
An Introduction to
Semilinear Evolution Equations

Revised edition

Thierry Cazenave

CNRSand University of Paris VI, France

and

Alain Haraux
CNRS and University of Paris VI, France

Translated by

Yvan Martel

University of Cergy-Pontoise, France

CLARENDON PRESS • OXFORD

1998



Contents

Notation xiii
1. P r e l i m i n a r y resu l t s 1

1.1. Some abstract tools 1
1.2. The exponential of a linear continuous operator 1
1.3. Sobolev spaces 2
1.4. Vector-valued functions 4

1.4.1. Measurable functions 4
1.4.2. Integrable functions 7
1.4.3. The spaces LP(I,X) 8
1.4.4. Vector-valued distributions 10
1.4.5. The spaces W^V(I,X) 13

2. m-diss ipat ive o p e r a t o r s 18

2.1. Unbounded operators in Banach spaces 18
2.2. Definition and main properties of m-dissipative operators . . . 19
2.3. Extrapolat ion . 21
2.4. Unbounded operators in Hilbert spaces 22
2.5. Complex Hilbert spaces 25
2.6. Examples in the theory of partial differential equations . . . . 26

2.6.1. The Laplacian in an open subset of RN: L2 theory . . . 26
2.6.2. The Laplacian in an open subset of R w : Co theory . . . 27
2.6.3. The wave operator (or the Klein-Gordon operator)

in flj(n) x L2(Q) 29
2.6.4. The wave operator (or theJClein-Gordon operator)

in I 2 ( f i ) x H-\n) 30
2.6.5. The Schrodinger operator 31

3. T h e Hi l le—Yosida-Phi l l ips T h e o r e m a n d appl i ca t ions . . . . 33

3.1. The semigroup generated by an m-dissipative operator . . . . 33
3.2. Two important special-cases 35
3.3. Extrapolat ion and weak solutions . 38
3.4. Contraction semigroups and their generators 39
3.5. Examples in the theory of part ial differential equations . . . . 42



x Contents

3.5.1. The heat equation 42
3.5.2. The wave equation (or the Klein-Gordon e q u a t i o n ) . . . 47

.. 3.5.3. The Schrodinger equation 47
3.5.4. The Schrodinger equation in RN 48

4. Inhomogeneous equations and abstract semilinear
problems 50

4.1. Inhomogeneous equations 50
4.2. Gronwall's lemma 54
4.3. Semilinear problems 55

4.3.1. A result of local existence 56
4.3.2. Continuous dependence on initial data 59
4.3.3. Regularity 60

4.4. Isometry groups 61

5. The heat equation 62

5.1. Preliminaries 62
5.2. Local existence 64
5.3. Global existence 65
5.4. Blow-up in finite time 72
5.5. Application to a model case 76

6. The Klein-Gordon equation 78

6.1. Preliminaries 78
6.1.1-. An abstract result 78
6.1.2. Functional on H&(Q) 79

6.2. Local existence 82
6.3. Global existence 84
6.4. Blow-up in finite time 87
6.5. Application to a model case 89

7. The Schrodinger equation 91

7.1. Preliminaries 91
7.2. A general result . . 92
7.3. The linear Schrodinger equation in RN 95
7.4. The non-linear Schrodinger equation in R^: local existence . . 100

7.4.1. Some estimates 101
7.4.2. Proof of Theorem 7.4.1 . 106

7.5. The non-linear Schrodinger equation in M.N: global existence . . 112



Contents xi

7.6. The non-linear Schrodinger equation in RN: blow up
in finite time 114

7.7. A remark concerning behaviour at infinity 120
7.8. Application to a model case 121

8. Bounds on global solutions 124

8.1. The heat equation 124
8.1.1. A singular Gronwall's lemma: application to the heat

equation 125
8.1.2. Uniform estimates 129

8.2. The Klein-Gordon equation 130
8.3. The non-autonomous heat equation 134

8.3.1. The Cauchy problem for the non-autonomous heat
equation 134

8.3.2. A priori estimates 135
8.4. The dissipative non-autonomous Klein-Gordon equation . . . 137

9. The invariance principle and some applications 142

9.1. Abstract dynamical systems 142
9.2. Liapunov functions and the invariance principle 143
9.3. A dynamical system associated with a semilinear evolution

equation 145
9.4. Application to the non-linear heat equation 146
9.5. Application to a dissipative Klein-Gordon equation 149

10. Stability of stationary solutions 154

10.17 Definitions and simple examples 154
10.2. A simple general result 156
10.3. Exponentially stable systems governed by PDE 158
10.4. Stability and positivity ^ 164

10.4.1. The one-dimensional case 165
10.4.2. The multidimensional case 167

Bibliography 169

Index 185


