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Preface

Electroelastic materials exhibit electromechanical coupling. They
experience mechanical deformations when placed in an electric field, and
become electrically polarized under mechanical loads. Strictly speaking,
piezoelectricity refers to linear electromechanical couplings only.
Electrostriction may be the simplest nonlinear electromechanical coupling,
where mechanical fields depend on electric fields quadratically in the
simplest description. Electroelastic materials have been used for a long time
to make many electromechanical devices. Examples include transducers for
converting electrical energy to mechanical energy or vice versa, resonators
and filters for frequency control and selection for telecommunication and
precise timing and synchronization, and acoustic wave sensors.

Although most of the book is devoted to the linear theory of
piezoelectricity, the book begins with a concise chapter on the nonlinear
theory of electroelasticity. It is hoped that this will be helpful for a deeper
understanding of the theory of piezoelectricity, because the linear theory is a
linearization of the nonlinear theory about a natural state with zero fields.
The presentation of the linear theory of piezoelectricity is rather independent
so that readers who are not interested in nonlinear electroelasticity can begin
directly with Section 2 of Chapter 2 on linear piezoelectricity.

Whereas the majority of books on elasticity treat static problems, the
author believes that dynamic problems deserve more attention for
piezoelectricity. Therefore, they occupy more space in this book. Chapter 3
is on linear statics and Chapters 4 and 5 are on linear dynamics. This is
because in technological applications piezoelectric materials seem to be
used in devices operating with vibration modes or propagating waves more
than with static deformations. Chapters 2 to 5 form the core for a one-
semester course on linear piezoelectricity.

Linear piezoelectricity assumes infinitesimal deviations from an ideal
reference state in which there are no pre-existing mechanical and/or electric
fields (initial or biasing fields). The presence of biasing fields makes a
material apparently behave like a different material and renders the linear
theory of piezoelectricity invalid. The behavior of electroelastic bodies
under biasing fields can be described by the linear theory for infinitesimal
incremental fields superposed on finite biasing fields, which is the subject of
Chapter 6. The theory ofthe incremental fields is derived from the nonlinear



X1V

theory of electroelasticity when the nonlinear theory is linearized about a
bias.

Chapter 7 gives a brief presentation of nonlinear theory including the
cubic effects of displacement gradient and electric potential gradient, linear
nonlocal theory, linear theory of gradient effects of electrical variables,
coupled thermal and dissipative effects, semiconduction, and dynamic
theory with Maxwell equations.

The development of the theory of electroelasticity was strongly
motivated and influenced by its applications in technology. A book on
piezoelectricity does not seem to be complete without some discussion on
the applications of the theory, which is given in Chapter 8. A piezoelectric
gyroscope, a transformer, a pressure sensor, a temperature sensor, and a
resonator are discussed in this chapter.

Throughout the book, effort has been made to present materials with
mathematics that are necessary and minimal. Two-point Cartesian tensors
with indices are assumed and are used from the very beginning, without
which certain concepts of the nonlinear theory cannot be made fully clear.
Some concepts from partial differential equations relevant to the well-
postness of a boundary-value problem are helpful, but classical solution
techniques of separation of variables and integral transforms, etc., are not
necessary. Although most problems appear as boundary-value problems of
partial differential equations, usually part of a solution is either known or
can be guessed from physical reasoning. Therefore some solution techniques
for ordinary differential equations are sufficient.

Many problems are analyzed in the book. Some exercise problems are
also provided. The problems were chosen based on usefulness and
simplicity. Most problems have applications in devices, and have closed-
form solutions.

Due to the use of quite a few stress tensors and electric fields in
nonlinear electroelasticity, a list of notation is provided in Appendix 1.
Material constants used in the book are given in Appendix 2.



Chapter 1

NONLINEAR ELECTROELASTICITY FOR
STRONG FIELDS

In this chapter we develop the nonlinear theory of electroelasticty for
large deformations and strong electric fields. Readers who are only
interested in linear theories may skip this chapter and begin with Chapter 2,
Section 2. This chapter uses two-point Cartesian tensor notation, the
summation convention for repeated tensor indices and the convention that a
comma followed by an index denotes partial differentiation with respect to
the coordinate associated with the index.

1. DEFORMATION AND MOTION OF A CONTINUUM

This section is on the kinematics of a deformable continuum. The
section is not meant to be a complete treatment of the subject. Only results
needed for the rest of the book are presented.

Consider a deformable continuum which, in the reference configuration
at time fo, occupies a region V with boundary surface S (see Figure 1.1-1). N
is the unit exterior normal of S. In this state the body is free from
deformation and fields. The position of a material point in this state may be
denoted by a position vector X = Xxlx in a rectangular coordinate system X.
Xk denotes the reference or material coordinates of the material point. They
are a continuous labeling of material particles so that they are identifiable.
At time ¢, the body occupies a region v with boundary surface s and exterior
normal n. The current position of the material point associated with X is
given by y = yds which denotes the present or spatial coordinates of the
material point.

Since the coordinate systems are othogonal,

i, -i,=6,, 1,1, =06, (1.1-1)

where dy and d;, are the Kronecker delta. In matrix notation,



(1.1-2)

S = O
—-_ o O

1
[5k1]:[5KL]: 0
0

S

Reference

Present

V3

X

W2

Figure 1.1-1. Motion of a continuum and coordinate systems.

The transformation coefficients (shifters) between the two coordinate
systems are denoted by

i1, = 5kL. (1.1-3)

In the rest of this book the two coordinate systems are chosen to be
coincident, i.e.,

0= O, i] = I[, iz = Iz, i3 = I3. (1.1-4)

Then &; becomes the Kronecker delta. A vector can be resolved into

rectangular components in different coordinate systems. For example, we
can also write

y=yklk, (1.1-5)
with
Y =Opil; - (1.1-6)
The motion of the body is described by
vy, =y, (X,1). 1.1-7

The displacement vector u of a material point is defined by
y=X+u, (1.1-8)



or
Y =05, (Xy +ty). (1.1-9)
A material line element dX at #y deforms into the following line element

at 1.

dyi|rﬁxed =y,.,KdXK, (1.1-10)
where the deformation gradient
Yik = O + 0l x (1.1-11)

is a two-point tensor. The following determinant is called the Jacobian of the
deformation:

J= det(yk,K) =EuYirVisVes = CxmMiya1Vim
(1.1-12)
= ggklmgKLMyk,Kyl,Lym,M s
where &, and &, are the permutation tensor, and
1 i,j,k=123 23]1; 3152,
Eg =1, (i, xi)=1-1 0, k=321 213; 13,2, (1.1-13)
0 otherwise.

The following relation exists (&—0 identity):

5ip 5iq 5ir
EEpy =10, Os Oyl (1.1-14)
§kp 51«1 5kr

As a special case, when i = p, then
EpEigr =0,404 — 0,04, (1.1-15)
With Equation (1.1-14) it can be shown from (1.1-12) that

3
0 0 0

J:_l_ 2ayK . Wy _3 Vi O Oy + VM (1.1-16)

6| 0X, o0X, OX, 0X, 0X,, 6X, oX,,

It can be verified that for all L, M, and N the following is true:
Ea Vit imYen =Jem - (1.1-17)
From Equation (1.1-17) the following can be shown:

EnimVin =JEnm X, (1.1-18)

Proof: Multiplying both sides of (1.1-17) by X, ,, we have
gijkyi,LXL,ryj,Myk,N = JgLMNXL,r' (1.1-19)

Then



EnOuYimVin =JepmX i, (1.1-20)

ifk i
EYimVin =Jepm Xy, - (1.1-21)

Replacing the index r by i gives (1.1-18).
The following relation can then be derived:

ExCimnyimVen = 2JX,,. (1.1-22)
Proof. Multiply both sides of (1.1-18) by &ppy
EanErmYimVin =JEnmEpm X 1 = JermrErmp X 1
=J(OunOp = Oyp )Xy, =J (B0, =6,p) X, (1.1-23)
=2JX,;.

where (1.1-15) has been used. Replacing the index P by L gives (1.1-22).
The derivative of the Jacobian with respect to one of its elements is

oJ

=JX, . (1.1-24)
Vs ’
Proof: From Equation (1.1-12)
oJ
6——= 5y‘kgLMN5ip5LQyj,Myk,N
PQ
+ gijkgLMNyi,Lé‘jpé‘Mka,N + gijkgLMNyi,Lyj,Mé‘kpé‘NQ (1.1-25)

EnEommnYimVin Y EEronYitYin ¥ Ep€imo¥ity jm

= 3£mngMNyj,Myk’N = 3(2JXQ’p ),
where (1.1-22) has been used.
With (1.1-22) we can also show that
Xk, ) =0. (1.1-26)
Proof: Differentiate both sides of (1.1-22) with respect to Xz,
20X, ) = enm O pudin + VimVin) =0, (1.1-27)

because
Epdipm =0 Epy Vi =0 (1.1-28)
Similarly, the following is true:
(k) =0. (1.1-29)

The length of a material line element before and after deformation is
given by
dS) =dX dX =6,,dX cdX, (1.1-30)

and



5
(ds)* =dy,dy, =y, ydXy,,dX, =CdX,dX , (1.1-31)

where Cg; is the deformation tensor
Cy :yk,Kyk,L:CLK‘ (1.1-32)
Its inverse is
Coo =X 34 X14 =Crxs CruCry =61 - (1.1-33)
From Equation (1.1-32)
det(Cy,) =J°, (1.1-34)
which defines Jas a function of C.
It can then be shown that

_aZJ :%JCL'}(_ (1.1-35)
KL

Proof:
oJ oJ oCy, oJ

0
ayi,L 0C s ayi,L 0C gy ayi,L

oJ
=—(@ 'ié‘KLyj,M + yj,K5ji5ML)

(yj,Kyj,M)

0C s !
oJ
:ﬂ(é‘ﬂyi’M +yi,K§ML) (11-36)
_oJ N oJ
ac,, Yim aC,, Yik
= o +'—6'J_ Vi =JX ;s
oC,, 0Cg )" ’

where (1.1-24) has been used, and the components of C are treated as if they
were independent in the partial differentiation. Equation (1.1-36) implies
that

0.
o +—-—J——:JX, Xy, =JCoh. (1.1-37)
oC,, 0C, T
If J is written as a symmetric function of C in the sense that
o _ & (1.1-38)
oC,, 0Cy

then Equation (1.1-35) is true.
The derivative of C™ with respect to C is given by



oC
aC"” = ——;—(C,;;C;ﬂlv +CroCi).- (1.1-39)
LM
Proof: From Equation (1.1-33),, for a small variation of C,
-1
SCRCu) =Coy Zg—ﬂsc,,g +ClaC,, =0, (1.1-40)
PQ

where the components of C are treated as if they were independent in the
partial differentiation. Multiply Equation (1.1-40) by C A};, :

-1
ggﬁv—dcm +CCip6C,,, =0, (1.1-41)
PQ
or
o oCx
X +C13CA_/11N oy = _KN+C1;11C1_15 oCyy
O | % 1.1-42
+(6C’3" +CCoh +6C’;’ +C"‘C"‘]5C +.0=0 o
6C12 K1™2N 6C21 K2™1IN 12
Hence
-1 -1
Zg—"’uzg—’“: ~CCity =CaiCrin . (1.1-43)
IM ML

Equation (1.1-39) follows when C! is written as a symmetric function of C
similar to (1.1-38).
From Equations (1.1-30) and (1.1-31):
(ds)’ —(dS)’ =(Cy, =0, )dX (dX, =28,dX dX,, (1.1-44)
where the finite strain tensor is defined by
S =(Chy =0 )12

(1.1-45)
= (uK,L U+ “M,K”M,L)/2 =8k-
The unabbreviated form of (1.1-45) is given below:
Sy =uyy g uyy Yy U, g/ 2,
Sy =y, + (U, Uy Uy, + u3,2u3,2)/29
S33 = Uy, + (Ul g Uy U,y 5+ ”3,3”3,3)/29 (1.1-46)

Sy =ty s + sy U Uy 5 Uy Uy 5+ Uy U 3) 2,
Sy = Uy +uy; U Uy, Uyl u3’3u3,1)/2,

Sp = (u1,2 Uy T UG, Uy U, T u3,lu3,2)/2'
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At the same material point consider two non-collinear material line
) (2) (O3] 2)
elements d X and d X which deform into dy and d'y . The area of the
0)) 2) [6)) )
parallelogram spanned by d X and d X, and thatby dy and d Yy , can be
represented by the following vectors, respectively:
(1) (2)
N,dd=dA, =&,,d X,,d X, , (1.1-47)
(CY R ¢
nda=da,=¢e,dy, dy,. (1.1-48)

They are related by
da,=JX ,dA, . (1.1-49)

Proof:
o @ (1) (2)
da, =e,dy, dy, =3y, d Xy y yd Xy
) (2) (1) (2)
EqimVind Xy d Xy =JX, e,n,d X, d X, (1.1-50)

=JX, ,dA,,

where Equation (1.1-18) has been used.
At the same material point consider three non-coplanar material line
n (2) (O] 2) (3)
elements d X, d X, and d X which deform into dy, dy, and dy.
U 2) (3)
The volume of the parallelepiped spanned by d X, d X and d X, and that
@ 2 (3)
by dy,dy,and dy , are related by
dv=Jdv . (1.1-51)
Proof:
o (2) 3) @G @ 03
dv=dy-(dyxdy)=e,dydy;dy,
1) (2) (3)
= gijkyi,LdXL yj,MdXM Yind Xy
@ (2) (3)
gijkyi,Lyj,Myk,NdXLdXMdXN (1.1-52)

) (2) (3)
=Jend X, dX, dX,

(1) (2) (3)
— JdX-(d Xxd X) = Jdv,

where Equation (1.1-17) has been used.



The velocity and acceleration of a material point are given by the
following material time derivatives:

_ (Xt
v, = % = J',i — %(_’_) ,
Dt at X fixed
(1.1-53)
. Dv, 9%y,(X.0)
V. = =
l Dt atz IXﬁxed

The deformation rate tensor dj and the spin tensor @y; are introduced by
decomposing the velocity gradient into symmetric and anti-symmetric parts

5,-Vj =v,, = dij +ta,,
. 1 (1.1-54)
dij = E(Vj,i +V ) w; = E(VJJ ﬁvi,.i)'
We also have

D D( oy, o ( Dy
Z(dy,)=—| 2 dx, |= iy
Drt Dt ox, oX .\ Dt

(1.1-55)

0
B X (v X e =v, 9, xdX .

The strain rate and the deformation rate are related by

Sk =dyYixViL - (1.1-56)
Proof:

, 1 . . 1
Sk = E(yi,Kyi,L +YixVin) = E(Vi,Kyi,L +YixVis)

1
= E(Vi,jyj,Kyi,L + yi,Kvi,jy.i,L)
(1.1-57)

1
= E(vj,iyi,Kyj,L + yi,Kvi,jyj,L)
1
= '2‘("4;',1' +V;; )yi,Kyj,L = dtjyi,Kyj,L'
The material derivative of the Jacobian is
J=,,. (1.1-58)

Proof: From Equation (1.1-12)



J= gé'k,mé'KLM ek Ve Y + YexVirYmm + Vg VirVmm)

1

= 5 ExmCximVix Vi1 Vmm = Evk,nglm ExtmViLYmm

= —;—vk,K 2JXK,,( = Jvk,k ,

where Equation (1.1-22) has been used.
The following expression will be useful later in the book:

D
_D—;(XL,_]') = _vi,KXK,jXL,i .
Proof: Since

yi,KXK,j =9,

y‘ b
we have, upon differentiating both sides,

. D
yi,KXK,j + Yk E(XK,j) =0.

Then
Yik BD;(XK,J') = _vi,KXK,j :
Multiplication of both sides of (1.1-63) by X, ; gives
'bD“;(XL,j) = _vi,KXK,jXL,i .
Problems

1.1-1.  Show (1.1-15) from (1.1-14).
1.1-2.  Show (1.1-16).
1.1-3.  Show (1.1-45).

1.1-4.  Show that o =2 & =JC,; .
08y, oCy,

2. GLOBAL BALANCE LAWS

(1.1-59)

(1.1-60)

(1.1-61)

(1.1-62)

(1.1-63)

(1.1-64)

This section summarizes the fundamental physical laws that govern the
motion of an elastic dielectric. They are experimental laws and are

postulated as the foundation for a continuum theory.
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2.1 Polarization

When a dielectric is placed in an electric field, the electric charges in its
molecules redistribute themselves microscopically, resulting in a
macroscopic polarization. The microscopic charge redistribution occurs in
different ways (see Figure 1.2-1).

(a) (b) (©)

Figure 1.2-1. Microscopic polarization: (a) electronic, (b) ionic, (c) orientational.

At the macroscopic level the distinctions among different polarization
mechanisms do not matter. A macroscopic polarization vector per unit

present volume,
ZPMicro
P=lim&—| (1.2-1)
Av—>0 Av
is introduced which describes the macroscopic polarizing state of the
material.

2.2 Piezoelectric Effects

Experiments show that in certain materials polarization can also be
induced by mechanical loads. Figure 1.2-2(a) shows such a phenomenon
called the direct piezoelectric effect. The induced polarization can be at an
angle, e.g., perpendicular to the applied load, depending on the anisotropy of
the material. When the load is reversed, so is the induced polarization. When
a voltage is applied to a material possessing the direct piezoelectric effect,
the material deforms. This is called the converse piezoelectric effect (see
Figure 1.2-2(b)).
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(a) Direct effect. (b) Converse effect.

Figure 1.2-2. Macroscopic piezoelectric effects.

Whether a material is piezoelectric depends on its microscopic charge
distribution. For example, the charge distribution in Figure 1.2-3(a), when
deformed into Figure 1.2-3(b), results in a polarization.

(a) Undeformed.

(b) Deformed.

Figure 1.2-3. Origin of the direct piezoelectric effect.
23 Electric Body Force, Couple and Power

When a mechanically deformable and electrically polarizable material is
subjected to an electric field, a differential element of the material
experiences body force and couple due to the electric field. When such a
material deforms and polarizes, the electric field also does work to the
material. Fundamental to the development of the equations of
electroelasticity is the derivation of the electric body force, couple, and
power due to the electric field. This can be done by averaging fields
associated with charged and interacting particles [1] or particles with
internal degrees of freedom [2]. Tiersten [3] introduced a physical model of
two mechanically and electrically interacting and interpenetrating continua
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to describe electric polarization macroscopically. One continuum is the
lattice continuum which carries mass and positive charges. The other is the
electronic continuum which is negatively charged and is without mass.
Electric polarization is modeled by a small, relative displacement of the
electronic continuum with respect to the lattice continuum. By systematic
applications of the basic laws of physics to each continuum and combining
the resulting equations, Tiersten [3] obtained the expressions for the electric

body force F*, couple CF and power w* as
E _
Fy =p.E; +PE,;

C =¢,PE,, (1.2-2)

ijk
w® = pE 7,

where E is the electric field vector, p is the present mass density, p. (a

scalar) is the present free charge density, and 7z, = P,/ p is the polarization

per unit mass. The presence of the mass density g in (1.2-2); is not obvious.

It is due to a relation between the density of the bound charge and mass

density [3]. The problem at the end of this section is helpful for
understanding (1.2-2).

24 Balance Laws

Let [ be a closed curve. The continuum theory of electroelasticity
postulates the following global balance laws in integral form:

L D-da= Lpedv,

jIE-an:o,

D
Et'[ pdv =0,

—I%L pvdv = i (of +F*)dv + J;tda, (123

%i yxpvdv=.[v [yx(pf+FE)+CE]dv+Ly><tda,

D 1 B E

— —Vv.v+e)dv = +F*)-v+w ldv+ | t-vda,
S ydv = [ [(pf +F") Jdv+ [

where D is the electric displacement vector, fis the mechanical body force
per unit mass, t is the surface traction on s, and e is the internal energy per

unit mass. The equations in (1.2-3) are, respectively, Gauss’s law (the
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charge equation), Faraday’s law in quasistatic form, the conservation of
mass, the conservation of linear momentum, the conservation of angular
momentum, and the conservation of energy. In the above balance laws, the
electric field appears to be static. This is the so-called quasistatic
approximation [4]. The approximation is valid when we are considering
phenomena at elastic wavelengths which are much shorter than
electromagnetic wavelengths at the same frequency [4]. Quasistatic
approximation can be considered as the lowest order approximation of the
electrodynamic theory through a perturbation procedure [5], which will be
shown in Chapter 7, Section 6 when discussing the dynamic theory. Within
the quasistatic approximation, the electric field depends on time through
coupling to the dynamic mechanical fields. The following relation exists
among D, E, and P:

D=¢g,E+P, (1.2-4)

where & is the permittivity of free space.
Problem

1.2-1. Derive expressions for the force, couple, and power on a single,
stretchable dipole in an electric field.

3. LOCAL BALANCE LAWS

From Equation (1.2-3),, and using the divergence theorem, we can write

'[ n,D,da = j D, ,dv = j p.av, (1.3-1)
[ (D, -pydv=0. (1.3-2)

Equation (1.3-2) holds for any v. Assume a continuous integrand, then
D,,-p,=0. (1.3-3)

From Equation (1.2-3),, with Stoke’s theorem, the line integral along /
can be converted to a surface integral over an area s whose boundary is /:

jIE.an:L (VxE)-da=0, (1.3-4)

which implies that
VxE=¢_,E, i, =0. (1.3-5)

ik ki
From Equation (1.2-3);, change the integral back to the reference
configuration
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D D D
Db Pl v = [ Sanay
= [ (W+phav = (a7 +ph,)av (1.3-6)

= Iv (p+ pv,;)dv =0,

where Equation (1.1-58) has been used. Hence

p+pv,;=0. (1.3-7)
With Equations (1.1-58) and (1.3-7) it can be shown that
D [ ]
dv = dv. 1.3-8
— | ol = p (13-8)

Proof: With the change of integration varlables

D D
oL Al Jv=—-[ ol Vv =[ — (ol Vv

Dt
=IV (p[ ]J+pDI[)t]J+p[ ]J)dV
5 (1.3-9)
- [ (—pv,-,,-[ Vo 1[)]J+p[ ]Jv,-,,-)dV
= j DUy - j p ]dv

The Cauchy stress tensor oy can be 1ntroduced by
t,=0,n;, (1.3-10)

through the usual tetrahedron argument. Then from (1.2-3),, with (1.3-8)
and the divergence theorem, the balance of linear momentum becomes

Dv, . E
) pEdv—L (of, + F, )dv+-"s tda
= I (of, + F)dv + I o,nda (1.3-11)

= _[v (of, + F")dv + _L O i V.
Hence
G,y + i, + B = pi. (13-12)

From (1.2-3)s, the balance of angular momentum can be written as
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D
—E;'L Eg Y, PYv

=L [gykyj(pfk +FkE)+C,.E]dv+L 5ykyjtkda.

The term on the left-hand side can be written as

(1.3-13)

D D
EJ; giikyjpvkdv: J.v P&y E(ijk v
= [ peu v +y,9)dv (1.3-14)

= J; PEH(V, v + Y,V )dv = .L PERY Vydv.
The last term on the right-hand side can be written as

_‘; Eq Y tyda = J; EqxY,;Opnda
= J; (epy;on),dv= .[v Eu (6,04 +y,0,,)dv (1.3-15)

= L Sk (O-jk +yj0'1k,1)dv-
Substituting Equations (1.3-14) and (1.3-15) back into (1.3-13), we obtain
[ pegy iy = [ ey, (of + FF)+CF v

(1.3-16)
+ _[ Eik (O'jk +yjo-lk,1)dv’
or
_L gijkyj(p‘}k - o — FkE — Oy, )dv
(1.3-17)
= I (630 4 +CF)dbv.
Hence
.L (6404 +CHdv =0, (1.3-18)
which implies that
£30, +Cl =0, (1.3-19)
or
£4(0, +PE)=0. (1.3-20)

It will be proven convenient to introduce an electrostatic stress
tensor O'; whose divergence yields the electric body force

E _ pE
ol =F. (1.3-21)

g
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. E .
For the existence of such o consider

1
o-f =D,E, —EgoEkEké'y

| (1.3-22)
=PE; +&,(EE, —EEkEkdj).
We have
o, =D,E,+PE, =pE,+PE, =Ff, (1.3-23)

where Equation (1.2-4) has been used. We note that O'if is not unique in the

sense that there are other tensors that also satisfy (1.3-21). For example,
adding a second rank tensor with zero divergence to the O'if in (1.3-22) will

not affect (1.3-21). In this book we will use (1.3-22).
With o

Jo the balance of linear momentum, Equation (1.3-12), can be

written as
(0, +0,),+pf, =pv,. (1.3-24)
The balance of angular momentum, Equation (1.3-20), can be written as
Eq(Cy +PE)=¢,(0, +0,)=0, (1.3-25)

which shows that the sum of the Cauchy stress tensor 0; and the
electrostatic stress tensor O',-JE. is symmetric, which we call the total stress
tensor and denote it by 7,

_ E
Z'ij —O’ij+0'ij

| (1.3-26)
=0, +BE; +&(EE, _EEkE"é‘U’) = e

7, can also be decomposed into the sum of a symmetric tensor O'I-JS. and the
symmetric Maxwell stress tensor 0'34 as follows:
_ S M
T, =0, t0,;,

s _ _ s
o, =0, +PE, =0}, (1.3-27)
1

o) =&(EE, —EEkEkétj) =oy.

From Equation (1.2-3)g, the conservation of energy is
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Dt &
= j (of, + EX v, +whldv+ j t,v,da.
The left-hand side can be written as
D 1 D1
— —v.v. +eldv= —| =v,v. +e ldv
Dt ¥ p(z n ) L plh(z o )

= J'V p(v,.f),. +e')dv.

The last term on the right-hand side can be written as
I t,v,da= I o,nv,da
5 £

ol Azve)
pl=vy, +eldv
2 (1.3-28)

(1.3-29)

(1.3-30)
= L (Owvi), dv = L (O-Ik,lvk +levk,l)dv°

Substituting (1.3-29) and (1.3-30) back into (1.3-28) gives
I (v, v, +é)dv = I (of, + FP)v, +w'ldv

(1.3-31)
+ _L (On Ve +O3Vyy )dv,

or
L vk(p‘}k -of - F¢ ~ Oy )dv = Jv (O Vi, +w' — példv. (13-32)
With the equation of motion (1.3-12), the left-hand side of (1.3-32)
vanishes, and what is left is
[ (0uviy+w" = pe)dv=0, (1.3-33)
which implies that
pe=o,v,, +pET,. (1.3-34)

A free energy ¥ can be introduced through the following Legendre
transform:

w=e—-Er,. (1.3-35)
Then
w=é—Ex, —E,.
Substitute Equation (1.3-36) into (1.3-34)
py =o,v,, - PE,. (1.3-37)

In summary, the local balance laws are

(1.3-36)



