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Abstract: Gromov (2001) and Sturm (2003) proved that any four points in a CAT(0) space satisfy a certain
family of inequalities. We call those inequalities the X-inequalities, following the notation used by Gromov.
In this paper, we prove that a metric space X containing at most five points admits an isometric embedding
into a CAT(0) space if and only if any four points in X satisfy the X-inequalities. To prove this, we introduce a
new family of necessary conditions for a metric space to admit an isometric embedding into a CAT(0) space by
modifying and generalizing Gromov’s cycle conditions. Furthermore, we prove that if a metric space satisfies
all those necessary conditions, then it admits an isometric embedding into a CAT(0) space. This work presents
anew approach to characterizing those metric spaces that admit an isometric embedding into a CAT(0) space.
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1 Introduction

Under the assumption that a metric space X is geodesic, many simple conditions for X that are equivalent to
the condition that X is a CAT(0) space have been known. For example, Berg and Nikolaev [3] proved that a
metric space (X, dx) is CAT(0) if and only if X is geodesic, and any x, y, z, w € X satisfy

0 < dx(x,y)* + dx(y, 2)* + dx(z, w)* + dx(w, x)> - dx(x, 2)* - dx(y, w)* (1.1)

(see also Sato [16]). The inequality (1.1) was called the quadrilateral inequality in [3], and the roundness 2
inequality by Enflo [7] in connection with the geometry of Banach spaces.

On the other hand, when we characterize those metric spaces that admit an isometric embedding into a
CAT(0) space, we have to omit such a non-intrinsic assumption that the ambient space is geodesic. Omitting
the assumption that a metric space X is geodesic changes the situation drastically. To see this, we recall the
following family of inequalities.

Definition 1.1. We say that a metric space (X, dy) satisfies the X-inequalities if for any t, s € [0, 1] and any
X,¥,z,w € X, we have

0<(1-01-s)dx(x, y)2 +t(1 - s)dx(y, 2)? + tsdx(z, w)* + (1 - t)sdx(w, x)?
- t(1 - Odx(x, 2)* - s(1 - s)dx(y, w)?.

Gromov [10] and Sturm [17] introduced these inequalities independently, and proved that every CAT(0) space
satisfies them. The name “X-inequalities" is based on a notation used in [10], and was used in [12] and [18].
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In [17], they were called the weighted quadruple inequalities. When s = t = 1/2, the X-inequality becomes
the quadrilateral inequality (1.1), and therefore a geodesic space satisfies the X-inequalities if and only if it
is CAT(0). The following example shows that there exists even a four-point metric space that satisfies the
quadrilateral inequality (1.1) but does not admit an isometric embedding into any CAT(0) space.

Example 1.2. Let X = {x1, X2, X3, x4 }. Define dy : X x X — [0, o) by

dx(x1, x3) = dx(x2, x3) = dx(x3, x4) = 1,
dx(x4, x1) = dx(x1, x3) = dx(x2, x4) = V3.

Then it is easily observed that (X, dx) is a metric space, and satisfies the quadrilateral inequality (1.1). How-
ever, (X, dx) does not satisfy the X-inequality for s = t = 1/(1++/3), and therefore does not admit an isometric
embedding into any CAT(0) space because every CAT(0) space satisfies the X-inequalities.

To find a characterization of those metric spaces that admit an isometric embedding into a CAT(0) space is a
longstanding open problem stated by Gromov in [10, §15] and [9, Section 1.19+] (see also [2, Section 1.4]). Every
metric space containing at most three points admits an isometric embedding into a CAT(0) space because it
admits an isometric embedding into the Euclidean plane. Gromov stated in [10, §7] that a four-point metric
space admits an isometric embedding into a CAT(0) space if and only if it satisfies the X-inequalities (see
Theorem 1.7 below). In this paper, we find, for the first time, a characterization of those five-point metric
spaces that admit an isometric embedding into a CAT(0) space. The following theorem is our main result.

Theorem 1.3. A metric space that contains at most five points admits an isometric embedding into a CAT(0)
space if and only if it satisfies the [X-inequalities.

Our proof of Theorem 1.3 also gives another proof of Gromov’s characterization of those four-point metric
spaces that admit an isometric embedding into a CAT(0) space whose detailed proof was omitted in [10].

1.1 Gromov’s cycle conditions and their generalizations

To prove Theorem 1.3, we introduce new necessary conditions for a metric space to admit an isometric embed-
ding into a CAT(0) space by slightly modifying and generalizing Gromov’s cycle conditions defined in [10].
First we briefly recall some definitions and facts established mainly in [10]. In this paper, graphs are always
assumed to be simple and undirected.

Definition 1.4 (Gromov [10]). Fix an integer k > 4. Let G = (V, E) be the k-vertex cycle graph with vertex set
V and edge set E. A metric space (X, dx) is said to satisfy the Cycl,(0) condition if foranymap f : V — X,
there exists amap g : V — R? such that
{|g(u) - gW)|| < dx(f), fv)), if {u,v} € E,
lg@) - gW)|| = dx(f(w), f(v)), if{u,v}¢E

foranyu,ve V.

Gromov [10] proved that every CAT(0) space satisfies the Cycl,(0) condition for every integer k = 4. He also
stated the following fact in [10, §7].

Theorem 1.5 (Gromov [10]). A metric space satisfies the Cycl,(0) condition if and only if it satisfies the X-
inequalities.

For a detailed proof of this theorem, see [18, §7]. Because a geodesic space satisfies the X-inequalities if and
only if it is CAT(0), it follows from Theorem 1.5 that a geodesic space satisfies the Cycl,(0) condition if and



116 —— Tetsu Toyoda, An Intrinsic Characterization of Five Points DE GRUYTER

only if it is CAT(0). This implies in particular that the Cycl,(0) condition implies the Cycl;(0) conditions for
all integers k > 4 under the assumption that the metric space is geodesic. Recently, the present author [18]
proved that this implication is true even without assuming that the metric space is geodesic.

Theorem 1.6 ([18]). If a metric space X satisfies the Cycl,(0) condition, or equivalently, if X satisfies the X-
inequalities, then X satisfies the Cycl, (0) condition for every integer k > 4.

Moreover, it was also stated in [10, §7] that any four-point metric space embeds isometrically into a three-
dimensional Riemannian space form of constant curvature at most O or a metric tree whenever it satisfies the
Cycl, (0) condition. Thus the following theorem holds.

Theorem 1.7 (Gromov [10]). A four-point metric space admits an isometric embedding into a CAT(0) space if
and only if it satisfies the Cycl,(0) condition.

Theorem 1.6 and Theorem 1.7 tell us that the Cycl, (0) condition implies many necessary conditions for a metric
space to admit an isometric embedding into a CAT(0) space. Therefore, it seems natural to ask whether the
Cycl,(0) condition (or the validity of the X-inequalities) implies the isometric embeddability into a CAT(0)
space or not. However, the answer of this question turned out to be false. Recently, Eskenazis, Mendel and
Naor [8] proved that there exists a metric space that does not admit a coarse embedding into any CAT(0) space.
On the other hand, it was proved in [12, Proposition 3.1] that for any O < a < 1/2 and any metric space (X, dy),
the metric space (X, d%) satisfies the Cycl,(0) condition. Therefore, if we choose a metric space (Y, dy) that
does not admit a coarse embedding into any CAT(0) space and a constant O < & < 1/2, then the metric space
(Y, d$) satisfies the Cycl,(0) condition but does not admit a coarse embedding into any CAT(0) space because
(Y, d$) is coarsely equivalent to (Y, dy).

In this paper, to examine further to what extent the Cycl,(0) condition implies necessary conditions for a
metric space to admit an isometric embedding into a CAT(0) space, we define the following new conditions.

Definition 1.8. Let G = (V, E) be a graph with vertex set VV and edge set E. A metric space (X, dy) is said to
satisfy the G(0) condition if for any map f : V — X, there exist a CAT(0) space (Y,dy)andamapg:V — Y
such that

{dy(g(u),g(V)) <dx(f(w), f(v)), if{u,v}€E, (1.2)

dy(8(), g(v)) = dx(f(w), f(v)), if{u,v}¢E

foranyu,v e V.

Recently, Lebedeva, Petrunin and Zolotov [14] also introduced a similar condition. In the definition of their
condition in [14, Section 8], a CAT(0) space Y in Definition 1.8 is replaced with a Hilbert space. It is easily
observed that every CAT(0) space satisfies the G(0) condition for every graph G. Therefore, for every graph
G, the G(0) condition is a necessary condition for a metric space to admit an isometric embedding into a
CAT(0) space. In Section 4, we will prove the following proposition, which states that the G(0) conditions for
all graphs G form a necessary and sufficient condition for a metric space to admit an isometric embedding
into a CAT(0) space.

Proposition 1.9. Fix a positive integer n. An n-point metric space admits an isometric embedding into a CAT(0)
space if and only if it satisfies the G(0) condition for every graph G with n vertices.

Clearly, for each integer k = 4, the Cycl,(0) condition implies the G(0) condition for the cycle graph G
with k vertices. Therefore, it follows from Theorem 1.6 that the Cycl,(0) condition (or the validity of the X-
inequalities) implies the G(0) conditions for all cycle graphs G. In Sections 5, 6, 8 and 9, we will prove that the
Cycl, (0) condition also implies the G(0) conditions for many finite graphs G including all graphs containing
at most five vertices. Together with Proposition 1.9, this proves Theorem 1.3, and also gives another proof of
Theorem 1.7 whose detailed proof was omitted in [10].
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1.2 Quadratic metric inequalities that hold true in every CAT(0) space

Homogeneous linear inequalities on the squares of distances among finite points like the X-inequalities were
called quadratic metric inequalities by Andoni, Naor, and Neiman [2]. In this paper, by slightly modifying
their notation, we use the following notation to denote a quadratic metric inequality. For any positive integer
n, we denote [n] = {1, 2, ..., n}, and for any set V, we denote by ( 12/) the set of all two-element subsets of V.

Definition 1.10. Fix a positive integer n. Let E = ([’2']) , and let (a;)y; ;g be a family of real numbers indexed

by E. A metric space (X, dy) is said to satisfy the (a;;)-quadratic metric inequality if any points x1,...,xn € X
satisfy
2
0< Z a,-jdX (Xi, X]'>
{i,j}€E

The following theorem was proved in [2].

Theorem 1.11 (Andoni, Naor, and Neiman [2]). Let n be a positive integer. An n-point metric space X admits an
isometric embedding into a CAT(0) space if and only if X satisfies the (a;;)-quadratic metric inequality for every
family (ayj)y; jy e of real numbers indexed by E = ([5']) such that every CAT(0) space satisfies the (a;;)-quadratic
metric inequality.

For the original statement of Theorem 1.11 in full generality, see [2, Proposition 3]. Theorem 1.11 tells us that
characterizations of those metric spaces that admit an isometric embedding into a CAT(0) space follow from
characterizations of those quadratic metric inequalities that hold true in every CAT(0) space. We will prove
the following lemma in Section 4.

Lemma 1.12. Fix a positive integer n. Let V = [n], and let E = (‘2/) Suppose A = (ajj) (i jck is a family of real
numbers indexed by E such that every CAT(0) space satisfies the (a;;)-quadratic metric inequality. Let E.(A) C E
be the set of all {i,j} € E with a;; > 0, and let G = (V, E+(A)) be the graph with vertex set V and edge set
E.(A). If a metric space satisfies the G 4(0) condition, then it satisfies the (a;;)-quadratic metric inequality.

We call the graph G, as in the statement of Lemma 1.12 the graph associated to the (a;;)-quadratic metric
inequality. Proposition 1.9 follows immediately from Lemma 1.12 and Theorem 1.11. It also follows from Lemma
1.12 that if every metric space satisfies the G4(0) condition for the graph G, associated to the (a;j)-quadratic
metric inequality, then the (a;;)-quadratic metric inequality holds true in every metric space whenever it holds
true in every CAT(0) space. In Section 5, we will prove that every metric space satisfies the G(0) conditions
for many graphs G (including all trees for example).

1.3 Some questions

We pose the following questions.

Question 1.13. Find a graph G such that there exists a metric space X such that X satisfies the Cycl,(0) condi-
tion, but X does not satisfy the G(0) condition.

Question 1.14. Find a quadratic metric inequality J that satisfies the following two conditions:
(i) Every CAT(0) space satisfies J.
(ii) There exists a metric space that satisfies the X-inequalities but that does not satisfy J.

Question 1.15. Find a characterization of those graphs G such that every metric space satisfies the G(0) condi-
tion.
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1.4 Organization of the paper

The paper is organized as follows. In Section 2, we recall some definitions and results from metric geometry.
In Section 3, we recall and establish some properties of metric spaces that satisfy the X-inequalities. In Sec-
tion 4, we prove Lemma 1.12 and Proposition 1.9. In Section 5, we prove that the validity of the X-inequalities
implies the G(0) condition for every graph G containing at most four vertices. Combining this with Propo-
sition 1.9, we obtain another proof of Theorem 1.7. In Section 5, we also specify several graphs G such that
every metric space satisfies the G(0) condition. Combining this with Lemma 1.12, we obtain a criterion for a
quadratic metric inequality to hold true in every metric space whenever it holds true in every CAT(0) space.
In Section 6, we prove that the validity of the X-inequalities implies the G(0) condition for any graph G with
five vertices except two special graphs. In Section 7, we introduce certain concepts concerning the isometric
embeddability of a four-point metric space into a Euclidean space. In Section 8 and Section 9, we prove that
the validity of the X-inequalities implies the G(0) conditions for the remaining two graphs G with five ver-
tices by using the concepts introduced in Section 7. Together with Proposition 1.9, this completes the proof of
Theorem 1.3.

2 Preliminaries

In this section, we set up some notations, and review some definitions and results in metric geometry.
Throughout this paper, for every positive integer n, R" is always equipped with the Euclidean metric. For
distinct points x, y € R", we denote by Yy> the straight line through x and y. For x, y, z € R? with x # y and
y # z, we denote by Zxyz € [0, r1] the interior angle measure at y of the (possibly degenerate) triangle with
vertices x, y and z.

A geodesicin a metric space X is an isometric embedding of an interval of the real line into X. For x, y € X,
we call the image of a geodesic v : [0, dx(x, y)] — X with 4(0) = x and v(dx(x, y)) = y a geodesic segment
with endpoints x and y. A metric space X is called geodesic if for any x, y € X, there exists a geodesic segment
with endpoints x and y.

Definition 2.1. A metric space (X, dy) is called a CAT(0) space if X is geodesic, and any x, y, z € X and any
geodesic v : [0, dx(x, y)] = X with v(0) = x and y(dx(x, y)) = y satisfy

dx (z,/(tdx(x, y)))* < (1 - Odx(x, 2)* + tdx(y, 2)* - t(1 - Odx(x, y)? 1)

forany t € [0, 1].

In R", the inequality (2.1) always holds with equality. A subset S of a geodesic space X is called convex if any
geodesic segment in X with endpoints x and y is contained in S whenever x, y € S. Clearly, a convex subset
of a CAT(0) space equipped with the induced metric is a CAT(0) space. A geodesic space X is called uniquely
geodesic if for any x, y € X, a geodesic segment in X with endpoints x and y is unique. It is easily observed
that every CAT(0) space is uniquely geodesic. For any points x and y in a uniquely geodesic space, we denote
the geodesic segment with endpoints x and y by [x, y]. We also denote the sets [x, y] \ {x, y}, [x, y] \ {x} and
[x,y1\ {y} by (x,y), (x,y] and [x, y), respectively. For a subset S of a uniquely geodesic space X, the convex
hull of S is the intersection of all convex subsets of X containing S, or equivalently, the minimal convex subset
of X that contains S. We denote the convex hull of S by conv(S).
For a family of metric spaces (Xq«, da)aca, We equip the disjoint union

H Xa = U Xa X {a}
acA acA
with the metric d defined by

d((X, a), (X/’ a/)) - {dtx(X,X) ifa=ad,

oo otherwise.
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We usually identify each set X, with its image under the natural inclusion into [, 5 Xa-
Suppose (X, dx) is a metric space with possibly infinite metrics, and ~ is an equivalence relation on X
such that every equivalence class of X by ~ is closed. Let X = X/ ~ be the set of all equivalence classes by ~.

For X,y € X, we define
k

d(x,y) =inf Y _ dx(x;, ),
i=1

where the infimum is taken over all sequences x1, y1, X2, V2, ..., Xk, Vi in X such that x; € X, y, € y, and
Vi ~ Xj,1 foreveryi € Z N [1, k - 1]. Then d becomes a metric on X, which is called the quotient metric on X.

Suppose that (X1, d{) and (X», d,) are metric spaces, and that Z, and Z, are closed subsets of X; and
X5, respectively. Suppose further that Z; and Z, are isometric via an isometry f : Z; — Z,. Define ~ to be
the equivalence relation on the disjoint union X; LI X, generated by the relations z ~ f(z) for all z € Z;.
Let Xo = (X1 U X;)/ ~ be the set of all equivalence classes by the equivalence relation ~, and let dy be the
quotient metric on Xy. Then (Xo, do) is the metric space called the gluing of X, and X, along the isometry f.
We note that the natural inclusions of X; and X, into X are both isometric embeddings. Assume in addition
that X, and X, are complete locally compact CAT(0) spaces, and that Z; and Z, are convex subsets of X; and
X5, respectively. Then by Reshetnyak’s gluing theorem, the gluing of X; and X, along f is a CAT(0) space. For
a proof of this fact, see [15] or [5, Theorem 9.1.21]. A more general statement is in [4, Chapter II.11, Theorem
11.1]. When two geodesic segments [a, b] C X; and [c, d] C X, are isometric, we mean by “the metric space
obtained by gluing X; and X, by identifying [a, b] with [c, d]" the gluing of X; and X, along the isometry
f :la, b] = [c, d] with f(a) = cand f(b) = d.

A large number of important examples of CAT(0) spaces arise as piecewise Euclidean metric simplicial
complexes. For detailed expositions of piecewise Euclidean metric simplicial complexes, see [4, Chapter 1.7].
For our purposes, it suffices to keep in mind the following simple example.

Example 2.2. Suppose p1, X1, Y1, P2, Y2522, P3,23,X3 € R2 are distinct points such that

P =y1ll = lp2 =y2ll, NP2 —2z2ll = lp3 - 23ll, Ilp3 —x3ll = llp1 — X1

Equip the subsets

T, = conv({p1,x1,y1}), T2 =conv({p2,y2,22}), T3 =conv({ps,z3,x3})

of R? with the induced metrics, and regard them as disjoint metric spaces. Suppose

filpu,yil = P2, y2l,  g:lp2,z2] = [p3,z3l,  h:lps, x3]— [p1,x4]

are the isometries such that

fp) =p2, fyd)=y2, 8W2)=p3, gz2)=23, h(ps)=p1, hkx3)=x.

Let T be the quotient of the disjoint union T, LU T, T3 by the equivalence relation ~ generated by the relations
a~ f(a), b ~ g(b)and ¢ ~ h(c)forall a € [p1, y1], b € [p2, z>] and ¢ € [p3, x3], and let dt be the quotient
metric on T. Then (T, dr) is a metric space, and we call it the piecewise Euclidean metric simplicial complex
constructed from T+, T, and T by identifying [p1, y1] C T1 with[p-, y>] C T»,[p>, z2] C T> with[ps, z3] C Ts,
and [p3, x3] C T3 with [p1, x1] C T;. It follows from a general criterion [4, p.207, Lemma 5.6] that T becomes
a CAT(0) space if and only if

27 < Lx1pa1yr + £YaP2za + £2Z3P3X3. .2)

We claim that it is easily observed that the above criterion holds true even if T1, T, or T3 is degenerate, or
equivalently, even if some of the angles in the right-hand side of (2.2) take values in {0, 7t}. It is also easily
observed that under the condition (2.2), the natural inclusions of T;, T, and Ts into T are all isometric em-
beddings although a simplex in a metric simplicial complex is generally not embedded isometrically into the
complex.
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Let (X, dx) be a metric space, and let x, y, z € X be points with x # y and y # z. Then there exist X, j, Z € R?2
such that
X -7l = dx(x,y), Iy -2l = dx(y,2), |1z - X[ = dx(z, x).

We define the comparison angle measure Zxyz to be /xy% < [0, n]. Clearly the comparison angle measure
Zxyz does not depend on the choice of %, 7, 2 € R?.

Definition 2.3. A geodesic space X is said to have nonnegative Alexandrov curvature if, for any p € X, there
exists a neighborhood U C X of p such that any distinct four points x, y, z, w € U satisfy

ZYXz + ZZXW + ZWXy < 271.

There are many equivalent definitions of metric spaces with nonnegative Alexandrov curvature. We refer [5]
and [6] for detailed expositions of metric spaces with nonnegative Alexandrov curvature. For our purpose, it
suffices to keep in mind the following two examples.

Example 2.4. Let S be the boundary of a convex bounded subset of R>. Let d be the induced length metric on
S.In other words, forany x, y € S, ds(x, y) coincides with the infimum of the lengths of all paths v : [a, b] — S
such that y(a) = x and v(b) = y. It is known that (S, ds) has nonnegative Alexandrov curvature.

Example 2.5. Suppose x, y and z are points in R? that are not collinear. Let T; and T, be two isometric copies
of conv({x, y, z}). We denote the points in T; corresponding to x, y and z by x;, y; and z1, respectively, and
the points in T, corresponding to x, y and z by x», y, and z,, respectively. Suppose

filxu,yl =[x, y2l, g:lvi,zil = ly2,z2l,  h:lzi, xal = [z2, x5]
are the isometries such that
fx1)=x2, f1)=y2, 8W1)=Yy2, 8(z1)=2z2, h(z1) =2z, h(x1)=xz.

Let Ty be the quotient of the disjoint union T; LI T, by the equivalence relation ~ generated by the relations
a ~ f(a), b ~ g(b) and c ~ h(c) forall a € [x1,y1], b € [y1, z1] and ¢ € [z1, x1], and let dr, be the quotient
metric on To. It is known that (T, dr,) is a complete geodesic space with nonnegative Alexandrov curvature.
Clearly the natural inclusions of T; and T, into T, are both isometric embeddings. We call the metric space Tg
defined above the piecewise Euclidean simplicial complex obtained by gluing T, and T, along their boundaries.

In [13], Lang and Schroeder generalized the classical Kirszbraun’s extension theorem (see also [1]). The fol-
lowing is a part of their result, which we will use in Section 9. For the original statement in full generality,
see [13, Theorem A].

Theorem 2.6 (Lang and Schroeder [13]). Suppose that X is a complete geodesic space with nonnegative
Alexandrov curvature and Y is a complete CAT(0) space. Suppose that S is a subset of X and f : S — Y is
a 1-Lipschitz map. Then there exists a 1-Lipschitzmap f : X — Y such that f(x) = f(x) forany x € S.

Fix a positive integer n. Let E,, = ([’2’]) be the set of all two-element subsets of [n] = {1, ..., n}. Define G, to be
the setofall (dij){i,j} cE, € RE" such that there exist a CAT(0) space (X, dx) and points x1, . .., X, € X such that
dij = dx(x;, xj)2 for every {i, j} € En. Then €, is a closed convex cone in RE7, This follows immediately from
the fact that the CAT(0) property is closed under taking Pythagorean product, taking dilation by a positive
constant, and taking ultraproduct (see [17, Lemma 3.9] and [11, Section 2.4]). For completeness, we recall
Andoni, Naor, and Neiman’s proof of Theorem 1.11.

Proof of Theorem 1.11. Fix a positive integer n. The case in which n = 1 is trivial, so we assume that n = 2. If
an n-point metric space X embeds isometrically into a CAT(0) space, then X clearly satisfies every quadratic
metric inequality that holds true in every CAT(0) space. We prove the converse direction by contrapositive.
Assume that an n-point metric space X = {x1, ..., Xn } does not embed isometrically into a CAT(0) space. Then
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because €, C RE" is a closed convex cone, and (d x(xi, Xj)z){i,f}GE,, ¢ Cp, the separation theorem implies that
there exists (h;;); jyeg, € RE" such that

(dl?efe Z hijdij >0, Z hijdX(Xis X)')2 <0. (23)
VT LY €Ey {i,j}€Ey

The first inequality in (2.3) means that the (h;;)-quadratic metric inequality holds true in every CAT(0) space,
and the second inequality means that X does not satisfy the (h;;)-quadratic metric inequality, which com-
pletes the proof. O

3 Comparison Quadrangles in the Euclidean plane

In this section, we recall and establish some properties of metric spaces that satisfy the X-inequalities. First,
we recall the following fact, which was established by Sturm when he proved in [17, Theorem 4.9] that a
geodesic space is CAT(0) whenever it satisfies the X-inequalities.

Proposition 3.1. Let (X, dx) be a metric space that satisfies the X-inequalities. Suppose x, y, z € X are points
such that x # z, and

dx(x, z) = dx(x, y) + dx(y, z).
Set t = dx(x, y)/dx(x, z). Then we have
dx(y, w)* < (1 - Odx(x, w)* + tdx(z, w)* - t(1 - O)dx(x, 2)°.

foranyw € X.

For the proof of Proposition 3.1, see [18, Proposition 7.1]. The following two lemmas will be used throughout
this paper.

Lemma3.2. Let (X, dx) be a metric space that satisfies the X-inequalities. Suppose x,y,z,w € X and
x',y', 7z, w € R? are points such that

dxO,y) < [IX' =y'll,  dx(y,2) <|ly’ -2|l, dx(z,w) =2 -],

dy(w,x) < |w -X|, X -7 <dx(x,z),

and [X', 2’10 [y’, w'] # 0. Then dx(y, w) < ||y’ - w/||.
For the proof of Lemma 3.2, see [18, Corollary 5.2, Lemma 7.2].

Lemma 3.3. Let (X, dx) be a metric space that satisfies the X-inequalities, and let (Y, dy) be a metric space.
Suppose x,y,z,w e Xandx',y’,z’ ,w' € Y are points such that

dx(x,y) <dy(X',y"), dx(y,2)<dy(y’,2)), dx(z,w)<dy(, W),
dx(w,x) <dy(W',x), dy(X',2') <dx(x, z).
Assume that there exist subsets S and T of Y that satisfy the following conditions:

(1) Sand T are isometric to convex subsets of Euclidean spaces.

2) {£,y,ZyCSand {x',w,Z} CT.

(3) There exists a geodesic segment I'y in Y with endpoints x’ and z’ such thatT; C SN T.
(4) There exists a point p € I' such that dy(y’, w') = dy(y/, p) + dy(p, w').

Then dX(y’ W) < dY(y/y W/)-

For the proof of Lemma 3.3, see [18, Corollary 5.3, Lemma 7.2].
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Remark 3.4. Clearly we may replace the condition (4) in the statement of Lemma 3.3 with the following
condition:

(4') There exists a geodesic segment I', in Y with endpoints y’ and w’ such that I'y N T, # (.
We will also use the following lemma.

Lemma 3.5. Let (X, dy) be a metric space that satisfies the X-inequalities. Suppose x,y,z,w € X and
x',y',z,w e R? are points with z # w such that

dX(y’Z)S Hy/_Z/H’ dX(Z’W)S HZI_W/H’ dx(W,X)S HW/_XIH’

Ix" =2 < dx(x,2), |y -w| <dx(y,w),
and [X',Z1n[y’, w'] # 0. Then ||x' - y'|| < dx(x, y).

Proof. We consider three cases.
Casel: [X', Z') N[y, w') # 0. In this case, there exist s € [0, 1) and t € [0, 1) such that

A-tx +tz =1 -5)y +sw.
It follows from this equality and the hypotheses of the lemma that

0=|(@-tx +tz') - ((1-s)y +sw) ||2
=1-0A-9)x =Y |>+t@-9)y -2|* + ts]|2 - w||> + (1 - O)s|w - x'||?
—t-O|xX -2 |*-s@ -9y - w|?
>(1- (1 -9)||x' =Y||? + t(1 - s)dx(y, 2)* + tsdx(z, w)* + (1 - t)sdx(w, x)*
- t(1 - t)dx(x, 2)* - s(1 - s)dx(y, w)*.

On the other hand,

0<(1-t)(1 -s)dx(x, y)2 +t(1 - s)dx(y, 2)? + tsdy(z, w)? + (1 - Osdx(w, x)?
—t(1 - Hdx(x, 2)* - s(1 - s)dx(y, w)?

because X satisfies the X-inequalities. Comparing these yields
X' =yl < dx(x, y).

Case 2: [X',Z)n[y,w') = 0,x # Z andy’ # w'. In this case, 2/ € [y, w'] or w' € [X/, Z'] because
X', Z'1n[y’, w] # 0 by hypothesis. We assume without loss of generality that z’ € [y’, w']. Then

dx(y, w) < dx(y, 2) + dx(z, w) < [ly = 2| + ' = w/|| = |ly' - w'|| < dx(y, w),
which implies that
dx(y, w) = dx(y,z) + dx(z,w) = |y’ = 2| + |2 = W| = Iy - W] (B.1)
The second equality in (3.1) implies that
dx(v,2) =y’ =Z'|l, dx(z,w) =z’ - w'||.

Hence we can write
Z=1-0y +cw,

where

Y -2l dx(y.2)
Cc= = . 3.2
=W = dx(y, w) G.2)
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Because 0 < dx(z, w) < ||z’ — w'|| by hypothesis, z’ # w’ and ¢ € [0, 1). We have
dx(x,2)" = |x' - 2|
=X -(1-o)y -cv|?
= (1=l =y|I* +cllx’ = w'|* - c@ - )y - w'|?
> (1-0)llx = y'||* + cdx(x, w)* - ¢(1 - c)dx(y, w)’.
On the other hand, (3.1), (3.2) and Proposition 3.1 imply that
dx(x,2)? < (1 - 0)dx(x,y)* + cdx(x, w)* - c(1 - )dx(y, w)>.

Comparing these yields
X =yl < dx(x, y).
CASE3: X' = Z/ ory’ = w'. In this case, we may assume without loss of generality that x’ = z’. Then
x' e[y, w']because [x', 2] N[y, w'] # 0. Therefore,

X" =Yl = Iy =w'|| - [|w' = X|| < dx(y, w) - dx(w, x) < dx(x, y).
The above three cases exhaust all possibilities. O
Remark 3.6. If we omit the condition that z # w from the hypothesis of Lemma 3.5, then the statement

becomes false. For example, suppose 8 and 8’ are real numbers such that 0 < 8 < 8’ < m, and define points
x,y,z,w,x',y', 2z, w € R* by

x=(cos@,sinf), y=(1,0), z=w=(0,0),
x' =(cos®@,sin@), y =(1,0), 2z =w =(0,0).
Then
' =Zl=lly-zl, IZ-wi=lz-wl, v -x|=][w-x|],
I =2 =lx=zl, 1Y -wi=ly-wl, [.,ZTnly,w]#0.

However,
Ix =yl < X" =y'Il.

4 A criterion for isometric embeddability into a CAT(0) space

In this section, we prove Lemma 1.12 and Proposition 1.9. We first prove Lemma 1.12.

Proof of Lemma 1.12. Let (X, dx) be a metric space that satisfies the G4(0) condition, and let xq,...,xn € X.
Then there exist a CAT(0) space (Y, dy) and points y1, ..., yn € Y such that

{dy(y,-, y)) s dx(x;, X)), if {i,j} € E+(A),
dY(yiy y]) 2 dX(Xi’X]')) lf{l’]} g E+(A)

forany i, j € V. Because Y satisfies the (a;;)-quadratic metric inequality by hypothesis, we have

0= Z a;dy(yi, y;)*

(ij}€E

= Z \a|dy (i, v})* - Z |a|dy (i, v})
{i,j}€E.(A) {i,j}€E\E.(4)

< Z |ag|dx(xi, x})* - Z |ag|dx(xi, X))
{i,j}€E.(4) {i,j}€E\E.(4)

= Z aijdX(Xi,X]')z,

{ij}eE

which proves that X satisfies the (a;;)-quadratic metric inequality. O
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Proposition 1.9 follows from Lemma 1.12 and Theorem 1.11.

Proof of Proposition 1.9. Let (X, dx) be an n-point metric space. If X admits an isometric embedding into a
CAT(0) space, then X satisfies the G(0) condition for every graph G with n vertices because every CAT(0)
space satisfies the G(0) condition. Conversely, suppose that X satisfies the G(0) condition for every graph G
with n vertices. Let V = [n], and let E = (‘2/) Fix a family A = (aj) {ijreE of real numbers indexed by E such
that every CAT(0) space satisfies the (a;;)-quadratic metric inequality. Let E+(A) C E be thesetofall {i,j} € E
such that a;; > 0, and let G4 = (V, E+(A)) be the graph with vertex set V and edge set E+(A). Then X satisfies
the G4(0) condition, and therefore X satisfies the (a;)-quadratic metric inequality by Lemma 1.12. Thus it
follows from Theorem 1.11 that X admits an isometric embedding into a CAT(0) space. O

5 Four points in a CAT(0) space

In this section, we prove that if a metric space satisfies the X-inequalities, then it satisfies the G(0) condition
for every graph G with four vertices. Together with Proposition 1.9, this gives another proof of Theorem 1.7.
We first observe that there are many graphs G such that every metric space satisfies the G(0) condition. As we
declared before, graphs are always assumed to be simple and undirected.

Proposition 5.1. Let G = (V, E) be a finite graph. Assume that there exists a vertex vo € V such that {u,v} € E
forany u,v € V\ {vo} with u # v. Then every metric space satisfies the G(0) condition.

Proof. Let (X, dx) be a metric space. Foreachmap f : V — X, defmeamapg : V — Rbyg() =
dx(f(vo), f(v)). Then

lgw) - gW)| = |dx(f(vo), f(w) - dx(f(vo), f(V)| < dx(f(w), f(v))

foranyu,v e V, and

18(vo) = g(V)| = |dx(f(vo), f(vo)) — dx(f(vo), F(V))| = dx(f(vo), f(V))
for any v € V. Therefore,
{g(u) - gW)| = dx(f@), f¥)), if {u, v} € E,
1g(w) - gV = dx(f(w), f(v)), if{u,v} ¢E,
for any u, v ¢ V. Thus X satisfies the G(0) condition. O

Proposition 5.1 implies in particular that every metric space satisfies the G(0) condition for every complete
graph G.

Proposition 5.2. Let G, and G be finite graphs, and let G be the graph sum of G1 and G,. In other words, the
vertex and edge sets of G are the disjoint union of the vertex sets of G, and G, and that of the edge sets of G,
and G,, respectively. Suppose X is a metric space that satisfies the G1(0) and G,(0) conditions. Then X satisfies
the G(0) condition.

Proof. Suppose G = (V1, E1), G, = (V,, E;) and G = (V, E) are finite graphs such that V is the disjoint union
of V, and V,, and E is the disjoint union of E; and E,. Suppose (X, dy) is a metric space that satisfies the
G1(0) and G,(0) conditions. Fix f : V — X. Then for each i € {1, 2}, there exist a CAT(0) space (Y;, dy,) and
amap g; : V; — Y; such that
{dyi(g,-(u),gi(v)) < dx(fw), fv)), if {u, v} € E;,
dy,(gi(w), gi(v)) = dx(f(w), f(v)), if{u,v} ¢ E;.

for any u, v € V;. Choose vertices v, € V; and v, € V,. Let

d = max{dx(f(), f(v)) | u,v € V}.
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Define (Y7, dy{) to be the metric space obtained by gluing Y; and the closed interval [0, d] in R by identifying
g1(vq1) € Yy with 0 € [0, d]. Then (Y}, d y{) is a CAT(0) space by Reshetnyak’s gluing theorem. We denote by
g’ (v) the point in Y] represented by g1(v) € Y; for each v € V4, and by d’ the point in Y] represented by
d ¢ [0, d]. Define (Y, dy) to be the metric space obtained by gluing Y} and Y, by identifying d’ € Y] with
g>(v2) € Y,. Then (Y, dy) is a CAT(0) space by Reshetnyak’s gluing theorem. Defineamap g : V — Y by
sending each u € V; to the point in Y represented by g’ (u) € Y7, and each v € V; the point in Y represented
by g,(v) € Y,. Then

{dy(g(u), gW") = dy, (g1(w), g1 (W) = dx(fw), fFW), if{u,u'} € Eq,
dy(g(w), sW") = dy,(g1(w), g1 (W) 2 dx(f(w), fW"), if {u,u'} ¢ Ey,

{dy(g(V),g(V’)) = dy,(g2(v), 82(V")) < dx(f(v), f(v")), if {v,V} € E,
dy(g(v), (V")) = dy,(g2(v), g2(v")) = dx(f(v), f(v')), if {v,V'} ¢ E,
dy(g(w), g(v)) = dy,(g1(w), g1(v1)) + d + dy,(82(v2), 82(v))
> dx(f(u), f(v))

forany u,u’ € Vy and any v, v’ € V,. It follows that

{dy(g(u),g(v)) < dx(fw), fv), if {u,v} € E,
dy(g(u), gv) = dx(f(w), f(v)), if{u,v}¢E

for any u, v € V. Thus X satisfies the G(0) condition. O
Corollary 5.3. Every metric space satisfies the G(0) condition for any disconnected graph G with four vertices.

Proof. Let G be a disconnected graph with four vertices. Then there exist graphs G, and G, such that G is the
graph sum of G; and G,, and G; contains at most three vertices for each i € {1, 2}. Because every metric space
that contains at most three points admits an isometric embedding into R?, every metric space satisfies the
G1(0) and G,(0) conditions clearly. Therefore, it follows from Proposition 5.2 that every metric space satisfies
the G(0) condition. O

Proposition 5.4. Let G = (V, E) be a finite graph. Assume that there exist V,, V, C V and vo € V such that
ViUV, =V, ViNV, ={ve}, and there are no edges {u, v} € Ewithu € V1 \{vo} andv € V5 \ {vo}. Suppose
X is a metric space such that every subset S C X with |S| < max{|V1|, |V, |} admits an isometric embedding into
a CAT(0) space. Then X satisfies the G(0) condition.

Proof. Fixamap f : V — X. By hypothesis, both f(V;) and f(V,) admit isomeric embeddings into CAT(0)
spaces. Hence for each i € {1, 2}, there exist a CAT(0) space (Y;, dy,) and amap g; : V; — Y; such that
dy,(gi(w), gi(v)) = dx(f(w), f(v)) for any u, v € V;. Define (Y, dy) to be the metric space obtained by gluing Y;
and Y, by identifying g1 (vo) € Y; with g>(vo) € Y,. Then (Y, dy) is a CAT(0) space by Reshetnyak’s gluing
theorem. Define amap g : V — Y by sending each u € V; to the point in Y represented by g, (u) € Y1, and
each v € V, \ {vo} to the point in Y represented by g,(v) € Y,. Then

dy(g(u), g") = dy,(g1(w), g1 (") = dx(f(w), f(u)),
dy(g(v), g(v")) = dy,(g2(v), £2(V)) = dx(f(v), f(v)),
dy(g(w), g(v)) = le(gl(u)’ g1(vo)) + de(gZ(VO): g2(v)
= dx(f(u), f(vo)) + dx(f(vo), f(v))
> dx(f(u), f(v))

forany u, u’ € Vi and v, v’ € V,. It follows that

{dy(g(u),g(v)) = dx(f(w), f(v)), if {u,v} €E,
dy(gw), gv)) = dx(f(w), f(v)), if{u,v}eE
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for any u, v € V. Thus X satisfies the G(0) condition. O

For a finite graph G = (V, E) and a vertex v € V, the degree of v, denoted by deg(v), is the number of edges
e € Esuchthatv € e.

Corollary 5.5. Suppose G = (V, E) is a graph such that | V| = 4, and there exists a vertex vy € V with deg(v,) =
1. Then every metric space satisfies the G(0) condition.

Proof. Letvy € V bethevertex such that {vp, v1} € E.Let Vi = V\{v1},andlet V, = {vy, v1}. Then V; UV, =
V, Vi NV, = {vo}, and there are no edges {u, v} € Ewithu € Vi \ {vo} and v € V;, \ {vo}. Furthermore,
max{|V1|, |V,|} = 3, and every metric space containing at most three points admits an isometric embedding
into R2. Therefore, it follows from Proposition 5.4 that every metric space satisfies the G(0) condition. O

Recall that there are eleven simple undirected graphs on four vertices up to graph isomorphism, which are
listed in FIGURE 5.1. We call them G(l‘*), cees G(l“l), respectively as in FIGURE 5.1.

o o o o ° —o
o o —o —o
@ @ @ @ @ @
G! GY el GY G! GY
°
@ @ @ @ @
G7 GS GQ G 10 G 11

Figure 5.1: The graphs on four vertices.

All graphs listed in FIGURE 5.1 except the cycle graph G(84) satisfy the hypothesis of Proposition 5.1, Corol-
lary 5.3 or Corollary 5.5. Thus every metric space satisfies the G(0) conditions for all graphs G with four vertices
that is not isomorphic to the cycle graph. The following proposition follows from this observation and Lemma
1.12.

Proposition 5.6. Let V = {1,2,3,4},and let E = (‘2/) Suppose A = (ai]-){i’j}eE is a family of real numbers
indexed by E such that every CAT(0) space satisfies the (a;;)-quadratic metric inequality. Define E+(A) C E to
be the set of all {i, j} € E with a;; > 0. If the graph G, = ( v, E+(A)) is not isomorphic to the cycle graph, then
every metric space satisfies the (a;j)-quadratic metric inequality.

Proof. If G4 is not isomorphic to the cycle graph Gg'), then every metric space satisfies the G4(0) condition as
we observed above. Therefore, it follows from Lemma 1.12 that every metric space satisfies the (a;;)-quadratic
metric inequality. O

It follows from the above observation and Proposition 1.9 that a four-point metric space admits an isometric
embedding into a CAT(0) space if and only if it satisfies the Gg‘)(o) condition. This implies in particular that
not every metric space satisfies the Gg‘) (0) condition because not every four-point metric space admits an
isometric embedding into a CAT(0) space as we observed in Example 1.2. The following proposition is an
immediate consequence of Theorem 1.6.

Proposition 5.7. If a metric space X satisfies the X-inequalities, then X satisfies the Gg‘) (0) condition.

Proof. If a metric space X satisfies the X-inequalities, then X satisfies the Cycl,(0) condition by Theorem 1.6,
which clearly implies that X satisfies the G(84)(O) condition. O
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The facts that we have proved so far give another proof of Theorem 1.7.

Proof of Theorem 1.7. Assume that a four-point metric space X admits an isometric embedding into a CAT(0)
space. Then X satisfies the X-inequalities because every CAT(0) space satisfies the X-inequalities. Conversely,
assume that a four-point metric space X satisfies the X-inequalities. Then it follows from Proposition 5.1,
Corollary 5.3, Corollary 5.5 and Proposition 5.7 that X satisfies the G(0) conditions for all graphs G with four
vertices, which implies that X admits an isometric embedding into a CAT(0) space by Proposition 1.9. O

The following facts are worth noting although they are not necessary for our purposes.
Proposition 5.8. Every metric space satisfies the G(0) condition for every tree G.

Proof. Let (X, dx) be a metric space and let G = (V, E) be a tree. For any f : V — X, define Y to be the metric
tree obtained by assigning the length dx(f(u), f(v)) to each edge {u, v} € E of G. Then Y becomes a CAT(0)
space, and the triangle inequality for dx ensures that the natural inclusion g : V — Y satisfies that

{dy(g(u),g(v)) = dx(f@), f(v)), if {u,v} €E,
dy(g(u), gv) = dx(fw), f(v)), if{u,v}¢E

for any u, v € V. Thus X satisfies the G(0) condition. O

The following corollary follows immediately from Proposition 5.8 and Lemma 1.12.

Corollary 5.9. Let n be a positive integer, let V = [n], and let E = ('2/) Suppose A = (a;j){; jyck IS a family of
real numbers indexed by E. Let E+(A) be the set of all {i,j} € E with a;; > 0. If every CAT(0) space satisfies
the (a;;)-quadratic metric inequality, and if the graph G, = (V, E+(A)) is isomorphic to a tree, then every metric
space satisfies the (a;;)-quadratic metric inequality.

6 Five points in a CAT(0) space

In this section, we prove that if a metric space X satisfies the X-inequalities, then X satisfies the G(0) condi-
tions for all graphs G with five vertices except two special graphs. We start with the following two propositions.

Proposition 6.1. If a metric space X satisfies the X-inequalities, then X satisfies the G(0) condition for every
disconnected graph G with five vertices.

Proof. Let X be a metric space that satisfies the X-inequalities, and let G be a disconnected graph with five
vertices. Then there exist graphs G, and G, such that G is the graph sum of G, and G,, and the number of
vertices of G; is at most four for each i € {1, 2}. Because every subset S C X with |S| < 4 admits an isometric
embedding into a CAT(0) space by Theorem 1.7, X satisfies the G{(0) and G,(0) conditions clearly. Thus it
follows from Proposition 5.2 that X satisfies the G(0) condition. O

Proposition 6.2. Let X be a metric space that satisfies the X-inequalities. Suppose G = (V, E) is a graph such
that |V| = 5, and there exists a vertex vi € V with deg(v1) = 1. Then X satisfies the G(0) condition.

Proof. Let vy € V be the vertex with {vg, v} € E,let V; = V\{v,},andlet V, = {vp,v1}. Then VUV, = V,
V1NV, = {vo}, and there are no edges {u, v} € Ewithu € V; \ {vo} and v € V; \ {vo}. Because X satisfies
the X-inequalities, every subset S C X with |S| < 4 admits an isometric embedding into a CAT(0) space by
Theorem 1.7. Thus it follows from Proposition 5.4 that X satisfies the G(0) condition. O

It follows from Proposition 6.1 and Proposition 6.2 that if a five-vertex graph G has a vertex v with deg(v) <
1, then a metric space X satisfies the G(0) condition whenever X satisfies the X-inequalities. Up to graph
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isomorphism, there are eleven five-vertex graphs G such that every vertex v of G satisfies deg(v) = 2, which

are listed in FIGURE 6.1. As in FIGURE 6.1, we call these graphs G\, . .., G{}, respectively.
G(S) G(5) G(S) G(5) G(S) G(5)
& @ & % %

Figure 6.1: The five-vertex graphs each of whose vertex satisfies deg > 2.

Proposition 6.3. If a metric space X satisfies the X-inequalities, then X satisfies the G(ls)(O) condition.

Proof. 1f a metric space X satisfies the X-inequalities, then X satisfies the Cycl; (0) condition by Theorem 1.6,
which clearly implies that X satisfies the G(15)(O) condition. O

Proposition 6.4. Every metric space satisfies the G(ZS)(O) condition.

Vi
V) Vs
V3 V4

Figure 6.2

Proof. Let V and E be the vertex set and the edge set of G(ZS)(O), respectively. We set

V={vi,v2,v3,Vv4,Vs5},
E={{v1,va},{v2, vs},{vs,v1},{v3, Va}, {va, Vs}, {vs, v3}},

as shown in FIGURE 6.2. Set
Vi={vi,va,vs}, Va={v3, vg4,vs}.
Then V, UV, =V, V1 NV, = {vs}, and there are no edges {u, v} € Ewithu € V1 \ {vs} andv € V5 \ {vs}.

Because every metric space containing at most three points admits an isometric embedding into R?, it follows
from Proposition 5.4 that every metric space satisfies the G(ZS)(O) condition. O

Before proving that the validity of the X-inequalities implies the G(35)(O) condition, we prove the following
lemma.
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Lemma 6.5. Let (X, dx) be a metric space that satisfies the X-inequalities, and let (Y, dy) be a metric space.
Suppose p,x,y,z,w € Xandp',x',y',z',w € Y are points such that

dX(py X) s dY(plixl)’ dX(Xs )’) < dY(X,s y/)s dX(ys Z) < dY(y/,Z,),
dx(z,w) < dy(z',w"), dx(w,p)<dy(W,p"),

dX(pa )/)= dY(p/’y/)’ dX(paZ)=dY(p/’Zl)-
Assume that there exist subsets T1, T, and Ts of Y that satisfy the following conditions:

(1) T1, T, and T3 are isometric to convex subsets of Euclidean spaces.
) {p',xX,y'y T, {p".y', 2} CTryand {p', 2/, w'} C Ts.
(3) There exists a geodesic segment I'y in Y with endpoints p’ and y' such that

i crinT,.
(4) There exists a geodesic segment I'; in Y with endpoints p’ and z’ such that
I,CToNTs.
(5) There exist q, € I'y and q> < I'> such that
dy(X, w') = dy(X', q1) + dy(q1, q2) + dy(q2, W').

Then dx(x, w) < dy(x’, w').
Proof. Choose p1,X1,Y1,P2,Y2,22, D3, 23, W3 € R? such that

Ip1 - x|l = dy(@', x), |Ix1-y1ll =dy(X,¥), ly1-pill = dv(/', P,
Ip2 -yl = dy@',y"), lly2 -2zl =dy(y',2), |z2-pall = dy(Z, p),
Ips - 23l =dy(p', 2), |lzz —ws| =dy(Z, W), [ws-ps| =dy(W,p").

Equip the subsets

Ty = conv({p1,x1,y1}), Ty =conv({p2,y2,22}), T3 =conv({ps,z3,ws}).

of R? with the induced metrics, and regard them as disjoint metric spaces. Define (Y, dy) to be the metric
space obtained by gluing T7 and T by identifying [p1, y1] C T} with [p,, y2] C T5.Then Y’ is a CAT(0) space
by Reshetnyak’s gluing theorem. We denote the points in Y’ represented by p1, x1,y1 € Ty and z, € T, by p”,
x",y" and z”, respectively. Define (Y, dy) to be the metric space obtained by gluing Y’ and T} by identifying
[p”,2z"] C Y’ with [p3, z3] C T3. Then ¥ is a CAT(0) space by Reshetnyak’s gluing theorem, which is pictured
in FIGURE 6.3. We denote the points in ¥ represented by p”, x”,y",z" € Y and w3 € T3 by p, X, 7, Z and W,

x

Figure 6.3: The metric space ¥ in the proof of Lemma 6.5.

respectively. For each i € {1, 2, 3}, the natural inclusion of T { into ¥ is clearly an isometric embedding. Let
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T,~ C ¥ be the image of T} under the natural inclusion for each i € {1, 2, 3}. It is clear from the definition of
Ythat T: N T, = [p, 7], and [p, 7] N [X, 2] # 0. Hence Lemma 3.3 implies that

dX(Xa Z) £ di‘/(i) 2) (6.1)
because it follows from the hypothesis of the lemma and the definition of ¥ that
dX(pa X) < dY(p/’ X/) = di’/(ﬁa )"(), dX(X’ }/) < dY(X/’ y/) = di’/()’.{’ )7)’
dx(y,2) < dy(y',2') = dy(7,2), dx(z,p) = dy(Z,p') = dy(z, p),
dX(p’ )’) = dY(p/r yl) = df/(ﬁa 5/)-
Similarly, Lemma 3.3 also implies that
dX(y’ W) < di’/(y’ W)' (6-2)

Next, we will prove that
dx(x, w) < dy(x, W). (6.3)

To prove this, we first observe that (6.3) holds whenever one of the following equalities holds:
pP=X, X=Y, Yy=2, zZ=W, W=p, p=Yy, p=2z. (6.4)

If p = x, then p = X by definition of ¥, so

dx(x, w) = dx(p, w) < dy(p’, w') = dy(D, W) = dy(X, W).
If w = p, then we obtain (6.3) similarly. If x = y, then X = 7 by definition of ¥, so it follows from (6.2) that

dx(x,w) = dx(y, w) < dy(¥, W) = dy(X, W).

If z = w, then (6.3) follows from (6.1) similarly. If p = y or p = z, then p € [X, W] by definition of ¥, so

dx(x, w) < dx(x, p) + dx(p, w) < dy(x', p') + dy(p’, ')

=dy(X, p) +dy(p, W) = dy(X, W).
Finally, if y = z, then o
y=% TinT3=[p,yl, [B,yInIk wl#0,

by definition of ¥, so Lemma 3.3 implies (6.3) because it follows from the hypothesis of the lemma and the
definition of ¥ that

dX(p’X) < dY(p/’ X/) = di’/’(ﬁ’ )’2)’ dX(X’ J/) < dY(X/! yl) = di’;(;(, )7)’
dx(y, w) = dx(z, w) < dy(2', w') = dy(2, W) = dy(, W),
dx(w,p) <dyW',p') = dy(W,p), dx(p,y)=dy(',y") = dy(®, 7).

So henceforth we assume that any equality in (6.4) does not hold. We consider four cases.

CASE1: /X1y1P1+2D2Y222 < mand Zx,p1Y1+2Y2P22> < m.In this case, the subset T;UT, of ¥ isisometric
to a convex subset of the Euclidean plane, and it is clear from the definition of ¥ that (T; U T5) N T5 = [p, 2]
and [p, 2] N [x, W] # 0. Therefore, Lemma 3.3 implies the desired inequality (6.3) because it follows from the
hypothesis of the lemma, the definition of ¥ and (6.1) that

dX(p, X) < dY(pl, X/) = df/(ﬁ, )’2)’ dX(X’ Z) < df/()?’ 2)1
dX(Zs W) < dY(Z/’ W/) = di’(zy W): dX(Ws p) < dY(W/’p/) = di{(ﬁ/a 13)’
dX(ps Z) = dY(p/a ZI) = di}'(ﬁa 2)-
CASE2: /y222p2 + Zp32z3W3 < mand /y.p»z, + Zz3p3ws < 1. In this case, the subset T, U T; is isometric

to a convex subset of the Euclidean plane, and it is clear from the definition of ¥ that T, N (T, U T3) = [P, 7]
and [p, 1N [X, W] # 0. Therefore, Lemma 3.3 implies the desired inequality (6.3) in the same way as in CASE 1.
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CASE 3: Zx1p1Y1 + £Y2P222 + Zz3p3w3 2 7. In this case, we clearly have
dy(X, W) = ||[x1 - p1ll + lp3 — ws],
and hence
dy(x, W) = dy(x', p") + dy(p’, w') = dx(x, p) + dx(p, w) > dx(x, w).
CASE 4: Neither the assumption of CASE 1, CASE 2 nor CASE 3 holds. In this case,

IX1p1Y1 + LYaPp2za T,  LYaprza + ZZ3p3W3 < T (6.5)

because the assumption of CASE 3 does not hold. Because neither the assumption of CASE 1 nor CASE 2 holds,
it follows from (6.5) that

LX1Y1P1 + £P2Y2z2 > W, LY)zZopr + £P3z3ws > T (6.6)
It clearly follows from (6.6) that
dy(%, W) = [x1 = yall + [ly2 - 22l + [|z3 - ws ],
and hence
dy(%, W) = dy(X',y') + dy(y', 2) + dy(z', W)
2 dx(x,y) +dx(y, 2) + dx(z, w) = dx(x, w),

which completes the proof of (6.3).
It follows from the conditions (1) and (2) in the statement of the lemma that there exist isometric embed-
dingsf, : T1 = T1,f> : T» — Toand f5 : T3 — T5 such that

fl(ﬁ):p/’ fl()?):x/y fl(j/):y/
L@ =p, LG =Y, LEB=7
f3(ﬁ):pl5 f3(2)=Z/’ f3(W)=W/.
Then f1([p, 7)) is a geodesic segment with endpoints p’ and y’ contained in T4, and f>([p, ¥]) is a geodesic
segment with endpoints p’ and y’ contained in T,. Since T; and T, are both uniquely geodesic, it follows
that f1([p, ¥]) = I'1 = />([p, 1), and thus f; and f, agree on [P, ¥]. Similarly, f, and f3 agree on [p, Z]. Suppose
g1 € [p,yland g, € [p, z] are the points such that f1(g1) = f2(G1) = q1 and f>(G2) = f3(g2) = 2. Then
dy(x', w') = dy(X', q1) + dy(q1, q2) + dy(g2, W)
= dy(fi (), f1H(q) + dy(f2 ' (q1), £ (g2)) + dy (5 (q2), f5 (W)
= dy(X, q1) + dy(q1, G2) + dy(G2, W) = dy(X, W).
Combining this with (6.3) yields dx(x, w) < dy(x’, w'). O

Proposition 6.6. If a metric space X satisfies the X-inequalities, then X satisfies the Ggs)(O) and G(55)(0) condi-
tions.

Proof. Let (X, dx) be a metric space that satisfies the X-inequalities. Suppose the graphs G(;) and G(SS) havea
common vertex set V, and edge sets E5 and Es, respectively. We set

V={vi,v2,v3,v4,V5},
E3 = {{vlr VZ}) {VZ’ V3}9 {V3, v4}y {Vlh VS}’ {VS’ Vl}’ {VZy VS}},

Es = {{v1,va},{v2, v3}, {v3, Va}, {V4, Vs }, {V5, V1 }, {V2, Vs }, {V3, Vs }},
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Vi Vi
V) Vs V) Vs
V3 V4 V3 V4
(5) (5)
G3 GS
Figure 6.4

as shown in FIGURE 6.4. Fixamap f : V — X, and set
dyj = dx(f(vy), f(v)))
foranyi,j € {1, 2,3, 4,5}. By Theorem 1.7, if d;; = O for some i, j € {1, 2, 3, 4, 5} with i # j, then there exist
a CAT(0) space (Yo, dy,) andamap go : V — Yo such that dy,(go(v;), go(v)) = dj; foranyi,j € {1, 2,3, 4, 5}.
Hence we assume d;; > O forany i,j € {1, 2,3, 4,5} withi # j.
Choose X1, X2, X5, Y2, V3, Vs, 23, Z4, Z5 € R? such that

X1 - x2ll =d12, |IX2=xs5||=dzs, x5 -x1] =d51,

ly2=ysll =d23, |ly3-ysll=dss, |[lys-yall =ds2,

23 = z4ll = d3a, 124 — z5|| = das, |25 — 23| = ds3.

Equip the subsets

Ty = conv({x1, X2, x5}), T, =conv({yz,y3,y5}), T3 =conv({z3,z4,25})

of R? with the induced metrics, and regard them as disjoint metric spaces. Define (Y’, dy/) to be the met-
ric space obtained by gluing T; and T, by identifying [x,, x5] C Ty with [y,, ys] € T,. Then (Y’,dy ) is a
CAT(0) space by Reshetnyak’s gluing theorem. We denote by p; the point in Y’ represented by x; € T, for
eachi € {1, 2,5}, and by ps3 the point in Y’ represented by y3 € T,. Define (Y, dy) to be the metric space
obtained by gluing Y’ and T; by identifying [ps3, ps] C Y’ with [z3, z5] C Ts. Then (Y, dy) is a CAT(0) space
by Reshetnyak’s gluing theorem, and for each i € {1, 2, 3}, the natural inclusion of T; into Y is clearly an
isometric embedding. Let g : V — Y be the map that assigns the point in Y represented by p; € Y/ tov; € V
foreachi € {1, 2, 3, 5}, and the point in Y represented by z, € T5 to v, € V. Then Lemma 3.3 implies that

dy(g(v1),8(v3)) 2 di3, dy(g(va), g(vs)) = das, (6.7)
and Lemma 6.5 implies that
dy(g(v1), 8(v4)) 2 dyy. (6.8)
It follows from (6.7), (6.8) and the definition of Y that any u, v € V satisfy
{dy(g(u), g(v) = dx(f(w), f(v)), if{u,v} € Ej,
dy(g(w), g(v)) = dx(f(w), f(v)), if{u,v} ¢ E;

foreachi € {3, 5}. Thus X satisfies the G%S)(O) and G(SS)(O) conditions. O

Proposition 6.7. If a metric space X satisfies the X-inequalities, then X satisfies the GE‘S)(O) and G(GS)(O) condi-
tions.

Proof. Let (X, dx) be a metric space that satisfies the X-inequalities. Suppose the graphs Gﬁf’) and G(65) have a
common vertex set V, and edge sets E, and E¢, respectively. We set

V ={vi,v2,v3,Vv4,Vs5},
Ey = {{v1, va}, {v2, v3}, {v4, Vs }, {V5, v1}, {V2, Va}, {v3, V5 }},

Eg = {{v1, va}, {v2, v3}, {v4, Vs }, {V5, v1}, {v2, Va}, {v3, Vs }, {v5, Va2 }},
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Vi Vi
V) Vs Vo Vs
V3 Vg4 V3 Vy
(5) (5)
G! 68
Figure 6.5

as shown in FIGURE 6.5. Fixamap f : V — X, and set
d;j = dx(f(vy), f(vj)

foranyi,j € {1, 2,3, 4,5}. By Theorem 1.7, if d;; = O for some i, j € {1, 2, 3, 4, 5} with i # j, then there exist
a CAT(0) space (Yo, dy,) andamap go : V — Yo such that dy, (go(v;), go(v})) = dj; foranyi,j € {1, 2,3, 4, 5}.
Hence we assume d;; > O forany i, j € {1, 2,3, 4,5} with i # j.

Choose X1, X2, X5, V2, V3, Vs, 22, Z4, Z5 € R? such that

IxX1 = X2l = d12, X2 —Xs|| =das, |Ix5—x1]| = d51,
ly2=ysll=d23, lys-ysll=dss, |ys —yall =dsa,
22 = z4l = daa, 124 — 25|l = das, |25 — 22| = dsa.

Equip the subsets

Ty = conv({x1, X2, x5}), Tp=conv({ys,y3,y5}), T3 =conv({z2,2z4,25})

of R? with the induced metrics, and regard them as disjoint metric spaces. We define Y to be the metric space
obtained by gluing T; and T, by identifying [x,, x5] C Ty with [y,, ys] € T,. Then Y’ is a CAT(0) space by
Reshetnyak’s gluing theorem. We denote by p; the point in Y’ represented by x; € T; foreachi ¢ {1, 2,5},
and by ps the point in Y’ represented by y3 € T,. Define (Y, dy) to be the metric space obtained by gluing Y’
and T3 by identifying [p,, ps] C Y’ with [z;, z5] C T5. Then (Y, dy) is a CAT(0) space by Reshetnyak’s gluing
theorem, and the natural inclusion of T; into Y is clearly an isometric embedding for each i € {1, 2, 3}. Let
g : V — Y be the map that assigns the point in Y represented by p; € Y’ to each v; € {v1, v, v3, v5}, and the
point in Y represented by z, € T3 to v,4. Then it is clear from the definition of Y that the geodesic segment
[g(v,), g(vs)] C Y is shared by the images of Ty, T, and T3 under the natural inclusions. Because it is also
clear from the definition of Y that [g(v,), g(vs)] N [g(v1), g(v3)] # 0, Lemma 3.3 implies that

dy(g(v1), g(v3)) = dy3. (6.9)
Similarly, Lemma 3.3 also implies that
dy(g(vs), g(v4)) = d3s, dy(g(vs), g(v1)) 2 das. (6.10)

It follows from (6.9), (6.10) and the definition of Y that any u, v € V satisfy

{dy(g(u),g(v)) = dx(fQ), f(v)), if {u, v} € E;,
dy(g(), gv)) = dx(f(w), fv)), if {u, v} ¢ E;,

foreachi € {4, 6}. Thus X satisfies the 625)(0) and G?(O) conditions. O
The following proposition follows immediately from Proposition 5.1.

Proposition 6.8. Every metric space satisfies the G?(O), G(150)(0) and G(lsl) (0) conditions.

Proof. For eachi € {8,10, 11}, the graph Gl(.s) = (V, E) has a vertex vo € V such that {u, v} € E for any
u,v € V\{vo} with u # v. Therefore, Proposition 5.1 implies that every metric space satisfies the G§5)(O)
condition for each i € {8, 10, 11}. O
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By Propositions 6.1, 6.2, 6.3, 6.4, 6.6, 6.7 and 6.8, to prove that the validity of the X-inequalities implies the
G(0) condition for every graph G with five vertices, it only remains to prove that it implies the G(75)(0) and
G(95)(0) conditions.

7 Embeddability of four points into a Euclidean space

In this section, we introduce certain concepts concerning isometric embeddability of four-point subsets of
metric spaces into the three dimensional Euclidean space, and by using those concepts, discuss several prop-
erties of metric spaces that satisfy the X-inequalities. Those properties will be used to prove that the validity
of the X-inequalities implies the G(75)(O) and G(95)(O) conditions.

Definition 7.1. Let (X, dx) be a metric space, and let x,y,z, w € X be four distinct points. We say that
{x,y,z,w} is under-distance (resp. over-distance) with respect to {y,w} if any x’,y’,z/,w’ € R satisfy
dx(y,w) < ||y’ - w/|| (resp. ||y’ - w/|| < dx(y, w)) whenever

IX' =yl =dx(x, ), |ly' =2l =dx(y,2), |12/ -x'|| = dx(z, %),

X" =w| = dx(x,w), W -Z|=dxw,z). (71)

It is easily observed that for any four distinct points x y, z and w in any metric space X, there exist
x',y',Z,w e R3 satisfying (71). Therefore, {x, y, z, w} does not become under-distance and over-distance
with respect to {y, w} simultaneously.

Proposition 7.2. Let (X, dx) be a metric space, and let x, y, z, w € X be four distinct points. Then one and only
one of the following conditions holds true.

(@) Thesubset {x,y,z, w} C X admits an isometric embedding into R>.
(b) {x,y,z, w} is under-distance with respect to {y, w}.
(©) {x,y,z, w} is over-distance with respect to {y, w}.

Proof. Define %, 2 € R3 by
)’2:(0) 0’ 0)) Z':(dx(X,Z), O’ O)-

Suppose 7 = (y1, y@, 0) and w = (W?, w!?), 0) are the points in R? such that
%=yl = dx(x,y), 7 -Z2] = dx(,2), y? =0,
1% - || = dx(e, w), [[W-2|| = dx(w,2), w®=>0.
Clearly, such 7 and W exist uniquely. For each 6 € [0, 1], define W(6) € R3 by
w(6) = (w(l), w®? cos 6, w? sin 0).

Then it is easily seen that
X = w(O)|| = dx(x, w), [[W(6) - Z|| = dx(w, 2)

for any 6 € [0, 7], and the function 6 — || - W(0)|| is non-decreasing on [0, 7]. To prove the proposition, it
suffices to prove the following three statements:

@) {x,y,z, w} admits an isometric embedding into R> if and only if

17 - w()]| < dx(y, w) < ||y — W(m)]|. (7.2)

') {x,y, z, w} is under-distance with respect to {y, w} if and only if

dx(y, w) < [y - w(0)].
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(c) {x,y,z, w} is over-distance with respect to {y, w} if and only if

[y = Wl < dx(y, w).

Letx’,y’,z',w' € R? be arbitrary points that satisfy the equalities (7.1) in Definition 7.1. Then there exists
apoint w” = (a1, a2, a3) € R3 such that

X" =Wl =% =w"ll, Iy =wl =7 =-w"ll, [l - w'] = lz-w"|

by definition of the points X, y and Z. Then

aradrad=(w

(a1 - dx(x, 2))% + a3 + a3 = WY - dx(x, 2))? + (W?)?

)2+ w2y,

because
% - w"| = dx(x,w) = |- W[, [|w'-Z|=dx(w,2)=]|W-Z|.

Since dx(x, z) # 0, these equalities imply that

a;=w, a3+ a3 = w?)2, (7.3)

It follows from the second equality in (7.3) that
jaz| < W), (74)
Using (7.3), we compute that
Iy = w'|? = [l - w"|?

=W -a)? + 0P - @)+ @3
D) W02 4 @2 20,)@ 4 (WP,

=(y +(y

Together with (7.4), this implies that
7 = w)[| < [y - w'|l < ||y - W(m)| (7.5)
because
= W(O)Hz _ (y(l) _ W(l))Z + (y(Z) _ W(Z))Z’ = W(ﬂ)Hz _ (y(l) _ W(l))Z " (y(Z) " W(Z))Z.

The statements (b’) and (c’) follow immediately from the fact that the inequality (7.5) holds true for ar-
bitrary X', y’, 2/, w' € R? satisfying (7.1). It also follows immediately from this fact that if {x, y, z, w} admits
an isometric embedding into R3, then (7.2) holds true. If (7.2) holds true, then there exists 8y € [0, 7] that
satisfies

17 = W(Bo)|| = dx(y, w)

because the function 8 — ||y — W(6)|| is continuous on [0, 7], and therefore the map ¢ : {x,y, z, w} — R>
defined by

e =%, @)=y, @)=z @Ww)=Wwb)
is an isometric embedding. Thus (a’) is also true. O

Before discussing properties of metric spaces that satisfy the X-inequalities by using the concepts introduced
above, we recall the following two basic facts. Both of them hold clearly, so we omit their proofs.

Lemma 7.3. Suppose x,y,z,x',y’,z € R? are points such that
O<x-yl=1x"=yl, o<lz=yll =z -y

Then ||x-z|| < ||x' - Z'|| ifand only if Zxyz < Z/X'y'Z'. Moreover, ||x - z|| = |X' = 2’| ifand only if Zxyz = /X'y'Z’.
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Lemma 7.4. Suppose x,y, z, w € R? are points such that w ¢ {x,y, z}. Then
w € conv({x, y, z})
if and only if y and z are not on the same side of XW, and 1t < ZYywx + Zxwz.

In the rest of this section, we discuss several properties of metric spaces that satisfy the K-inequalities by
using the concepts introduced above.

Lemma 7.5. Let (X, dyx) be a metric space that satisfies the X-inequalities. Suppose x,y,z,w € X are four
distinct points such that {x, y, z, w} is under-distance with respect to {y, w}. Suppose x',y',z',w' ¢ R? are
points such that

X' =yl =dx(e,y), Y =2 =dx(y,2), |2/ -x|=dx(z,%)
X' =W =dx(x,w), |w-Z2|=dxw,z).

Then
X, y1nlZ,wl=0, X, wInly,Z1=0,

and the points x', y', z’ and w’ are not collinear.
Proof. Ifwehad [x',y'] N [z’, w'] # 0, then Lemma 3.5 would imply that
Iy = w'|l < dx(y, w),
contradicting the hypothesis that {x, y, z, w} is under-distance with respect to {y, w}. Hence we have
X, y1nZ,w1=0. (7.6)

Similarly, we also have
X, winly, 21=0. 7.7)

To prove that x’, y’, z’ and w’ are not collinear, suppose to the contrary that there exists a straight line
L c R? containing x’, y’, z’ and w’. Choose an isometric embedding ¢ : L — R such that ¢(x’) < ¢(z’). Define
maps y; : [0,2] - R,~, :[0,2] = Randf : [0, 2] — R by

(O = {‘P(X/) + (V) - (X)) t, telo, 1],
o)+ (@) -9()) (t-1), te(1,2],

() = {go(z’) + (W) - p(2)) t, tclo, 1],
oW + (p(x) - W) (t-1), te(1,2],

F(6) = 72(6) = 71.(0).

Then
f(0) = p(z) - p(x) >0, f(2)=¢p(K)-p()<o0,

and f is continuous on [0, 2]. Hence there exists ty € (0, 2) such that f(tg) = 0. In the case in which tg < 1,
we have
o (1 (to) = 9 (b)) € X, Y10 2/, W,

and in the case in which ¢ty > 1, we have
o (o) = 9 (a(to)) € Y, 21N X, Wl
This contradicts (7.6) or (77). Thus x’, y’, z’ and w’ are not collinear. O

The following corollary follows immediately from Lemma 7.5.
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Corollary 7.6. Let (X, dx) be a metric space that satisfies the X-inequalities. Suppose x,y, z, w € X are four
distinct points such that {x, y, z, w} is under-distance with respect to {y, w}. Suppose x',y’,z, w' € R? are
points such that

X' =Y =dxCe,y), Y -2l =dx(y,2), |2 -X|| = dx(z,%)
X' = w'|| = dx(x,w), |w-Z|=dx(w,z),

<
and w' is not on the opposite side of X'z’ from y’. Then
y € conv({x’,Z',w'}) (7.8)

or
w e conv({x’, 2/, y'}). (79)

Moreover, (7.8) and (7.9) do not hold simultaneously.

Proof. It follows from Lemma 7.5 that
X,y1nlZ,wl=0, KX,wInly,2z1=0, (7.10)

and x’, y', z/ and w’ are not collinear, which clearly implies that (7.8) or (7.9) holds. By (7.10), we have y’ # w’.
Together with the fact that x’, y’, z’ and w’ are not collinear, this implies that (7.8) and (7.9) do not hold
simultaneously. O

Lemma 7.7. Let (X, dx) be a metric space that satisfies the X-inequalities. Suppose x,y,z,w € X are four
distinct points such that {x, y, z, w} is over-distance with respect to {y, w}. Then Zyxz + Zzxw > m or Zyzx +
ZXzZW > 1.

Proof. Define x’,z' € R? by
x" = (dx(x,2),0), z' =(0,0).
Suppose y’ = (yV, y@)and w’ = (wV, w?) are the points in R? such that
X =yl =dx(x,y), Y -2 =dx(y,2), y* =0
X =W = dx(x,w), W -Z|=dx(w,2z), w?<o.
Then
Iy - w'|| < dx(y,w)

because {x, y, z, w} is over-distance with respect to {y, w}. It follows that
X, 210y, wl=0, (711)

because otherwiie_l;emma 3.2 would imply that dx(y, w) < ||y’ - w’||. We consider four cases.

Casel:y' ¢ X'z andw' ¢ x'Z'. In this case, (7.11) implies that the region determined by the quadrilateral
X, yTuly,Z1ulZ,w]ulw,x'] is not convex, and therefore at least one of the interior angle measures of
the quadrilateral is greater than 7. It follows that

2yxz+Zzxw = 2y'X'Z + 2ZXW > n

or

2yzx + Zxzw = 2y'Zx + /xX'ZwW > n.

Case2:y € X'z and w' ¢ x'Z'. In this case, (7.11) implies that one of the following inequalities holds:

y(l) <0, dx(x,z)< y(l).
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If yM < 0, then

Zyzx+ 7xzw = 2y ZX + /X ZW =+ /X 2w > m.

If dy(x, z) < yV, then

2yxz+ Zzxw = 2y'X'Z + 22 X'W =+ ZZX'W > n.

/ </_; / ﬁ : ~ 7 ~ ~
CASE3:y' ¢ x'z  and w' € x'Z'. In this case, we can prove that Lyxz + Zzxw > mor Lyzx + /xzw > 7
holds in exactly the same way as in CASE 2.

CASE4:y' € X'z and w' € X'Z'. In this case, (7.11) implies that one of the following inequalities holds:
max{y(l), w(l)} <0, dyx(x,z)< min{y(l), w(l)}.

If max{y", wV} < 0, then
Zyzx +Zxzw = 2y'Zx + /X'ZwW = 2n> 1.

If dx(x, z) < min{y®", w}, then
2yxz+ Zzxw = 2y'X'Z + 2ZxX'w = 2n > .
The above four cases exhaust all possibilities. O

Lemma 7.8. Let (X, dx) be a metric space that satisfies the X-inequalities, and let x, y, z, w € X be four distinct
points such that {x, y, z, w} is under-distance with respect to {x, w} and {y, w}. Suppose x',y',z' € R? are
points such that

X' =yl = dx(x,y), Iy =2/l = dx(y,2), |12/ =X|| = dx(z, %).

Suppose w' € R? is a point such that
ly' - w'|| = dx(y,w), [[w' -2|| = dx(w, 2),
/s . . ﬁ / /! 2 .
and w' is not on the opposite side of y'z' from x’. Suppose w" € R< is a point such that
X' = w"|| =dx(x,w), |w' -Z| =dx(w,z),
/1 s . s ﬁ /
and w" is not on the opposite side of x'z' fromy’. Then

w' econv ({x',y',2'}), w'econv({x,y, z'}),

conv ({y’,Z/,w'}) nconv ({x', 2/, w"}) = {}.

' y

Figure 7.1: The points in R? appeared in the statement of Lemma 7.8.

Proof. Because {x,y, z, w} is under-distance with respect to {x, w} and {y, w},

dxOc,w) < X' =w'|l,  dx(y, w) < |y’ = w"|.



DE GRUYTER Tetsu Toyoda, An Intrinsic Characterization of Five Points = 139

The first inequality implies that
0 < [ =w[| = dxOe, w) = X = w|| =[x = w"| < |w - w"|],

which ensures that w’ # w”. Let L C R? be the perpendicular bisector of the line segment [w’, w"]. Then x’
is on the same side of L as w”, y’ is on the same side of L as w’, and z’ € L because

/

X" = w"|| = dxCe, w) < [Ix" = w'll, [y = w'[| = dx(y, w) < [ly" = w"||,

Iz =W = dx(z,w) = ||z - W]

It follows that
x" ¢ conv({y,z,w'}), y' ¢conv({x,z',w"}), (712)

and
conv ({y’,Z/,w'}) nconv ({x', 2/, w"}) = {}.

Because {x, y, z, w} is under-distance with respect to {x, w} and {y, w}, (7.12) and Corollary 7.6 imply that
w' e conv ({x',y',2'}), w'econv({x,y, z'}),

which completes the proof. O

Corollary 7.9. Let (X, dx) be a metric space that satisfies the X-inequalities, and let x,y,z,w € X be four
distinct points such that {x, y, z, w} is under-distance with respect to {x, w} and {y, w}. Suppose x', y', z’ € R?
are points such that

X =yl =dxO,y), Y -Zl=dx(y,2), |2/ -X| =dx(zx).
Then x', y' and z' are not collinear.
Proof. Choose a point w' € R? such that
X' =W =dx(x,w), ||w-Z|=dxw,z),

—
and w’ is not on the opposite side of x'z’ from y’. Then Lemma 7.8 implies that w’ € conv({x’, y’, z'}) because
{x,y, z, w} is under-distance with respect to {x, w} and {y, w}. Therefore, if x’, y’ and z’ were collinear, then
x',y' ,z' and w’ would be collinear, contradicting Lemma 7.5. O

Lemma 7.10. Let (X, dx) be a metric space that satisfies the X-inequalities. Suppose x,y,z,w € X are four
distinct points such that {x, y, z, w} is over-distance with respect to {x, w} and {y, w}. Then

< Zxzy+ Zyzw, T < ZXZy+ ZxzZw.

/ /

X y

Figure 7.2: The points in R? appeared in the proof of Lemma 7.10.
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Proof. Choose x',y’, 2z € R? such that
X' =yl =dx(y), |y =21 =dx(y,2), |2 -x||=dx(z,x).
Suppose w’ € R? is a point such that
Iy =w'|l = dx(,w), W -2'| =dx(w,2),
and w’ is not on the same side of ﬁ as x’. Suppose w” € R? is a point such that

X' —=w"’| =dx(x,w), W' -Z| =dx(w,z2),

—
and w” is not on the same side of X'z’ as y’. Then because {x, y, z, w} is over-distance with respect to {x, w}
and {y, w},

X' = w'[| <dxCc,w), Iy = w"|| < dx(y, w).

The first inequality implies that
0 < dx(x, w) = [Ix' = w/|| = [|x' = w"|| = [|X' = w'|| < [w" =W/,
which ensures that w’ # w”. Let L C R? be the perpendicular bisector of the line segment [w’, w”]. Then x’
is on the same side of L as w/, ¥’ is on the same side of L as w”, and z’ € L because
X' =w'|| < dxOc, w) = X" =w"|l, Iy =w"| <dx(y,w) = |ly - W],

|2 =W = dx(z, w) = |2/~ w"].

It follows that
x' ¢ conv({y’,z',w"}), ¥y ¢ conv({x,z,w'}). (713)
We prove that
< Ixzy + Zyzw (7.14)
and
< 7XZy + /XZW (7.15)

by contradiction. If (7.14) were not true, then Lemma 7.7 would imply that

n<Zxyz+ Zzyw = /X'y’ 7 + 2Z'y'W

because {x, y, z, w} is over-dzs_ta)nce with respect to {x, w}, and therefore Lemma 7.4 and the hypothesis that
w’ is not on the same side of y'z’ as x’ would imply that

y' e conv({x’,z/, w'}),
contradicting (7.13). Similarly, if (7.15) were not true, then we would obtain

x' e conv({y’,z/,w"}),
contradicting (7.13), which completes the proof. O
Corollary 7.11. Let (X, dx) be a metric space that satisfies the X-inequalities. Suppose x, y, z, w € X are four

distinct points such that {x, y, z, w} is over-distance with respect to {x, w} and {y, w}. Then {x, y, z, w} is not
over-distance with respect to {z, w}.

Proof. Suppose to the contrary that {x, y, z, w} is over-distance with respect to {x, w}, {y, w} and {z, w}.
Then Lemma 7.10 implies that
< IXyz+ZZyw, W< ZXzy+ /yzw,
contradicting the fact that
(Zxyz + Zzyw) + (Zxzy + Zyzw)
< (Ixyz+ Zxzy + Zzxy) + (Zzyw + Zyzw + Zzwy) = 2m,
which proves the corollary. O



DE GRUYTER Tetsu Toyoda, An Intrinsic Characterization of Five Points = 141

Lemma 7.12. Let (X, dx) be a metric space that satisfies the X-inequalities. Suppose p, x, y,z,w € X are five
distinct points such that {p, x, y, z} isunder-distance with respect to {x, y} and {y, z},and {p, y, z, w} is under-
distance with respect to {y, z} and {z, w}. Then

ZXpy + Zypw < m, ZXpz+ Zzpw < T.

Figure 7.3: The points in R? appeared in the proof of Lemma 7.12.

Proof. Choose p’, x', 2z € R? such that
Ip" =X =dx(p, ), |IX'-2|=dx(x,2), | -p'||=dx(z p).
Suppose y’ € R? is a point such that
Ip" =Yl =dx(,y), Iy -7 =dx(y,2),
and y’ is not on the opposite side of ﬁ from x’. Suppose y” € R? is a point such that
1P =y"l = dx(,y), Iy -X|=dx(y,x),

—
and y” is not on the opposite side of p’x’ from z’. Then because {p, x, y, z} is under-distance with respect to
{x,y} and {y, z}, Lemma 7.8 implies that

y econv({p’,x',Z'}), y" econv({p’,x,z'}), (716)
conv({z', p’,y'}) nconv({x’,p’,y"}) = {p'}. (717)

Suppose w’ € R? is a point such that
Ip" - w'|| = dx(p,w), [IW -Y'|| = dx(w,y),
N s . VR 2. .
and w’ is not on the opposite side of p’y’ from z’. Suppose z” € R? is a point such that
Ip"-2"|| = dx(p,2), 2" -wW|=dx(z,w)

—
and z” is not on the opposite side of p’w’ from y’. Then because {p, y, z, w} is under-distance with respect to
{y,z} and {z, w}, Lemma 7.8 implies that

Z e conv({p’,y’,w'}), 2’ econv({p’,y,w'}), (718)
conv({y’,p’,z'}) nconv({w', p’, 2"}) = {p'}. (719)
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We define four vectors x, y, z, w € R? by

x=x'-p', y=y-p', z=Z-p, w=w'-p.

Then

HXH =dX(X,p)>0’ ||Y|| =dx()’,P) >0,
Izl = dx(z,p) >0, |[w]| =dx(w,p)>0.

Because {p, x, y, z} is under-distance with respect to {x, y} and {y, z}, Corollary 7.9 implies that p’, x’ and
Z' are not collinear, and therefore x and z are linearly independent. Because {p, y, z, w} is under-distance
with respect to {y, z} and {z, w}, Corollary 7.9 implies that p’, y’ and w’ are not collinear, and therefore y and
w are{li_ngarly independent. Because y’ ¢ p’x’ by (7.16) and (7.17), x and y are linearly independent. Because
Z' ¢ p’w' by (718) and (7.19), z and w are also linearly independent. By (7.16), there exist s, t € [0, 1] such
thats + t < 1, and y = sx + tz. Because

ly' =2l = dx(y,2) > 0,

we have
t<1. (7.20)

By (7.18), there exist s’, t' € [0, 1] such that s’ + ' < 1, and
z=5s'y+tw=5(sx+tz) +t'w.

Hence
—ss'x+(1-ts)z-tw=0, (7.21)

where 0 denotes the zero vector in R?. By (7.20), we have
1-ts'>0. (7.22)

Because x and z are linearly independent, it follows from (7.21) and (7.22) that
t'>o0. (7.23)

Because z and w are linearly independent, it follows from (7.21) and (7.22) that
ss’ > 0. (7.24)

We have

_ss’ . 1—ts’z 1-ts

X 2 T
by (7.21), (7.22) and (7.23), and therefore x and w are linearly independent, which implies in particular that

w= >0

ZX'p'w <. (7.25)

We also have ,
ss’ t Ss t

1—ts’XJr 1—ts’W’ 1-ts >0, 1-ts’ >0
by (7.21), (7.22), (7.23) and (7.24), and therefore the ray from p’ through z’ is between that from p’ through x’
and that from p’ through w’. Hence

zZ =

1.0

X'p'Z + 22 p'W = ZXp'W. (7.26)
Because {p, y, z, w} is under-distance with respect to {z, w}, we have

12" = p'll = 12" = p'll = dx(z,p) > O, ||z = W|| = dx(z, w) < ||z' = W',
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and therefore Lemma 7.3 implies that
22'p'wW < 22 p'W. (7.27)
Combining (7.25), (7.26) and (7.27) yields
Zxpz+ Zzpw = ZX'p'Z + 22" p'wW

1 )

<sxX'p'Z + /7 p'W
=/xX'p'w <.
Clearly the inequality
ZXpy + Zypw < 1
is proved in the same way, which completes the proof. O

The following corollary follows from Lemma 7.10 and Lemma 7.12, which will play an important role when we
prove that the validity of the X-inequalities implies the 6(95)(0) condition in Section 9.

Corollary 7.13. Let X be a metric space that satisfies the X-inequalities. Suppose p, xX1,X2,X3,X4s € X
are five distinct points such that {p, x1, x2, X3} is under-distance with respect to {x1, x,} and {x,, x5}, and
{p, x3, X4, x1} is over-distance with respect to {x3, x4} and {x4, x1}. Assume that neither {p, x,, X3, x4} nor
{p, X4, X1, X2} admits an isometric embedding into R>. Then {p, x,, X3, x,} is over-distance with respect to
{x2,x3} or {x3, x4}, and {p, x4, X1, X2} is over-distance with respect to {x4, x1} or {x1, x2}.

Proof. Suppose to the contrary that {p, x», x3, x4} is neither over-distance with respect to {x;, x3} nor
{x3, x4}, or {p, x4, X1, X2} is neither over-distance with respect to {x,, x1} nor {x1, x,}. We may assume
without loss of generality that {p, x,, x3, x4} is neither over-distance with respect to {x;, x3} nor {x3, x4}.
Then Proposition 7.2 implies that {p, x2, x3, x4} is under-distance with respect to {x,, x3} and {x3, x4} be-
cause {p, X2, X3, x4} does not admit an isometric embedding into R>. Combining this with the hypothesis
that {p, x1, x2, x3} is under-distance with respect to {x1, x>} and {x,, x5}, Lemma 712 implies that

ZX1PX3 + ZX3PX4 < 1. (7.28)

On the other hand, because {p, x3, x4, x1 } is over-distance with respect to {x3, x4} and {x4, x1 }, Lemma 710
implies that
< ZX1PX3 + ZX3PX4,

contradicting (7.28). O
We define some notations, which will be used several times in the next two sections.

Let (X,dx) be a metric space, and let x,y,z,w ¢ X be four distinct points. Choose points
X1, Y1, 21, X2, Z2, W2, X3, W3, ¥3 € R? such that

X1 =y1ll = dx(6, y),  lly1 - z1ll = dx(y, 2),  |lz1 - x1]| = dx(z, %),
X2 - z2|| = dx(x,2), |lz2 —w2| =dx(z,w), |lwz2-x;| =dx(w,x),

Ix3 = ws|l = dx(x,w), [lw3-ys3ll =dx(w,y), |ys-x3|=dx(y,x). (729)
Equip the subsets
T1 = conv({x1,y1,21}), T, =conv({x,z2,w5}), T3 =conv({x3, ws,ys}) (730)

of R? with the induced metrics, and regard them as disjoint metric spaces. We denote by D(x;y, z, w) the
piecewise Euclidean metric simplicial complex constructed from T1, T, and T3 by identifying [xq,z:] C Ty
with [x,, z,] C Ty, [x2, W] C T, with [x3, w3] C T3, and [x3, y3] C Ts with [x1,y1] C T;. We denote the
images of Ty, T» and T3 under the natural inclusions into D(x; y, z, w) by Tpixsy,z,w) (x,v,2), Tpxsy,z,w) (x,z,w)
and TD(X;y’Z’W)(x, w, y), respectively. When there is no risk of confusion, we abbreviate these notations by
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T(x,y, z), T(x,z,w) and T(x, w, y), respectively. The map from {x, y, z, w} to D(x;y, z, w) sending x, y ,z
and w to the points in D(x; y, z, w) represented by x1, y1,z1 € T; and w, € T,, respectively is called the
natural inclusion of {x, y, z, w} into D(x; y, z, w). Clearly, up to isometry, D(x;y, z, w), T(x, y, z), T(x, z, w),
T(x, w, y) and the natural inclusion of {x, y, z, w} into D(x; y, z, w) are independent of the choice of the points
X1,Y1521,X2,22, W2, X3, W3,Y3 € R2.

Lemma 7.14. Let (X, dyx) be a metric space that satisfies the KX-inequalities. Suppose x,y,z,w € X are four
distinct points such that {x, y, z, w} is over-distance with respect to {y, w}, and

< Zyxz + Zzxw. (7.31)

Then D(x;y, z,w) is a CAT(0) space, and for each i € {1,2,3}, the natural inclusion of a (possibly de-
generate) triangular region T; C R? as in (730) into D(x;y, z, w) is an isometric embedding. In particular,
T(x,y, z), T(x, z, w) and T(x, w, y) are closed convex subsets of D(x;y, z, w). Moreover, the natural inclusion
of {x,y, z, w} into D(x;y, z, w) is an isometric embedding.

Y1

Z1=22 X1 =X2

w)

Figure 7.4: Points in R? appeared in the proof of Lemma 7.14.

Proof. Suppose X1, Y1,21,X2,22, W2, X3, W3,Y3 € R? are points satisfying (7.29). By transforming x,, z, and
w, if necessary, we may assume that x; = x,, z; = z,, and w; is not on the same side of X1z; as y1, as shown
in FIGURE 74. By (7.31),

TT< LY1X121 + LZ2XoWa = LY1X121 + £Z1X1 W), (7.32)

which implies that
LY1X121 + LZ1X W2 + ZWyX1Y1 = 27T, (7.33)

Because {x, y, z, w} is over-distance with respect to {y, w},
y1 - wall < dx(y, w).
Hence we have

Ix1 =y1ll = dx(, y) = Ix3 —y3ll,  lIx1 = wall = dx(x, w) = [[x3 - ws],

ly1 = wall < dx(y,w) = |lys - ws],

and therefore Lemma 7.3 implies that
ZWaXx1y1 < ZW3X3Y3.

Combining this with (7.33) yields
27T < LY1X121 + £Z1X1 W3 + ZW3X3Y3 = LY1X121 + £Z2X2W3 + LW3X3Y3. (7.34)

For each i € {1, 2,3}, let T; be the (possibly degenerate) triangular region defined by (7.30). As we men-
tioned in Example 2.2, (7.34) ensures that D(x;y, z, w) is a CAT(0) space, and that for each i € {1, 2,3},



DE GRUYTER Tetsu Toyoda, An Intrinsic Characterization of Five Points = 145

the natural inclusion of T; into D(x;y, z, w) is an isometric embedding. In particular, the natural inclusion
¢ :{x,y,z,w} — D(x;y, z, w) is an isometric embedding because for any a, b € {x, y, z, w}, both ¢(a) and
¢(b) are represented by elements of T; for some i € {1, 2, 3}. O

Remark 7.15. Suppose X is a metric space that satisfies the X-inequalities, and x, y, z, w € X are four distinct
points such that {x, y, z, w} is over-distance with respect to {y, w}. Then Lemma 7.7 implies that

< Zyxz + Zzxw,

or
< Lyzx + /XzZw.

Thus renaming the points if necessary, the points x, y, z and w always satisfy the condition (7.31), and there-
fore D(x;y, z, w) becomes a CAT(0) space, and the natural inclusion of {x, y, z, w} into D(x; y, z, w) becomes
an isometric embedding by Lemma 7.14.

8 The GV)(0) condition

In this section, we prove that the validity of the X-inequalities implies the G(75) (0) condition. We start with the
following three simple facts. All of them hold clearly, so we omit their proofs.

Lemma 8.1 (cf. [4, p.25, 216(1)]). Letx,y,z,w € R%. Ifw € conv({x, y, z}), then
[x=wl+[lw=-yl <|x-z|+[z-yl. (8.1)

Ifin addition x, y, z and w are distinct, and Zyxw < Zyxz, then strict inequality holds in (8.1).

Lemma 8.2. Let o € R?. Suppose x,y, z € R? \ {0} are points such that y and z are not on opposite sides of
oX, and /xoy < /xo0z. Then x and z are not on the same side of oy, and /xoz = /Zxoy + Zyoz.

Lemma 8.3. Suppose o, x,y € R? are points that are not collinear. Suppose p, q € R? are points such that
neither p nor q is on the same side of Fy> as x, and p is not on the same side of X as q.Then /pxq = /pxo+/0xq.

We use these facts to prove the following lemma, which will play a key role to prove that the validity of the
X-inequalities implies the G(75)(O) condition.

Lemma 8.4. Suppose x,y,z,w € R? are four distinct points such that w € conv({x,y, z}). Suppose
x',y',z,w € R? are points such that

X' =2 = x =zl 12 =Y = lz=yl, IX=-w] = lx-wl, v -yl =|w-yl. (82
If|lz' - w'|| < ||z - wl|, then || X' - y'|| < [Ix = y||.
Proof. Suppose x, y, z, w € R? are four distinct points such that w € conv({x, y, z}), and x’, y', 2/, w' € R?
are points satisfying (8.2). To prove the lemma by contrapositive, we assume that
Ix =yl < [Ix" =Y. (8.3)
Then x’ # y’ because O < ||x - y||. Choose a point z € R? such that
IX' =2l =X =2l 1Z=y'll =12~ ¥ll, (8.4)

TR —
and Z is not on the opposite side of x'y’ from w’. If 2 and w’ are not on opposite sides of x'y’, we may choose
Z = Z'. Otherwise, Z is the point obtained by reflecting z’ orthogonally across xy’. Clearly,

lz-w| < ||z -w']. (8.5)
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Because w € conv({x, y, z}), Lemma 8.1 implies that
X' =W+ W =y = x-wl|+lw=y| <|x-z]| +|z-yl| = X -Z| + 2= Y|l (8.6)

If Z/y'x'Z were less than Zy’x'w’, and Z/x’y'z were less than /x'y’w’, then Z would lie in conv({x’, y’, w'}),
and therefore Lemma 8.1 would imply that

I =2l + [z =y'[| < X" = w'[| + W = ¥'Il,

contradicting (8.6). Thus £Zy'x'w’ < £y'X'Z or Zx'y'W' < /x'y'Z. We may assume without loss of generality
that Zy’x'w’ < Zy’x'z. Then Lemma 8.2 implies that

2y'x'z =2y xwW + 2w'X'z (8.7)

3
because Z is not on the opposite side of x'y’ from w’ by definition. We consider two cases.
CASE 1: x, y and w are not collinear. Suppose y € R? is the point such that

I

7-wl=lly-wll, Zxwy=2Xwy,

and y is not on the opposite side of wx from y, as shown in FIGURE 8.1. Then the triangle with vertices x, ¥

Figure 8.1: Proof of Lemma 8.4.

and w is congruent to that with vertices x’, y’ and w’. Hence
IX=3l =X =y'll, Zyxw=2y'x'w". (8.8)

Because ||x - w| = ||x' - w/|| and ||y - w|| = ||y’ - w'||, (8.3) and Lemma 7.3 imply that

Zxwy < ZxX'w'y' = Zxwy. (8.9)
Because j is not on the opposite side of Wi from y by definition, (8.9) and Lemma 8.2 imply that

LXWY + LYWy = LXWY < 1. (8.10)
Because w € conv({x, y, z}), Lemma 7.4 implies that

m < Zxwy + Zywz.

Combining this with (8.10) yields Zywy < Zywz. Furthermore, j and z are not on opposite sides of w<_>y because
neither y nor z is on the same side of \/(7))/ as x by Lemma 8.2 and Lemma 7.4, respectively, and x ¢ W<_>y by the
assumption of CASE 1. Therefore, Lemma 8.2 implies that

Zywz = Zywy + /ywz.
Because 0 < Zywy by (8.9) and (8.10), it follows that

/ywz < Lywz.
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Because ||y - w|| = || — w|| by definition of y, this implies that
Iy -zl <lly -zl =1y -=| (8.11)

by Lemma 7.3. Because ||x - z|| = ||x’ - Z||, and ||x - || = ||x’ - y’|| by (8.8), it follows from (8.11) and Lemma
7.3 that
Lyxz < Ly'x'z. (8.12)

As we mentioned above, neither y nor z is on the same side of w<_>y as x. Furthermore, y and z are not on the
same side of Wx because  is not on the opposite side of Wi from y by definition of y, z is not on the same side
of Wx as y by Lemma 7.4, and y ¢ wx by the assumption of CASE 1. Therefore, Lemma 8.3 implies that

/yxz = LPxw + Lwxz. (8.13)
By (8.7), (8.8), (8.12) and (8.13),
IWXZ = Lyxz — LYxw
<Ly X'z - /xw
=2y'x'z - 2y'xX'w
= /W'XzZ.

Hence Lemma 7.3 implies that
Iz =wl <|z-w|

because ||z - x|| = ||z - x'|| and ||w - x|| = ||W’ - x’||. Combining this with (8.5) yields
lz=w| < ||lz' = w'|.
CASE 2: x, y and w are collinear. In this case, w € Yy> \ [x, y], because otherwise we would have
X' =y < I =W+ 1w =yl = lIx=w| +[w=y| = x-yl,
contradicting (8.3). Because w € conv({x, y, z}), it follows that
we [x,zlny, 2, (8.14)
which implies in particular that
lz=wll = [lIx=z|| = x-wl| = [IIX = 2'| - |x' = w'||| < |2 = w|. (8.15)

To prove that equality does not hold in the inequality in (8.15), suppose to the contrary that ||z—w|| = ||z’ -w']|.
Then (8.14) implies that

X' = 2'| = Ix—z|| = [|x - w| + |w -z = [|xX - w|| + |w - 2|,
A A ! / / /
ly =zl =ly-zll=lly-wl+lw=-z|| =y -w|+[w -2,
and thus
welx,Z]nly, 2. (8.16)

On the other hand, we have X’ ¢ [y’, z/] and y’ ¢ [x’, 2], because otherwise we would have
X' =yl = [IX =21 = Iy =2'll| = llIx =zl = lly = zll| < Ix = I,
contradicting (8.3). Hence
X, Z1nly,2]={z}.
Combining this with (8.16) yields z’ = w’'. Therefore,
Ix = z|| = IX' = 2| = [|X" = w/|| = || x - w],
ly=zl =1y =21 =1y -wl=ly-w|.

Because w € conv({x, y, z}), these equalities imply that z = w, contradicting the hypothesis that z # w. Thus
equality does not hold in the inequality in (8.15), which completes the proof of the lemma. O
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We are ready to prove the following proposition.

Proposition 8.5. If a metric space X satisfies the X-inequalities, then X satisfies the G(75)(0) condition.

Vi
V) Vs
V3 Vy
Figure 8.2

Proof. Let (X, dx) be a metric space that satisfies the X-inequalities. Let V and E be the vertex set and the
edge set of G(75)(0), respectively. We set
V ={vi,v2,v3,v4,Vs},

E={{vi,va},{va,v3},{v3, va}, {va, vs}, {vs, v}, {va, v4}, {v3, vs}},

as shown in FIGURE 8.2. Fixamap f : V — X, and set
dyj = dx(f(vy), f(v)))

foranyi,j € {1, 2,3, 4,5}. By Theorem 1.7, if d;; = O for some i, j € {1, 2, 3, 4, 5} with i # j, then there exist
a CAT(0) space (Yo, dy,) andamap go : V — Yo such that dy,(go(v;), go(v)) = dj; foranyi,j € {1, 2,3, 4, 5}.
Therefore, we assume that d;; > O forany i, j € {1, 2, 3, 4, 5} with i # j. Choose p1, p2, ps € R? such that

lp1 - p2ll = d12, |lp2 - D5l =das, |ps - p1ll = ds1.

Equip the subset P = conv({p1, p2, ps}) of R? with the induced metric, and regard it as a metric space in its
own right. We consider three cases.

CASE 1: The subset {f(v3), f(v3), f(v4), f(vs)} of X admits an isometric embedding into R>. Let ¢
{f(v2), f(v3), f(vy), f(vs)} — R3 be an isometric embedding. Define (Y7, d v,) to be the metric space obtained
by gluing P and R? by identifying [p,, ps] € Pwith [p(f(v2)), (f(v5))] € R>.Then (Y;, d v,) is a CAT(0) space
by Reshetnyak’s gluing theorem. Define a map g1 : V — Y; by sending v; to the point in Y; represented by
o(f(vy) € R3 for eachi € {2, 3, 4,5}, and v; to the point in Y; represented by p; € P. Then

dy,(g1(v1), 21(vy)) = |Ip1 - pill = d1i> (8.17)
dy, (81(vj), g1(vi)) = lo(f(v))) - o(f (vl = djk (8.18)

foranyi € {2,5}and anyj, k € {2, 3, 4, 5}. It is clear from the definitions of Y; and g; that

[g1(v2), g81(vs)I N [g1(v1), 81 (vy)] # 0,
conv({g1(v1), g1(v2), g1(vs)}) N conv({g1(vy), 81(v2), g1(v5)}) = [g1(v2), 81(vs)]

for eachi € {3, 4}, and conv({g1(v;), g1(v2), g1(v5)}) is isometric to a convex subset of the Euclidean plane
foreachj € {1, 3, 4}. Therefore, for each i € {3, 4}, Lemma 3.3 implies that

dy,(g1(v1), g1(vy)) = dy; (8.19)
because

dy,(g1(vs), g1(v1)) = ds1, dy,(81(v1),81(v2)) =d12, dy,(g81(v2), g81(v4)) = dy;,
dy,(81(vi), 81(vs)) = di5,  dy,(81(v2), 81(v5)) = d>s
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by (8.17) and (8.18). By (8.17), (8.18) and (8.19),
{dyl (1(v), g1(v)) = dyj, if {vi,v;} € E,
dy,(81(vi), g1(vj)) 2 dyj, if{v;,v;} ¢ E

foranyi,j e {1, 2,3, 4,5}. Thus g; is a map from V to a CAT(0) space with the desired properties.
CASE 2: {f(v2), f(v3), f(v4), f(vs)} is under-distance with respect to {f(v,), f(vs)}. Choose x5, x3, X4 € R?
such that
X2 = X3l = da3,  |Ix3 = Xall = d3a, X4 = X2| = da2.

Suppose x5 € R? is a point such that
X3 = xs|| = d3s, [|X5s = X4]| = dsa,
and x5 is not on the opposite side of m from x,. Then the assumption of CASE 2 implies that
dys < ||x2 = xs]|, (8.20)

and Corollary 7.6 implies that x5 € conv({xs, x4, x2}) or x, € conv({x3, X4, X5}). By the symmetry of the
graph G(75)(O), we may assume without loss of generality that

x5 € conv({x3, X4, X2 }). (8.21)
Choose y», y3, y5 € R? such that

ly2-y3ll=d23, llys-ysll=dss, |ys—-y2ll =dsa,

and choose y, € R? such that
12 =yall = d2a,  |lya - ysll = das.

Then because

lys =yall = d32 = lIx3 = x2ll,  |ly2 = yall = das = [[X2 = X4l|,
lys = ysll =dss = lIx3 = xsll, [lys —yall = dsa = ||X5 = x4,

ly2 = ysll = das < [[x2 = x5||, x5 € conv({x3, X4, X2})
by (8.20) and (8.21), Lemma 8.4 implies that
V3 = yall < Ix3 = X4]| = d34. (8.22)

Define (Y3, dy,) to be the metric space obtained by gluing R? and P by identifying [y,, ys] C R? with
[p2,ps] C P.Then (Y,, dy,) is a CAT(0) space by Reshetnyak’s gluing theorem. Defineamap g, : V — Y5
by sending v; to the point in Y, represented by y; € R? for each i € {2, 3, 4,5}, and v; to the point in Y
represented by p; € P. Then

dy,(g2(v1), g82(v))) = |lp1 — pill = d1i» (8.23)
dy,(g2(vj), 82(vi)) = llyj - yill = dj (8.24)

foranyi c {2,5} and anyj, k € {2, 3, 4, 5} with {j, k} # {3, 4}. By (8.22),
dy,(82(v3), 82(v4)) = |ly3 — yall < d34. (8.25)
It is clear from the definitions of Y, and g, that

[g2(v2), £2(vs)I N [g2(v1), g2(vi)] # 0,
conv({g2(v1), 82(v2), 82(vs)}) N conv({g2(vy), 82(v2), 82(vs5)}) = [g2(v2), g2(v5)]
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foreachi € {3, 4}, and conv({g2(v)), g82(v2), 82(v5)}) is isometric to a convex subset of the Euclidean plane
foreachj € {1, 3, 4}. Therefore, for each i € {3, 4}, Lemma 3.3 implies that

dy,(g2(v1), 82(vy)) = dy; (8.26)

because

dy,(82(vs), g82(v1)) = ds1, dy,(82(v1), 82(v2)) = d12, dy,(82(v2), g82(v4)) = dy;,
dy,(g2(vi), 82(vs)) = dis,  dy,(82(v2), 82(v5)) = das

by (8.23) and (8.24). By (8.23), (8.24), (8.25) and (8.26),

{dyz@z(vi),gz(vj)) < dy, if{vi,vj} €E,
dy,(82(vi), 82(vj)) 2 dyj, if{v;,v;} ¢ E
foranyi,j € {1, 2,3, 4,5}. Thus g, is a map from V to a CAT(0) space with the desired properties.
CASE 3: {f(v2), f(v3), f(v4), f(vs)} is over-distance with respect to {f(v2), f(vs)}. In this case, Lemma 7.7

implies that

< ZFW)f (v3)f (va) + Zf(va)f (v3)f (vs).

or

7 < ZFW)f va)f (v3) + Zf(v3)f (va)f (vs),

By the symmetry of the graph G(75 ), we may assume without loss of generality that the former inequality holds.
Let Y5 = D(f(v3); f(v2), f(v4), f(vs)), and let

Y < {f(v3), f(v2), f(va), f(vs)} — Y3

be the natural inclusion. Then Y} is a CAT(0) space, and i is an isometric embedding by Lemma 7.14. It also
follows from Lemma 7.14 that

T(f(v3), f(v2), f(va)),  T(F(v3), f(va), f(vs)), T(f(v3),f(vs), f(v2))

are closed convex subsets of Y%, all of which are isometric to convex subsets of the Euclidean plane. Define
(Y3, dy,) to be the metric space obtained by gluing Y3 and P by identifying [ (f(v,)), P(f(vs))] C Y35 with
[p2, ps] C P. Then (Y3, dy,) is a CAT(0) space by Reshetnyak’s gluing theorem. Defineamap g; : V — Y3 by
sending v; to the point in Y5 represented by Y(f(v;)) € Y4 foreachi € {2, 3, 4,5}, and v; to the point in Y3
represented by p; € P. Then

dy,(g3(v1), 83(v))) = |lp1 - pill = du» (8.27)
dy,(83(v), 83(vi)) = dy, W(F(v))), p(F(vi))) = dj (8.28)

foranyi € {2,5} and any j,k € {2,3,4,5}. Let T;, T, and T5 be the images of T(f(v3), f(v2), f(v4)),
T(f(v3), f(v4), f(vs)) and T(f(v3), f(vs), f(v2)), respectively under the natural inclusion of Y4 into Y3, and
let P be the image of P under the natural inclusion of P into Y. Then it is clear from the definition of Y5 that
Tq, T, T3 and P are all isometric to convex subsets of the Euclidean plane, and

TiNTs =[g3(v3),83(v2)l, TaNTs=1[g3(v3),83(vs)l, T3NP=[g3(v2),83(vs)l.
It is also clear from the definition of Y3 that there exist qg, g1 € [g3(v2), g3(v5)] such that

dy,(g3(v1), g3(v3)) = dy,(g3(v1), g0) + dv,(q0, 83(v3)), (8.29)
dy,(g3(v1), g83(v4)) = dy,(g3(v1), q1) + dy,(q1, 83(v4)). (8.30)

Therefore, (8.29) and Lemma 3.3 imply that

dy,(g3(v1), 83(v3)) 2 di3 (8.31)
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because

dy,(g3(v2), 83(v1)) = dr1, dy,(g3(v1), 83(vs)) = dis, dy,(g3(vs), 83(v3)) = ds3,
dy,(g3(v3), 83(v2)) = d32, dy,(g3(v2), 83(vs)) = das

by (8.27) and (8.28). Clearly, the point q; € [g3(v2), g3(vs)] is represented by a point g} € [W(f(v2)), Y(f(vs))],

and by definition of Y3 = D(f(v3);f(v2), f(va), f(vs)), there exists g5 € [P(f(v3)), p(f(v2))] U
[Y(f(v3)), Y(f(vs))] such that
dy,(q1, 83(v4)) = dy; (@1, YU(a))) = dy; (@5 45) + dy; (@2, Y(FVa))). (832)

It follows from (8.30) and (8.32) that

dy,(g3(v1), 83(v4)) = dy,(g3(v1), q1) + dy,(q1, q2) + dy,(q2, g3(v4)), (8.33)

where g, € Y3 is the point represented by g5 € Y5. If ¢5 € [p(f(v3)), Y(f(v2))], then clearly g, <
[g3(v3), g5(v,)], and therefore (8.33) and Lemma 6.5 imply that

dy,(g3(v1), 83(v4)) = di4 (8.34)
because
dy,(g3(v2), 83(v1)) = dr1, dy,(g3(v1), 83(vs)) = dis, dy,(g3(vs), 83(v3)) = ds3,

dy,(g3(v3), 83(v4)) = d34, dy,(83(v4), 83(v2)) = ds2, dy,(g3(v2), 83(vs)) = dys,
dy,(g3(v2), 83(v3)) = da3

by (8.27) and (8.28). If ¢, € [W(f(v3)), ¥(f(vs))], then we obtain (8.34) in the same way. By (8.27), (8.28), (8.31)
and (8.34),

{dY3 (83(v), g3(v))) = dy, if{v;,vj} € E,
dy,(g3(vi), g3(vj)) 2 dy, if{vi,vj} ¢ E

foranyi,j e {1, 2,3, 4,5}. Thus g5 is a map from V to a CAT(0) space with the desired properties.
By Proposition 7.2, CASE 1, CASE 2 and CASE 3 exhaust all possibilities. O

9 The GY(0) condition

In this section, we prove that the validity of the X-inequalities implies the G(95)(O) condition. First we prove
several lemmas.

Lemma 9.1. Let (X, dy) be a metric space that satisfies the X-inequalities, and let p,x,y,z,w € X. Sup-
pose there exist a complete geodesic space with nonnegative Alexandrov curvature (Z,dz) and a map f :
{p,x,y,z,w} — Z such that

dz(f(p), f(@)) < dx(p, a), dz(f(a), f(b)) = dx(a, b)
forany a, b € {x,y, z, w}. Then there exist a CAT(0) space (Y, dy)andamap g : {p, x,y, z, w} — Y such that
dy(g(p), g(a)) < dx(p, a), dy(g(a), g(b)) = dx(a, b)

foranya,b € {x,y, z, w}.

Proof. Because (X, dy) satisfies the K-inequalities, Theorem 1.7 implies that there exist a CAT(0) space (Y, dy)
and an isometric embedding ¢ : {x,y, z, w} — Y. Define amap ¢ : {f(x), f(¥), f(z), f(w)} — Y by ¥(f(a)) =
¢(a). Then  is 1-Lipschitz because

dy(Y(f(a)), p(f(b)) = dy(p(a), (b)) = dx(a, b) < dz(f(a), f(b))
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for any a,b € {x,y,z,w}. Hence Theorem 2.6 implies that there exists a 1-Lipschitz map l])
), fX), fy), f2), fw)} — Y~ such that IZJ(f(a)) = Y(f(a)) for every a € {x,y,z, w}. Define a map
g:{p,x,y,z,w} — Ybyg(a) = Y(f(a)). Then

dy(g(a), g(b)) = dy(Y(f(a)), Y(f(b))) = dy(p(a), p(b)) = dx(a, b),

dy(g(p), 8(@) = dy(@D(F(®)), p(f(a)) < dz(f(p), f(a)) < dx(p, a)

foranya, b € {x,y, z, w}, which proves the lemma. O

Lemma 9.2. Let (X, dx) be a metric space that satisfies the K-inequalities. Suppose p, q, x,y,z € X are five
distinct points such that both {p, x, y, z} and {q, x, y, z} admit isometric embeddings into R3. Then there exist
a CAT(0) space (Y,dy)andamap g : {p, q, x,y,z} — Y such that

dy(g(p), g(q) = dx(p, q), dy(g(x),g(a)) < dx(x,a), dy(g(b),g(c))=dx(b,c)
foranya,b,c € {p,q,y,z} with {b, c} # {p, q}.

Proof. Let a be the plane in R consisting of all points (¢1, t5, t3) € R? with t3 = 0. Choose x’, y’, 2’ € a such
that
X' =yl = dx(x,y), Y -2/ =dx(y,2), |2 -X|| =dx(z,x).

Then because both {p, x, y, z} and {q, x, y, z} admit isometric embeddings into R3, there exist points p’ =
(p(l)’p(z)’p(3)) and q/ - (q(l)’ q(Z)’ q(3)) in RB such that

Ip" =Xl = dx(, ), p'~y'| = dx(p.y), [P’ -2 = dx,2), P =0,

lg' - x| = dx(q, ), |d -V =dx(@y), |d-2|=dx(gz2, ¢° <o.

Let R be the convex hull of {x, y’, z'} in R3. Then R C a, and the triangle
R =[X,yluly,Z]lul?, x]
forms the boundary of R as a subset of a. Define P, Q C R3 by
P=conv({p’,x',y',Z'}), Q=conv({q,x,y, Z'}).

We consider three cases.
Case1: [p’, ¢'] N (a\(R\R')) # 0. Choose ry € [p’,q'] N (a\(R\R")). Equip the subsets P and Q of
R3 with the induced metrics, and regard them as disjoint metric spaces. Define (Y3, dy,) to be the metric
space obtained by gluing P and Q by identifying R C P with R C Q naturally. Then Y; is a CAT(0) space by
Reshetnyak’s gluing theorem, and the natural inclusions of P and Q into Y; are isometric embeddings. We
denote by P and Q the images of P and Q, respectively under the natural inclusions into Y;. Define a map
g1 :{p,q,x,y,z} — Y, by sending x, y, z, p and q to the points in Y; represented by x’, y’, z’, p’ € P and
q' € Q, respectively. Then
dy,(g1(a), g1(b)) = ||@' - b|| = dx(a, b) (9.1)

foranya, b € {p, q,x,y, z} with {a, b} # {p, q}. By definition of Y;, there exists a point r; € R such that
dy,(81(0), 81(@) = [Ip" = r1ll + [Ir1 - 4’| (9.2)

Because R’ is the boundary of R as a subset of a, there exists a point r, € R’ N [rg,r1]. Then r, €
conv({ry, p’, q¢'}), and therefore Lemma 8.1 implies that

dy,(g1(p), 72) + dy,(F2, 81(@) = |[p' - 2| + |12 = ¢'|| < |p - || + |Ir1 = 4",

where 7, is the point in Y; represented by r, € P (or r, € Q). Combining this with (9.2) and the triangle
inequality for Y; yields
dy,(g1(p), 81(9)) = dy,(g1(p), 72) + dy, (72, 81(q)). (9.3)
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If r, € [x,y'], then ¥, clearly lies on the geodesic segment [g1(x), g1(y)] in Y1, and therefore (9.1), (9.3) and
Lemma 3.3 imply that

dy,(81(p), 81(9)) = dx(p, q) (9.4)

because [g1(x), g1(y)] € PUQ, and P and Q are isometric to convex subsets of Euclidean spaces. If > € [y’, ']
orr, € [Z/, x'], then we obtain (9.4) in the same way. Thus (9.4) always holds in CASE 1. By (9.1) and (9.4), g1
is a map from {p, g, x, y, z} to a CAT(0) space with the desired properties.

Case2: [p’, 'l n (a\(R\R)) =0 and {p’, q'} ¢ a.In this case, [p’, '] N (R \ R’) # 0. Hence the subset
P U Q of R is not contained in any plane, and [p’, ¢’] € P U Q. It follows that P U Q is a convex subset of
R?, and therefore the boundary S of P U Q in R? equipped with the induced length metric ds is a complete
geodesic space with nonnegative Alexandrov curvature as we mentioned in Example 2.4. Clearly S is the union
of six subsets conv({p’, x’, y'}), conv({p’, y', z’}), conv({p’, Z’, x'}), conv({q’, x', y'}), conv({q’, y’, z’}) and
conv({q’, z’, x'}) of R3. On each of these six subsets, dg coincides with the Euclidean metric on R>. In par-
ticular, these six subsets are all isometric to convex subsets of the Euclidean plane even as subsets of (S, ds).
Defineamap f> : {p, q,x,y,z} — Sby f2(a) = a’. Then

ds(f>2(a), f2(b)) = |a’ - b'|| = dx(a, b) (9.5)

forany a,b € {p, q,x,y, z} with {a, b} # {p, q}. Fix a geodesic segment I'; in (S, ds) with endpoints f>(p)
and f>(q). Then I'y clearly has a nonempty intersection with the union of three line segments [x’, y']U[y’, z’]u
[z/, x]. If I'y has a nonempty intersection with [x’, y’], then (9.5) and Lemma 3.3 imply that

ds(f2(p), £2(9)) = dx(p, 9) (9.6)

because [x',y’] = conv({p’,x’,y’}) N conv({q’, x’,y’}) is a geodesic segment even in (S, ds). If I', has a
nonempty intersection with [y’, z’'] or [Z/, x'], then we obtain (9.6) in the same way. Thus (9.6) always holds in
CASE 2. By (9.5) and (9.6), the map f> satisfies that

ds(f>(x), f2(a)) = dx(x, a), ds(f2(a), f2(b)) = dx(a, b)

foranya, b € {p, q,y, z}. Therefore, Lemma 9.1 implies that there exist a CAT(0) space (Y3, dy,) and a map
g2 :{p,q,x,y,z} — Y, such that

dy,(g2(x), g2(a)) < dx(x, a), dy,(g2(a), g2(b)) = dx(a, b)

foranya, b € {p, q,y, z}. Thus g, is amap from {p, g, x, y, z} to a CAT(0) space with the desired properties.
Case3: [p',q'In (a\(R\R')) = 0 and {p’,q'} C a.In this case, {p’, ¢’} C R\ R’, which ensures in

particular that x’, y’ and z’ are not collinear. Let R; and R, be two isometric copies of R. We denote the
points in R; corresponding to x’, y’, z/, p’ and ¢’ by x4, y1, z1, p1 and q;, respectively, and the points in
R, corresponding to X', ', z/, p’ and ¢’ by X2, y2, z2, p2 and q,, respectively. Define (R, dg,) to be the
piecewise Euclidean simplicial complex constructed from the two simplices R; and R, by identifying [x1, y1]
with [x2, y»], [y1, z1] with [y,, 2], and [z1, x1] with [z;, x>]. In other words, Ry is the piecewise Euclidean
simplicial complex obtained by gluing R, and R, along their boundaries. As we mentioned in Example 2.5, Ry
is a complete geodesic space with nonnegative Alexandrov curvature, and the natural inclusions of Ry and R,
into R are both isometric embeddings. In particular, for each i € {1, 2}, the image R; of R; under the natural
inclusion into Ry, is isometric to a convex subset of the Euclidean plane. Defineamap f5 : {p, g, x,y, z} — Ro
by sending x, y, z, p and q to the points in R, represented by x1, y1, 21, p1 € Ry and g, € R, respectively.
Then

dg,(f3(@), f3(b)) = @’ - b'|| = dx(a, b) 97)
foranya, b € {p, q, x,y, z} with {a, b} # {p, q}. It follows from the definition of R, that there exists a point
r3 € R’ such that

dg,(f3(0), f3(@) = |Ip" - 73] + I3 - ¢'||.
Hence

dr,(f3(0), f3(q) = dg,(f3(p), ¥3) + dg, (73, f3(q)), 9.8)
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where 73 is the point in Ry represented by the point in Ry (or R;) corresponding to r5. Let I'y be the image
of the line segment [x1, y1] € R; (or [x2, ¥2] C R,) under the natural inclusion into Rq. If r3 € [x/, y’], then
3 € I'1, and therefore (9.7), (9.8) and Lemma 3.3 imply that

dg,(f3(p), f3(q)) = dx(p, @) (99)

because it is clear from the definition of R that I'; is a geodesic segment in R with endpoints f3(x) and f3(y),
and Iy C RiURy. Ifr; € [y, 2] or r3 € [Z/, x'], then we obtain (9.9) in the same way. Thus (9.9) always holds
in CASE 3. By (9.7) and (9.9),

dRO(f3(x),f3(a)) = dx(x, a), dRo(fs(a),fs(b)) > dx(a, b)

forany a, b € {p, q,y, z}. Therefore, Lemma 9.1 implies that there exist a CAT(0) space (Y3, dy,) and a map
g3 :{p,4q,x,y,z} — Y3 suchthat

dy,(g3(x), g5(a)) < dx(x, a), dy,(g3(a), g3(b)) = dx(a, b)

foranya, b € {p, q,y, z}. Thus g3 is amap from {p, g, x, y, z} to a CAT(0) space with the desired properties.
CASE 1, Cask 2 and CASE 3 exhaust all possibilities. O

Lemma 9.3. Let (X, dy) be a metric space that satisfies the X-inequalities. Suppose p, q, x,y,z € X are five
distinct points such that {p, x, y, z} is over-distance with respect to {p, x}, {p,y} or {p, z}, and {q, x, y, z}
is over-distance with respect to {q, x}, {q,y} or {q, z}. Then there exist a CAT(0) space (Y, dy) and a map
g:{p,q,x,y,z} — Y such that

dy(8(p), 8() = dx(p, q), dy(g(a), (b)) = dx(a, b)
foranya,b € {p,q,x,y,z} with{a, b} # {p, q}.
Proof. By the hypothesis, we can choose ai, a,, as, b1, b, b3 € {x, y, z} with
{ay, az, a3z} = {b1, by, b3} = {x,y, z} (9.10)

such that {p, x, y, z} is over-distance with respect to {p, a,}, and {q, x, y, z} is over-distance with respect
to {g, b,}. Then Lemma 7.7 implies that m < Za,aias + Zasa,p, or m < Za,asza; + Za,asp, and that 7 <
Zbyb1bs + Zbsb1q, or m < Zbob3by + Zb1b3q. Therefore, renaming the points if necessary, we may assume
further that

71<Za2a1a3+2a301p, n<Zb2b1b3+Zb3b1q.

Let Y1 = D(ai;az,as,p), and let Y, = D(by; b, b3, q). Suppose 91 : {p,x,y,z} — Y; and ¢,
{q,x,y,z} — Y, are the natural inclusions. Then Lemma 7.14 implies that Y; and Y, are CAT(0) spaces,
and ¢, and ¢, are isometric embeddings. It also follows from Lemma 7.14 that

S1=Ty(a1,a2,a3), S»=Ty/(a1,as,p), S3=Tylai,p,as)
are closed convex subsets of Yy, all of which are isometric to convex subsets of the Euclidean plane. Similarly,
Ty = Ty,(b1, b2, b3), T,=Ty,(b1,b3,q9), Ts=Ty,(b1,q,a)

are convex subsets of of Y5, all of which are isometric to convex subsets of the Euclidean plane. By (9.10), S;
and T, are isometric via the isometry h : S; — T, such that

h(p1(x) = p2(x), h(p1(¥) = 92(y), h(@1(2)) = P2(2).

We define a metric space (Y, dy) to be the gluing of Y; and Y, along h. Then Y is a CAT(0) space by Reshet-
nyak’s gluing theorem, and the natural inclusions of Y; and Y5 into Y are both isometric embeddings. In
particular, the images S1, S, and S5 of Sy, S, and S3, respectively under the natural inclusion of Y; into Y,
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and the images T;, T> and T3 of T, T» and T3, respectively under the natural inclusion of Y5 into Y are
all isometric to convex subsets of the Euclidean plane. Define amap g : {p, g, x, ¥, z} — Y by sending each
a € {p, x,y, z} tothe point in Y represented by ¢ (a) € Y1, and q to the point in Y represented by ¢,(q) € Y>.
Then clearly

dy(g(a), g(b)) = dx(a, b) (911)

foranya, b € {p, q, x,y, z} with {a, b} # {p, q}. By definition of Y, there exists ¢y € S; such that
dy(g(p), g(q)) = dy,(¢1(p), co) + dy, (h(co), ¢2(q)). (9.12)

It is clear from the definitions of Y; = D(a;; a,, as, p) and Y, = D(by; b, bs, q) that there exist i, j € {2, 3},
c1 € [p1(a1), p1(ay)]l and c; € [@,(b1), @2(b;)] such that

dy,(@1(p), co) = dy,(@1(p), c1) + dy,(c1, co), (9.13)
dy,(h(co), ¢2(q)) = dy,(h(co), c2) + dy,(c2, P2(q)). (9.14)

It follows from (9.12), (9.13), (9.14) and the triangle inequality for Y that
dy(g(p), 8(q)) = dy, (p1(p), c1) + dy,(c1, co) + dy,(h(co), c2) + dy, (c2, 92(q))

= dy(g(p), &1) + dy(4, €o) + dy(Co, C2) + dy(&2, g(q)
= dy(g(p), &1) + dy(€1, €2) + dy(E2, g(q)), (9.15)

where ¢y, €1 and ¢, are the points in Y represented by cg, c; € Y; and ¢, € Y5, respectively. Because the
geodesic segments [g(a1), g(a;)] and [g(b1), g(b;)] in Y are clearly the image of [¢;(a1), ¢1(a;)] under the nat-
ural inclusion of Y7 into Y and that of [¢,(b1), (pz(b]-)] under the natural inclusion of Y, into Y, respectively,

¢1 € [gla1), g(a))], ¢, € [g(b1), g(b))]. (9.16)

Let
T' = conv({g(a1), g(a;), g(b1), g(by)}).

Then T’ is a convex subset of S;, and therefore T’ is isometric to convex subset of the Euclidean plane. Clearly
[g(a1),g@)] C $;n T, [g(b1), eI C T'NT;. (917)
By (9.10), we have {a;, a;} N {b1, b} # 0. In other words, at least one of the following equalities holds:
a1=b1, al=bj, a,~=b1, a,~=b,~.
If a; = by, then (9.15), (9.16), (9.17) and Lemma 6.5 imply that

dy(g(p), g(q) = dx(p, @) (9.18)

because the subsets Si, T’ and Tj of Y are all isometric to convex subsets of the Euclidean plane, and

dy(g(a1), g(p)) = dx(a1,p), dy(g(p), g(a;)) = dx(p, a;),
dy(g(ay), g(bj)) = dx(a;, bj), dY(g(bj)a g(q) = dx(bj, Q,
dy(g(q), g(a1)) = dx(q, a1), dy(g(ar), g(ay) = dx(a1, ai),
dY(g(a1),g(bj)) = dx(ay, bj)

by (9.11). If a; = bj, a; = by or a; = bj, then we obtain (9.18) in the same way. Thus (9.18) always holds. By
(9.11) and (9.18), g is a map from {p, q, x, y, z} to a CAT(0) space with the desired properties. O
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Lemma 9.4. Let (X, dx) be a metric space that satisfies the X-inequalities. Suppose p, q, x,y,z € X are five
distinct points such that {p, x, y, z} is under-distance with respect to {p, y} or {p, z}, and {q, x, y, z} is under-
distance with respect to {q, y} or {q, z}. Then there exist a CAT(0) space (Y, dy) andamap g : {x,y,z,p,q} —
Y such that

dy(g(p), 8(q)) = dx(p, q), dy(g(x), g(a)) = dx(x,a), dy(g(b),g(c)) = dy(b, c)
foranya,b,c < {p,q,y,z} with{b,c} # {p, q}.
Proof. Choose x',y’, 2 € R? such that
X' =yl =dxCe,y), Y -2 =dx(y,2), Iz -X| = dx(z,x).
Suppose p’ € R? is a point such that
X' =p'|l = dx(x,p), [p"-Z| = dx(p, 2),
and p’ is not on the opposite side of )ﬁ from y’. Suppose g € R? is a point such that

IX' - g1l = dx(x, @), |lq1 - Z|| = dx(q, 2),
—
and ¢} is not on the opposite side of x'z’ from y’. Suppose g5 € R? is a point such that
X' = gl = dx(e, @), llgz = V'l = dx(q, ),

and ¢} is not on the opposite side of W from z’. Such points p’, ¢} and ¢} are uniquely determined whenever
X',y and z’ are not collinear. We consider four cases.

CAst 1: {p, x, y, z} is under-distance with respect to {p, y}, and {q, x, y, z} is under-distance with respect
to {q, y}. According to Corollary 7.6, we divide CASE 1 into the following four subcases.

SUBCASE 1A: p’ € conv({x',y’,Z'}) and ¢} € conv({x’,y’,z'}). In this subcase, x’, y’ and 2z’ are not
collinear, because otherwise x’, y’, z’ and p’ would be collinear, contradicting Lemma 7.5. Let T; and T, be
two isometric copies of conv({x’, y’, z'}). For each i € {1, 2} and each ¢ € conv({x,y’, z’}), we denote by
@i(c) the point in T; corresponding to c. Define (T, dr) to be the piecewise Euclidean simplicial complex con-
structed from the two simplices T; and T, by identifying [¢1(x"), @1(y")] with [, (X"), 2], [@1 ("), 91(2')]
with [@2(), 92(2)], and [p1(Z), 1 (X')] with [@2(2'), @2(x)]. In other words, T is the piecewise Euclidean
simplicial complex obtained by gluing T; and T, along their boundaries. As we mentioned in Example 2.5, T
is a complete geodesic space with nonnegative Alexandrov curvature, and the natural inclusions of T; and T»
into T are both isometric embeddings. In particular, for each i € {1, 2}, the image T; of T; under the natural
inclusion into T is isometric to a convex subset of the Euclidean plane. Defineamapf; : {p, g, x,y,z} — Thy
sending x, y, z, p and q to the points in T represented by ¢1(x"), 1(y’), 1(2), p1(p") € T1 and ¢1(q) € T>,
respectively. Then clearly

dr(fi(a), f1(b)) = dx(a, b) (9.19)

foranya, b € {p,q,x,y, z} with {a, b} ¢ {{p,y}, {4, ¥}, {p, q}}. By the assumption of CASE 1,
dr(fi), L) = Ip" - Y|l > dx(p, ), (9.20)
dr(fi(@), () = g1 - ¥'|| > dx(q, y). (9.21)

It follows from the definition of T that there exists co € [x/, y']U[y’, 2] U [/, X] such that

dr(fi(p), f1(@) = [Ip" - coll + llco - g1 -

Hence

dr(fi(p), f1(q)) = dr(f1(p), &o) + dr(Co, f1(q)), (9.22)

where &g is the point in T represented by ¢1(co) € T (or ¢@,(co) € T,). Let Iy C T be the image
of [¢1(x'), 1(y")] under the natural inclusion of T; into T, which clearly coincides with the image of
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[2(x), p2(y')] under the natural inclusion of T, into T. Then it is clear from the definition of T that Iy is
a geodesic segment in T with endpoints f;(x) and f1(y), and I'y C T; N T».If ¢o € [¥',y’], then &, € Iy, and
therefore (9.22) and Lemma 3.3 imply that

dr(fi(p), f1(q) = dx(p, @) (9.23)

because

dr(fi(x), fi(p)) = dx(x, p), dr(fi(p), f1(y)) > dx(p,y),
dr(fi(y), f1(@) > dx(y, @), dr(fi(q), f1(x)) = dx(q, x),
dr(fi(x), fi(y)) = dx(x,y)

by (9.19), (9.20) and (9.21). If ¢q € [y, 2'] or ¢y € [Z/, X'], then we obtain (9.23) in the same way. Thus (9.23)
always holds in SUBCASE 1A. By (9.19), (9.20), (9.21) and (9.23),

dr(fi(x), fi(a)) = dx(x, a), dr(fi(a), f(b)) = dx(a, b).

foranya,b € {p, q,y, z}. Therefore, Lemma 9.1 implies that there exist a CAT(0) space (Y1, dy,) and a map
g1:{p,q,x,y,z} — Yy such that

dy,(g1(x), g1(a)) < dx(x, a), dy,(gi(a), g1(b)) = dx(a, b)

foranya, b € {p, q,y, z}. Thus g; is a map from {p, q, x, y, z} to a CAT(0) space with the desired properties.
SUBCASE 1B: p’ ¢ conv({x',y’,z'}) and y’ € conv({q}, X', Zz'}). In this subcase, we define a map f5 :
{p,q,x,y,z} - R* by

L) =X, L=y, H@&=Z, HL®=p, fqg=4d.

Then
If2(a) - f2(b)|| = dx(a, b) (9.24)
foranya, b € {p, q,x,y, z} with {a, b} ¢ {{p,y}, {q, ¥}, {p, q}}. By the assumption of CASE 1,
If20) - LW = Ip" = ¥'Il > dx(p, y), (9.25)
If20@) - LW = 191 - V|| > dx(g, y). (9.26)

It follows from the assumption of SUBCASE 1B that the line segment [f(p), f>(q)] has a nonempty intersection

with [f,(x), f2,00)] or [f2(1), f2(2)]. If [f2(p), f>(q)] has a nonempty intersection with [f>(x), f>(y)], then Lemma
3.2 implies that

If2(p) - £2(q)|| = dx(p, q) (9.27)

because

If200 - £2(0)Il = dx(x, p),  |If2(p) = 2V > dx(p, y),
1200 - 2@ > dx(y, @), [If2(q) - (0] = dx(q, x),
1£200 - L) = dx(x,y)

by (9.24), (9.25) and (9.26). If [f, (p), f2(q)] has a nonempty intersection with [f>(y), f>(2)], then we obtain (9.27)
in the same way. Thus (9.27) always holds in SUBCASE 1B. By (9.24), (9.25), (9.26) and (9.27),

If200 - f2(@)|| = dx(x, @), ||f>(a) - fo(b)|| = dx(a, b)

forany a, b € {p, q,y, z}. Therefore, because R? is a complete geodesic space with nonnegative Alexandrov
curvature, Lemma 9.1 implies that there exist a CAT(0) space (Y,, dy,) andamap g, : {p,q,x,y,z} = Y»
such that

dy,(g2(x), g2(a)) < dx(x, a), dy,(g2(a), g2(b)) = dx(a, b)
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foranya, b € {p, q,y, z}. Thus g, is amap from {p, g, x, y, z} to a CAT(0) space with the desired properties.
SuBcASE 1c: ¥y’ € conv({p’, X', z'}) and q; € conv({x’,y’,z’}). In this subcase, the existence of a map
from {p, q, x,y, z} to a CAT(0) space with the desired properties is proved in exactly the same way as in
SUBCASE 1B.
SUuBCASE 1D: y' € conv({p’, x’,z'}) and y’ € conv({q}, x’, z’}). In this subcase, Corollary 7.6 implies that

p’ ¢ conv({x',y',Z'}). (9.28)

It follows that {p, x,y,z} is not under-distance with respect to {p, x}, because otherwise Lemma 7.8
and the assumption that {p, x, y, z, w} is under-distance with respect to {p,y} would imply that p’ <
conv({x’,y’, z'}), contradicting (9.28). Hence {p, x, y, z} is over-distance with respect to {p, x} by Proposi-
tion 7.2. Similarly, {q, x, y, z} is over-distance with respect to {q, x}. Therefore, Lemma 9.3 implies that there
exist a CAT(0) space (Y3, dy,) and amap g3 : {p, g, x,y, z} — Y3 such that

dy,(g3(p), g3(q)) =2 dx(p, @), dy,(gs3(a), g3(b)) = dx(a, b)

foranya, b € {p, q, x,y, z} with {a, b} # {p, q}. Thus g5 is a map from {p, q, x, y, z} to a CAT(0) space with
the desired properties.

By Corollary 7.6, the above four subcases exhaust all possibilities in CASE 1.

CASE 2: {p, x, y, z} is under-distance with respect to {p, y} and {q, x, y, z} is under-distance with respect
to {q, z}. According to Corollary 7.6, we divide CASE 2 into the following four subcases.

SUBCASE 2a: p’ € conv({x’,y’,z'}) and ¢, € conv({x’,y’,z'}). In this subcase, x’, y’ and 2z’ are not
collinear, because otherwise x’, y’, z/ and p’ would be collinear, contradicting Lemma 7.5. Let Ty, T>, @1,
¢ and (T, d7) be as in SUBCASE 1A. Define a map f; : {p, ¢, x,y,z} — T by sending x, y, z, p and q to the
points in T represented by ¢1(x’), 1(y"), ¢1(z"), p1(p') € T1 and @,(g5) € T», respectively. Then a similar
argument as in SUBCASE 1A yields

dr(f4(x), fa(@)) = dx(x, a), dr(fs(a), f4(b)) = dx(a, b)

forany a, b € {p, q,y, z}. Therefore, because T is a complete geodesic space with nonnegative Alexandrov
curvature, Lemma 9.1 implies that there exist a CAT(0) space (Y4, dy,) and amap g4 : {p,q,x,y,z} — Y4
such that

dy,(g4(0), g4(a)) < dx(x, a), dy,(g4(a), g4(b)) = dx(a, b)

foranya, b € {p, q,y, z}. Thus g, is amap from {p, g, x, y, z} to a CAT(0) space with the desired properties.
SUBCASE 2B: p’ € conv({x',y’,z'}) and 2/ € conv({q5, X', y'}). In this subcase, we define a map f5 :
{p.4,x,y,z} - R*by

0=xX, fs0)=y, fs(2)=2, fs)=p', f5(q =q>.

Then a similar argument as in SUBCASE 1B implies that

Ifs(00) - fs(@)|| = dx(x, a), |fs(a) - f5(b)|| = dx(a, b)

foranya, b € {p, q,, z}. Therefore, because R? is a complete geodesic space with nonnegative Alexandrov
curvature, Lemma 9.1 implies that there exist a CAT(0) space (Y5, dy,) and amap g5 : {p,q,x,y,z} = Y5
such that

dy,(g5(x), gs(a)) < dx(x, a), dy,(gs(a), gs(b)) = dx(a, b)

foranya, b € {p, q,y, z}. Thus g5 is amap from {p, g, x, y, z} to a CAT(0) space with the desired properties.

SUBCASE 2C: y' ¢ conv({X’,Z’,p'}) and g, € conv({x’,y’,z’'}). In this subcase, the existence of a map
from {p, q, x,y, z} to a CAT(0) space with the desired properties is proved in exactly the same way as in
SUBCASE 2B.
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SUBCASE 2D: y' ¢ conv({p’, x’, z'}) and z' € conv({q}, X', y'}). In this subcase, it follows from the same
argument as in SUBCASE 1D that {p, x, y, z} is over-distance with respect to {p, x}, and {q, x, y, z} is over-
distance with respect to {q, x}. Therefore, Lemma 9.3 implies that there exist a CAT(0) space (Y, dy,) and a
map 8¢ : {P, g, X, Y, 2z} — Y¢ such that

dy,(86(p), 86(q)) 2 dx(p, q), dy,(g6(a), 8s(b)) = dx(a, b)

foranya, b € {p, q, x,y, z} with {a, b} # {p, q}. Thus g¢ is a map from {p, q, x, y, z} to a CAT(0) space with
the desired properties.

By Corollary 7.6, the above four subcases exhaust all possibilities in CASE 2.

CASE 3: {p, X, y, z} is under-distance with respect to {p, z}, and {q, x, y, z} is under-distance with respect
to {q, y}. In this case, the existence of a map from {p, g, x, y, z} to a CAT(0) space with the desired properties
is proved in exactly the same way as in CASE 2.

CASE 4: {p, x, y, z} is under-distance with respect to {p, z}, and {q, x, y, z} is under-distance with respect
to {q, z}. In this case, the existence of a map from {p, g, x, y, z} to a CAT(0) space with the desired properties
is proved in exactly the same way as in CASE 1.

CASE 1, CASE 2, CASE 3 and CASE 4 exhaust all possibilities. O

Lemma 9.5. Let (X, dx) be a metric space that satisfies the X-inequalities. Suppose p, q, x,y,z € X are five
distinct points such that {p, x, y, z} admits an isometric embedding into R, and {q, x, y, z} does not admit an
isometric embedding into R>. Then there exist a CAT(0) space (Y, dy) and amap g : {p, q,x,y,z} — Y such
that

dy(g(p), g(q)) = dx(p, q), dy(g(x),g(a)) < dx(x,a), dy(g(h),g(c))=dy(b,c)
foranya,b,c € {p,q,y,z} with{b, c} # {p, q}.

Proof. Let@o : {p,x,y,z} — R3 be an isometric embedding, and let

To = conv({po(x), Po(y), Po(2)}).

We consider two cases.

Case 1: {q, x, y, z} is over-distance with respect to {q, y} or {q, z}. In this case, we may assume without
loss of generality that {q, x, y, z} is over-distance with respect to {q, y}. Then Lemma 7.7 implies that 7 <
Zyxz+7zxqor < Zyzx+ 7 xzq. We may assume further without loss of generality that the former inequality
holds. Let Y] = D(x;y, z, q), and let 1 : {x,y, z, g} — Y} bethe natural inclusion. Then Y} is a CAT(0) space,
and ¢ is an isometric embedding by Lemma 7.14. We set

T =Ty (xy,2), To=Tykz4q), T»=Ty(x,q,y)
By Lemma 7.14, Ty, T, and T3 are closed convex subsets of Y7, all of which are isometric to convex subsets of
the Euclidean plane. It also follows from Lemma 7.14 that there exists an isometry hy : T; — Ty such that
hi(@1(x) = @o(x), hi(@1(¥) = Po(y), h1(@1(2)) = @o(2).

Define a metric space (Y3, dy,) to be the gluing of Y] and R> along h;. Then Y; is a CAT(0) space by Reshet-
nyak’s gluing theorem, and the natural inclusions of Y; and R? into Y; are both isometric embeddings. In
particular, for each i € {1, 2, 3}, the image T; of T; under the natural inclusion of Y71 into Y is isometric to
a convex subset of the Euclidean plane. Define a map g; : {p, q, x,y, z} — Y; by sending x, y, z, p and g to
the points in Y; represented by o(x), o(y), 9o(2), po(p) € R? and @1(q) € Y7, respectively. Then

dy, (81(q), g1(a)) = dy;(91(q), ¢1(a)) = dx(q, a) (9.29)
dy, (g1(b), 81(c)) = [[@o(b) - @o(c)|| = dx(b, c), (9:30)

forany a € {x,y,z} and any b, c € {p, x, y, z}. It follows from the definition of Y; that there exists ry € T;
such that

dy,(81(p), 81(q)) = [[@op) — h1(ro)[| + dy; (ro, p1(q)). (9.31)
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It is clear from the definition of Y] = D(x; y, z, q) that there exists

r1 € [@100, 1 (] U [@1(x), 91(2)]

such that
dy;(ro, 91(q)) = dy;(ro, 1) + dy; (r1, 91(q)). (9.32)

By (9.31), (9.32) and the triangle inequality for Y1,

dy,(81(p), 81(a)) = [[@o(p) = h1(ro)[| + dy;(ro, r1) + dy; (r1, 1(q)) (9.33)
=dy, (g81(p), 7o) + dy, (Fo, 71) + dy, (1, 81(q))
=dy, (g1(p), ¥1) + dyl(f’hgl(CI)),

where ¥, and ¥, are the points in Y; represented by o € Y} and r; € Y}, respectively. Let R be the image
of R3 under the natural inclusion of R3 into Y;.If ry € [p1(x), 1(y)], then 7; lies on the geodesic segment
[g1(x), g1(y)] in Y7 clearly, and therefore (9.29), (9.30), (9.33) and Lemma 3.3 imply that

dy,(g1(p), g1(9)) = dx(p, q@) (9.34)

because [g1(x), g1(¥)] € RN T,.If r; € [p1(x), ¢1(2)], then we obtain (9.34) in the same way. Thus (9.34)
always holds in CASE 1. By (9.29), (9.30), and (9.34), g; is a map from {p, g, x, y, z} to a CAT(0) space with the
desired properties.

CASE2: {q, x, y, z} isunder-distance with respect to {q, y} and {q, z}. In this case, we choose ¢’, X', y’, z ¢
R? such that

Ix" =yl =dx(x,y), |V -2'|=dx(y,2), |2 -X| =dx(z %),
X' - q'|| = dx(x,q), |lq'-Z|| = dx(q,2),

)
and ¢’ is not on the opposite side of x'z’ from y’. Then Lemma 7.8, Corollary 7.9 and the assumption of CASE
2 imply that ¢’ € conv({x’,y’, z'}), and that x’, y’ and z’ are not collinear. Set T, = conv({x’,y’, z'}). Then
there exists an isometry h; : T4, — Ty such that

hy(X') = po(x),  ha(y) = 0o(y), ha(2') = 9o(2).

We divide CASE 2 into three subcases.

SUBCASE 2A: @o(p), @o(x), @o(y) and ¢@o(z) are not coplanar. Let S be the boundary of
conv({po(p), Po(x), Po(y), Po(2)}) in R? equipped with the induced length metric dg. As we mentioned in
Example 2.4, (S, ds) is a complete geodesic space with nonnegative Alexandrov curvature. Clearly S is the
union of four subsets conv({@o(p), o(x), Po(¥)}), conv({Po(p), Po(¥), Po(2)}), conv({po(p), Po(z), Po(x)})
and T, of R3. On each of these four subsets, ds coincides with the Euclidean metric on R>. In particular,
these four subsets are all isometric to convex subsets of the Euclidean plane even as subsets of (S, ds). Define
amapf> : {p,q,x,y,z} — Shysending each a € {p, x, y, z} to pg(a), and g to h,(g’). Then

ds(f2(q), (@) = ||q" - a'|| = dx(q, a) (9.35)
ds(f2(b), f2(c)) = |l@o(b) — @o(c)|| = dx(b, c) (9:36)

forany a € {x,z} and b, c € {p, x, y, z}. By the assumption of CASE 2,

ds(f2(q), 200)) = llg" =¥l > dx(q, y). (9.37)

Fix a geodesic segment Iy in (S, ds) with endpoints f>(p) and f>(q). Clearly I'y has a nonempty intersection
with the line segment [@o(x), o(V)], [@o(¥), Po(2)] or [@o(2), Po(x)]. If Ty has a nonempty intersection with
[po(x), po(¥)], then Lemma 3.3 implies that

ds(f2(p), f2(q) = dx(p, q) (9.38)
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because [@o(x), po(¥)] = conv({@o(p), Po(x), Po(¥)}) N Ty is a geodesic segment even in (S, ds) with end-
points f>(x) and f>(y), and

ds(f2(0, f2(p)) = dx(x,p), ds(f2(p), 2(¥)) = dx(p,y),
ds(f2(y), f2(q) > dx(y, @),  ds(f2(q), f(x)) = dx(q, x),
ds(f2(x), f2(y)) = dx(x, y)
by (9.35), (9.36) and (9.37). If I'; has a nonempty intersection with [@q(y), ¢o(2)] or [po(2), po(x)], then we

obtain (9.38) in the same way. Thus (9.38) always holds in SUBCASE 2A. By (9.35), (9.36), (9.37) and (9.38), f>
satisfies

ds(f2(x), f2(a)) = dx(x, @), ds(f2(a), f»()) = dx(a, b)

foranya, b € {p, q,y, z}. Therefore, Lemma 9.1 implies that there exist a CAT(0) space (Y3, dy,) and a map
g2 :{p,q,x,y,z} — Y, such that

dy,(g2(%), g2(a)) < dx(x, a), dy,(g2(a), g2(b)) = dx(a, b)

foranya, b € {p, q,y, z}. Thus g, is amap from {p, g, x, y, z} to a CAT(0) space with the desired properties.

SUBCASE 2B: @o(p), po(x), po(y) and @o(z) are coplanar, and @o(p) € To. In this case, we define (T, dr)
to be the piecewise Euclidean simplicial complex constructed from two simplices Ty and T, by identifying
[@o(x), o(y)] with [X', y'], [@o(¥), @o(2)] with [y, 2], and [@o(2), @o(x)] with [z’, X']. In other words, T is
the piecewise Euclidean simplicial complex obtained by gluing Ty and T, along their boundaries. As we
mentioned in Example 2.5, T is a complete geodesic space with nonnegative Alexandrov curvature, and the
natural inclusions of Ty and T, into T are both isometric embeddings. Defineamap f5 : {p,q,x,y,z} = T
by sending x, y, z, p and q to the points in T represented by @o(x), o(y), ©o(2), o(p) € To and q' € T4,
respectively. Then a similar argument as in SUBCASE 1A in the proof of Lemma 9.4 yields

dr(f;(x), f3(a)) = dx(x, a), dr(f3(a), f3(b)) = dx(a, b)

foranya, b € {p, q,y, z}. Therefore, Lemma 9.1 implies that there exist a CAT(0) space (Y3, dy,) and a map
g3:{p,q,x,y,z} — Y3 such that

dy,(g3(x), g5(a)) < dx(x, a), dy,(gs(a), g3(b)) = dx(a, b)

foranya, b € {p, q,y, z}. Thus g3 is amap from {p, g, x, y, z} to a CAT(0) space with the desired properties.
SUBCASE 2C: ¢o(p), 0o(x), @o(y) and @o(z) are coplanar, and po(p) ¢ To. Let a be the plane in R? through
©o(x), Po(y), po(z) and o (p). Defineamap f, : {p, q,x,y,z} — abysending each a € {p, x, y, z} to @o(a),

and q to h,(q’). Then
If4(q) - fa(@)| = |lg’ - a'|| = dx(g, a) (9.39)
Ifa(b) = fa(S))|| = ll@o(b) - @o(c)|| = dx(b, c) (9.40)

forany a € {x, z} and any b, c € {p, x, y, z}. By the assumption of CASE 2,

Ifa(@) - fsW)Il = " - ¥'Il > dx(q, y)- (9.41)

Because f4(q) € To and f4(p) € a\ To, [f4(p), f4(q)] has a nonempty intersection with [f,(x), fs(¥)],
[fs), fa(2)] or [f4(2), f4(X)]. If [f4(p), f4(q)] has a nonempty intersection with [f4(x), f4(y)], then Lemma 3.2
implies that

If4(p) - fa(@)| = dx(p, @) (9.42)

because

Ifa() = f4)|l = dx(x, p),  |Ifa(p) = f4W)I = dx(p, y),
Ifa) - fa(@| > dx(y, @), |Ifalq) - fa(X)| = dx(q, x),
Ifa(x¥) = fa)|| = dx(x,y)
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by (9.39), (9.40) and (9.41). If [f4(p), f4(q)] has a nonempty intersection with [f4(y), f4(2)] or [f4(2), f4(x)], then
we obtain (9.42) in the same way. Thus (9.42) always holds in SUBCASE 2c. By (9.39), (9.40), (9.41) and (9.42),

Ifa() = fa(@)|| = dx(x, a),  [[fa(a) - fa(b)|| = dx(a, b)

foranya, b € {p, q,y, z}. Therefore, because a is a complete geodesic space with nonnegative Alexandrov
curvature, Lemma 9.1 implies that there exist a CAT(0) space (Y4, dy,) and amap g4 : {p,q,x,y,2z} = Y4
such that

dy,(84(x), g4(a)) < dx(x, a), dy,(g4(a), g4(b)) = dx(a, b)

foranya, b € {p, q,y, z}. Thus g, is amap from {p, g, x, y, z} to a CAT(0) space with the desired properties.
The above three subcases clearly exhaust all possibilities in CASE 2. By Proposition 7.2, CASE 1 and CASE
2 exhaust all possibilities. O

Using the facts that we have proved so far, we now prove the following proposition.

Proposition 9.6. If a metric space X satisfies the X-inequalities, then X satisfies the G(95)(0) condition.

Vi
5] Vs
V3 V4
Figure 9.1

Proof. Let (X, dx) be a metric space that satisfies the X-inequalities. Let V and E be the vertex set and the
edge set of G;5)(0), respectively. We set

V= {Vls V2,V3, Vg, VS}’
E={{vi,va}, {vi, v}, {vi, va}, {vi, vs}, {va, va}, {v3, va}, {va, vs}, {vs, va}},
as shown in FIGURE 9.1. Fixamap f : V — X, and set
xi =f(vy), dj =dx(f(vy), f(v}))

foranyi,j € {1, 2,3, 4,5}. By Theorem 1.7, if d;; = O for some i, j € {1, 2, 3, 4, 5} withi # j, then there exist
a CAT(0) space (Yo, dy,) andamap g : V — Y such that dy,(go(v;), go(v)) = d;; foranyi,j € {1, 2, 3, 4, 5}.
Therefore, we assume that d;; > O forany i, j € {1, 2,3, 4,5} with i # j. We define V', Vi, V3 C X by

V/={X1,X2,X3,X4,X5}, V{={X2,X1,X3,X5}, V£={X4,X1,X3,X5}.

We consider three cases.
CASE 1: Both V} and V' admit isometric embeddings into R>. In this case, Lemma 9.2 implies that there
exist a CAT(0) space (Y1, dy,) and amap g} : V' — Y; such that

dy,(g1(x2), 81(x4)) = das,  dy,(81(x1), 81(x) < dyi,  dy,(81(x)), g1(x)) = dji
foranyi,j, k € {2, 3, 4,5} with {j, k} # {2, 4}. Defineamap g, : V — Y; by
g1(vy) = g1(x)
foreachie {1,2,3,4,5}. Then

{dyl(gl(vi),gl(v,-)) <dg, if{vi,v;}€E,
dy,(g1(vi), g1(vy)) = dyj, if{vi,v;} ¢ E
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foranyi,j e {1, 2,3, 4,5}. Thus g, is a map from V to a CAT(0) space with the desired properties.
CASE 2: V| admits an isometric embedding into R3, and V’ does not, or vice versa. In this case, Lemma 9.5
implies that there exist a CAT(0) space (Y5, dy,) and amap g5 : V' — Y5 such that

dy,(g2(x2), 82(x4)) = das, dy,(85(x1), g5(x)) < dyi,  dy,(g2(x)), g5(xi)) = dij

foranyi,j, k € {2,3, 4,5} with {j, k} # {2, 4}. Defineg, : V. — Y, by
g2(vy) =g/2(Xi)

foreachi e {1,2,3,4,5}. Then

{de(gZ(Vi),gz(Vj)) <dy, if{v;,vj} €E,
dy,(82(vi), 82(v))) = dyj, if{v;,vj} ¢ E

foranyi,j e {1, 2,3, 4,5}. Thus g, is a map from V to a CAT(0) space with the desired properties.
CASE 3: Neither V' nor V5 admits an isometric embedding into R>. We divide CASE 3 into four subcases.
SUBCASE 3A: V] is over-distance with respect to {x,, x3} or {x, x5}, and V}, is over-distance with respect
to {x4, x3} or {x4, x5 }. In this case, Lemma 9.3 implies that there exist a CAT(0) space (Y3, dy,) and a map
g5 : V' — Y3 such that
dy,(85(x2), 85(x4)) 2 das,  dy,(850x1), 85(x))) = dj

foranyi,j e {1, 2,3,4,5} with {i,j} # {2, 4}.Definegs : V— Y5 by
g3(vi) = g5(x;)

foreachie {1,2,3,4,5}. Then

{dn (g3(vi), 83(v))) = dyj, if{vi, v} € E,
dy,(g3(vi), g3(vj)) = dyj, if{vi,v;} ¢ E

foranyi,j e {1, 2,3, 4,5}. Thus g5 is a map from V to a CAT(0) space with the desired properties.

SUBCASE 3B: V] is under-distance with respect to {x,, x3 } or {x2, x5 }, and V, is under-distance with respect
to {x4, x3} or {x4, x5 }. In this case, Lemma 9.4 implies that there exist a CAT(0) space (Y, dy,) and a map
gl : V! — Y, such that

dy,(84(x2), 84(xs)) = das,  dy,(84(x1), 84(x) < dui,  dy, (84(x), 84(x1)) = djx

foranyi,j, k € {2, 3, 4,5} with {j, k} # {2, 4}. Defineg, : V — Y, by
84(vi) = g4, (x;)

foreachi e {1, 2,3,4,5}. Then

{dYA(g4(vi),g4(v;)) <dy, if{v;,v;} €E,
dy,(g4(vi), 84(vj)) = djj, if{v;,v;} ¢ E

foranyi,j e {1, 2,3, 4,5}. Thus g4 is a map from V to a CAT(0) space with the desired properties.

SUBCASE 3C: V] is under-distance with respect to {x,, x3} and {x2, x5}, and V), is over-distance with re-
spect to {xy, x3} and {x4, xs}. In this case, if neither {x3, x1, x2, x4} nor {xs, x1, X2, x4} admits an isometric
embedding into R3, then Corollary 7.13 implies that {x3, x1, X2, x4} is over-distance with respect to {x3, x2}
or {x3, x4}, and {xs, X1, X2, X4} is over-distance with respect to {xs, x} or {xs, x4}, and therefore the exis-
tence of a map from V to a CAT(0) space with the desired properties is proved in exactly the same way as in
SUBCASE 3A. If {x3, x1, X2, X4} or {xs, X1, X2, X4} embeds isometrically into R3, then the existence of a map
from V to a CAT(0) space with the desired properties is proved in exactly the same way as in CASE 1 and CASE
2.
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SUBCASE 3D: V] is over-distance with respect to {x>, x3} and {x2, x5}, and V}, is under-distance with re-
spect to {x4, x3} and {x4, x5 }. In this case, the existence of a map from V to a CAT(0) space with the desired
properties is proved in exactly the same way as in SUBCASE 3cC.

By Proposition 7.2, the above four subcases exhaust all possibilities in CASE 3. CASE 1, CASE 2 and CASE 3
exhaust all possibilities. O

We have proved that a metric space X satisfies the G(0) condition for every graph G containing at most five
vertices whenever X satisfies the X-inequalities, which implies Theorem 1.3 by Proposition 1.9.

Proof of Theorem 1.3. It follows from Propositions 6.1, 6.2, 6.3, 6.4, 6.6, 6.7, 6.8 8.5 and 9.6 that a metric space
X satisfies the G(0) condition for every graph G that contains at most five vertices whenever X satisfies the
X-inequalities. Therefore, Proposition 1.9 implies that a metric space X containing at most five points admits
an isometric embedding into a CAT(0) space whenever X satisfies the X-inequalities. Conversely, if a metric
space X containing at most five points admits an isometric embedding into a CAT(0) space, then X satisfies
the X-inequalities because every CAT(0) space satisfies the X-inequalities. O
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