑
i=0

Ciλ
i

N−1∑
i=0

Diλ
i −λN +

N−1∑
i=0

Hiλ
i

N−1∑
i=0

Liλ
i

0 0
N−1∑
i=0

Aiλ
i λN +

N−1∑
i=0

Biλ
i

0 0 −λN +

N−1∑
i=0

Ciλ
i

N−1∑
i=0

Diλ
i


, (4.2)

where N is a natural number, and Ai, Bi, Ci, Di, Fi, Gi, Hi, Li, i = 0, 1, · · · ,N− 1 are undetermined
functions of variables x and t. Eq. (4.1) can transform two spectral problems (1.5) and (2.10) into

ϕ̃x = Ũϕ̃, ϕ̃t = Ṽ1ϕ̃, (4.3)

where
Ũ = ((Π(N))x +Π(N)U)(Π(N))−1, Ṽ1 = ((Π(N))t +Π

(N)V1)(Π
(N))−1. (4.4)

In what follows, we determine Π(N) such that Ũ and Ṽ1 in the Eq. (4.4) have the same form with U
and V1, respectively.
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Let ξ = (ξ1, ξ2, ξ3, ξ4)
T , η = (η1,η2,η3,η4)

T be two real linear independent solutions of Eq. (1.5)
and Eq. (2.10), and use them to define the following four linear algebraic systems for Ai, Bi, Ci, Di,
Fi, Gi, Hi, and Li(1 6 i 6 2N),

N−1∑
i=0

(Ai +αjBi +βjFi + γiGi)λ
i
j = −αjλ

N
j − γjλ

N
j , 1 6 j 6 2N, (4.5)

N−1∑
i=0

(Ci +αjDi +βjHi + γiLi)λ
i
j = λ

N
j +βjλ

N
j , 1 6 j 6 2N, (4.6)

N−1∑
i=0

(βjAi + γjBi)λ
i
j = −γjλ

N
j , 1 6 j 6 2N, (4.7)

N−1∑
i=0

(βjCi + γjDi)λ
i
j = βjλ

N
j , 1 6 j 6 2N, (4.8)

with
αj =

ξ2 − κjη2

ξ1 − κjη1
, βj =

ξ3 − κjη3

ξ1 − κjη1
, γj =

ξ4 − κjη4

ξ1 − κjη1
, j = 1, 2, · · · , 2N, (4.9)

and λj, κj (1 6 j 6 2N) are suitably chosen such that all the determinants of coefficients in (4.5) ∼ (4.9) are
nonzero.

Therefore, Ai, Bi, Ci, Di, Fi, Gi, Hi and Li (0 6 j 6 N− 1) are uniquely determined. From (4.5) ∼
(4.8), it is easy to get that det(Π(N)) is 4N th-order polynomial of λ, and λj (1 6 j 6 2N) are all its roots.
Thus, we have

det(Π(N)) =

2N∏
j=1

(λ− λj)
2.

Proposition 4.1. The matrix Ũ defined by (4.4) has the same form as U, in which the old potentials q, r, s, and w
are mapped into new potentials q̃, r̃, s̃, and w̃ according to

q̃ = −q+AN−1 −DN−1,
r̃ = −r+BN−1 +CN−1,
s̃ = −s−AN−1 +DN−1 + FN−1 − LN−1,
w̃ = −w−BN−1 −CN−1 +GN−1 +HN−1.

(4.10)

Proof. Let A =

N−1∑
i=0

Aiλ
i, B = λN +

N−1∑
i=0

Biλ
i, C = −λN +

N−1∑
i=0

Ciλ
i, D =

N−1∑
i=0

Diλ
i, F =

N−1∑
i=0

Fiλ
i, G =

λN +

N−1∑
i=0

Giλ
i, H = −λN +

N−1∑
i=0

Hiλ
i, L =

N−1∑
i=0

Liλ
i, and

((Π(N))x +Π(N)U)(Π(N))∗ =


Γ11(λ) Γ12(λ) Γ13(λ) Γ14(λ)
Γ21(λ) Γ22(λ) Γ23(λ) Γ24(λ)

0 0 Γ11(λ) Γ12(λ)
0 0 Γ21(λ) Γ22(λ)

 , (4.11)

where (Π(N))−1 = (Π(N))∗/det(Π(N)) . From (4.11), we have

Γ11(λ) = (AD−BC)(−BxC+AxD+ qBC+ qAD− rAC+ rBD+ACλ−BDλ),

Γ12(λ) = (BC−AD)(AxB−A(Bx − 2qB) +B2(r− λ) −A2(r+ λ)),
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Γ13(λ) = (AD−BC)(DFx −CGx + qDF− qCG− rCF+ rDG+ sBC+ sAD−wAC+wBD−CFλ−DGλ)

+ (Bx − qB+ rA+Aλ)(CDF−C2G−ADH+ACL)

+ (Ax+ qA+ rB+Bλ)(−D2F+CDG+BDH−BCL),

Γ14(λ) = (AD−BC)(−BFx +AGx − qBF− qAG+ rAF− rBG− 2sAB+wA2 −wB2 +AFλ+BGλ)

+ (Bx − qB+ rA+Aλ)(−BCF+ACG+ABH−A2L)

+ (Ax + qA+ rB+Bλ)(BDF−ADG−B2H+ABL),

Γ21(λ) = (BC−AD)(−CxD+C(Dx − 2qD) +D2(−r+ λ) +C2(r+ λ)),
Γ22(λ) = (BC−AD)(B(Cx + qC+D(r− λ)) −A(Dx − qD+C(r+ λ)),

Γ23(λ) = (AD−BC)(DHx −CLx + qDH− qCL− rCH+ rDL+ 2sCD−wC2 +wD2 −CHλ−DLλ)

+ (Dx − qD+ rC+Cλ)(CDF−C2G−ADH+ACL)

+ (Cx + qC+ rD−Dλ)(−D2F+CDG+BDH−BCL),
Γ24(λ) = (AD−BC)(ALx −BHx − qBH− qAL+ rAH− rBL− sAD− sBC+wAC−wBD+AHλ+BLλ)

+ (Dx − qD+ rC+Cλ)(−BCF+ACG+ABH−A2L)

+ (Cx + qC+ rB−Dλ)(BDF−ADG−B2H+ABL).

We find that Γ11(λ), Γ13(λ), and Γ21(λ) are (4N+ 1)th-order polynomials in λ, and Γ12(λ), Γ13(λ), Γ14(λ),
Γ21(λ), Γ22(λ), and Γ24(λ) are 4N th-order polynomials in λ. Through a direct verify, we have

Γij(λk) = 0, i = 1, 2, j = 1, 2, 3, 4, k = 1, · · · , 2N.

Then, we deduce
((Π(N))x +Π(N)U)(Π(N))∗ = det(Π(N))M,

with

M =


m

(0)
11 m

(1)
12 λ+m

(0)
12 m

(0)
13 m

(0)
14

m
(1)
21 λ+m

(0)
21 m

(0)
22 m

(0)
23 m

(0)
24

0 0 m
(0)
11 m

(1)
12 λ+m

(0)
12

0 0 m
(1)
21 λ+m

(0)
21 m

(0)
22

 ,

where m(1)
12 , m(1)

21 , and m(0)
ij ( i = 1, 2, j = 1, 2, 3, 4) are all independent of λ. Hence we get

((Π(N))x +Π(N)U) =MΠ(N). (4.12)

Equating the coefficients of λN+i, (i = 0, 1) in (4.12), we obtain that m(0)
11 = −q + AN−1 −DN−1 =

q̃, m(1)
12 = 1, m(0)

12 = −r+ BN−1 + CN−1 = r̃, m(0)
13 = −s−AN−1 +DN−1 + FN−1 − LN−1 = s̃, m(0)

14 =

−wn − B(N−1) − CN−1 +GN−1 +HN−1 = w̃, m(1)
21 = −1, m(0)

21 = −r+ BN−1 + CN−1 = r̃, m(0)
22 = q−

AN−1 +DN−1 = −q̃, m(0)
23 = −wn − BN−1 − CN−1 +GN−1 +HN−1 = w̃, m(0)

24 = s+AN−1 −DN−1 −
FN−1 + LN−1 = −s̃. The proof is completed.

Proposition 4.2. The matrix Ṽ1 defined by (4.4) has the same form as V1 under the transformation (4.10), i.e.,

Ṽ1 =


Ṽ11 Ṽ12 Ṽ13 Ṽ14
Ṽ21 Ṽ22 Ṽ23 Ṽ24
0 0 Ṽ11 Ṽ12
0 0 Ṽ21 Ṽ22

 ,

where Ṽ11 = q̃λ − 1
2 r̃x, Ṽ12 = λ2 + r̃λ + 1

2(q̃x + q̃2 + r̃2), Ṽ13 = (q̃ + s̃)λ − 1
2(r̃x + w̃x), Ṽ14 = λ2 + (r̃ +

w̃)λ + 1
2(s̃x + q̃x) + (q̃s̃ + r̃w̃) + 1

2 q̃
2 + 1

2 r̃
2, Ṽ21 = −λ2 + r̃λ + 1

2(q̃x − q̃2 − r̃2), Ṽ22 = −q̃λ + 1
2 r̃x, Ṽ23 =

−λ2 + (r̃+ w̃)λ+ 1
2(s̃x + q̃x) − (q̃s̃+ r̃w̃) − 1

2(q̃
2 + r̃2), Ṽ24 = −(q̃+ s̃)λ+ 1

2(r̃x + w̃x).
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Proof. Let

(Π
(N)
t +Π(N)V1)(Π

(N))∗ =


Σ11(λ) Σ12(λ) Σ13(λ) Σ14(λ)
Σ21(λ) Σ22(λ) Σ23(λ) Σ24(λ)

0 0 Σ11(λ) Σ12(λ)
0 0 Σ21(λ) Σ22(λ)

 .

We obtain that Σ11(λ), Σ13(λ), Σ22(λ), and Σ24(λ) are (4N + 1)th-order polynomials in λ, and Σ12(λ),
Σ14(λ), Σ21(λ), and Σ23(λ) are (4N+ 2)th-order polynomials in λ. By a direct check, we get

Σij(λk) = 0, i = 1, 2, j = 1, 2, 3, 4, k = 1, · · · , 2N.

Therefore, the following equation is established

(Π
(N)
t +Π(N)V1)(Π

(N))∗ = det(Π(N))Y, (4.13)

with

Z =


z
(1)
11 λ+ z

(0)
11 z

(2)
12 λ

2 + z
(1)
12 λ+ z

(0)
12 z

(1)
13 λ+ z

(0)
13 z

(2)
14 λ

2 + z
(1)
14 λ+ z

(0)
14

z
(2)
21 λ

2 + z
(1)
21 λ+ z

(0)
21 z

(1)
22 λ+ z

(0)
22 z

(2)
23 λ

2 + z
(1)
23 λ+ z

(0)
23 z

(1)
24 λ+ z

(0)
24

0 0 z
(1)
11 λ+ z

(0)
11 z

(2)
12 λ

2 + z
(1)
12 λ+ z

(0)
12

0 0 z
(2)
21 λ

2 + z
(1)
21 λ+ z

(0)
21 z

(1)
22 λ+ z

(0)
22

 ,

where z(2)
12 , z(2)

14 , z(2)
21 , z(2)

23 , z(k)ij , (i, j = 1, 2, 3, 4, k = 0, 1) are all independent of λ. Due to (4.13), we
obtain

(Π
(N)
t +Π(N)V1) = YΠ

(N). (4.14)

Comparing the coefficients of λ in (4.14), we have

z
(1)
11 = −q+AN−1 −DN−1 = q̃,

z
(0)
11 = −

1
2
(−rx +BN−1,x +CN−1,x) = −

1
2
r̃x,

z
(2)
12 = 1,

z
(1)
12 = −r+BN−1 +CN−1 = r̃,

z
(0)
12 =

1
2
(−qx +AN−1,x −DN−1,x + (−q+AN−1 −DN−1)

2 + (−r+BN−1 +CN−1)
2) =

1
2
(q̃x + q̃2 + r̃2),

z
(1)
13 = (−q+AN−1 −DN−1) + (−s−AN−1 +DN−1 + FN−1 − LN−1) = (q̃+ s̃),

z
(0)
13 = −

1
2
(−rx +BN−1,x +CN−1,x) + (−wx −BN−1,x −CN−1,x +GN−1,x +HN−1,x) = −

1
2
(r̃x + w̃x),

z
(2)
14 = 1,

z
(1)
14 = (−rx +BN−1,x +CN−1,x) + (−wx −BN−1,x −CN−1,x +GN−1,x +HN−1,x) = r̃x + w̃x,

z
(0)
14 =

1
2
(−sx −AN−1,x +DN−1,x + FN−1,x − LN−1,x)

+ (−qx +AN−1,x −DN−1,x) + (−q+AN−1 −DN−1)(−s−AN−1 +DN−1 + FN−1 − LN−1)

+ (−r+BN−1 +CN−1)(−w−BN−1 −CN−1 +GN−1 +HN−1))

+
1
2
((−q+AN−1 −DN−1)

2 + (−r+BN−1 +CN−1)
2) =

1
2
(s̃x + g̃x) + (q̃s̃+ r̃w̃) +

1
2
(q̃2 + r̃2),

z
(2)
21 = −1,
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z
(1)
21 = −r+BN−1 +CN−1 = r̃,

z
(0)
21 =

1
2
(−qx +AN−1,x −DN−1,x − (−q+AN−1 −DN−1)

2 − (−r+BN−1 +CN−1)
2) =

1
2
(q̃x − q̃2 − r̃2),

z
(1)
22 = −(−q+AN−1 −DN−1) = −q̃,

z
(0)
22 =

1
2
(−rx +BN−1,x +CN−1,x) =

1
2
r̃x, x(2)

23 = −1,

z
(1)
23 = (−r+BN−1 +CN−1 + (−w−BN−1 −CN−1 +GN−1 +HN−1)) = r̃+ w̃,

z
(0)
23 =

1
2
((−sx −AN−1,x +DN−1,x + FN−1,x − LN−1,x) + (−qx +AN−1,x −DN−1,x))

− ((−q+AN−1 −DN−1)(−s−AN−1 +DN−1 + FN−1 − LN−1) + (−r+BN−1

+CN−1)(−w−BN−1 −CN−1 +GN−1 +HN−1)) −
1
2
((−q+AN−1 −DN−1)

2

+ (−r+BN−1 +CN−1)
2) =

1
2
(s̃x + q̃x) − (q̃s̃+ r̃w̃) −

1
2
(q̃2 + r̃2),

z
(1)
24 = −(−q+AN−1 −DN−1) + (−s−AN−1 +DN−1 + FN−1 − LN−1) = (q̃+ s̃)),

z
(0)
24 =

1
2
((−rx +BN−1,x +CN−1,x) + (−wx −BN−1,x −CN−1,x +GN−1,x +HN−1,x)) =

1
2
(r̃x + w̃x).

The proof is completed.

Hence, we conclude that the transformations (4.3) and (4.4) can change the Lax pair Eq. (1.5) and
Eq. (2.10) into another Lax pair with same form. Thus both of the Lax pairs lead to the same integrable
coupling (1.4).

As usual, the gauge transformation (4.3), (4.4), and (4.10),

(ϕ;q, r, s,w)− > (ϕ̃n, q̃, r̃, s̃, w̃) (4.15)

is a Darboux transformation of (1.5) and (2.10). Eq. (4.10) is so-called a Bäcklund transformation (BT)
between new solution (q̃, r̃, s̃, w̃)T and old solution (q, r, s,w)T .

In conclusion, according to propositions 4.1 and 4.2, we have the following theorem.

Theorem 4.3. Each solution (q, r, s,w)T of (1.4) is mapped into new solution (q̃, r̃, s̃, w̃)T under the transforma-
tion (4.10).

5. Explicit solution

In what follows, we will apply Darboux transformation (4.15) to give explicit solution of (1.4). We
choose a seed solution of (1.4) (i.e., a simple special solution) (q, r, s,w)T = (0, 0, 1, 1)T and N = 1 in (4.2).
Substituting this solution into the (1.5) and (2.10), we can obtain the following Lax pair

ϕx =


0 λ 1 1
−λ 0 1 −1
0 0 0 λ

0 0 −λ 0

ϕ, ϕt =


0 λ 1 λ+ 1
−λ 0 −λ+ 1 −1
0 0 0 λ

0 0 −λ 0

ϕ.

Solving above two equations, we have

φ =


λt cos(λ(x+ t)) + sin(λ(x+ t))

λ

−λt sin(λ(x+ t)) − sin(λ(x+ t))
λ

sin(λ(x+ t))
cos(λ(x+ t))

 , ψ =


λt sin(λ(x+ t)) − sin(λ(x+ t))

λ

λt cos(λ(x+ t)) − sin(λ(x+ t))
λ

− cos(λ(x+ t))
sin(λ(x+ t))

 ,
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αj =
λjt(− sin(λj(x+ t)) − κj cos(λj(x+ t)) + (−1 + κj)

sin(λj(x+ t))
λj

λjt(cos(λj(x+ t)) − κj sin(λj(x+ t)) + (1 + κj)
sin(λj(x+ t))

λj

, j = 1, 2,

βj =
sin(λj(x+ t)) + κj cos(λj(x+ t))

λjt(cos(λj(x+ t)) − κj sin(λj(x+ t)) + (1 + κj)
sin(λj(x+ t))

λj

, j = 1, 2,

γj =
cos(λj(x+ t)) − κj sin(λj(x+ t))

λjt(cos(λj(x+ t)) − κj sin(λj(x+ t)) + (1 + κj)
sin(λj(x+ t))

λj

, j = 1, 2.

The Eq. (4.2) becomes

Π(1) =


A0 λ+B0 F0 λ+G0

−λ+C0 D0 −λ+H0 L0

0 0 A0 λ+B0

0 0 −λ+C0 D0

 .

From Eq. (4.5) ∼ Eq. (4.9), we have

A0 =
γ1γ2λ2 − γ1γ2λ1

β1γ2 −β2γ1
, B0 =

β1γ2λ2 −β2γ1λ1

β2γ1 −β1γ2
, C0 =

β1γ2λ1 −β2γ1λ2

β1γ2 −β2γ1
, D0 =

β1β2λ1 −β1β2λ2

β1γ2 −β2γ1
,

F0 =
λ1 − λ2

(β2γ1 −β1γ2)2 (α2β2γ
2
1 − γ2(α1β1γ2 + γ1(γ1 −β2γ1 + (−1 +β1)γ2))),

G0 =
1

(β2γ1 −β1γ2)2 (−β
2
2γ

2
1λ1 +α2β1β2γ1(−λ1 + λ2) +β1γ2(γ1λ1 − (γ1 +β1γ2)λ2)

+β2γ2(α1β1(λ1 − λ2) + γ1((−1 +β1)λ1 + λ2 +β1λ2))),

H0 =
1

(β2γ1 −β1γ2)2 (β
2
1γ

2
2λ1 +α1β1β2γ2(λ1 − λ2) +α2β1β2γ1(−λ1 + λ2) −β1γ1γ2((−1 +β2)λ1 + λ2

+β2λ2) +β2γ1(β2γ1λ2 + γ2(−λ1 + λ2))),

L(0) =
λ1 − λ2

(β2γ1 −β1γ2)2 (α2β
2
1β2 +β

2
2(−α1β1 + γ1 +β1γ1) −β

2
1(1 +β2)γ2).

Eq. (4.10) becomes 
q̃ = −q+A0 −D0,
r̃ = −r+B0 +C0,
s̃ = −s−A0 +D0 + F0 − L0,
w̃ = −w−B0 −C0 +G0 +H0.

By the aid of Darboux transformation (4.15), we obtain new explicit solution of (1.4):

q̃ =
γ1γ2λ2 − γ1γ2λ1

β1γ2 −β2γ1
−
β1β2λ1 −β1β2λ2

β1γ2 −β2γ1
, r̃ =

β1γ2λ2 −β2γ1λ1

β2γ1 −β1γ2
+
β1γ2λ1 −β2γ1λ2

β1γ2 −β2γ1
,

s̃ = −1 −
γ1γ2λ2 − γ1γ2λ1

β1γ2 −β2γ1
+
β1β2λ1 −β1β2λ2

β1γ2 −β2γ1
+

λ1 − λ2

(β2γ1 −β1γ2)2 (α2β2γ
2
1 − γ2(α1β1γ2 + γ1(γ1 −β2γ1

+ (−1 +β1)γ2))) −
λ1 − λ2

(β2γ1 −β1γ2)2 (α2β
2
1β2 +β

2
2(−α1β1 + γ1 +β1γ1) −β

2
1(1 +β2)γ2),

w̃ = −1 −
β1γ2λ2 −β2γ1λ1

β2γ1 −β1γ2
−
β1γ2λ1 −β2γ1λ2

β1γ2 −β2γ1
+

1
(β2γ1 −β1γ2)2 (−β

2
2γ

2
1λ1 +α2β1β2γ1(−λ1 + λ2)

+β1γ2(γ1λ1 − (γ1 +β1γ2)λ2) +β2γ2(α1β1(λ1 − λ2) + γ1((−1 +β1)λ1 + λ2 +β1λ2)))
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+
1

(β2γ1 −β1γ2)2 (β
2
1γ

2
2λ1 +α1β1β2γ2(λ1 − λ2) +α2β1β2γ1(−λ1 + λ2)

−β1γ1γ2((−1 +β2)λ1 + λ2 +β2λ2) +β2γ1(β2γ1λ2 + γ2(−λ1 + λ2))).

6. Conclusions and remarks

Starting from a four-by-four matrix spectral problem, we derived an integrable coupling hierarchy of
Dirac integrable hierarchy by means of zero curvature equation. A bi-Hamiltonian structure of the ob-
tained integrable coupling hierarchy was established by the Magri pattern of bi-Hamiltonian formulation.
A hereditary operator of the obtained integrable coupling hierarchy was presented. Liouville integrability
of the obtained Hamiltonian systems is demonstrated. With the help of a gauge transformation of the
Lax pair, we establish a Darboux transformation of the Lax pair of obtained integrable coupling (1.4). Ul-
timately, as an application of the Darboux transformation, an explicit solution of the resulting integrable
coupling is given.

From the obtained explicit solution, we apply the Darboux transformation (4.15) once again, then other
new solution of Eq. (1.4) is obtained. This process can be done continually. Therefore, we can obtain a lot
of explicit solutions for the resulting integrable coupling system of the Dirac integrable system.

In addition, many interesting problems deserve further investigation for the integrable coupling hi-
erarchy (2.8). For example, inverse scattering transformation, nonlinearization of Lax pairs, constructing
complexion solutions by the Wronskian determinant, conservation laws, and so on.

Appendix: The proof of the Jacobi identity in Proposition 3.1

We would like to give a detailed check of the Jacobi identity

〈Γ(α,β)
′
(u)[Γ(α,β)f]g,h〉+ Cycle(f,g,h) = 0,

in which the operator Γ(α,β) is defined by (3.4). u = (q, r, s,w)T

f̂ = (f̂1, f̂2, f̂3, f̂4)
T , ĝ = (ĝ1, ĝ2, ĝ3, ĝ4)

T , ĥ = (ĥ1, ĥ2, ĥ3, ĥ4)
T ,

where f̂i = f̂i(x, t), ĝi = ĝi(x, t), ĥi = ĥi(x, t), i = 1, 2, 3, 4. They are arbitrary functions, which are
required to be rapidly vanishing at the infinity. We combine the terms in 〈Γ(α,β)

′
(u)[Γ(α,β)f̂]ĝ, ĥ〉 +

Cycle(f̂, ĝ, ĥ) containing αβ, β2 respectively. Note that

(∂−1)∗ = −∂−1, (∂f̂i)(∂
−1ĝj)ĥk = f̂iĝj(∂

−1ĥk), i, j, k = 1, 2, 3, 4.

Through a tediously but direct computation, the coefficients of αβ, β2 can be obtained as follows.

αβ : 8
∫
{f̂3(∂

−1(rĝ3))ĥ1 − f̂3ĝ3(∂
−1(rĥ1)) − f̂3(∂

−1(qĝ4))ĥ1 − f̂4ĝ4(∂
−1(rĥ1)) + f̂4(∂

−1(rĝ3))ĥ2

+ f̂3ĝ3((∂
−1(qĥ2)) − f̂4(∂

−1(qĝ4))ĥ2 + f̂4ĝ4(∂
−1(qĥ2)) + f̂3(∂

−1(rĝ1))ĥ3 − f̂3ĝ1(∂
−1(rĥ3))

− f̂3(∂
−1(qĝ2))ĥ3 − f̂4ĝ2(∂

−1(rĥ3)) + f̂3(∂
−1(wĝ3))ĥ3 − f̂1ĝ3(∂

−1(rĥ3)) + f̂1(∂
−1(rĝ3))ĥ3

− f̂3ĝ3(∂
−1(wĥ3)) − f̂2ĝ4(∂

−1(rĥ3)) − f̂3(∂
−1(sĝ4))ĥ3 − f̂4ĝ4(∂

−1(wĥ3)) − f̂1(∂
−1(qĝ4))ĥ3

+ f̂4(∂
−1(rĝ1))ĥ4 + f̂3ĝ1(∂

−1(qĥ4)) − f̂4(∂
−1(qĝ2))ĥ4 + f̂4ĝ2(∂

−1(qĥ4)) + f̂1ĝ3(∂
−1(qĥ4))

+ f̂4(∂
−1(wĝ3))ĥ4 + f̂3ĝ3(∂

−1(sĥ4)) + f̂2(∂
−1(rĝ3))ĥ4 − f̂4(∂

−1(sĝ4))ĥ4 + f̂2ĝ4(∂
−1(qĥ4))

− f̂2(∂
−1(qĝ4))ĥ4 + f̂4ĝ4(∂

−1(sĥ4))}dx.

β2 : 4
∫
{−rf̂4ĝ3(∂

−1ĥ1) + rf̂4(∂
−1ĝ3)ĥ1 + qf̂4ĝ4(∂

−1ĥ1) − rf̂3(∂
−1ĝ4)ĥ1 + rf̂3ĝ3(∂

−1ĥ2)

− rf̂4(∂
−1ĝ3)ĥ2 − qf̂3ĝ4(∂

−1ĥ2) + rf̂3ĝ4(∂
−1ĥ2) − rf̂4ĝ1(∂

−1ĥ3) + rf̂4(∂
−1ĝ4)ĥ3
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+ qf̂4ĝ2(∂
−1ĥ3) − rf̂3(∂

−1ĝ2)ĥ3 −wf̂4ĝ3(∂
−1ĥ3) + rf̂2(∂

−1ĝ3)ĥ3 − rf̂2ĝ3(∂
−1ĥ3)

+wf̂4(∂
−1ĝ3)ĥ3 − rf̂2(∂

−1ĝ3)ĥ3 + sf̂4ĝ4(∂
−1ĥ3) −wf̂3(∂

−1ĝ4)ĥ3 + qf̂2ĝ4(∂
−1ĥ3)

− rf̂3ĝ1(∂
−1ĥ4) − qf̂3(∂

−1(ĝ1)ĥ4 − qf̂3ĝ2(∂
−1ĥ4) − qf̂3(∂

−1ĝ2)ĥ4 − qf̂2(∂
−1ĝ3)ĥ4

+wf̂2ĝ3(∂
−1ĥ4) − sf̂2(∂

−1ĝ3)ĥ4 + rf̂1ĝ3(∂
−1ĥ4) − sf̂3ĝ4(∂

−1ĥ4 + qf̂1(∂
−1ĝ4)ĥ4)

− qf̂1ĝ4(∂
−1ĥ4) + sf̂3(∂

−1ĝ4)ĥ4}dx.

+ 16
∫
{q(∂−1(qf̂4))(∂

−1(rĝ3))ĥ1 − (∂−1(rf̂3))(∂
−1(rĝ3))ĥ1 + q(∂

−1(rf̂3))ĝ3(∂
−1(rĥ3))

− q(∂−1(qf̂4))ĝ3(∂
−1(rĥ1)) + q(∂

−1rf̂3)(∂
−1qĝ4))ĥ1 − q(∂

−1(qf̂4))(∂
−1(qĝ4))ĥ1

+ r(∂−1rf̂3)ĝ4(∂
−1rĥ1) − r(∂

−1(rf̂4))ĝ4(∂
−1(rĥ1)) − r(∂

−1rf̂3)(∂
−1rĝ3))ĥ2

+ r(∂−1(qf̂4))(∂
−1rĝ3))ĥ2 − q(∂

−1rf̂3))ĝ3(∂
−1(qĥ2)) + r(∂

−1(qf̂4))ĝ3(∂
−1(qĥ2))

+ r(∂−1(rf̂3))(∂
−1(qĝ4))ĥ2 − r(∂

−1(qf̂4))(∂
−1(qĝ4))ĥ2 − r(∂

−1(rf̂3))ĝ4(∂
−1(qĥ2))

+ r(∂−1(qf̂4))ĝ4(∂
−1(qĥ2)) − q(∂

−1rf̂3))(∂
−1(rĝ1))ĥ3 + q(∂

−1(qf̂4))(∂
−1(rĝ1ĥ3))

+ q(∂−1(rf̂3))ĝ1(∂
−1(rĥ3)) − q(∂

−1(qf̂4))ĝ1(∂
−1(rĥ3)) + q(∂

−1rf̂3))(∂
−1(qĝ2))ĥ3

− q(∂−1(qf̂4))(∂
−1(qĝ2))ĥ3 + r(∂

−1(rf̂3))ĝ2(∂
−1(rĥ3)) − r(∂

−1(qf̂4))ĝ2(∂
−1(rĥ3))

− q(∂−1(rf̂3))(∂
−1(wĝ3))ĥ3 + q(∂

−1(qf̂4))(∂
−1(wĝ3))ĥ3 + q(∂

−1rf̂1))ĝ3(∂
−1(rĥ3))

− q(∂−1(qf̂2))ĝ3(∂
−1(rĥ3)) + q(∂

−1(wf̂3))ĝ3(∂
−1(rĥ3)) + s(∂

−1(rf̂3))ĝ3∂
−1(rĥ3)

− q(∂−1(sf̂4))ĝ3(∂
−1rĥ3) − s(∂

−1(qf̂3))ĝ3(∂
−1(rĥ3)) − q(∂

−1rf̂1)(∂
−1(rĝ3))ĥ3)

+ q(∂−1(qf̂2))(∂
−1(rĝ3))ĥ3 − q(∂

−1(wf̂3))(∂
−1(rĝ3))ĥ3 − s(∂

−1(rf̂3))(∂
−1(rĝ3))ĥ3

+ q(∂−1(sf̂4))(∂
−1(rĝ3))ĥ3 + s(∂

−1(qf̂4))(∂
−1(rĝ3))ĥ3 + q(∂

−1rf̂3)ĝ3(∂
−1(wĥ3))

− q(∂−1(qf̂4))ĝ3(∂
−1(wĥ3)) + r(∂

−1rf̂1)ĝ3(∂
−1(rĥ3)) − r(∂

−1(qf̂2))ĝ3(∂
−1(rĥ3))

+ r(∂−1(wf̂3))ĝ4(∂
−1(rĥ3)) +w(∂

−1(rf̂3))ĝ3(∂
−1(rĥ3)) − r(∂

−1(sf̂4))ĝ3(∂
−1(rĥ3))

−w(∂−1(qf̂4))ĝ3(∂
−1(rĥ3)) + q(∂

−1rf̂3))(∂
−1(sĝ4))ĥ3 − q(∂

−1(qf̂4))(∂
−1(sĝ3))ĥ3

+ r(∂−1rf̂3)ĝ4(∂
−1(wĥ3)) − r(∂

−1(qf̂4))ĝ4(∂
−1(wĥ3)) + q(∂

−1rf̂1)(∂
−1(qĝ4))ĥ3

− q(∂−1(qf̂2))(∂
−1(qĝ4))ĥ3 + q(∂

−1(wf̂3))(∂
−1(qĝ4))ĥ3 + s(∂

−1(rf̂3))(∂
−1(rĝ4))ĥ3

− q(∂−1(sf̂4))(∂
−1(qĝ4))ĥ3 − s(∂

−1(qf̂4))(∂
−1(qĝ4))ĥ3 − r(∂

−1(rf̂3))(∂
−1(rĝ1))ĥ4

+ r(∂−1(qf̂3))(∂
−1(rĝ3))ĥ3 − q(∂

−1(rf̂3))ĝ1(∂
−1(qĥ4)) + q(∂

−1(qf̂4))ĝ3(∂
−1(qĥ4))

+ r(∂−1(rf̂3))(∂
−1(qĝ2))ĥ4 − r(∂

−1(qf̂4))(∂
−1(qĝ2))ĥ4 − r(∂

−1rf̂3)ĝ2(∂
−1(qĥ4))

+ r(∂−1(qf̂4))ĝ2(∂
−1(qĥ4)) − q(∂

−1rf̂1))ĝ3(∂
−1(qĥ3)) + q(∂

−1(qf̂2))ĝ3(∂
−1(qĥ4))

− q(∂−1(wf̂3))ĝ3(∂
−1(qĥ4)) − s(∂

−1(rf̂3))ĝ3∂
−1(qĥ4)) + q(∂

−1(sf̂4))ĝ3(∂
−1qĥ4)

+ s(∂−1(qf̂4))ĝ3(∂
−1(qĥ4)) − r(∂

−1(rf̂3))(∂
−1(wĝ3))ĥ4 + r(∂

−1(qf̂4))(∂
−1(wĝ3))ĥ4

− q(∂−1(rf̂3))ĝ3(∂
−1(sĥ4)) + q(∂

−1(qf̂4))ĝ3(∂
−1(sĥ4)) + r(∂

−1rf̂1))(∂
−1(rĝ3))ĥ4

+ r(∂−1(qf̂2))(∂
−1(rĝ3))ĥ4 − r(∂

−1(wf̂3))(∂
−1(rĝ3))ĥ4 −w(∂

−1(rf̂3))(∂
−1(rĝ3))ĥ4

+ r(∂−1(sf̂4))(∂
−1(rĝ3))ĥ4 +w(∂

−1(qf̂4))(∂
−1(rĝ3))ĥ4 + r(∂

−1rf̂3)(∂
−1(sĝ4))ĥ4

− r(∂−1(qf̂4))(∂
−1(sĝ4))ĥ4 − r(∂

−1(rf̂1))ĝ4(∂
−1(qĥ4)) + r(∂

−1(qf̂2))ĝ4(∂
−1(qĥ4))

− r(∂−1(wf̂3))ĝ4(∂
−1(qĥ4)) −w(∂

−1(rf̂3))ĝ4(∂
−1(qĥ4)) + r(∂

−1(sf̂4))ĝ4(∂
−1(qĥ4))

+w(∂−1(qf̂4))ĝ4)(∂
−1(qĥ4) + r(∂

−1rf̂1)(∂
−1(qĝ4))ĥ4 − r(∂

−1(qf̂2))(∂
−1(qĝ4))ĥ4

+ r(∂−1(wf̂3))(∂
−1(qĝ4))ĥ4 +w(∂

−1(rf̂3))(∂
−1(qĝ4))ĥ4 − r(∂

−1(sf̂4))(∂
−1(qĝ4))ĥ4

−w(∂−1(qf̂4))(∂
−1(qĝ4))ĥ4 − r(∂

−1rf̂3)ĝ4(∂
−1(sĥ4)) + r(∂

−1(qf̂4))ĝ4(∂
−1(qĥ4))}dx.
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Through a direct calculation, we obtain that above three sums with a cycle of f̂, ĝ, and ĥ are all equal
to zero.
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