MONASH MONASH
/N : . BUSINESS
University SCHOOL

ISSN 1440-771X

Department of Econometrics and Business Statistics

http://business.monash.edu/econometrics-and-business-
statistics/research/publications

An Integrated Panel Data Approach to
Modelling Economic Growth

Guohua Feng, Jiti Gao and Bin Peng

March 2019

Working Paper 06/19

n LEFMD 4
AACSB “ EQUIS Q‘: AMBA

. ACCREDITED  iccrenireon


http://business.monash.edu/econometrics-and-business-statistics/research/publications
http://business.monash.edu/econometrics-and-business-statistics/research/publications

An Integrated Panel Data Approach
to Modelling Economic Growth

Guonua FENG*, JiTI Gao! AND BIN PENGT

*University of North Texas, “Monash University and TUniversity of Bath
March 18, 2019

Abstract

Empirical growth analysis has three major problems — variable selection, pa-
rameter heterogeneity and cross-sectional dependence — which are addressed inde-
pendently from each other in most studies. The purpose of this study is to propose
an integrated framework that extends the conventional linear growth regression
model to allow for parameter heterogeneity and cross-sectional error dependence,
while simultaneously performing variable selection. We also derive the asymp-
totic properties of the estimator under both low and high dimensions, and further
investigate the finite sample performance of the estimator through Monte Carlo
simulations. We apply the framework to a dataset of 89 countries over the period
from 1960 to 2014. Our results reveal some cross-country patterns not found in
previous studies (e.g., “middle income trap hypothesis”, “natural resources curse
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1 Introduction

Following the seminal works of Kormendi and Meguire (1985) and Barro (1991), a vast
amount of studies in the empirical growth literature have attempted to identify salient
determinants of economic growth. A main tool used by these studies is “cross-country
growth regressions” — that is, to regress observed GDP growth on a plethora of possible
explanatory variables that could possibly affect growth across countries. Excellent surveys
of these studies and their role in the broader context of economic growth theory are
provided in Durlauf and Quah (1999), Temple (1999) and Durlauf et al. (2005).

Despite the vast amount of research, the literature has identified a number of problems
with conventional growth regressions, among which three deserve particular attention.
The first problem is determining what variables to be included in growth regressions.
This problem arises because of the nature of growth theories: although a plethora of
growth theories have been proposed to identify factors that affect growth, these theories
are open-ended in the sense that the validity of one causal theory of growth does not
imply the falsity of another (Brock and Durlauf, 2001). In words of Durlauf et al. (2008),
“a given body of candidate growth theories defines a space of possible models rather than
a single specification”. From an empirical perspective, this problem stems from the fact
that the number of potential explanatory variables is large (over 140 identified in Durlauf
et al., 2005) relative to the number of countries with enough data availability, rendering
the all-inclusive regression computationally infeasible (Sala-I-Martin et al., 2004; Durlauf
et al., 2005). In dealing with this problem some studies have resorted to simply “trying”
combinations of variables which could be potentially important determinants of growth
and report the results of their preferred specification. However, as noted by Leamer (1983)
and Sala-I-Martin et al. (2004) such “data-mining” could lead to spurious inference.

The second problem with conventional growth analysis is that most empirical growth
studies assume that the parameters of growth regressions are identical across countries.
This assumption complies with the classical Solow model (Mankiw et al., 1992), which
assumes that all countries share an identical aggregate Cobb-Douglas production function.
However, an increasing number of studies (e.g., Durlauf and Johnson, 1995; Durlauf
et al., 2001; Salimans, 2012) have suggested that the parameters are heterogeneous across
countries. These studies, though using different econometric methods, all suggest that the
assumption of a single linear growth model that applies to all countries is inappropriate.
For example, Durlauf and Johnson (1995) employ a regression tree analysis to show that a

cross-sectional regression using the Summers and Heston (1991) data appears to provide



support for several distinct regimes in which aggregate production functions vary among
countries according to their level of development, while Durlauf et al. (2001), employing
a varying coefficient growth model, also find strong evidence of parameter heterogeneity
across countries.

The third problem is that few studies in the empirical growth literature allow for
cross-sectional dependence of individual countries. Panel data econometrics has recently
seen an increasing interest in models with unobserved time-varying heterogeneity caused
by latent common shocks influencing all units, possibly to a different degree. This type of
heterogeneity introduces cross-sectional dependence to individual countries, which, when
neglected, can lead to biased estimates and spurious inference (Pesaran, 2006; Bai, 2009).
In the context of cross-country growth analysis, the problem of cross-sectional depen-
dence seems particularly salient due to the omnipresence of common global shocks (such
as global financial crises and world oil price shocks) that affect all countries through
trade and financial linkages (Chudik et al., 2017). Durlauf and Quah (1999) discuss the
possibility of cross-sectional dependence in a Lucas (1993) growth model with human
capital spillovers. They find that these spillovers markedly change the dynamics of con-
vergence and the authors call for the modelling of cross-country interactions in empirical
convergence analysis.

The three aforementioned problems have received more or less individual attention
in the growth literature. For example, Durlauf et al. (2001) address the problem of pa-
rameter heterogeneity using a varying coefficient growth model, but do not deal with the
problems of variable selection and cross-sectional dependence; both Sala-I-Martin et al.
(2004) and Moral-Benito (2012) select growth determinants using Bayesian averaging,
but do not account for parameter heterogeneity and cross-sectional dependence.

The main goal of this study is to propose an integrated framework that is capable
of dealing with parameter heterogeneity and cross-sectional dependence, while simulta-
neously performing variable selection. Specifically, parameter heterogeneity is allowed
for by permitting the coefficients to vary across countries according to a country’s initial
conditions, while cross-sectional dependence is accounted for via a factor structure. We
then propose a least absolute shrinkage and selection operator (LASSO) estimator to se-
lect growth determinants, establish the associated asymptotic results, and further verify
our asymptotic results through extensive simulations, which constitutes another contri-
bution of this paper. We apply this framework to a new dataset of 89 countries over
the period 1960-2014. Our findings broadly support the more “optimistic” conclusion of

Sala-I-Martin (1997), that is, some variables are important regressors for explaining cross-



country growth patterns. Moreover, our empirical results also provide support to some
important hypotheses in the growth literature, e.g., “middle income trap hypothesis”,
“natural resources curse hypothesis”, “religion works via belief, not practice”, etc.

The rest of the paper is organized as follows. Section 2 explains how to extend
the canonical cross-country growth regression to account for the aforementioned issues.
Section 3 describes a procedure for estimating the extended growth regression model
in Section 2, and presents the associated asymptotic properties. Section 4 describes
the data. The empirical results are presented in Section 5. Section 6 concludes. Due
to space limitations, preliminary lemmas, proofs of the main theorems and Monte Carlo
simulations, together with auxiliary tables and figures, are presented in the supplementary
Appendix A of this paper. The proofs of the preliminary lemmas are presented in the
supplementary Appendix B of this paper, which can be found at the authors’ website
(https://papers.ssrn.com/sol3/cf_dev/AbsByAuth.cfm?per id=646779).

2 A Varying Coefficient Growth Regression Model

with Factor Structure and Sparsity

A generic representation of the canonical cross-country growth regression is
Yir = 730 + eit, (2.1)

wheret = 1,2, ..., N index countries; t = 1,2, ..., T index time; y;; is the rate of economic
growth; x;; represents a set of observable explanatory variables, including those originally
suggested by Solow as well as other growth theories, and e;; is an error term. Equation
(2.1) represents the baseline for much of growth econometrics.

However, as discussed in the Introduction, (2.1) is based on two problematic assump-
tions. First, it assumes that the parameters (i.e., 5y) are homogeneous across all countries.
Second, it assumes that there is no cross-sectional dependence across countries.

To relax the two assumptions, in what follows we extend the conventional cross-
country growth regression in (2.1) in two ways. First, in Section 2.1 we allow for parameter
heterogeneity by allowing [y to vary across countries according to a country’s initial
conditions. Second, in Section 2.2 we introduce cross-sectional dependence into the model

by means of a factor structure.



2.1 Parameter Heterogeneity

Following Durlauf et al. (2001), we allow for parameter heterogeneity by generalizing

(2.1) into a varying coefficient model:
Yir = 3, Po(zit) + €, (2.2)

where z;; can be interpreted as some measure of “development” (or initial condition) of a
country, and fy(z) = (Bo1(2), .., Bop(2))" is a vector of smooth functions that maps the
scalar index variable z; into a set of country-specific parameters.

This generalization in (2.2) provides a framework within which one can bridge the gap
between cross-country regression models and new growth theories. For instance, if one
believes that initial GDP per capita causally affects a country’s production technology
and growth as in Durlauf et al. (2001), then initial GDP per capita can be introduced as a
“development” index. As pointed out by Durlauf and Johnson (1995), (2.2) is compatible
both with a model in which economies pass through distinct phases of development

towards a unique steady state as well one in which multiple steady states exist.

2.2 Cross-Sectional Error Dependence

Having accounted for parameter heterogeneity, we next introduce the cross-sectional de-

pendence of error terms into (2.2) using a factor structure:
eit = Yoi for + Eit, (2.3)

where fo; is an r X 1 vector of unobservable common factors, 7, is an r X 1 vector of factor
loadings that capture country-specific responses to the common shocks, and ¢;; is the
idiosyncratic error term. These common factors can be a combination of “strong” factors,
such as world oil price shocks, global financial crises, and recessions in major advanced
economies; and “weak” factors, such as local spillover effects along channels determined
by shared culture heritage, geographic proximity, economic or social interaction (Chudik
et al., 2011). Moreover, the components of the factor structure are allowed to drive
both economic growth and explanatory variables, thus partially accounting for potential
endogeneity of explanatory variables, which is neglected by the traditional approaches to

causal interpretation of cross-country empirical analysis.



2.3 The Varying Coefficient Growth Regression Model with

Factor Structure and Sparsity

Substituting (2.3) into (2.2) yields the following growth regression model that allows for

parameter heterogeneity and cross-sectional dependence
Yit = m;tﬁO(Zit) + r)/éifﬂt + Eit, t= 17 27 T 7T7 (24)

The model in (2.4) extends the local Solow growth model investigated in Durlauf et al.
(2001) into a panel data context with interactive fixed effects (or factor structure). From
an econometric perspective, (2.4) extends the panel data model with interactive fixed
effects in Bai (2009) into a varying coefficient context. Some closely related studies
include, but are not limited to, Dong et al. (2018) on (2.4) with partially observed factor
structure, Feng et al. (2017) on a special case of (2.4) with discrete z; and 7, fo: being
reduced to fixed-effects «;, Liu et al. (2018) on a time-varying heterogeneous model with
Zip = %, and Malikov et al. (2016) on a binary varying-coefficient panel data setting with
endogenous selection and fixed-effects. There are some key differences between this paper
and the relevant literature. First, it is worth pointing out that these previous studies
introduce parameter heterogeneity and cross-sectional dependence in different manners.
Second, none of them consider performing variable selection on their varying coefficient
models as we will show below particularly in the high-dimensional setting. Finally and
most importantly, both model (2.4) and its asymptotic theory in Section 3 below are
naturally motivated by the relevant empirical literature in economic growth.

In addition to parameter heterogeneity and cross-sectional dependence, we are also
interested in another issue that is prominent in the empirical growth literature — variable
selection. This issue is important because (1) the dimension of z; can be very large; and
(2) not all elements of x;; drive economic growth. In other words, for those factors not
driving economic growth, it is reasonable to assume that their associated coefficients are
zero, which is called “sparsity” in the literature of high dimensional econometrics.

In order to formally introduce the sparsity to the model (2.4), we assume that there
exists an unknown set A" C {1,...,p} satisfying that E|By;(2:)|*> = 0 if and only if j €
AT. For notational simplicity, we assume A" = {p* +1,..., p} for an unknown integer p*
satisfying 1 < p* < p. Further, let A* = {1,...,p*}, 2, = (zit1, ..., Tip), and Bj(2) =
(Bo1(2), ..., Bop+(2)). Throughout this study, we always define the variables or functions

*

corresponding to the sets A* and A" with super-indices * and T respectively. Thus,

identifying growth determinants is equivalent to distinguishing .A* and Af, which will be



achieved by a LASSO estimator presented in the following section. Finally, regarding the
dimension of regressors, we consider two cases where (1) p is fixed, and (2) p diverges as
the sample size increases. We refer to them as the low dimensional (LD) case and the
high dimensional (HD) case, respectively. In terms of econometric methodology, both
cases with the sparsity setting have not been studied in the literature to the best of our

knowledge.

As discussed in the Introduction, failure to perform variable selection may result in
spurious inference, failure to allow parameters to differ across countries is inconsistent
with the increasing body of research that find cross-country parameter heterogeneity,
and failure to account for cross-sectional dependence can lead to biased estimates and
spurious inference. These possible consequences thus necessitate an integrated approach
to simultaneously addressing the three issues.

In the following section, we introduce a LASSO estimator that is designed specifi-
cally for performing variable selection on the extended growth regression model in (2.4).
The combination of varying coefficients, factor structure, and the LASSO estimator pro-
vides us an integrated framework that is capable of simultaneously addressing the three
problems mentioned in Section 1 — variable selection, parameter heterogeneity, and

cross-sectional dependence.

3 Estimation

In this section, we describe a procedure for estimating the model in (2.4) and derive the
associated asymptotic properties. Specifically, we propose a LASSO estimator to select
the appropriate variables, adopt a sieve method to recover the functional components, and
employ the principle component analysis (PCA) technique to estimate the unobservable
factor structure.

Before proceeding further, it is convenient to introduce some notations. We let
Y = (yir, - uir), Xi = (v, xir)s Zi = (2, - zr)s & = (s ), Fo =
(foi,---, for), and Tg = (Y01, --,%n)"- || - || denotes the Euclidean norm of a vector or
the Frobenius norm of a matrix; for a square matrix W, let 1y, (W) and np.x (W) stand
for the minimum and maximum eigenvalues of W respectively; My, = I — Py denotes
the orthogonal projection matrix generated by matrix W, where Py = W(W'W)~ 11/’

and W is a matrix with full column rank.

We adopt the sieve method (e.g., Dong and Linton, 2018) to estimate the functional



Component of (2.4). Specifically, assume that o, € L?(V.) for £ = 1,...,p, where
={g| fv z)dz < oo} is a Hilbert space. Suppose that there exists an orthonor-
mal function sequence {h;(z)|j > 0} in L*(V,) such that sup,cy. sup;sq|h;(2)] < oo.
Then, for Vg(z) € L?(V,), we have an orthogonal series expansion g( ) = gm(z) + 6m(2),
where g,,(z) = 227:01 cihj(2), om(2) = 2202, cihi(2), ¢ = [y gl z)dz, and m is
the so-called truncation parameter. By the Parseval equahty, the norm can be ex-
pressed as [|gll> = { [, ¢*(2)d=}"? = {372 3}/2. For a vector of functions G(z) =
(91(2), .. ga(2))' its norm s defined by [Gllze = {3, [lgel2}2.
Without loss of generality, truncating the expansions of all the elements of y(z) by

the same m gives

Bo(2) = Bom(2) + Am(2), (3.1)

where Bo,m(2) = CayHi(2), Hn(2) = (ho(2), h1(2) ..., hm—1(2)), Cg, = (C},, 0y xm) s
and Ap,(2) = (A7,(2)",0,_p-)x1)- Thus, the first p* elements of fy(z) can be expressed

by 65(2) = B6.m(2) + A%(2), where 57 ,,(2) = C5 Hp(2).

We are now ready to rewrite (2.4) as
Mp,Y; = Mg, ¢i[Bom] + Mr,¢i[An] + MEp,E;

by projecting out the factor structure, where ¢;[5] = (2,58(2i1), ..., 2.pB(zir))" for any
p x 1 vector of functions (z). The objective function is then defined by

N
Q\(Cp, F) = (Y = ¢ilBu]) Mr (Vi — ¢i[Bu]) ZAHOBJH (32)
=1

where B,,(w) = CsH,,(w), Cg; stands for the j¥ row of Cs, and {)\,...,\,} are the
regularizers of the coefficient functions and are to be determined by data. The estimators
of Cg, and Fj for both LD and HD cases are always obtained by
(65, F) = argmin Qr(Cs, F), (3.3)
CB,FE Dr
where Dp = {F| LTF = [.}. In what follows, we always partition 65, according to the
partition A* and AT, as 55 = (6; ' 623 ") wherever necessary.
At this point it is convenient to state some fundamental assumptions that are needed

for the derivation of the asymptotic results for both LD and HD cases.

Assumption 1.



1. Let F°_ and F2° denote the o-algebras generated by {(xy, 2, &4, for) | t < 0} and
{(z4, 20,80, for) | = 7} respectively, where vy = (21, ..., Tne)'s 20 = (210, -5 2ve),
g = (c1t,---ene). Let a(T) = supyero_ pere [Pr(A)Pr(B) — Pr(AB)| be the

mixing coefficient.

(a) {Xi, Zi, &, v0i} is identically distributed over i. {wxy, zi, €4, for} is strictly sta-
tionary and a-mizing such that for some vy > 0, E[|len|| + ||z |[]*™ < oo,
and the mizing coefficient satisfies Y oo [ou(t)]"1/ 1) < o0,
(b) Elen1] = 0, E[e2)] = 02, and {ey} is independent of the other variables. Let
S, N T
Elenej] = oy fori # j, Zi;ﬁj o3| = O(N), and Zi,j:l Zt,s:l |Elenejs)| =
O(NT).
2. Let | £FiFo = || = Op () and || 4T = || = Op (5 ) where 3y and 3,
are deterministic and positive definite. Moreover, E|| foi]|* < oo and El|vo1]|* < oo.

Assumption 2.

1. Suppose that supcy. [|An(2)]| = O(m™/2), and Nmax(5 SN 2120 < oo with
probability approaching one, where Z; = (Z;1,..., Zir) and Zy = Hpy(zi) ® xy.

2. Let 4 (F) = = Zfil ZIMpZ;, %(F) = 57 Zf\il Y0i ®(MpZ;) and Q3 = Fjérl;o ®1r.

Suppose inf pep , Numin(QUF)) > 0, where QF) = Q) (F) — Q4 (F)Q3 ' Qu(F).

Assumption 1 is standard in the literature. The mixing conditions are similar to
Assumption C of Bai (2009) and Assumption 3.4 of Fan et al. (2016). In Assumption
2.1, the condition sup,cy. [|Am(2)|| = O(m™#/2) is the same as Assumption 3 of Newey
(1997), and essentially requires certain smoothness of the elements of fy(-). The con-
dition nmax(ﬁ Zfil Z!Z!) < oo of Assumption 2.1 is similar to Assumption 3.1 of Fan
et al. (2016). Now, consider a special case where {z;}, {zi} and {fo:} are mutually
independent, E[zy] = 0 and E[z,z),] = I,. Under this setting, it is easy to see that
Thnax(R7 Zf\il Z!Z!) < oo holds true for both of the LD and HD cases by some standard
analyses. Assumption 2.2 ensures that the estimators given in (3.3) are well defined, and
is equivalent to Assumption A of Bai (2009).

Based on the above setting, we move on to investigate the asymptotic results associ-

ated with (3.3) under the LD setting.



3.1 Low Dimensional Case

In order to identify A* and A" and establish the asymptotic distribution, we further make

the following assumptions.

Assumption 3.

1. %2 0 and 2= — 0, where X = max{\,..., Ap+ b
4
AL .
2. & — ko and P R where A = min{\11,...,\,}, 0 < kg < 00, and
m2N38®
k1 > 0.

Assumption 4.

1. Suppose that for t > s, E[f}, fos| Xni] = ars, and S, 320 |aw| = O(T), where

X = {(x14, 210), - - -, (TNe, 2ne) ). Moreover, % — 0, mTN — 0, ]\?2 — 0 and
mAlnax
Vi 0.

2. Let X% = E[Z} 21 and Q. =  lim  E[U,W)] for Vz € V, where

(N, T)—(0c0,00)

_ NT / —1y*x—1 1 / x/
\Ifl— \/ m [H ( )®Ip*]\112 ZZ WZ{Z NZZ ’YO]E Yoi (C/'Z',

Wy = Ly — Z}_lE[Zflﬁy[’n]E;lE[fyOlZfl'], and 2, = Hp(zi) @ xf.
Suppose that forVz € V., as (N, T) — (00,00), W3 —p N(0,€,).

The conditions of Assumption 3, though seemingly complicated, can be easily satisfied.
For example, let N = |T% |, m = [T™], A%, = T%, and A\l . = 7% where |a] means
the largest integer part of a real number a. Then Assumption 3 essentially requires that
0<bp<1,0<b <3 by<3bg+1andby>4%+ 2041,

The current requirements of Assumption 4.1 are in the same spirit as Connor et al.
(2012, Eq. 3 and Eq. 20) and Jiang et al. (2017, pp. 21-22). Without this assumption,
some other types of conditions would be needed to achieve asymptotic normality. For
example, one can require N/T — p with 0 < p < oo and establish the normality with
biases as in Theorem 3 of Bai (2009). Assumption 4.2 is equivalent to Assumption E of
Bai (2009). It is worth mentioning that deriving the rates of convergence in Lemma A.3
and Lemma A.5 of the supplementary Appendix A does not require Assumption 4 at all.

For better presentation and in order not to deviate from our main goal, we present these

lemmas in the supplementary Appendix A instead of the main text.



Theorem 3.1. Let Assumptions 1-3 hold.
1. Pr(||CH]| = 0) — 1.

2. Suppose Assumption 4 also holds. Then ,/%(@*n(z) — B5(2)) —p N(0,9,) for
VzeV,, as (N,T) — (00,00), where E;;(z) = agHm(z)

The first result of Theorem 3.1 indicates that we are able to distinguish A* and AT;
while the second result of Theorem 3.1 establishes the asymptotic distribution of the
coefficient functions associated with the variables which truly drive economic growth.

To complete our discussion on the LD case, we propose the following BIC type criteria

in order to select A practically.

In N
BICy = In RSSy + dfy——, (3.4)

VN
where RSSy = = 2N, (Vi — &ilBA) Mpa (Vi — 04lB), Ba(2) = ChHn(2), (C}, FY)
are obtained by implementing (3.3) using A as the weight vector, and dfy is the num-

ber of nonzero coefficient functions identified by 6@ The penalty term % of (3.4) is

constructed in view of the slow rate documented in Lemma A.2 of the supplementary

Appendix A. We select A by

~

A = argmin BIC,. (3.5)
A
Further let S5 = {7 | ||6§J|| > 0,1 < j < p} indicate the set of relevant variables identified
by ég Then the next result follows.
Theorem 3.2. Let Assumptions 1-3 hold. Pr(S; = A*) = 1 as (N,T) — (00, 00).

Again, Assumption 4 is unnecessary for establishing Theorem 3.2.

3.2 High Dimensional Case
In this subsection, we allow the dimension of z; to diverge as the sample size increases.

The following assumptions are crucial for deriving the asymptotic results for the HD case.

Assumption 5.

1. |€llsp = Op(max{v/N,VT}), where || - ||sp denotes the spectral norm of a matriz
and € = (&1,...,EN)';

10



p)k )‘;knax 4\/ { + - WALin —
2. N 0, (gNzTVTmp + PImTIENT = K, SRt = ks, where Sy =

min{N, T}, 0 < ky < 00 and k3 > 0.

Assumption 5.1 is identical to Assumption iii of Li et al. (2016) and Assumption A.1.v
of Lu and Su (2016). Assumption 5.2 further imposes bounds on some parameters, and
can be verified in exactly the same way as shown under Assumption 3.

With regard to the selection of A\, we still use the BIC criterion with a minor modifi-

cation:

BIC, = InRSS, 4+ df,\ T 7, (36)

where Y yr is a penalty term satisfying Yyr — 0 as (N,7) — (00, 00); and all other
notations are defined in exactly the same way as in the LD case. Select A by 2 =
argmin, BIC,.

Then the next theorem holds.

Theorem 3.3. Let Assumptions 1, 2 and 5 hold. As (N, T) — (00, 0),
1. Pr(||CH]| = 0) — 1.
2. Additionally, let TNnglv/z% — kg > 0. Then Pr(S; = A*) — 1.

Once the zero coefficient functions are identified, the rest of the analysis (such as the
investigation of the rate of convergence) will be similar to that done in Section 3.1 except
that one needs to account for the divergence of both m and p*. To avoid repetition, we

will not present the analysis here again.

In summary, in either of the two cases (LD and HD), when Pr(S; = A*) — 1, all
zero coefficient functions can be identified. In the growth regression context, this is
equivalent to saying that when Pr(S; = A*) — 1, all variables not driving economic
growth can be identified and thus removed from the growth regression. In the meantime,
the varying coefficients can be recovered using the sieve method, while the factor structure
can be estimated by the PCA technique. Thus, all the three aforementioned issues
that are prominent in the empirical growth literature (i.e., variable selection, parameter
heterogeneity, and cross-sectional dependence) can be addressed simultaneously within
a single, integrated framework. Before moving on to the empirical analysis, we next

describe the data employed in this study.
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4 Data

Of the many variables that have been found to be significantly correlated with growth
in the literature, we choose a total of 60 (including the dependent variable, the growth
rate of per capita GDP). The choice of these variables is based on previous studies (e.g.,
Sala-I-Martin et al., 2004; Moral-Benito, 2012) and data availability. Our final dataset
covers 89 countries over the period 1960 - 2014. It contains countries in different stages
of development and with a wide geographic dispersion. The explanatory variables cover
a wide range of factors, including stage of development, social issues, health, geography,
politics, education and more. The variable names, their means, and standard deviations
are presented in Table Table 1. Table 2 provides a list of the included countries.

A common practice in the literature is to take a five-year simple moving average of
both dependent and independent variables'. This technique has the advantages of reduc-
ing the potential effects of short-term fluctuations and maintaining a high number of time
series observations. Despite these advantages, this technique may still suffer from reverse
causality or simultaneity, because causality between regressors and growth could go the
other way as well or some regressors and growth may be simultaneously determined (e.g.,
Bils and Klenow, 2000). To mitigate this problem, we deviate from the common prac-
tice by measuring dependent and independent variables differently. Specifically, while
the dependent variable is measured as a five-year moving average of economic growth,
all explanatory variables are measured at the beginning of each five-year period, with
the exception of the variables related to war, geography, and terms of trade? (Salimans,
2012). These latter explanatory variables are expected to be truly independent of con-
temporaneous economic growth, and thus also are measured as five-year moving averages
(as with the dependent variable). This treatment further alleviates endogeneity, which is

already mitigated by the use of multi-factor error structure as discussed in Section 2.

! Another popular method of looking at annual data in empirical growth literature is to use averaged
five-year period data. But, as is stressed by Soto (2003) and Attanasio et al. (2000), the use of n-year
averages is not suitable because of the lost of information that it implies, and attempting to use data on
averaged five-year periods severely limited the number of observations to draw from in the data.

ZSpecifically, these variables include: fraction spent in war (each five-year period); number of war
participation (each five-year period); number of revolutions (each five-year period); coups d’etat and
coup attempts within (each five-year period); time of independence; East Asian dummy; African dummy;
European dummy; Latin American dummy; British colony dummy; Spanish colony dummy; landlocked
country dummy; percentage of land area in Koeppen-Geiger tropics; percentage of land area within 100
km of ice-free coast; terms of trade; and terms of trade growth.
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5 Empirical Results

5.1 Choices of the Number of Factors and the Development

Index

In Section 3, we assume that the number of factors r is known. In practice, r is unknown
and has to be estimated. The main tool for estimating the number of factors of large
dimensional datasets is the use of information criteria. In view of the fact that there are
59 observable explanatory variables in our case, we follow Ando and Bai (2017) to choose

the number of the factors by minimizing the next criteria function:

N+T

PIC(r) =52 - (1 +r- 1og(NT)> : (5.1)
where 62 = Ef\il Zthl (yit - m;ﬁm — ﬁ%)Q, and for Vr, B, ft and 3; are the corre-
sponding estimates using the approach of Section 2.

We now turn to the choice of the development index, z;. In Section 2 we have
specified a varying coefficient growth regression model capable of capturing parameter
heterogeneity by means of a development index. Of the possible development indexes,
output and human capital are believed to be the most important ones in previous studies
(e.g., Durlauf and Johnson, 1995; Liu and Stengos, 1999; Minier, 2007; Salimans, 2012).
Following those studies, we consider four alternative development indexes in log form: (1)
initial GDP per capita, (2) initial primary schooling enrolment rate, (3) initial secondary
schooling enrolment, and (4) initial higher education enrolment rate.

When choosing among the four alternative development indices, we use the in-sample
root mean squared error (RMSE) which is consistent with the criterion function used
in estimation. Specifically, for each development index, we first choose the number of
factors and select the regressors. Then we run post selection regression as documented in
Section A.1 of the supplementary Appendix A without including the weight parameters
to calculate the corresponding RMSE. Table 3 presents the chosen number of factors and
in-sample RMSE for each of the four development indices. In addition, we also consider
the homogeneous parameter growth regression model where 3y (i.e., the coefficients of
growth determinants) is homogeneous across countries, and the results are reported in
the first column of Table 3. This table shows that the model with initial GDP per capita
as the development index has the lowest in-sample RMSE and thus fits the data best.

In summary, the model with six factors and initial GDP per capita as the development

index (i.e., 7 = 6 and z = initial GDP per capita) receives the most support from the
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data. Hence, in what follows we concentrate on the results obtained from this model.

5.2 Estimates of the Common Factors and Their Associated

Loadings

Figure 1 and Figure 2 plot the estimates of the factors identified above and their cor-
responding loadings respectively. The former shows that all the common factors varies
considerably over time with the exception of the first factor which exhibits a relatively
small amount of variation during the sample period, while the latter shows that all the
factor loadings vary substantially across countries.

We are also interested in the importance of each common factor in explaining the
total variance of the error terms e;’s of (2.3). Table 4 shows the proportion of the total
variance attributed to each common factor. As the table shows, the first common factor
accounts for 87.86% percent of the total variance, and the other five factors account
for 7.01%, 1.78%, 1.45%, 0.61%, 0.30% respectively. Overall these six common factors
account for 99.01% of the total variance, indicating a fairly parsimonious description of

the data.

5.3 Estimates of the Coeflicient Functions of Selected Variables
5.3.1 General Findings

Our results are broadly consistent with those of Ferndndez et al. (2001) and Sala-I-Martin
et al. (2004) in that we have identified a number of robust growth determinants (vari-
ables) that are also found to be significant in the previous studies. In this sense, our
results broadly support the more “optimistic” conclusion of Sala-I-Martin (1997), that
is, some variables are important regressors for explaining cross-country growth patterns.
Specifically, we have identified 31 robust growth determinants, providing evidentiary sup-
port for the canonical neoclassical growth variables; i.e., initial income, investment, and
population growth, as well as macroeconomic policies, geography, institutions, religion
and ethnic fractionalization. Table 5 reports the estimates of the coefficients of each of
the 31 robust growth determinants for In(initial GDP per capita) = 3.98 (minimum), 5,
6, 7, 8, and 8.81 (maximum), together with their associated 95% bootstrapped confidence

intervals (CI)%. To see these coefficients more clearly, we also plot them against initial

3Note that these confidence intervals need to be interpreted carefully. As well understood, one cannot
establish the confidence intervals for the estimates under HD case unless certain transformation is further
employed (e.g., Huang et al., 2008; Dong et al., 2017). However, if one regards 31 (the number of
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GDP per capita in Figure A.5 of the supplementary file.

Despite the similarity, there are at least three differences between the results of this
study and those of the previous studies. First, our set of robust growth determinants
differs from those identified in the previous studies, in spite of many overlaps between
them. Specifically, some variables appear to be robust in our study but not in the previous
(such as secondary school enrolment rate and terms of trade growth) or vice versa (such
as primary school enrolment rate and fraction GDP of mining). There are at least three
possible reasons for this difference: (1) we use a different model specification that allows
for both parameter heterogeneity and cross-sectional dependence; (2) we use a different
variable selection procedure (i.e., a LASSO estimator); and (3) we use a different dataset
that spans a longer time period and covers a slightly different set of countries.

Second, our estimates of the coefficients of the robust growth determinants vary con-
siderably across countries according to their level of development, while those in most
previous studies are identical across countries. Specifically, we find that some coefficients
have the same sign but different values across different levels of initial GDP per capita
(such as civil liberty, terms of trade growth, and percentage of land area in tropics),
while other coefficients not only have different signs but also different magnitudes across
different levels of initial GDP per capita (such as consumption share of government, life
expectancy, military expenditure, and OPEC dummy). These findings suggest that it is
inappropriate to apply a growth regression with homogeneous parameters to all countries.

Third, our estimates of the coefficients of the robust growth determinants reveal some
cross-country patterns not found in previous studies. Taking the coefficient of initial
GDP per capita for example, we find that its estimate is positive for countries with
GDP per capita between $1,780 and $2,117 in 1960 U.S. dollars (between $13,166 and
$15,665 in 2014 U.S. dollars) while being negative for all other countries. This finding
is in accordance with the “middle income trap hypothesis”, which refers to countries
that have experienced rapid growth and thus quickly reached middle-income status but
then failed to overcome that income range to further catch up to the developed countries
(Gill and Kharas, 2007). To give another example, our estimate of the oil reserve coeffi-
cient increases monotonically with GDP per capita and eventually becomes positive for

economies with initial GDP per capital above $2,175 in 1960 U.S. dollars ($16,094 in 2014

selected variables) as a relatively small number, then one can treat our regression as a LD case and
employ the same bootstrap procedure as in Su et al. (2015). In order to ensure the validity of the
bootstrap procedure, stronger assumptions on the error terms are needed. For example, one can employ
the martingale difference type of assumptions (see Assumption A.4 of Su et al., 2015), or simply assume
that the error terms are i.i.d. over both ¢ and t. Generally speaking, when the error term exhibits both
cross-sectional and serial correlation, the bootstrap results are not reliable or incorrect.
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U.S. dollars). This latter finding is consistent with recent studies (e.g., Leite and Weid-
mann, 1999) which suggest that in developed economies where economic institutions are
generally well-developed, natural resources tend to promote economic growth; whereas in
developing economies where economic institutions are generally weak, natural resources
tend to hamper economic growth. We will discuss these two examples in more details

below where it is appropriate.

5.3.2 Specific Findings

We now analyse some of the variables that are “significantly” related to growth in more
details. Figure 3.1 presents our estimate of the coefficient of initial GDP per capita. This
figure reveals three findings. First, this estimate is negative for most GDP per capita
levels, thus being largely consistent with findings in the existing conditional convergence
literature as well as previous studies that have employed model averaging methods to
growth. Second, the coefficient has an inverse U-shaped relationship with initial GDP per
capita. This finding is consistent with those reported by previous studies. For example,
Durlauf et al. (2001) find that the coefficient of initial GDP per capita does not exhibit any
sort of monotonicity with respect to level of development; Salimans (2012) finds that the
coefficient of initial GDP per capita first increases with level of development up to a point
and then declines afterwards; and Durlauf and Johnson (1995) find that the coefficient of
initial GDP per capita is not monotonic with respect either GDP per capita or literacy
rate. Third, the coefficient is positive for countries with GDP per capita between $319
and $1,812 in 1960 U.S. dollars (or between $2,554 and $14,510 in 2014 U.S. dollars),
suggesting that some of these countries have been unable to catch up with more developed
countries. This finding is in line with the “middle-income trap” hypothesis, which refers
to the phenomenon of hitherto rapidly growing economies stagnating at middle-income
levels and failing to graduate into the ranks of high-income countries (e.g., Eichengreen
et al., 2014). In our sample South Africa and Columbia are two example countries that
have never been able leave the “middle-income range” over the entire sample period since
their GDP per capita fell into this range at the beginning of the sample period (i.e.,
1960).

Figure 3.2 shows our estimate of the coefficient of price for investment goods. Three
findings emerge from this figure. First, this estimate is negative for countries with initial
GDP per capita up to $543 in 1960 U.S. dollars (or $4,348 in 2014 U.S. dollars), suggesting
that for these countries a relative low price of investment goods in the first year of each

five-year period is strongly and positively related to subsequent income growth. This
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finding is not surprising because a low investment price stimulates investment (including
investment in machinery and equipment), which further spurs economic growth (De Long
and Summers, 1991, 1992). Second, the estimated coefficient falls in absolute value as
initial GDP per capita increases, meaning that the marginal effect of investment price
on growth is stronger for poor countries than for rich countries. This latter finding is
consistent with Temple (1999) who find that the growth-spurring effects of investment is
greater for developing countries, because total investment includes machinery embodying
well-established technologies and developing countries may be able to take advantage of
new and old equipment because they have little of any technology. Third, for countries
with initial GDP per capita above $543 in 1960 U.S. dollars (or $4,348 in 2014 U.S. dollars)
the estimated coefficient of investment goods price is positive but insignificant, because
the associated confidence intervals contain zero. This suggests that investment goods
price has no growth effects for these countries. A possible reason for this latter finding
is that the data from the Penn World Table is not disaggregated enough to distinguish
price of equipment investment, which has strong growth effects, and price of other forms
of investment, which have little growth effects (De Long and Summers, 1991).

Figure 3.3 shows our estimate of the coefficient of secondary schooling enrolment. As
this figure shows, this estimate is positive for most levels of initial GDP per capita. This
is not surprising because secondary education is a vital part of a virtuous circle of eco-
nomic growth within the context of a globalized knowledge economy. Many studies have
documented that a large pool of workers with secondary education is indispensable for
knowledge spillover to take place and for attracting imports of technologically advanced
goods and foreign direct investment (Borensztein et al., 1998; Caselli and Coleman II,
2001). That said, we also note that the estimated coefficient for secondary schooling
is negative for middle income countries with initial GDP per capita between $272 and
$1,192 in 1960 U.S. dollars (or between $2178 and $9,545 in 2014 U.S. dollars). This
result suggests that a possible reason for the “middle income trap” discussed above is
that these middle income countries, unlike other countries, fail to take advantage of the
benefits brought by secondary schooling.

We also note from Figure 3.4 that the estimate of the coefficient of higher education
is negative for almost all countries with the exception of middle income countries. This
finding is consistent with Sala-I-Martin et al. (2004) and Salimans (2012), both of which
find that the higher schooling coefficient is negative for most of their sample countries but
positive for the rest. It also parallels the concavity argument that the earnings function

is concave in education, meaning that returns are higher for lower levels of education
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(Psacharopoulos, 1994; Psacharopoulos and Patrinos, 2004).

Figure 3.5 shows our estimate of the coefficient of oil reserve. Two findings stand out
from this figure. First, this estimate is negative for countries with initial GDP per capita
below $2,373 in 1960 U.S. dollars (or $19,002 in 2014 U.S. dollars). This finding is consis-
tent with the “natural resources curse hypothesis” (e.g., Sachs and Warner, 2001) and can
be explained by the rent-seeking behaviour of countries with large endowments of natural
resources. Second, the oil reserve coefficient increases monotonically with GDP per capita
and eventually becomes positive for economies with initial GDP per capita above $2,373
in 1960 U.S. dollars (or $19,002 in 2014 U.S. dollars). This latter finding accords with
recent studies (e.g., Leite and Weidmann, 1999) on the nexus between natural resources
and economic growth. Specifically, these studies suggest that the contribution of natural
resources to a country’s economy does not take place in isolation, but rather in the overall
context of the country’s economic management and institutions. It is thus the quality
and competency of these policies and institutions that will determine whether natural re-
sources can promote economic growth, or whether revenues generated by the sector might
impede development. Therefore, in developed economies where economic institutions are
generally well-developed, natural resources tend to promote economic growth; whereas in
developing economies where economic institutions are generally weak, natural resources
tend to hamper economic growth.

Figure 3.6 presents the estimate of the coefficient of terms of trade growth. As this
figure shows, our estimate of the terms of trade growth coefficient is positive for all
countries, suggesting that growth tends to be faster in countries where the rate of change
of terms of trade is higher. This finding is consistent with previous studies (Mendoza,
1995, 1997; Kose and Riezman, 2001; Bleaney and Greenaway, 2001) that find that an
improvement in the terms of trade leads to higher levels of investment, and hence long-
run economic growth. In addition, this figure shows that the terms of trade growth
coefficient increases with GDP per capita, indicating that the marginal effect of terms of
trade growth is larger in richer countries than in poorer ones. This latter finding is also
consistent with previous studies (e.g., Blattman et al., 2007). Specifically, those studies
argue that higher volatility in the terms of trade reduces investment and hence growth
because of aversion to risk, and that rich countries with more sophisticated institutions
and markets are likely to have cheaper ways to insure against price volatility than poor
countries, so terms of trade instability is likely to have a smaller negative impact on rich
countries.

Here we note that as in Sala-I-Martin et al. (2004), trade openness (defined as exports
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plus imports as a share of GDP) is insignificant, presumably reflecting the crudity of this
measure, and perhaps the distinction between opening to international trade generating
a one-time step increase in income as factors are reallocated according to comparative
advantage versus an ongoing growth impact associated with greater openness.

Figures 3.7-3.9 show the estimates of the coefficients of fraction of Christian, Muslim,
and Jewish respectively. These coefficients are negative at all levels of development
or nearly all levels of development. This finding is consistent with that of Barro and
McCleary (2005) who find that religion works via belief, not practice. They argue that
higher church attendance uses up time and resources and eventually runs into diminishing

returns. The “religion sector”, as they call it, can consume more than it yields.

6 Conclusion

A rigorous cross-country growth regression analysis should simultaneously account for
three major problems identified in the literature — variable selection, parameter het-
erogeneity, and cross-sectional dependence. Though these three problems have received
individual attention, little or no research has sought to integrate them into a single,
comprehensive framework. The purpose of this study is to fill this void by proposing a
new, integrated framework that is capable of dealing with parameter heterogeneity and
cross-sectional dependence, while simultaneously performing variable selection. Specif-
ically, parameter heterogeneity is allowed for by means of a varying coefficient growth
regression model, while cross-sectional dependence is introduced into the model via a
multi-factor structure. For simplicity, we refer to the resulting growth regression model
as the “varying coefficient growth regression model with factor structure and sparsity”.
We then propose a LASSO estimator that is capable of performing variable selection on
this model. In addition, we have established the associated asymptotic results for this es-
timator and further investigate the performance of the estimator by conducting extensive
simulations.

We apply the above framework to a new dataset that covers 89 countries over the
period from 1960 to 2014. We have identified 31 robust growth determinants, providing
evidentiary support for the canonical neoclassical growth variables; i.e., initial income,
investment, and population growth, as well as macroeconomic policies, geography, insti-
tutions, religion and ethnic fractionalization. Moreover, we find that all the coefficients
of the robust growth determinants vary considerably across countries according to their

level of development, which reveals some interesting cross-country patterns not found in

19



previous studies. For example, we find that the coefficient of the initial GDP per capita is
positive for countries with GDP per capita between $319 and $1,812 in 1960 U.S. dollars
(or between $2,554 and $14,510 in 2014 U.S. dollars), suggesting that some of these coun-
tries have fallen into the so-called “middle income trap”. As another example, we find
that the oil reserve coefficient increases monotonically with GDP per capita and even-
tually becomes positive for economies with initial GDP per capita above $2,373 in 1960
U.S. dollars (or $19,002 in 2014 U.S. dollars), thus being consistent with recent studies
that stress the role of institutions in determining how natural resources affect economic

growth.
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Table 1: Definitions of All Variables in the Regression

Variables Description Formula Mean Std
EG Economic growth rate In(rgdpo; /rgdpo;—1) 0.0363 0.0649
log(GPC)  log GDP per capita 6.0642 0.9861
csh g Government consumption share 0.2074 0.1163
Openness Openness measure cshx + cshom -0.0322 0.1274
1P Investment price, i.e., price level of capital formation 0.4213 0.3220
PGR Population growth rates In(pop:/popt—1) 0.0197 0.0127
Sch_P Primary school enrollment 0.7396 0.2170
Sch_S Secondary school enrollment 0.4672 0.3204
Sch_H Higher education School Enrollment 0.1336 0.1581
LE Life Expecancy 0.5932 0.1102
PESS Public education spending share in GDP 0.0399 0.0296
PIS Public investment share GFCF - GFCF_PS 0.0713 0.0501
Land Land area (sq. km / 1,000,000) 0.8719 2.1518
Exports Percentage of Primary Export Exports_ OM + Exports_ ARM 0.1978 0.2085
Mining Fraction GDP in mining 0.0733 0.0874
Fertility Fertility rate, total (births per woman) 4.7412 1.9724
Military Military expenditure share in GDP 0.0295 0.0302
PCS Public consumption share GGFCE - PESS - Military 0.0809 0.0501
Malaria Malaria prevalence: Incidence of malaria 155.1712  245.5145
(per 1,000 population at risk)
Inflation Inflation rate 1.3854 7.0448
Political Political rights 4.2100 1.9429
Civil Civil liberties 4.1496 1.6628
Cap Degree of capitalism 3.2697 1.7275
Trade Terms of trade 1.3475 2.2807
Tra_Gro Terms of trade growth 0.0073 0.0974
Locked Landlocked country dummy (1, yes; 0, no) 0.2697 0.4438
Ind_Year Time of independence 1.4382 1.0382
<=1914 = 0; 1915-1945 = 1; 1946-1989 = 2; >= 1990 = 3
kgatr Percentage of land area in Koeppen-Geiger tropics 0.4017 0.4205
kgptr Percentage of population in Koeppen-Geiger tropics 0.3915 0.4217
ler100km Percentage of Land area within 100 km of ice-free coast 0.3788 0.3640
popl100cr Ratio of population within 100 km of ice-free 0.4520 0.3728
coast/navigable river to total population
cen_lat latitude of country centroid 0.1522 0.2197
Bri_Col British colony dummy (1, yes; 0, no) 0.2584 0.4378
Spa_Col Spanish colony dummy (1, yes; 0, no) 0.1910 0.3931



qc

Oil.OPEC  Oil-producing country dummy (1, yes; 0, no)

Gas proved reserves (cubic meters / 10712)
0Oil proved reserves (bbl / 1079)

Chris Percentage of Christian

Mus Percentage of Muslim

Hin Percentage of Hindu

Bud Percentage of Buddhist

Fol Percentage of Folk religion

Oth Percentage of other religion

Jew Percentage of Jewish

GS Government spending share of GDP
Distortion  Real exchange rate distortions

00 Outward orientation

SIL Ethnolinguistic fractionalization

ESP English-speaking population in percentage
EA East Asian dummy

AF African dummy

EU European dummy

LA Latin American dummy

WarFrac Fraction spent in war (1960-2014)

NoWars No. of war participation (1960-2014)

Coup coups d’etat and coup attempts within (1960-2014)

Revolution Number of revolutions (1960-2014)

Pop_Dens  Population Density/1000

WorkIR Growth rate of work force In(WP;/WP;_4)

0.0674
1.3789
4.5521
0.5369
0.3046
0.0263
0.0410
0.0284
0.0037
0.0019
0.1501
129.6824
-2.7398
0.4886
0.1762
0.0225
0.4270
0.1124
0.1573
0.3265
0.8028
0.1870
0.1941
0.0812
0.0210

0.2508
6.1997
19.1378
0.3807
0.3825
0.1211
0.1541
0.0628
0.0064
0.0027
0.0686
35.8479
0.7542
0.3127
0.2692
0.1482
0.4947
0.3158
0.3641
0.4343
1.2609
0.4964
0.5038
0.1135
0.0132

rgdpo — Size of economy (GDP in million)

pop — Population (in million)

csh_x — Share of merchandise exports

csh_m — Share of merchandise imports

WP — Fraction population of work force (1-A65-U15)

A65 — Fraction population over 65 years old

U15 — Fraction population under 15 years old

GFCF — Gross fixed capital formation

GFCF_PS — Gross fixed capital formation, private sector
Exports_OM — Percentage of Ores and metals exports

Exports_ ARM — Percentage of Agricultural raw materials exports
GGFCE — General government final consumption expenditure share in GDP
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Table 2: Sample Countries and Their Associated ISO 3166-1 alpha-3 Codes

AGO
ALB
ARM
AZE
BDI
BEN
BFA
BGD
BGR
BLR
BRA
BWA
CAF
CIvV
CMR
COG
COL
DOM
DZA
ECU
EGY
ETH
GAB
GBR
GEO
GHA
GIN
GMB
GNB
GTM

Angola

Albania
Armenia
Azerbaijan
Burundi

Benin

Burkina Faso
Bangladesh
Bulgaria
Belarus

Brazil

Botswana
Central African Republic
Cote d’Ivoire
Cameroon
Congo

Colombia
Dominican Republic
Algeria

Ecuador

Egypt

Ethiopia

Gabon

United Kingdom
Georgia

Ghana

Guinea

Gambia
Guinea-Bissau
Guatemala

HND
HRV
HTI
IND
IRN
JAM
JOR
JPN
KAZ
KEN
KGZ
KHM
LAO
LBN
LKA
LSO
MDA
MDG
MEX
MKD
MLI
MNG
MOZ
MWI
MYS
NAM
NER
NIC
NPL
OMN

Honduras

Croatia

Haiti

India

Iran, Islamic Republic of
Jamaica

Jordan

Japan

Kazakhstan

Kenya

Kyrgyzstan
Cambodia

Lao People’s Democratic Republic
Lebanon

Sri Lanka

Lesotho

Moldova, Republic of
Madagascar

Mexico

Macedonia

Mali

Mongolia
Mozambique

Malawi

Malaysia

Namibia

Niger

Nicaragua

Nepal

Oman

PAK
PAN
PER
PHL
POL
PRY
RUS

RWA
SDN
SEN

SLE

SLV

SWZ
SYR
TCD
TGO
THA
TTO
TUN
TUR
TZA

UGA
UKR
URY
USA

VEN
YEM
ZAF

ZWE

Pakistan

Panama

Peru

Philippines

Poland

Paraguay

Russian Federation
Rwanda

Sudan

Senegal

Sierra Leone

El Salvador
Swaziland

Syrian Arab Republic
Chad

Togo

Thailand

Trinidad and Tobago
Tunisia

Turkey

Tanzania, United Republic of
Uganda

Ukraine

Uruguay

United States
Venezuela, Bolivarian Republic of
Yemen

South Africa
Zimbabwe




Table 3: Comparison among Alternative Development Indexes (z)

z of Varying Coefficient

Parametric
In(GPC) School P School-S  School H
RMSE 0.022 0.017 0.019 0.027 0.020
No. of factors 6 6 6 3 5

Table 4: Cumulative Variation of the Residuals Explained by the Factors

No. Factors 1 2 3 4 5 6
Cumulative Variation 87.86% 94.87% 96.65% 98.10% 98.71% 99.01%

27
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Table 5: Estimates of Coefficients at log(GPC)=3.98, 5, 6, 7, 8 and 8.81

log(GPC)
csh_g

IP

PGR
School S
School H
LE

PESS
Military
Inflation
Civil
Tra_Gro
kgatr
ler100km
cen_lat

Spa_Col

log(GPC)=3.98 log(GPC)=5 log(GPC)=6 log(GPC)=7 log(GPC)=8 log(GPC)=8.81
-0.0766 -0.0447 0.0117 0.0255 -0.0531 -0.2055
(-0.1145, -0.0429) (-0.0618, -0.0305)  (-0.0038, 0.0249)  (0.0080, 0.0469) (-0.0886, -0.0034)  (-0.2883, -0.0898)
0.3341 0.1483 -0.0587 -0.2143 -0.2619 -0.1964
(0.1077, 0.5534) (0.0706, 0.2248) (-0.1110, -0.0107)  (-0.3141, -0.1454)  (-0.5782, 0.0082) (-0.9416, 0.4733)
-0.1284 -0.0545 -0.0093 0.0160 0.0282 0.0325
(-0.1971, -0.0621) (-0.0686, -0.0422)  (-0.0191, 0.0059)  (-0.0046, 0.0406)  (-0.0146, 0.0638) (-0.0895, 0.1209)
3.2821 0.5353 0.8485 1.5689 0.6502 -2.2853
(1.7325, 4.7072) (0.0426, 0.9486) (0.4054, 1.2542) (1.1371, 1.9781) (-0.1228, 1.3620) (-3.5441, -0.7206)
0.1322 0.0823 -0.0420 -0.0147 0.3303 0.9119
(-0.1505, 0.4845) (0.0108, 0.1495) (-0.0780, -0.0081)  (-0.0548, 0.0177) (0.1989, 0.4201) (0.5495, 1.1719)
-1.5869 -0.1175 0.2220 0.0326 -0.2066 -0.1808
(-2.4454, -0.7631)  (-0.3214, 0.1119)  (0.1562, 0.3020)  (-0.0157, 0.0921)  (-0.2810, -0.1039)  (-0.3986, 0.1401)
0.3148 0.2935 -0.0597 -0.2370 0.1455 1.0373
(-0.0171, 0.6403)  (0.1811, 0.3938)  (-0.1739, 0.0389)  (-0.3918, -0.0990)  (-0.2875, 0.5411)  (0.0000, 1.9922)
-1.2399 -0.5737 -0.2476 -0.0158 0.3070 0.7260
(-2.4950, 0.0107)  (-0.7969, -0.3513)  (-0.4210, -0.0944)  (-0.2163, 0.1716)  (-0.6249, 1.3302)  (-1.5776, 3.4530)
-1.1748 -0.1436 -0.0428 -0.0020 0.6417 1.9197
(-2.4253, -0.0639) (-0.3588, 0.1047) (-0.1667, 0.0719)  (-0.2609, 0.1609) (0.0134, 1.1085) (0.1982, 3.4369)
-0.0055 0.0006 -0.0011 -0.0031 0.0007 0.0107
(-0.0094, -0.0012) (0.0000, 0.0012) (-0.0016, -0.0005)  (-0.0039, -0.0023)  (-0.0043, 0.0048) (-0.0020, 0.0209)
0.0183 0.0050 -0.0004 0.0033 0.0166 0.0340
(0.0048, 0.0308) (0.0011, 0.0085) (-0.0027, 0.0024)  (0.0000, 0.0064) (0.0027, 0.0282) (-0.0036, 0.0661)
0.0009 0.0304 0.0048 0.0018 0.0796 0.2279
(-0.1138, 0.1100) (0.0117, 0.0458) (-0.0162, 0.0252)  (-0.0248, 0.0351)  (-0.0062, 0.1727) (-0.0124, 0.4799)
-0.3099 -0.0815 -0.0763 -0.1422 -0.1597 -0.0776
(-0.4367, -0.1693) (-0.1281, -0.0391)  (-0.1161, -0.0447) (-0.1887, -0.0969)  (-0.2602, -0.0333) (-0.3270, 0.2396)
0.6793 0.1930 0.0511 -0.0621 -0.3850 -0.9133
(0.5005, 0.8498) (0.1396, 0.2461) (0.0127, 0.0940)  (-0.1305, -0.0005)  (-0.5977, -0.2168)  (-1.4617, -0.5189)
0.5894 0.0293 0.0360 0.1693 0.0873 -0.3058
(0.3011, 0.8198) (-0.0723, 0.1294) (-0.0315, 0.1114)  (0.0985, 0.2655) (-0.0526, 0.2459) (-0.6344, 0.0789)
-0.5174 -0.1564 -0.0204 0.0548 0.1945 0.4167
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Oil.OPEC
Oil

Chris

Mus

Oth

Jew

GS
Distortion
00

ESP

EA

EU
WarFrac
Coup

Revolution

(-0.6748, -0.3222)
-0.1254
(-1.0835, 0.6246)
-0.0100
(-0.0217, 0.0018)
0.2689
(0.1164, 0.4267)
-0.0736
(-0.1864, 0.0735)
-3.7386
(-13.0771, 4.1928)
-32.4452

(-55.7335, -10.0679)

-0.2516
(-0.5709, 0.0529)
0.0231
(-0.0449, 0.1048)
1.0569
(-2.1588, 4.9579)
0.3819
(0.2151, 0.5483)
0.2924
(-0.1574, 0.7975)
-1.0237
(-1.7313, -0.3070)
-0.0044
(-0.0372, 0.0351)
-0.0190
(-0.0287, -0.0089)
-0.0052
(-0.0198, 0.0090)

(-0.2111, -0.1080)
-0.0460
(-0.2325, 0.1181)
-0.0021
(-0.0051, 0.0009)
0.1112
(0.0650, 0.1711)
0.0130
(-0.0383, 0.0599)
0.6890
(-1.3860, 2.4081)
-10.5477

(-18.6022, -3.8609)

-0.2079
(-0.3047, -0.1254)
0.0884
(0.0580, 0.1187)
4.1811
(2.7557, 5.6164)
0.1039
(0.0575, 0.1465)
0.0841
(-0.0589, 0.2081)
-0.2206
(-0.3896, -0.0438)
-0.0035
(-0.0121, 0.0072)
-0.0004
(-0.0031, 0.0020)
0.0044
(0.0007, 0.0075)

(-0.0503, 0.0091)
-0.0947
(-0.1496, -0.0423)
-0.0008
(-0.0017, 0.0000)
-0.0056
(-0.0535, 0.0461)
-0.0292
(-0.0774, 0.0195)
-1.1133
(-3.0584, 0.7782)
-2.0163
(-7.6269, 3.6243)
-0.0476
(-0.1142, 0.0215)
0.1085
(0.0701, 0.1435)
5.1496
(3.3263, 6.8047)
0.0581
(0.0214, 0.0975)
0.0263
(-0.0668, 0.1185)
-0.0275
(-0.0797, 0.0197)
-0.0120
(-0.0179, -0.0040)
-0.0028
(-0.0051, -0.0005)
-0.0016
(-0.0042, 0.0011)

(0.0171, 0.0950)
-0.0815
(-0.1383, -0.0344)
-0.0011
(-0.0022, -0.0001)
-0.1262
(-0.2001, -0.0629)
-0.1685
(-0.2344, -0.1004)
2.9016
(0.2919, 6.3889)
-0.9826
(-6.9105, 4.0461)
-0.0738
(-0.1676, 0.0172)
0.0482
(-0.0064, 0.1025)
2.3016
(-0.2707, 4.8851)
0.1010
(0.0494, 0.1631)
-0.1256
(-0.2975, 0.0293)
0.0738
(0.0169, 0.1225)
-0.0130
(-0.0208, -0.0036)
-0.0070
(-0.0102, -0.0038)
-0.0066
(-0.0106, -0.0020)

(0.1040, 0.3131)
0.1358
(-0.0124, 0.2413)
0.0008
(-0.0010, 0.0023)
-0.2818
(-0.4824, -0.1333)
-0.3744
(-0.5710, -0.2335)
21.6126
(11.6269, 32.3911)
-2.7502
(-12.1471, 5.8912)
-0.5101
(-0.8230, -0.1881)
-0.1148
(-0.2793, 0.0061)
-5.4384
(-13.1848, 0.3040)
0.1193
(-0.0059, 0.2319)
-0.5515
(-1.0307, -0.1357)
0.4780
(0.3182, 0.6845)
0.0058
(-0.0157, 0.0235)
0.0016
(-0.0086, 0.0113)
0.0021
(-0.0054, 0.0084)

(0.1867, 0.6800)
0.5247
(0.1090, 0.8785)
0.0057
(0.0004, 0.0099)
-0.4469
(-0.8908, -0.0694)
-0.5692
(-1.0085, -0.2474)
51.3537
(27.3474, 75.2005)
-3.6114
(-27.3730, 18.2231)
-1.2583
(-2.1023, -0.4396)
-0.3280
(-0.6718, -0.0148)
-15.5641
(-31.9253, -0.7429)
0.0577
(-0.2260, 0.2967)
-1.1753
(-2.2484, -0.2191)
1.2174
(0.7527, 1.7964)
0.0411
(-0.0227, 0.0882)
0.0251
(-0.0005, 0.0502)
0.0252
(-0.0034, 0.0464)
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Figure 3: Estimates of Selected Coefficient Functions
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Appendix A is divided into five sections. Section A.l provides the numerical algorithm.
Section A.2 examines the asymptotic results of Section 3 through several simulations. Section
A .3 presents the preliminary lemmas and the proofs of the main theorems. Section A.4 explains
why our method can partially solve the issue of time trend that has found limited attention in
the empirical growth literature. In Section A.5, we provide auxiliary tables and figures of the
empirical study.

Recall that in the main text, we have let {7 = min{N, T}, || - ||sp be the spectral norm of a
matrix, and |a] stand for the largest integer part of a real number a. Here we further define some
notations, which will be used throughout this file. Let ¢¥[3*] = (z}'B*(zi1), ...,z B*(ziT))’,
and ¢![81] = (zf,'81(zn1),. .., 20} BT (zir)), where B*(-) and Bi(-) are p* x 1 and (p — p*) x
1 respectively. Moreover, diag{A;,..., Ax} means constructing block diagonal matrix from

matrices (or scalars) Aj, ..., Ag.

A.1 Numerical Implementation

The following procedure essentially combines two algorithms discussed in Bai (2009) and Wang
and Xia (2009) together. For each given A = (A1,...,\p), the estimates can be obtained using
the following iteration procedure. Let C é") and F(™ be the estimates obtained from the nt" > 1

iteration. Then, for the (n + 1) iteration, the estimates are obtained as

D(”) ! N
Sub-step 1:  vec( C’énﬂ (Z ZiMpoy Zi + m’p> ZZ{Mﬁ(n)YQ,

2 ;
=1
N ~
Subestep 20~ 3 (Yi— il V]) (i - anl Bt V]) FtD = FO4 Dy,
NT P

where Dy, , = I, ® diag { IIC(n)H . ||C)E”)|\ }; and Vi is a diagonal matrix with the diagonal
being the r largest elgenvalues of

LS (Y- ) (vi- o))

NT & ’ ’



arranged in descending order. We stop the iteration when the estimates reach certain criteria,
say |léén+1) ~-C é")\l < e. To start the above iteration, we randomly generate ﬁ(0)7 where each
clement of F(© follows from N(0,1).

To choose the optimal A, we follow Wang and Xia (2009) to simplify it as follows:

)\:V(Héﬁ,lel,...,Hc_'g,pH*l)/, (A1)

where v is a scalar, and CB,J’ stands for the j** row of the unregularized estimator C’g (i.e.,
implementing (3.3) of the main text with A = 0,x1). With the specification of (A.1), the idea
for choosing lambda becomes straightforward. The unregularized estimator OB is a consistent
estimator. It provides information on how likely each row of Cjg, is a zero row. In other words,
smaller ||Cp ;|| implies that the j row of Cp, is more likely to be zero and hence suggests a
larger regularizer on ||Cgj||. Given (A.1), the selection on the vector X reduces to the selection
on the scalar v. Finally, we consider the possible value of v over a sufficiently large interval of

the real line. The optimal v is chosen by minimizing the BIC type criteria proposed in the main

InénT

Tenr in view of the development of Lemma A.7 and

text. For the HD case, Y y7 is chosen as
Theorem 3.3.

A.2 A Numerical Study

In this section, we examine the performance of the methodology of Section 3 through several
simulations. Consider the model (2.4) of the main text. For the factor structure, let fo; ~
iid. N(0px1,1I,) and ~o; ~ iid. N(0.5 - 1,x1,1.). In order to generate the regressors and
univariate index variable, we firstly generate vy = 0.5-v; 41 +&;t, where & ~ 1.i.d. N(0px1,Ip).

+ii.d. N(0,1), where v, stands for the first

Then let x;; = vir + |V, for|, and zip = |vieq
element of v;;. By doing so, we generate certain correlation between the regressors and the
factor structure, and also introduce some correlation between z;; and z;;. The error terms are
generated as €, = 0.5 - ;-1 + (; in which {; ~ iid. N(Onx1,%¢) and 3¢ = {O.5‘i_j|}NxN, SO
that the weak cross-sectional dependence among individuals, and serial correlation over time

dimension are generated. For both LD and HD cases, the rest settings are as follows:

e LD Case: p* =2, p =5, r = 3, and let Bp1(2) = exp(—22/2) + 0.4 and Bpa(z) =
z-exp(—22/2) + 0.7;

e HD Case: p* =2 [1.2(NT)Y/%|, p =30, r = 3. Forj = 1,...,p* Bo;j(z) = exp(—22/2)+
0.4 when j is odd, and By;j(z) = z - exp(—22/2) + 0.7 when j is even.

For each dataset generated, we implement the procedure of Section 3 to perform variable
selection first. After identifying A* and A, we implement post-selection estimation (i.e., remove

the irrelevant regressors and then implement (3.3) of the main text with A = 0,x1) for the

2



coefficient functions. We adopt the Hermite functions of Dong and Linton (2018) as the basis
functions, repeat the above procedure 1000 times, and let' N € {40, 80, 120}, T € {40, 80, 120},
and m = [1.2(NT)'/6].

To evaluate our simulation results, we firstly report two percentages: (1) the percentage
of missed true regressors (i.e., false negative rate, FNR); and (2) the percentage of falsely
selected noise regressors (i.e., false positive rate, FPR). Secondly, we evaluate the estimates
on the components of By(-). Take [oi(-) as an example. For the 4t replication, we obtain
Blj (z) for Vz (given it is not identified as 0; otherwise, we record 0 as the estimate). For Vz,
we calculate Bl(z) = = Z}iolo Blj(z), and also record the 95% confidence bands based on
{B1(z)|j=1,...,1000}. We plot these values over a certain range of z. The values of Sy (2)
are plotted in solid black line, and the values of Bl (z) are plotted in red dotted line, and the
associated 95% confidence bands are plotted in blue dashed curves.

Table A.1 summarizes the FNR and FPR for the LD and HD cases respectively. It is clear
that our method proposed in Section 3 works well, as both FNR and FPR are either 0 or very
close to 0. It is worth mentioning that although FPR is slightly higher than zero for the HD

case, over selecting the regressors will still yield consistent estimation.

Table A.1: FNR & FPR

FNR FPR
N\T 40 80 120 40 80 120
LD 40 0.00% 0.00% 0.00% 0.00% 0.00% 0.00%
40 0.00% 0.00% 0.00% 0.00% 0.00% 0.00%
120 0.00% 0.00% 0.00% 0.00% 0.00% 0.00%

HD 40 0.00% 0.00% 0.00% 9.90% 1.10% 1.60%
40 0.00% 0.00% 0.00% 1.70% 1.90% 1.20%
120 0.00% 0.00% 0.00% 3.60% 1.00% 0.80%

For both the LD and HD cases, we plot So1(z) and Bp2(z) on [—1,2] in Figures A.1-A.4,
as the majority of z;’s lie in this range. Due to similarity, we do not report the estimates of
the rest coefficient functions for HD case. It is easy to see that as the sample size increases,
the 95% confidence bands become much narrower and the mean estimate approaches the true
curve. Also, the estimates from the HD case have wider 95% confidence bands, and seem to be

less accurate compared to the LD case as expected.

INote that the optimal choice of m may not be the optimal one, but it satisfies all the requirements
of our assumptions. Although the optimal choice of truncation parameter and the optimal bandwidth
selection have been solved for some cross-sectional models and time series models (e.g., Gao, 2007; Hall
et al., 2007) under the low dimensional cases, it is well understood that the question is still open even
for the nonparametric panel data model with fixed effects (cf., Chen et al., 2012; Su and Jin, 2012). The
question is even more daunting when the factor structure and variable selection procedure get involved.
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Figure A.3: HD: fy1(2) = exp(—2%/2) + 0.4
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Figure A.4: HD: fpo(z) = zexp(—22/2) + 0.7

A.3 Proofs

Before proving the main theorems, we present the following preliminary lemmas.

Lemma A.1. Consider two non-singular symmetric matrices A, B with the same dimensions
k x k, where k tends to co. Suppose that their minimum eigenvalues satisfy that Nmin(A4) > 0
and Nmin(B) > 0 uniformly in k. Then Hzéf1 - B*1H <ot (A)-not |A— BJ.

Lemma A.2. Let Assumptions 1 and 2 hold. As (N,T) — (00, 0),

1 37 E€l = Op () + 0r () and |1 97E€'| = Op () + Op () where € =

(&1,...,EN),
2. su §j5’P5 0(1)+0 <1>
'FGSFNT re =0\ Un) TP \UT)
1 & ] .
3. — L FMpE| =0 <>+O <>’
218, [ 2] = 0r (g ) o (g
1 & . ,
4o osup = S (GilBom] — dilBm]) MpEi| = O < )w < )
|Cs]|<M, FEDR Nlel 0 [Bral)” My P IN P T
5. sup Zgbz ' Mpgi[An]| = Op (m™),
6. sup E ¢z MFFO’YOZ OP(mig),
7. ¢z m M i [Bm] — @i [B m =0 m—% ,
[Col<M FeDy NTZ {1 8] = i [Boml}| = Op(m™7)




where M is a sufficiently large constant.

Let Ty, = VNT(Féﬁ/T)_l(FE)FO/N)_l, where Viyr is a diagonal matrix with the diagonal

being the r largest eigenvalues of
1 N ~ N/
arranged in descending order.
Lemma A.3. Let Assumptions 1, 2 and 3.1 hold. As (N,T") — (o0, 00),
L. || = Boll 2 = op(1);
2. ||Ps = Pryll = op(1);
3. VT —p V, where V is an r x r diagonal matriz consisting of the eigenvalues of X 5% ;
1 -1 _ 2 1 1.
4 NP = Foll = 0p (1B — Bollz2) + Op (&) + Op ()
1 _ 2 1 1.
5. | #F(F = Rolivg)| = 0p (18 = Bollz2) + Or (%) + Op ($);
6. | Pz — Pr,|I> = Op(1Bm — Bollz2) + Op (%) + Op ($).
Lemma A.4. Let Assumptions 1, 2 and 3 hold. As (N,T) — (00, 00), Pr(HC\’gH =0)—1

Lemma A.5. Let Assumptions 1-3 hold. As (N,T) — (00, 00),

~r * m mA;knax
IC5 = Choll = Op (\/ NT) +O0p(m™%) + Op <NT> :

Lemma A.6. Let Assumptions 1, 2 and 5 hold. As (N,T) — (00, 00),

1. sup =0Op < p—(éva; mp)) ;

ICsl<aoyp, FeDp | NT

1 N
= Y ($ilBom] — i[Bm]) Mré;
=1

2. sup Z¢z MFqu m] = OP (p*m_#);
FEDF

3. sup Z¢z I'MpFoyyoi| = Op(y/p'm™%);
FeDp

OP(\/Em_%);

4. sup bi[An) MpE;
FeDp NTZ "

NTZ¢’ ! M {61 (Bl — 64 o]} | = Op(/ppom™4),

||CB||<a0f FEDF



where ag 1s a sufficiently large constant.
Lemma A.7. Let Assumptions 1, 2 and 5 hold. As (N,T) — (00, 00),
L || = foll = = op(1);

2. [P — Pryll = op(1).

Proof of Theorem 3.1:
(1). The first result follows from Lemma A.4.

(2). Based on the development of Lemma A.5, the definition of B\jn and (3.1), we can write

for Vz € V,
NEENCAREETE)
- NmT [Hy(2) @ Ie] [vee(C; = C3,)| + \/TA;W)
= \/T [H7(2) @ L] [vee(Ch — C8) + vee(Ch — C5,)] + op(1)

NT 1 Y
-1 *—1 */
- \/;[H/ (2) @ Ip ] Ajyr¥% “NT ;1:{31; Mg+ Az} &;
NT m|| |
+\/>H;nz®I*AlE*1J +O( +op(1
m [Hn(2) ® Iy ] Ay 6NT,1 P JNT p(1)

W/NT [H,,(2) ® I+ ] ATy z*—l-li{z*’MA+A i} & + op(1)
- m p INT=Z NTi:1 i F 3,1 f i P

=A1 +op(1),

where the second equality follows from ||A,,(2)|| = O(m~*/?) and the condition % — 0; the
third equality follows from the above development on Vec(ag) —Vec(ag) and Vec(ég,) —vec(CF, ),
and the fact that 22}1 reduces to 2*271 using Assumption 4; and the fourth equality follows
from (B.22) of Appendix B, % — 0, and % — 0.

We next consider A; by starting with = Zf\il ZH MzE;.

N N N
1 . 1 1
~NT > ZYMRE; = NT § Z' Mg, & + NT E Z}'(Mp — Mg,)&;
i=1 ‘ '

- NT Z Z¥' My, &; NT Z 2 (Ps — Pr,)&;

= D1 — Ds.

Firstly, we shall show H NLH] (2) @ L] Al S ' Da|| = op(1). Let Z}; be the j' " column

of Z¥, and let Z, ; be the tth element of 2} ;. Write



N A~
1 . [ FF

NT T
=1
N / !/
1 Z¥(F — Rollyr) 1 Z¥(F — Follnr) , 4
= E & F Full &
NT ZH T ~nrEofi + NT Z - T ( ollyr)’

1 ZH Ny~ 1 XL zHE -
NT >~ ; NL(F - Rollyr)'& + NT > T C[MnrIlyy — (FyFy/T) ™' FiE;
:= Doy + Doz + D3 + Doy,

where the definitions of Dy; to Doyg are obvious.

In the following, we let Dy ; be the jt" row of Doy for ¢ = 1,2,3,4. Thus, for Dy, consider

N 1o
1 XLz (F— Rl
1D21]l = ‘ VT Sl NT)HQVTFé&
N
T CIDE H Vec F - FOHNT)HQVT} ‘
=1

—0r () IIIF Follyal.

Summing up over j for Dy j, we obtain that ||Da1| = Op (\/1%) ﬁ“ﬁ — Follnr||.

For Do, write

N 105
1 Zx. (F — F()HNT) ~
NT e - (F — Follyr)'&;
i=1

1 N
~p 2L E 2
=1

1 1, -
=Op (\/ﬁ> Tl = Follyr|.

[ Daz,jl =

1 . N
. HTVGC [(F — F()HNT)(F — F()HNT)/}

Summing Dsz ; up over j, we obtain that || Das|| = Op (/%) %Hﬁ — Follyr|?.
For D3, write

N /
1 ZFFollyt  ~
NT E o 7 (F — Follny) s
i=1

1 XN
/
NT Z & @
i=1

| Das

*/FO

HVGC HNT(ﬁ_FOHNT)/]

Note that

2
N x /
Zz-,j Fo

1 /
NT;a@ T
®Z zt]fOt

E

2

N2T3

1 T N T 2
= s DB |D s D Zisfun
s=1 =1 t=1




1 T N N T
= N273 .22 E (Z zltjf0t> (Z Zz‘*gtJfOt) Eleiys€ips]
s=1i1=1i3=1 t=1
1 N N
- N27T2 Z Z E
i1=112=1

T T
(Z m,jfét) <Zzi*2t,jf0t>] Oivig
=1
E

1 T N N
= N27T2 Z Z Z [Z;;t,]zz;t] [||f0tH2 | XNtH Oirig

N N
2 * *
+N2T2 Z Z E [sz Jzzztw [f6t1f0t2 |XNt1H Tivia

1 N N
- N2T?2 Z Z E [Zz*ltgzmj] At 0y iy
2
+NZTQ Z Z Z E [Zl*ltl jZZ2t2 J] At1t504149
N
N2T2 Z Z Z |at1t2’ |01112| ( )

t1>ta11=113=1

where the fourth equality follows from Assumption 1.2; the sixth equality follows from Assump-
tion 4; and the seventh equality follows from both Assumptions 1.1 and 4.1.
Thus, || D3|l = Op (ﬁ) % HF — FOHNTH- Summing Da3 ; up over j, we obtain that

|1D2sll = Or (V¥F) J7llF = Follvr |l
Similarly, write for Doy,

N * /
[ D2l = Z My Tlyy — (FyFo/T) I FEs
N /
1 Z* Fy
NT Z ANy — (FgFo/T) 7|
1
= OP (\/W) HHNTHEVT - (F(/)FO/T)ilH .

Summing Dsy; up over j, we obtain that ||Dasl| = Op (/%) ||[Onelyy — (F§Fo/T) ™
where ||yl — (F§Fo/T) ™" || = op(1) by the development for the fourth result of Lemma
A3.

Based on the analyses of Dy to Doy, we obtain

NT

e .
- I1D2]l = Op(1 )ﬁllF— Follyr| + Op(1) |[Mnryy — (FgFo/T) ||

1 ~
+O0p(V)VT - THF— Fyllnyl?
VAL H (2) ® In,] Afr 2% Do

which further gives = op(1) by Lemma A.3 and the con-

dition 3z — 0.

Similarly, we obtain



NT .
H " HL(2) @ L] Aj LS INTZA“”” :

NT *
- [H/ ( ) ]AIJ%/'TZZ 1NT ZAJ}Z (

m

(1),

where g&i = % Zjvzl Z;’Mpofy(’)j(l“afo/N)*lfin.

Finally, by Assumption 4 and after some simple algebra, we obtain

N
NT o * )
Al — \/Z[H’()(glp*] AlJ%TTEZ 1 NTZ{Zi/MF0+A37i}5i+0P(1)

=1

—D N(O, Q*),

where glNT = Imp* — Z}_IAVQNT and AVQNT = ﬁ Ei\;l Zjvzl Z:,MFOZ*’YO]Z’Y Y0i- The proof

is then complete. |

Proof of Theorem 3.2:

Recall that we have denoted the set A*. Before proceeding further, we introduce some vari-
ables to facilitate the development. For an arbitrary model S, we say it is under-fitted if it misses
at least one variable with a nonzero coefficient?; it is over-fitted if S not only includes all relevant
variables but also includes at least one redundant regressor (i.e., A* C S but A* # S). Then,
according to whether the model Sy is under fitted, correctly fitted, or over fitted, we create three
mutually exclusive sets A=, A2 ={\ € RP: S, = A*} and AT = {A € RP: S) D A*, S # A*}.
Suppose that there is a sequence {\ny7} that ensures the conditions required by Lemma A.4.

Let (C*QN T F ANT) denote the estimator obtained by implementing (3.3) using Anr.

Case 1: Under-fitted model. Without loss of generality, we assume that only one variable
is missing, and suppose that the first p* — 1 rows of (73 are obtained from the under-fitted model
and the p*™ row of 52‘ is a 0 row. Moreover, let RSSg = ﬁ Zfil (Yl — qbi[ﬁo,m])/Mpo (Y; -

®ilBo.ml)-
We then write

N
RSS) — RSSo = > (Vi = ailBo)) Mps (Yi — 6ilB0n))

NT P
1 N
TNT 2 (Y — dilBoml) Mr, (Yi — $ilBo,m])
> 2, AL 2
= p1| > 2 ||/80p* L2 > 07

where the first inequality follows from the development given for (B.3) of Appendix B.
Again, using the development given for (B.3) of Appendix B, we have

2Under-fitted case allows for including redundant regressor.
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RSS»,, — RSSo

= vec(Cj, — C3VT) Z 2] My Zi vec(Cg, — CHNT)
1 / !
—|—ﬁtr (Mg np Fol'G FOFOM@NT)
+2vec(Cg, — C)‘NT ZZ anr Foyoi +op(1)
= OP(1)7

where the second equality follows from the development of Lemma A.3.

Thus, we can conclude that Pr (infyc 4- BIC) > BIC,,,.) — 1.

Case 2: Over-fitted model. Consider VA € A" and recall that aé‘ determines a model
Sy. Under such a model Sy, we can define another unpenalized estimator as
N
(Co B) = argunin o S (Vi = 4(5)) M (Vi — 64(5) (A1)
8. F i=1
subject to F' € D, where ||Cp || = 0 with Vj ¢ S). In other words, (Cg, F) is the unpenalized
estimator under the model determined by GA By definition, we obtain immediately that
RSS) > RSSg,, where RSSg, = <= Zl L (Y= (bz[ﬁm]) (Vi — ¢z[ﬁm])
Write

InRSSs, — InRSSy,, = In (1 L, BSSs, — RSSANT)

RSS»yvpr
_RSSSA RSS)\NT
- RSS)\NT

In view of the proof of Lemma A.3, it is easy to see that RSS) ;. converges to a positive constant.
With regard to RSSg, — RSS) ., we have

N
RSSg, — RSSy, = NlT > (Vi = ¢ilBm]) My (Yi — ¢3lBm])

=1
N

1
_ﬁ Z Y ¢z ,B)\NT]) MF\ANT (Y’Z _ ¢z[,3£\1NT])
=1

By Lemmas A.2 and A.5, it is not hard to see |[RSSg, — RSSy,,| < Op(1)+, so we can

VN’

further write

1
IDRSSS)\ — IDRSS)\NT > —RSS§SSFSSANT > — ’OP(l) W‘ :
NT

We then write

In N

Jnf, BICy = BICy,, = inf InRSSs, — RSy, o+ (dfy — b)) 5

11



By Lemma A.4, we know that Pr(dfy,, = p*) — 1. Since A € A", we must have that
Pr(dfy > p* +1) — 1. Then it is clear that Pr (infyc 4+ BIC\ > BIC,,,) — 1.

Combining Cases 1 and 2, we obtain that Pr (infyc4- 4+ BICy > BIC,,,) — 1. This
further indicates that Pr(S; = .A*) — 1. The proof is now complete. |

Proof of Theorem 3.3:
(1). By (B.26) of Appendix B, and the development of (1) and (5) of Lemma A.6, we now
i=1

can further conclude that
Y [ENT +mp
P NT )
| X

NT ;Qbi (A M {¢i [B\m} — ¢i [5o,m]}' = op(\/p'm™?2),

1 N

NT Z (¢z [50,m] — ¢ [B\mD/ Mﬁé’i

which allows us to improve the rate of (B.26) of Appendix B as follows.

A ENT +mp g 1 p*)‘fnax
1Cs, — Csll _0P<\/NT +/p*m 2>+op<m+ o > (A.2)

Then we can conclude ||Cg, — éﬁu = Op(h%?p) by Assumption 5.2, where hyp =

1
VENT®
Thus, for a large constant A, Cjg lies in a ball {Cg | |Cs — Cg,ll < Ah]l\@} with probability
approaching 1. Corresponding to 6; and 6’;, construct Cg and U as Cg = (C}/ ,C’g/)’ and
U = (U”,U"Y, where C5 = C5, + hyzU* and C} = Cf, + hyzUt = hyqUt with U2 < A2,

Further define

1

7@ (Cp, F)

1
NT A ((CH, + hyrU™ hzUYY F),  (A3)

WU, U F) = = N7

SO @g and 62; can be obtained by minimizing Vy(U*, UT, F) over ||U||?> < A? except on an event
with probability converging to 0.

It suffices to show that for any U = (U*, U") with ||U||? < A? and |UT|| > 0, V\(U*, U, F) >
VNT(U*, 0(p—p+)xm» F) with probability converging to 1 regardless the value of F. Recall that
some notations used below have been defined in the beginning of the supplementary file. Further

denote that 8),(-) = CgHm() Then write
VAU*, U F) = Ve (U*, 05— pysems F)

N N
= ﬁ ; AP} 8] MpAS; [Br] + % ; Al BT MpAG! AT
1 N 1 N
2 N ) N 9 N
+57 2; AL (5] MpEi + o 2} AGl[BL) Mr&i + z; o Mgy
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Z A (8] M Foyoi + 50 Z AGl B Mp Foyos

ZA@ B3] Mol [B1] +Z =Gl + Z HCB,J

J p*+1

N
1 / / 1 !
Z AL (5] MrAGB}] — o Z i Mp Forvor — o ; EIMFE;

ZA@ I Mp&; — NTZ%ZFOMFE

*

p

2 , by
~NT Z A (B MeFoyoi — » Ni&\ﬁbd”
£ ~
= Z AGHBLY MpAGIIBL) + Z NG 185) Mrol[5]]
o Z AGLBL Mréi + 57 Z A} [BE) MrForyoi + Z
i=1

JP—I—I

= Bint + 2BonT + 2B3NT + 2BanT + Bsn,

where the definitions of Bjnr for j =1,...,5 are obvious.

For BinT 4 2BoNT, Write

N
1
BinT + 2BanNT > NT Z AglIBL) MpAg] (5]

1 o= bt 1
ZM [RUNCHEM M;mﬁm]

\ \/

ZA¢ ' MpAG; (5]

N
> —hNT ZU*’Z*’M ZIU*

v

_hNTleU*HQ > —hnpp A

where the third inequality follows by construction.

For Byt + By, it is easy to know that

N 1/2 N
<! . . : .
|Bsnt + Bant| < {NT ;:1 | Ad; (B } {NT ;:1 EIMFE;

| X 1/2 LN
Trat 1112 .
R NICIEI BT

— Op(1)hy2.
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For BsyT, we have
1/2

DY MNiw [ < o M
Bsnr= Y ﬁ”cﬁ,j” ZNT > lICsl = mm”UTH
j=p*+1 J=p*+1

:
In view of the above development and the condition N;\“T;{I/Q — k3 with k3 being sufficiently
NT

large, the first result follows.

(2). As in the case of Theorem 3.2, we define three mutually exclusive sets A=, A% =
{NeRP: S, =A"} and AT = {A e RP: S D A*, S\ # A*} according to whether the model
S\ is under fitted, correctly fitted, or over fitted respectively. Suppose that there is a sequence
{AnT} that satisfies he conditions required by the first result of this theorem. Let (6’\1‘] T FANT)
denote the estimator obtained by implementing (3.3) using An7.

Case 1: Under-fitted model. Without loss of generality, we assume that only one variable
is missing, so suppose that the first p* — 1 rows of 6’2 are obtained from the under-fitted model
and the p*™ row of (73 is a 0 row. Moreover, let RSSy = ﬁ Zf\il (YZ — gbi[ﬂo,m])/Mpo (YZ —
bilBo.ml)-

We then write

1 N Y -~
RSSx — RSSo = = > (Vi — dilB]) M (Vi — 6il5,0))
=1
1 N
—~7 2 (Yi = éilfom 1) Mg, (Y; — ¢i[Bom))
=1
> p1 Z> 5Hﬁ0p*HL2 >0,

where the first inequality follows from the development of Lemma A.7. Similarly, we have

RSS»,, — RSSo

= vec(Cj, — C3VT) Z 2/ My Zi vee(Cg, — CHNT)
1 / /
—I—Wtr (MﬁANT FOF()F(]F()M?)\NT )

+2vec(Cg, — C3T) NTZZ M yr Fovoi + op(1)
ZOP(l).

Thus, we can conclude that Pr (infyc 4- BIC) > BIC,,,.) — 1.

Case 2: Over-fitted model. Consider VA € AT and recall that (73 determines a model

Sy. Under such a model Sy, we can define another unpenalized estimator as
N

(Cs, F) = angIrllmln % Z (Yz — i [/Bm])/MF (Yz — & [/Bm]) (A4)
8 =1
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subject to ||Cg|| < agy/p and F' € Dp, where, for j = 1,...,p, [|Cg ;|| = 0 with Vj ¢ S\. In other
words, (C’B, F ) is the unpenalized estimator under the model determined by 6’3 By definition,
we obtain immediately that RSSy > RSSg,, where RSSg, = NT ZZ 1 (Y ¢z[5m]) (YZ —

Write
RSSg, — RSS,,
InRSSg, —InRSS,,.. =In (1 + A NT)
’ o RSSxyr
RSSs, — RSSy,

> _
B RSS,\NT

In view of the proof of Lemma A.7, it is easy to see that RSS) ;. converges to a positive constant.

As for RSSg, — RSSy ., we obtain

1

RSSS/\ - R‘SS/\NT - ﬁ

N
z:l
1 N
7 2 (Vi = il T]) M (Vi = 6857
=1

Using the development of Lemma A.7, it is not hard to see |[RSSg, — RSSy,,| < Op(l)h%;.

Thus, we can further write

_RSSs, ~RSSyy,

InRSSg, — InRSSy,, > hss,
NT

‘OP(l)h%%’ :
We then write

inf BIC) — BIC),, = inf InRSSs, ~ RSy, + (dfy — by, ) vy
€

By the first result of this theorem, we know that Pr(dfy,, = p*) — 1. Since A € A", we must
have Pr(dfy > p*+1) — 1. Given TNTh;\,le — 00, it is clear Pr (infyc 4+ BICy > BIC) ) — 1.

Combining Cases 1 and 2, we obtain that Pr(infyc4- 4+ BICy > BIC,,,) — 1. This
further indicates that Pr(S; = .A*) — 1. The proof is now complete. |

A.4 Discussion on Time Trends

As mentioned in Section 1, our primary focus is on proposing an integrated framework to tackle
the three issues of variable selection, parameter heterogeneity, and cross-sectional dependence in
the context of cross-country growth regressions. We do not attempt to address other interesting
topics such as convergence of countries or any further model specification issues. That said,
we would like to briefly discuss the issue of time trend that has found limited attention in the
empirical growth literature (Eberhardt and Teal, 2011) but can be partially solved under our
setting.
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As pointed out by Eberhardt and Teal (2011), any macro production function is likely to
contain at least some countries with certain time trends in the input and output variables,
and these time-series properties need to be taken into account in the empirical analysis. The
question in fact has somewhat been addressed by recent developments in econometrics. We
provide two examples below.

Though macro variables are likely to have certain time trends, they do not have to be as
strong as polynomial terms ¢ or 2 (Dong and Linton, 2018). More often than not, it can simply

be captured by a structure like
it = Ajdor + Bjfor + it (A1)

where fi; is the same as that of (2.4) of the main text, do; includes other unobservable common
shocks, both A; and B; are the unknown factor loadings, and w;; stands for an error term. This
structure has been well discussed in Pesaran (2006) and Kapetanios et al. (2011).

In the second case, as in Pedroni (2007) we assume that different countries have different
types of time trends. This case has been partially discussed in Chen et al. (2012) and Gao et al.
(2018). In particular, Gao et al. (2018) allow the regressors z;+ to have the following form

zit = gi(t/T) + vi + wir, (A.2)

where g;(-) is some trending function and varies across i, v; is an individual effect, and wu;
stands for an error term. Using (A.2), g;(¢/T") can mimic different types of time trends for each
individual country.

For either case of (A.1) and (A.2), our methodology including the estimator and its asymp-

totic results remains valid with some minor modifications regarding the proof.
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A.5 Additional Tables and Figures for the Empirical
Results

Figure A.5: Estimates of Coefficient Functions of All Selected Variables
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Revolution

As discussed in the context of Figure 1 in the main text, these confidence intervals need to be interpreted
with caution. As well understood, one cannot establish the confidence intervals for the estimates under
HD case unless certain transformation is further employed (e.g., Huang et al., 2008; Dong et al., 2017).
However, if one regards 31 as a relatively small number after selection, we can then employ a procedure
similar to the relevant literature by considering our regression under LD framework. In order to ensure
the validity of the bootstrap procedure, stronger assumptions on the error terms are needed. For example,
one can employ the martingale difference type of assumptions (see Assumption A.4 of Su et al., 2015), or
simply assume that the error terms are i.i.d. over both ¢ and ¢t. Generally speaking, when the error term
exhibits both cross-sectional and serial correlation, the bootstrap results are not reliable or incorrect.
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Appendix B provides proofs of the preliminary lemmas stated in the supplementary Ap-

pendix A.
Proof of Lemma A.1:
Write
[A7 =B = |B7H(B = A) A7M|| = |[vec (B! (B — 4) A7) |
= H (A_l ® B_l) vec (B — A) H <t (A® B)|vec(B — A)||
= Tynin (A) - i (B) | A = B
The proof is then complete. |

Proof of Lemma A.2:
(1). Firstly, write

N 2
1 1
N ——E|EE|? = NT Z EE! N2T2 Z Ele4e2] + Z Eleieisejtes)
=1 t=1 s=1 \ =1 i#]
T T N
S 9 S DILEETRS S O R O
t=1 s=1 \i=1 i#] i#£]
T N
N2T2 Z ZE[fglt] + ZE[(5it5jt - O’ij)ﬂ
t=1 \i=1 ]
al 1
N2T2 E Eleiel] + Z El(eigji — 04j)(ciscjs — 0i5)] | + 2 Z o5
t#s \ 1=1 i#£j i#]j
1
N +o( f (B.1)

where the fifth equality follows from using the mixing condition on e;ej; across t. Thus,

el =0r () -0 ()
Secondly, note that



E‘ ﬁgé" = {E |:M151/6]:| } = Z N2T2 Z ZE 5zt5gt515533
NxN =1 j=1 t=1 s=1
~ 1 = 1 1
:ZZ N27T2 ZE[ zta +ZE€zt5255]t5]s] =0 (N) + 0 (T) ,
t=1 s=1 i=1 i#£j

where the last step follows from (B.1). Thus, NTHSS’H =0Op (T) +Op (ﬁ)
(2). Write

1 1
—» EPp&E = —tr (PpE'€) < STy E'e
S N7 2 EPrE = sup mrtr (Pree) < sup mrllPellE €l

1 1
<s Pr|sEE — —,
élpF NTH FllspllE€'Ell = < ﬁN>+Op( ﬁT>

where the first inequality follows from the fact that |tr (4)| < rank (A) || A]]

equality follows from (1) of this lemma.

sp’ and the second

(3). Write
1 T
} : ! 1 / /
reby | NT & ToifoMr&) = sup NT tr (£6MrE'To) = NT [FodreToll,
r _ 1/2
< o ONT 1 Folls, 1M F [l [ ToE ]|, = Fsélp 7 1 Follsp [T6EETol|,

1/2

o r 1 ) 1/2 B 1 /

= s Al I, (g leel) = or (yzlee)
1 1

_OP<\4/N>+OP<\4/T>’

where the first inequality follows from the fact that |tr (A)| < rank (A) || A]|

op> the second equality
follows from Fact 5.10.18 of Bernstein (2005); and the last equality follows from (1) of this
lemma.

(4). Write
1N
1 N 1 N
— NT; ®ilBom] — ¢ilBm]) € + NT;(@WOM] — $i[Bm]) Pr&i
= A1 + Ag.
For Aq, write
1 N
b | 2 @ildom] = Gilnl) &) < sup [Ivec(C, - C) H Z




m m
= 105 = Call-0r (1 37) = 0r (/7).

ICsll<M

where the first equality follows from some standard analysis on the term ﬁ Yoinq ZIE using

Assumption 1.1; and the last equality follows from ||Cp|| < M.

In order to consider Ag, let Ab = (¢1[Bom| — @1[Bm)s - - ON[Bo.m] — ¢n[Bm]). Note that

N
1
sup  ——[|Ab|* = sup —= Y (Cs—Cs) 2/Z;(Cs — Cp,)
ICs <M NT lcsl<m NT Z; ’ ’
< Op(l) sup ||Cs—Cgl*=0p(1), (B.2)
ICslI<M

where the inequality follows from Assumptions 2.1, and Hﬁ PORRIAVAEDY ZH = op (1) by

some standard analysis using Assumption 1.1; and the last equality follows from ||Cg|| < M.

Then we are able to write

N
1 , 1 o
sup (@i[Bom] — ¢ilBm)) Pr&i| = sup —tr (PrE'Ab
ICslI<M, FeDp NT; ICsll<M, FeDp ( )
T
< — sup | PRE AV [|sp < sup = |1Prlspll€ llsp | Ab][s
NT |cy<M, FeDp " 7 llosll<M, FeD FNT PR
sp P (1 HSS’H)W (\\Abu) 0 (1 )+o (1)
= Flls =YP P ’
ICs I <M, FeDy: PANT VNT VN VT

where the second equality follows from Fact 5.10.18 of Bernstein (2005); and the last step follows

from (1) of this lemma and (B.2).

Based on the above development on A; and Ag, the result follows.

(5). Write
1 N
Fsélé)p ﬁ ; ¢z [A ] MFd)z m NT E d)z ¢z m] = OP (m_ﬂ) ’

where the last equality follows from the development of Dong and Linton (2018) using Assump-

tion 2.1.
(6). Write
1 .
Sup |+ d) A MFF[)'YO = sup —tr MFFOF/ A/
FeD NT; i[Am] T pebe ( 0A)
r _ K
< 37 20 1Ml [ Folly [Toll, 181, = Op (%),

where A = (¢1(A), ..., ¢n(Ap)); and the second equality follows from = |A|]> = Op (m™")

as in (5) of this lemma.



(7). Write

sup
ICsllI<M, FEDR

1/2 . N 1/2 M
{NTZH@ ||2} g sup {MZ||¢i [Bm] — i [Bo.m] !\2} = Op(m™2),
=1

Cpll<M

N
% Z i [Am) Mp {; [Bm] — 91 [Bo,m]}

where the last equality follows from (5) of this lemma. The proof is now complete. [ |

Proof of Lemma A.3:

(1). For notational simplicity, let A¢;[Bm] = ¢i[Bom] — ¢ilBm]. Let &p = vec (MpFy),
Arp = 22 SN ZIMpZi, Ay = +5 (T)T0) @ I, and Asp = +0 52N 40 ® (MpZ2;), where Z;
has been defined in Assumption 2. By the definition of (3.3) and Lemma A.2, we have

0> 2Q\(Co. F) ~ 5= @a(Chy, F)
1 U —~ 1 N
/
= w7 2 (A0lBnl + Fovos) Mz (AgilBn] + Fonor) + 1 > ElMz:
9 N
o 3 (6lBn] + For () Mié, +Z 18,1
1=1
1 Y P s
_]VTZI(CZ%[ ] ) MFO (¢Z leTHCYﬁo,ﬂ
1= 1=
1 N / ~
= <= 2 (86ilBnl + Fornoi) Mg (8648 + Foros
=1
DY 1 u
+y e Cpo,5ll + O <—|—m_2>
; T” 5]” ZN | Bo.J P Vent
1
= vec(Clg, — cﬁ ZZM ~Z;vec(Cy, — Cp) + ot (MpFoToToFo M)

p*
. A
+2vee(Cy, — Cp) NTZZM Foyos +Z H1Cs.l = > <5 1C0,l

7j=1 7j=1
1 _
+Op —— ey +m ,

where the second equality follows from Lemma A.2. Thus, we can further write

SIS

p*

by 1
> a0l > vee(Ca, — (Jﬁ ZZ Mz Z;vee(Cg, — Cp) + ~ptt (MEFLGLo o M)
j=1

1
+2vec(Cpg, — C'/g ZZ MzFovoi + Op (fNT +m~ )

(M}

> vee(Cg, — Cs) (AlF AL Ay Agﬁ) vec(Clg, — C)



+[§5 + vec(C, — éB)IAgﬁAg_l]Az[fﬁ + A2_1A3ﬁ vec(Cp, — éﬁ)]

+O0p ( ! +m )
VENT

wh:

~ 1
> 0p(1C — 17 + O (= +m ™t ). (B.3)
ENT
Till now, we can conclude that
ICa, — Cs||?> =0 Lt A = op(1) (B.4)
Bo B - YP 4/7§NT NT = op ’ :

where the second equality follows from Assumption 3.

(2). By (B.3) and (B.4), we can further obtain that

op(1) > %tr [(FoMzFy) (ToLo) ] + op (1),

so wptr [(FEMpFy) (ThTo)] = op (1). As in Bai (2009, p. 1265), we can further conclude

that Ltr (F{MpFy) = op (1), |Ps — Pr,|| = op (1), and +F'Fy is invertible with probability

approaching one. Thus, the second result of this lemma follows.

(3). For the results result of this lemma, note that minimizing (3.2) with respect to F'
is equivalent to minimizing Zf\; L (Yi = ¢ilBm]) Mp (Y; — ¢;[Bm]) without involving the penalty
term. Thus, following the same arguments as in Bai (2009, p. 1236), the estimate F of (3.3) is
obtained by

1

NT ﬁ: <Y ¢ilBin] ) (Yz - ¢z[§m]>lﬁ = FVyr, (B.5)

=1

where Vi is a diagonal matrix with the diagonal being the r largest eigenvalues of

s é (¥ = 6ilBm]) (¥i — 0ilBm))’

arranged in descending order.

We now consider Vyr and write

FVyr = ﬁ i (Y} - Qsi[gm]) (Yz - ¢i[§m])/ F
- Nli( [6o] + Fortos + & — dilB] ) (1160] + Foroi + & — 6ilfn]) | F

(61160] = 6103l ) (61160] — 6115l ) F

I
Z‘H
N
'Mzs

=1

L1
NT

i <<Z>z Bol — ¢i ﬂm]) (Fovoi) F + NL i (Foryoi) (@ [Bo] — ¢i[,/8\m]),ﬁ

1=

—



N

+yp 2 (9il90] - Wm)gﬂfZS(wo ~ 6ilBm]) F
=1

N N
1 ~ 1
7T Zz; gzgz,F + W Z: F07015 F ‘l‘ ~ Z gZ’YOzFOF 4+ — NT Z FO’YOZ’Y(]lF(]F

= LT (B, F) + -+ + Isnt (B F) + Iont(F) + - - - + Ionr (F),
where the definitions of I1y7 (8, F) to Isy7 (8, F) and Ign7(F) to Ign7(F') should be obvious.
Note that Ioy7(F) = Fo(ThTo/N)(F}F/T). Thus, we can write
FVny — Fo(ThTo/N)(FLF/T)

= vt By F) + -+ + Isnr (B F) + Iont(F) + - - + Isnp(F). (B.6)

Right multiplying each side of (B.6) by (F}F/T)~}(T,T'¢/N)~!, we obtain
FVnr(F4F/T) " HT)To/N)™ — Fy

= [t (Bny B) + -+ T (F)| (FGF/T) ™ (TyTo/N) . (B.7)

Below, we examine each term on the right hand side of (B.7) and show that Vyr is non-

singular. Write

— HﬁVNT(Féﬁ/T)*l(F()FO/N)*l - FOH

< f N2 B, B+ -+ + [ swr (B] - I(FF/T) ™ (TLo/N) M. (B8
We already know (Fél/?\ /T)~! = Op(1) by the proofs of the second result of this lemma and
(TyTo/N)~1 = Op(1), so focus on ﬁ”IjNT(ﬁm,F)” with j = 1,2,...,5 and ﬁHIjNT(F)H
with j = 6,7, 8.

For IINT(gm,ﬁ), we have

i[Bo] — ilBm] H2

\% HhNT(Bmvﬁ)H = ]\\{;i‘
- NTZ‘

= vec(Cg, — C’g Z Z]Z;vec(Cp, — Cg) +Op(m™*)

N
6ilBom] — oilBnl| + ;Z 1Al

= Op(|Cg, = C5)1%) + Op(m™) = Op([|Bm = Boll72),

where the first and second equalities follow from Assumption 2.1.

For IQNT(B\m, ﬁ), write

/ ‘

L Lot (Bm, F) S\/Fg: i160) — ¢i[Bum] ) (Forvor)
% NT &



< VL S s - 6Bl )L S HE?)
=1 =1
= O — Aol ) (8.9

where the second inequality follows from Cauchy-Schwarz inequality; and the last line follows
from the same arguments given for IlNT(Bm, F) and the fact that 7 vazl | Fovoi||? = Op(1).
Similar to (B.9), we have ﬁ “IjNT(Em’ﬁ)“ = Op(|Bm — Bollz2) for j = 3,4,5. By (1) of

Lemma A.2 and ﬁ”ﬁ” = O(1), we also obtain ﬁHIﬁNT(ﬁ)H =Op (ﬁ) +Op (ﬁ)

~ ~

For I7NT(F) and IgNT(F), write

2 T 1 N N
Z N2T2 Z Z E[f(lJt’YOiEisféﬂojejs]

1s=1 i=1 j=1

T 1 N N
=23 s 2 O Elfewidin) Bleiseil

i=1 j=1

N N
1 1/4
E NIT2 E E LENfoeI*Ellvoi|*ENl for | *Ellvos II*} 7 o]

1 i=1 j=1

ii!%’! =0 <Jb> :

t

IN
S
=
= I~

where the first inequality follows from Cauchy-Schwarz inequality and Assumption 1. We then

can conclude that ﬁHhNT(F)H = ﬁHISNT(F)H =0Op (ﬁ) -
Based on the above analysis and by left multiplying (B.6) by /T, we obtain

Vr — (F'Fy/T)(TyLo/N)(F)FT) = %ﬁ' [IlNT(Bm, F)+ -+ Ignp(F)| = 0p(1).

Thus, Vyr = (ﬁ’FO/T)(I‘{)FO/N)(Féﬁ/T) + op(1). When proving the second result of this
lemma, we have shown that Fél:"\ /T is non-singular with probability approaching one, which
implies that V7 is invertible with probability approaching one. We now left multiply (B.6) by
F{/T to obtain

(FyF/T)Vir = (F§Fo/T)(ToTo/N)(F§F/T) + op (1)

based on the above analysis. It shows that the columns of Féﬁ/T are the (non-normalized)
eigenvectors of the matrix (F)Fy/T)(T'\I'0/N), and Vir consists of the eigenvalues of the same

matrix (in the limit). Thus, the first result of this lemma follows.

(4). According to the above analysis, (B.7) can be summarized by

1 -~ ~ 1 1
JHIFIY = Foll = 0(1 ~ fulla) + Or () + 0p ().

(5). According to (B.7),



1, A 1 PO 1
= F(F = Follr) = 2 Fg | Iivr (B, F) + - + L (F)| Vit

Note that Vﬁ% = Op(1), so we focus on %Fé [IlNT(Em,F\) + -+ Iy (F )} below. By the

proof given for the first result of this lemma, it is easy to show that

1 o o~ o o~ ~
HTFé (152 B, B) 4+ Tt (Bon, )] || = Op (1 — follz2).

We now consider %FéIGNT(ﬁ)H. Firstly, note that it is easy to show SN IFEN? =

, we have

Op(1). Secondly, for = PR ’
N N

12 2 5 2

IFH < M;HS{FOHNTH +]VTZZ_;‘

72 X 7 I ~ ~
= ﬁ ; nglFUHNTH2 + ﬁ ;tr {EZ/ (F — F()HNT) (F — F()HNT)IEZ'}

(7 s |

N
2 2 . .
:JVTE:Hgﬂ%HNTW—FAqﬁr{(F—l%HNT>(F—I%HnyS%}
=1

< 0p (1) + 0() 7 j€'€]| 7 | F — Fottr |

where & has been defined in Lemma A.2. In connection with (1) of Lemma A.2 and (2) of this
lemma, it gives that
N 1/2 N 1/2
1 ~ 1 1 1 ~|2
~EIsnr(B)|| < = [ == ST FL&|2 —
HT o) < 3 (5 0m) (5720
1/2

) { le'el] & || - Fomas | }

o7
o +@§ =) 0r (7 + 77 ) O (1B = olis + 2+ =)

1B — Bollzz , 1
:O“”{z“% VTW%L'+VTWN3}

< 0p(1)]1Bn — Bollz2 + Op(1) 7 +Op(1)

1
VTV/N3’

where the second equality follows from (1) of Lemma A.2 and the second result of this lemma.

For

%F617NT(F\)H, we have

1 ~ 1
I

N
1 _
'HNT E Y0i& (F — Folln)
i1

N
1 1
“F R |- &l Fll
—I—HT o0 NTEVOZ iollNT
1 1 1
<|\|=FF|-|—= Ell - —=||F — Rl
_MooHM@;ml¢ﬂ ol

8



N
1 1
" HTFéFO : ' NT > yoi€iFo| - ITnr -
i=1
By Assumption 1.2, lF(SFOH = Op(1). By the first two results of this lemma, we have

Iyr| = Op(1) and %HF—FOHNTH = Op(||Bm — Bollr2) + Op (ﬁ) +Op (%) Therefore,
and Hﬁzzj\il finS{FOH below. Write

1 N o
we focus on HN—\/T > sy Y0iE;

N 2

1 N N T
NVT D 0ikl)| = Z >3 Egino) Eleire;i]
=1

=1 j=1t=1

1 N N T 1 1
N2Tzz;tz:|E €zt53t (1)WZZ|U’]| =0 <N> (B,l[))

i=1 j 1 i=1 j=1

and using Assumption 1, it is easy to show that

E'
which immediately yields
o] or (st 35} e0r (1) 0 ()
— - - g Bl -
7 HolTINT P ollL N PN P JNT
~ 1 1
< Op (Hﬁm - 50||%2) +Op (N) +Op <T> :

%Fé]gNT(ﬁ)H = Op (I!Bm - ﬁoHiz) +0p (§) +Op (7).

Based on the above analysis, we have

1 1
NT Zi:l ko) =0 (NT) ’ (B.11)

Similarly,

1~
H TF(/)(F — FollnT)

= Op([|Bm — Boll2) + Op (;[) +Op (;) ; (B.12)

which further indicates

1 ~ ~
HTF’(F—FOHNT)

- _
N H 7 (F = Follyr + Follyr)'(F = Follyr)

1 - N
< | 37 - Rty (F - o)

1 -
e - A4 - Rty

= 0r(lin ~ ill2) + 0r () +0r (7). (B.13)

(6). Note (B.12) and (B.13) can be respectively expressed as

1 ~
*F(SF_

1 ~ 1 1
T —FyFollnt = Op(||Bm — follr2) + Op <N> +Op <>

T T

and

1~ ~ 1 1
I = pF Foltyr = 0(1 ~ llia) + Or () +0r (7).

9



which further give

1 ~ 1 ~ 1 1
T NrEoF — T NrFoFollnt = Op([|Bm — Boll12) + Op <N> +Op (T)

and

1 ~ ~ 1 1
b U FUF = 0p(Fn — fli) + 0 () + 0 (1)

Summing up the above two equations yields

1 ~ 1 1
I~ gl FFallvr = Op(1n ~ follz) 4 0r () +0r (7)) (B0

Note that it is easy to show that

HP}? N PF0H2 = tr [(Pp — PFo)Q] = tr [Pz — PpPp, — Pr,Pp + Pr,|
= tr [I,] — 2tr [PPg,] + tr [[;] = 2tr [Ir — F'Pg,F /T}

and, when proving this lemma, we have shown that

FF  FF
T T

7 4 Op([|Bm — Bollz2) + Op (&) +Op (,}) .

Therefore, we can write
FyFy 1

> 7 4 Op([|Bm — Bollz2) + Op (&) +Op <T> .

F'PpF/T =y (

In connection with (B.14), we then obtain that

F'Pp,F/T = I + Op(||Bm — Bollz2) + Op <]1V> +Op (;) . (B.15)

Then the proof of the last result of this lemma is completed. |

Proof of Lemma A.4:
For simplicity, we show that Pr(H@B,pH = 0) — 1 only. The proofs for HGBJH with j =
p*+1,...,p—1 are the same. By (B.4) and Assumption 3, we can conclude that

~ 1
Coo = Csll =Op | 5= - B.16
I3~ Call = O (5= ) B.16)
1f [|Cj,|| # 0, the following equation must hold:
)
0= acg,pQA(Cf% F)| (=@, = ~2B1+ Ba, (B.17)

Where Bl = Zi\il Z;pMﬁ(Y; — (ﬁZ[B\m]), Zip = (xil,pHm(Zil);---vxiT,pHm(ZiT))/ and BQ =

e O F i
=P . For B, write
ICapll ~ 8P ’

10



B = NTZZZP Mg(¢ilfo] = 6ilBm] + Foyi + €1)

In view of (B.16) and the development of Lemma A.3, it is easy to know 7V\FT ~=B1 = 0p(1).
On the other hand, H Vjﬁ - Bl > 731;%\/,\;“‘ > k1 by Assumption 3. Therefore, Pr(|| B <

|| B2||) — 1, which implies that, with a probability tending to 1, (B.17) does not hold. The above
analysis implies that (?*B,p must be located at a place where the objective function Qx(Cpg, F)
is not differentiable with respect to Cz . Since Qx(Cg, F) is not differentiable with respect to
(U3, only at the origin, we immediately obtain that Pr(||6’57pH = 0) — 1. Similarly, we can
show Pr(||6g7j|] =0) - 1 with j =p*+1,...,p— 1. The proof is complete. [ |

Proof of Lemma A.5:

Note that (B.16) only gives a slow rate. Below, we aim to improve this rate. Having proved
Pr(H@éH = 0) — 1, we delete the corresponding rows of 55 and zy ; for j =p*+1,...,p from
the objective function. Thus, following the same arguments as in Bai (2009, p. 1236), the

estimator 62; given by (3.3) can be written as

D,
vec(C) = (Z ZYMpZ; + ";p) > 2 MY,
i=1
where Z = (Z3,...,2}) and Dy, p» = I, @ diag 2ot L Correspondingly, we
||C[3 177777 1Cs el

denote that

vec(C%) = (Z z*’Mﬁzg> > 2 MY,
i=1
Thus, we can write
Ch—Cj, = (Cy = Ch) + (Ch = C). (B.18)

Below, we investigate each term on the right hand side of (B.18).
Firstly, consider 6; — 6’%, and write

N -1 N e
~ ~ D *
vee(C}) — vee(Ch) = (Z 2 M2 + ”;’”) - (Z Z'M ﬁ2> > ZMpYi.
=1 =1 i=1

By Lemma A.1 and Assumption 2, we just need to consider the next term in order to get the

difference between 6;; and ég

NTZZ*/ = 2N’§“ _7ZZ*IMF“Z;

11



(B.19)

o (Vs

HQNT NT

i1 = Op(y/m), which in connection with (B.19)
indicates HCﬁ C’ﬁ|| =0Op ( "“”‘).

We now focus on Cg — C,Bo’ and write

N -1 N
Vec(Cg) —vec(Cg,) = ZZ;"IM?Z@-* ZZ;"Mﬁ&-
i=1 i=1
TN 11 N

+1Y 2 Mz D 2 MpFoye
Le=1 i i=1

N 11 N
+ Yo ZMpzy| Y 2N Mpgi (A

= A1+ As + Ag,
where the definitions of Aj-A3 should be obvious. Note

N
1 * * * *
N7 2 B M2 = }jz’Mm)z (1+0p(1) =S5 ;- (1 +0p(1)),
=1

where Y%, = E[Z, 21,'] — E[Zflfél]EJIlE[f01Zf1’]. Similar to (A.5) of Su and Jin (2012), we
obtain [|[As]| = Op (m_%> In the following, we focus on studying As at first, and then turn to
A

In the rest proofs of this lemma, we always let Exp = (F{F/T)~*(T)To/N)~! for simplicity,
and we have shown ||[En7|| = Op(1) in the proof of Lemma A.3. Recall that we have denoted
IIn7 and V7 in Lemma A.3, so Hf\,lT = VyrEn7. Then we start our investigation on Ao, and

write
| X
NT Z Z' MpFyyoi = NT Z Z'M (FHNT - Fo) Y0i
=1

1 . S .
= WZZL‘ "Mz [I1NT(Bm,F)+~-+IgNT(F) ENTY0i
= JAINT + - + JanT

where the second equality follows from (B.7); I1n7(8, F') to Isnr(F) have been defined in the
proof of Lemma A.3 but excluding x; ; for j = p* 4+ 1,...,p; and the definitions of Jiy7 to
Jsn1 should be obvious. In view of the decomposition of Jon7 below, it is easy to know that
lJinT|| = 0p(||55 — C3 |1). Thus, we start from Jonr and write

| X

Nt = 1 Z' MpIont(B,, F)ENT0i
’l

12



N
* 1 * o He—
- NT ZZ ‘M FZ( B()m - [ m]) (FOVOJ')'F:NTWW

N
1 *x/ *

+]VT§;Z Mﬁﬁz¢] A (FO'YOJ) FHNT”YOZ

(A
., (FLFN (FJF\-1/T)Toy -1 ~
= NQTZZZ*’ 7Z; 63( % >< % ) < 3\7 ) Yoi {VQC(CE)—VGC<CEO)

= 1] 1
ZZ*/ FNT Z¢J ] (Fovos) FENTY0i

- N2T Z Z 2 MpZi, (%)AW {Vec(a;) a VeC(CEO)]

i=1 j=1

N
. 1
typ 22 M 'M FNT Z ] (Fovoy) FENTY0:

= JonT1 + JonT2-

By a derivation similar (A.5) of Su and Jin (2012), we know H [Zl L2 M z*] NTJanrs

Op <m7%>, so negligible. We will further study Jon7,1 later.
For Jsnr, write
1 al ! Iy -
SNt = Z5 MaIsnt (B, F)ENTY0i
i=1
1 al */ i~ / N
= ﬁ Mﬁﬁ ZFo’YOJ (% [B5] — ¢§[5fn]> FENTY0i
i=1

_ ZZ*’ (P, — o) NTZVOJ (631681 - &5(Bm]) F=nroos

N
1 *
= —NT E Zi/MﬁJgNT’i,
i=1

where Jsn7; = (F\H;VIT - R) w7 Zjvzl Y05 (07185] — ¢ [B\m),ﬁENTWOi- Below, we are going to
show that
-1

NTJsnr|| = 0p(|Cs — Cs, 1) (B.20)

N
>z MRz
=1

By the procedure similar to (A.5) of Su and Jin (2012), we just need to focus on 1 Zf\;l | T3l

FEnT70i)?

N
Zanmw < NTZHFH i o T e )
j=1

2

1,5 o~
< Op() I Fllyr = Rl | \fZH%ﬁo Al

13



1 . X , 1 N R ) 1/2
= Op(1) | Fly} — Fy| Z{W [65) = @515l }

Jj=1

= op([|Cs — Cay 1),

where the second inequality follows from ZEnx7 = Op(1) and ﬁ”ﬁ || = O(1); and the last
equality follows from ﬁHﬁ Ty — Foll = op(1). Thus, we can conclude that (B.20) holds.

For Jyn1, write

JanT = Z 2 MpLinr (B}, F)Enr0i
< Nope Z Z Z'Mp (ﬁbj [Bo,m] — &5 [/é\:n]) EFIINTENTY0i
A
TN Z Z ZF Mp¢i A€ FollNrENTY0i
-
TNeTe D E'Mg (ﬁb;k ol — & [5m]> [ {(F — Follnr)| Enryoi
i=1 j=1

= Jant1 + Jant2 + JanT 3

For Jynr,1, write

N N
1 * *[ Q% *[ Q% —_
| — |2 2o X & M (65185.0] — 6518]) & FollnrEnro

i=1 j=1
1 _
~ | v2T2 Z Z 2" M2 vec(Cj — Cj )& FOlINTENT Y04

i=1 j=1

N N
1 * *
7N2T2 E E Z /MFZ‘]ngOHNTHNT’YOZ H vec(C’ Cﬁo)H
=1 j=1

IN

N N
1 1 1 ~
< 0p() 35 D N2 Mgl Ivoill - 5 21125 €5 Foll - [T vee(C5 = )|
i=1 j=1

< FOp(VIT) - Op(YmT) - Op(T~72) || vee(Cs — s, |

= op(|C5 — C4 ),

A

where the last line follows from "%2

both [|Jan2]| and || Jinr,s| are negligible by taking 4 @5[Ar][* = O(m™*) and || FTIy} —

— 0. Thus, ||Jan7,1]| is negligible. Similarly, we can show

Fy|| = op(1) into account, respectively. Analogous to the derivations of J3n7 and Jyn7, we can
obtain that ||J5n7|| is negligible.
Below, we take a careful look at Jsn7. According to Assumption 1, let Q. = E[&;E]], which

is a deterministic matrix uniformly in 7. Thus, write

14



N N
1 ! 1 ) S
JonT = NT;Zi MﬁmjzlgjnguNT’YOi

N
1 ~
= ZHMAQF= ;
2 Z i Freel’ ENTY0:
NT —
1 & 1 &
+ﬁ Z*/ Ni Z 5 6/ F‘._JNT’)/OZ

i=1

= JsnT,1 + JenT,2-

We focus on Jent,2 at first.

N N
1 ~
JoNT2 = S5 S >z (€€ — Q) FENTY0

i=1 j=1
1 L& -
TR Z Z Z;'Pp (£;€] — Qe) FENTY0:
i=1 j=1

= JonT,21 + JoNT 22-
Further decompose JsnT121 as

N
1 " -
JonT21 = T E g Z' (&€ — Q) FollNrEnT 06
i=1 j—l

N2T2 ZZZ*, (&5€; — Q) (F = Rllyr)Entos
=1 j=1

= JonT,211 + J6NT 212-

Then by a development similar to Jiang et al. (2017, pp. 30-31), we obtain that ||Jsn721| =

op (w/%). Similarly, ||JsnT,22| = op (w/%) . Therefore, we obtain ||Jen72|| = op (w/%).
We will consider Jgnr,1 together with Jon7 1 and Jsyr later on. Then we only have one

term J7nr left to consider.

N

JiNT = % 2 Z*/Mﬁﬁ Jz:l Foyo; €} FENTY0i

- . R .
= W Z Z:,MF\(FO — FH]_VIT)W Z ’}/Ojgjl-FENT'y()i.
i=1 j=1
Notice that
1 N
WZ’VOJ‘SJI‘ NT Z’VOJ j Fo+ —— NT Z'YO] FHNT)
7=1

1 1 1 .
=0 + E SN —=||Fo — FII
r <\/NT> NVT jﬂm J \/TH 0 wel

15



1 1 1 ~
=0 +0p | —= | —=||Fo — FII .|,
P( /7NT> P <\/N> \/T” 0 NTH

where the second equality follows from (B.11); and the third equality follows from (B.10).
Following the arguments given for J6 of Bai (2009, pp. 1271-1272), it is easy to show that

| Jenrl = op (v/22) + 0p(|Cs — Cp, |-

Based on the above analyses and Assumption 4, we have
vec(C%) — vee(Cj) — S5 Fant - (1+ 0p(1))

N
* — 1 *
E 1 {NT ZZZ /Mﬁgi + J6NT,1 + JgNT} . (1 + Op(l))

=1
N N
* 1 * 1 * _
=z NTZ ZF'Mp + 5 > 25" Mpt;(ToTo/N) i ¢ €+ (1+ 0p(1))
=1 j=1

+35 7 Jonr - (1+ 0p(1)).
Further organise the above equation, we have
il * -1 *—1 *Iar
vec(C) — vec(Cp,) = AjNr27 NT Z {Z/'Mz+ As;} & - (1+0p(1))

+ANTEE S - Jonta - (1+0p(1)),

where
ANt = L — E*g_flAQNT -(1+o0p(1)),
TiTo\ 1
/ / 0+ 0
ANt = N2T ZZZ* ]* 0J< N ) 70i,
=1 j=1
| N
Asi = > 22 Mprh;(ToLo/N) ™ os. (B.21)
j=1
Note that
N
INT 1 , ~
—J = Z¥ MO F=E ;
m 6NT,1 (mN)%T% ; i Fhle NT0i

—

= \/\/% ZZ*’M =€) F._NT’}/Q(UZ) Op (ﬁ) = Op(l). (B.22)

=1

where the last equality follows from Assumption 3. Thus, we obtain = Op (, /%)

Moreover, it is easy to show ﬁ Zf\il {Zf’Mﬁ + Agvi} & =O0Op (« /%) Based on the above

development, the proof is complete. |

Note that under the HD setting, the elements of 3,,(z) belonging to L?(V,) indicates that
|Csll < ag/p with ag being a large constant. We will be repeatedly using this fact below.

16



Proof of Lemma A.6:

(1). Write
1 N
7 2 (9ilBom] — 6ilBm])’ Mré;
1 1;1 N
= 7 2 (BilBom] = $ilBm]) i + Z SilBom] — dilBm]) Pré:
=1 -1
= Ay + Ao,

For Aq, write

N N
1 1
sup ~ ¢z ﬁO m (Z)z [Bm])lgz <= legz sup ||V€C(Cg - CIB)H
ICslI<aoym | NT ; NT ; ICsll<aoy/p ’
mp mp?
= O < ) . sup HCg — Cﬁ“ = OP e —
VNT) csl<aoys NT

where the first equality follows from some standard analysis on the term w7 Y ;2 Z/&; using
Assumption 1.1; and the last equality follows from ||Cg|| < ag/p

In order to consider Ag, let Ab = (¢1[Bo,m] — é1[8m]; - - -, N [Bo,m| — ¢n[Bm]), and note that

N

1
sup 1A0]* = N Y (Cs — C3)' ZiZ:i(Cs — Cy)
i=1

sup
ICsl|<aoy/F NT

ICsll<aoy/P
<Op(1) sup [Cs —Cgl* = Or(p), (B.23)
ICslI<aovP
where the inequality follows from Assumption 2.1

Then we are able to write

N
1 /
sup N2l (¢1 [50 m] ¢z [ﬁm]) PFEZ
ICsl<ao+/p, FED R NT ;
1 T
sup —tr (P S’Ab/) S - sup HPFg/Ablub
HCB||<aof repp | NT NT p

”CBHSG'O\/I;: FeDp

PENT
< sup NT||PFH5pH5H5pHAbep =0p )
ICsll<ao+/p, FEDF

NT
where the last equality follows from Assumption 5.1 and (B.23).
Based on the above development, the result follows
(2). Write

N
— i [A M
F?ellgF NT Z ¢z [ m F¢z m

quz i [A]

N T
1 * *, o —
= 7 D Il P IAL Gl = Op (o7 m ™) (B.24)
=1 t=1
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where the last equality follows from Assumption 2.1 and E||z}?> = O(p*).

(3). Write
1 & 1
sup | —= oi [Am]) MpFoyo| = sup |—=tr MpFyTp A
FeDp NT; i[Aml ‘| Fepp [N ( o)
T P
< T Sup IMF |l [1Folls, Tollsy 1Allsp, = Op(v/p*m™2),

where A = (¢1(An),...,én(Ay)); and the second equality follows from that = IA|? =

Op (p*m™") as in (2) of this lemma.
(4). Similar to the proof for (3) of this lemma, the result follows.

(5). Write

sup
ICsll<ao/p, FEDR

1/2 N 1/2
{NTZH@ \2} - sup {NlTZ\qz[ﬁm] ¢i[ﬁo,m]u2}

ICslI<ao/P
= Op(\/p*m™2) - Op(\/p),

N
% Z i [Am) Mp {¢; [Bm] — bi [ﬁo,m]}|
=1

where the equality follows from (B.23) and (B.24). Then the proof is complete. [

Proof of Lemma A.7:

(1). Still, let Adi[Bm] = GilBom] — GilBm], EF = vec (MpFy), Air = wr oy ZIMpZ;,
Ay = 5= (TyTo) ® Ir, and Asp = 37 SN 40i® (MpZ;). By the definition of (3.3) and Lemma
A.6, we have

0> WQ,\(@J,?) — 379 (Cso, Fo)
= ﬁ 2 (A¢ [Brm] + FO’YOZ) (A@[Bm] + Fo’Ym) NT > EMzE
9 N
N7 (A6i(Ba) + For(v)) Mp€i + > vl ol
- LY
—NT;(@[ m] + &) M, (6i[An, ]+<€'¢)—;Ni_,,!Cﬁo,jll
1 & - / -
= NT Zz; (Aébi[ﬁm] + FO’YOi) Mg <A¢i[5m] + Fon)
- & 1 p(EnT + mp) -
+JZ:; _[|Cs 4 - Z:: HCBo,JH +Op ( Ve T N7t Vepm 2)
= vec(Cy, — NL i ZIMZ;vee(Cp, — Cp) + %tr (MpFyTyToFyM )
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N P P
~ 1 A Aj
r_—_ E "M~ ) § J Al — § J )
+2 Vec(cﬁo - C/B) NT — ZZ'MFFO")’OQ + = NTHCﬁJH = NT ||Cﬁ07]

1 p({nT + mp) S _n

where the second equality follows from (1) of Lemma A.2, and Lemma A.6. Thus, we can

further write

p N
s ~ 1 ~ 1
§ N—JTHCﬁO,jH > vec(Cp, — (Jﬁ)’ﬁ § ZiMzZ;vee(Cg, — Cp) + N (MzFoI'gLoFyMz)
j=1 i=1

N
~ 1
+2vec(Cg, — Cﬂ)/ﬁ Z ZIM g Foyoi
i=1

1 +m _u
+Op<4 + plenr p)+ pp*m g)

ENT NT
> vec(Cg, — 65), (Alﬁ - A;ﬁAglASﬁ) vec(Cg, — 65)

+HEh + vee(Cg, — C) AL m A7 | Ao[€p + Ay ' Ay vee(C, — Ci)]

1
+O0p ( + Pt £ mp) + pp*m_g>

VENT NT

= 1 + _u
> 0p(1)||Cgy — Cs]|* + Op (\%fNT + p(gN?VT mp) +\/pp*m S) . (B.25)

Till now, we can conclude that

O 1 p +mp -5 p*)‘fnax
ICs, = Csll* = Op (m + (SN]TVT ) +/pprmTE 4 | =or(l), (B.26)

where the second equality follows from Assumption 5.2.

(2). By (B.25) and (B.26), we can further write that
1
op(1) = ot [(FoMpFb) (Tolo)] +op (1),

so wptr [(FEMpFy) (ThTo)] = op (1). As in Bai (2009, p. 1265), we can further conclude

that Ltr (F{MpFy) = op (1), |Ps — Pry|| = op (1), and +F'F is invertible with probability

approaching one. Thus, the second result of this theorem follows. |
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