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Abstract

We prove an invariance principle for Brownian motion in Gaussian or Poissonian random
scenery by the method of characteristic functions. Annealed asymptotic limits are derived in all
dimensions, with a focus on the case of dimension d = 2, which is the main new contribution of
the paper.

1 Introduction

In this paper, we study the asymptotic distributions of random processes of the form fg V(Bs)ds,
with V' some stationary random potential and Bs, s € [0, 1] a standard Brownian motion indepen-
dent of V.

The corresponding discrete version is the Kesten-Spitzer model of random walk in random
scenery [4] of the form W, = """, &s,. Here, Sy = X; + ... + X} is a random walk on Z with
ii.d. increments and &,,n € Z, are i.i.d. and independent of X;. When X; and &; belong to the
domain of attraction of certain stable laws, then after proper scaling a(n)*lW[nt} converges weakly
as n — oo to a self-similar process with stationary increment. Non-stable limits may appear in
that case. Assuming moreover that & has zero mean and finite variance, it is shown in [2] that
(nlog n)_%W[nt] converges weakly to a Brownian motion when d = 2. When d > 3, the argument

contained in [4] essentially proves that n_%W[nﬂ converges weakly to a Brownian motion.

The continuous version a(n)~* [’ "V(By)ds has been analyzed in [9] for piecewise constant
potentials given by V(x) = §letv), where §; are i.i.d. random variables with zero mean and finite
variance, and U is uniformly distributed in [0,1)% and independent of &. The results are similar
to those obtained in the discrete setting. In [5], Kipnis-Varadhan proved central limit results in
both the discrete and continuous settings for additive functionals of Markov processes. For the
special case of Brownian motion in random scenery and by adapting the point of view of ”medium
seen from an observer”, their results can be applied to prove invariance principle for the most
general class of V(z) when d > 3, including the ones analyzed in [9]. For more relevant results and
backgrounds, see [6] and the references therein.
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In this paper, we consider two types of simple yet important potentials, namely the Gaussian
and Poissonian potentials, and derive the asymptotic distributions of a(n)™! [’ "V(By)ds in all
dimensions by method of characteristic functions. Since [8] contains the results for d = 1 while [5]
implies the results for d > 3, our main contribution is the case d = 2. For Gaussian and Poissonian
potentials, the method of characteristic functions offers a relatively simple proof, which we present

in all dimensions.

There are several physical motivations for studying functionals of the form fg V(Bs)ds. We
mention two examples here. The first is the parabolic Anderson model u; = %Au + Vu with
random potential V' and initial condition f- By Feynman-Kac formula, the solution can be written
as u(t,x) = EZ{f(B:)exp fo By)ds)}, where Ef, denotes the expectation with respect to the
Brownian motion starting from x. It is clear that the large time behavior of u(t,x) is affected by
the asymptotics of Brownian functional exp( fg V(Bs)ds), see e.g. the applications in the context
of homogenization [7, 8, 3]. As a second example, if we look at the model of Brownian particle in
Poissonian obstacle denoted by V', then the integral fg B;)ds measures the total trapping energy
received by the particle up to time ¢ and exp(— fo s)ds) is used to define the Gibbs measure.
For Brownian motion in Poissonian potential, many ex1st1ng results are of large deviation type; see
[10] for a review of such results.

The rest of the paper is organized as follows. We first describe the assumptions on the potentials
and state our main theorems in section 2. We then prove the convergence of finite dimensional
distributions and tightness results in section 3 for the non-degenerate case and section 4 for the
degenerate case (when the power spectrum of the potential vanishes at the origin). We discuss
possible applications and extensions of our results in section 5 and present some technical lemmas
in an appendix.

Here are notations used throughout the paper. We write a < b when there exists a constant
C independent of n such that a < Cb. N(u,0?) denotes the normal random variable with mean
p and variance o2 and q(x) is the density function of N(0,t). We use a A b = min(a,b) and
a Vb =max(a,b). For multidimensional integrations, [ [, dz; is abbreviated as dz.

2 Problem setup and main results

The Gaussian and Poissonian potentials are denoted by Vj(z) and V,(x), respectively, throughout
the paper.

For the Gaussian case, we assume Vj(z) is stationary with zero mean and the covariance function
Ry(z ) E{V (x +y)Vy(y)} is continuous and compactly supported The power spectrum R 0 (&) =
fRd e %% dyx, and by Bochner’s theorem R = [ga Rg(x)dz > 0.

For the Poissonian case, we assume
Vola) = | ole —y)e(dy) (2.1)

where w(dz) is a Poissonian field in R? with the d—dimensional Lebesgue measure as its intensity
measure and ¢ is a continuous, compactly supported shape function such that fRd d(z)dr =cp. It



is straightforward to check that V,(z) is stationary and has zero mean, and its covariance function
Ry(z) = E{V,(z + y)V, }—/ oz + 2)p(2)dz (2.2)

is continuous and compactly supported as well. The power spectrum R fRd e T dy
and since [, ¢(2)dx = cp, we have R,(0) = 2> 0.
In the Poissonian case, the random field V,(z) is mixing in the following sense. For two Borel

sets A, B C R? let F4 and Fp denote the sub-o algebras generated by the field Vp(z) for z € A
and x € B, respectively. Then there exists a positive and decreasing function ¢(r) such that

[Cor(n, Q)] < ¢(2d(A, B)) (2.3)

for all square integrable random variables n and ( that are F4 and Fp measurable, respectively.
The multiplicative factor 2 is only here for convenience. Actually, when |z| is sufficiently large,
Vp(x + y) is independent of V,(y) and so the mixing coefficient ¢(r) can be chosen as a positive,
decreasing function with compact support in [0, 00). We will use this in the estimation of the fourth
moment of Vj(z).

The following theorems are our main results.

Theorem 2.1. Let B, t > 0 be a d—dimensional standard Brownian motion independent of the
stationary random potential V(x), which is chosen to be either Gaussian or Poissonian, and

R(z) = E{V(z + y)V(y)} be the covariance function, R(0) = = Jga R(z)dz. Define X,(t) =
a(n)~t OntV(Bs)ds with the scaling factor
ni d=1,
a(n) = (nlogn)z d=2,
ne d>3

Then we have that X, (t) converges weakly in C([0,1]) to o4Z; with the following representations:
When d = 1, then Z; = [ Li(x)W (dx), where Ly(x) is the local time of By and W (dzx) is a

1—dimensional white noise independent of Ly(x); o4 = 1/ R(0).

When d = 2, then Z; is a standard Brownian motion; oq = 1/ R(0)/7.

When d > 3, then Z; is a standard Brownian motion; o4 = \/ﬂ_gf(% 1) Jpa R(z)|z|?~ddz.

We note that when d > 3, then o4 = \/4 2m) ded €)|€|~2d¢. Since R(E) >0, 04 > 0in

both cases and the limit is nontrivial. When d < 2, the limit is nontrivial if ]35(0) # 0. In the
degenerate case where ]:2(0) = 0, for instance if ¢, = 0 in the Poissonian case in d = 1,2, then the
limit obtained in the previous theorem is trivial. The scaling factor a(n) should be chosen smaller
to obtain a nontrivial limit. We prove the following result:

Theorem 2.2. Ind = 1,2, let B;,t > 0 be a d—dimensional standard Brownian motion independent
of the stationary random potential V (x), which is chosen to be either Gaussian or Poissonian, and



R(z) = E{V(z + y)V(y)} with R(€)|¢|"2 integrable. Define X,(t) = n=3 OntV(Bs)ds. Then
we have X, (t) converges weakly in C([0,1]) to oWy, with Wy a standard Brownian motion and

o = \/4(2m) 1 [u R(E)I€|-2de.

Remark 2.3. In the degenerate case, the scaling factor n~% is the same as in d >3. Ind=1, the
limiting processes are different for the non-degenerate and degenerate cases. If R(§ ) € L', then for
R(€)|€]72 to be integrable, we only need to assume that R(€) < |£|* at the origin with o > 1 when
d=1and a >0 when d = 2.

We will refer to Theorem 2.1 and 2.2 as non-degenerate and degenerate cases respectively in the
following sections. The proof contains convergence of finite dimensional distributions and tightness
result.

3 Non-degenerate case when d > 1

3.1 Convergence of finite dimensional distributions

We first prove the weak convergence of finite dimensional distributions through the estimation of
characteristic functions.

For any 0 = tp < t1 < ... < ty < 1l and oy € R;¢ = 1,..., N, by considering Yy :=
Zfil a;(Xn(t;) — Xn(ti—1)), we have the following explicit expressions.

In the Gaussian case, since Yy = Zf\il a;a(n)~t f&til Vy(Bs)ds, we obtain

E{exp(i0Yn)} :E{E{exp(iHYN)]B}}
= exXpl—= (6710 sau (31)
—E{exp( 012_1” // J(By — B,)dsdu)}.

Since E{exp(i#Yx)|B} is bounded by 1, to prove convergence of E{exp(i#Yx)}, we only need to
prove the convergence in probability of a(n)~2 [ J i R,(Bs — By)dsdu.

nti—1 Jntj_1
In the Poissonian case, we write
N 1 nt; N
YN :/ a'/ o(Bs ds | w(dy) — —nti—1),
Rd (; za(n) nt;—1 ) Zl ’
and straightforward calculations lead to
E{exp(i0Yx)} = E{exp( / (€F0) — 1)y} exp(—i0 5 3 (s ).
R4 i=1

where F,(y) :== SN aia(n)~! [ (B, — y)ds. Since Jga ¢(x)dx = ¢,, we obtain

nti—1

Bexp(i0Y)} = E{B{exp(0Y0) B} = Blexo( [ S m@R ) @) (32)
k=2



Similarly, E{exp(i#Yx)|B} is bounded by 1, so it suffices to show the convergence in probability of
Jra Siss 11 (@0F,(y))Fdy. When k = 2,

/ y)2dy = Z ajaja( /n - /n . B,)dsdu (3.3)

3,j=1

is the conditional variance of Yy given B;. We will see that the proof of the Poissonian case implies
the Gaussian case.

3.1.1 Poissonian case d =1

When d = 1, since V}, is mixing, [8, Theorem 2] implies the result. We give a different proof using
characteristic functions.

First of all, by scaling property of Brownian motion, we do not distinguish between F,(y) =
ZNlaani nti ¢(Bs — y)ds and F,(y) = ZNlozﬂM ft #(v/nBs — y)ds. Using the second

nt;—1
representation, we have

Zw [ o i wt [ o =)L (@) = Li, ()

z

where L;(x) is the local time of Bs. So

/ y)2dy = Z o / V(e — @) (Ley(@) — Lo, (2)) (L, (2) — Ln, ., (=))dadz. (3.4)

3,j=1

The following two propositions prove the convergence in probability of [pq > pe s % (i0F, (y))*dy.

Proposition 3.1. fR (y)%dy — R »(0) Zf,vj:1 ;0 fR(Lti(az) — Ly, (2))(Lg; () — Ly, (x))dx
almost surely.

Proposition 3.2. [, > 22, L(i0F,(y))kdy — 0 almost surely.
Proof of Proposition 3.1. For any i,j = 1,..., N, we consider
(i) :=v/n - Ryp(vn(z — @) (L, (%) — Le,_, (2))(Ly; (2) — Ly, (2))dzdz
Y Yy
= R? Rp(y)(Lti (x) - Lti71(x))(Ltj (CC + %) - Ltj—l (33 + %))dydxa
and because L;(x) is continuous with compact support almost surely, we have

(Z) — RP(O) /]R(Lti (l') - Lti71(m))(LtJ’ (l’) - Ltjfl (:L'))dl’,

which completes the proof. [



Proof of Proposition 3.2. For a fixed realization of By, we have |F),(y n4 fx|<M |p(v/nx—y)|de,
where M is a constant depending on the realization and thus

\/ ()" dy|
IZ//[MM] H](b (Vnwz; — \dacdy—nlz//MM] (Vn(zi — 1) + y)|dzdy

k
1
_2/ / )| T] Ié(a: — Vi + y)ldedy < ey
n 4 Rk J[—M,M] - n 4

1=2

k
Since Y 54 4 O 0 as n — oo, the proof is complete. O
‘n 4

Recalling (3.2), by Proposition 3.1 and 3.2, we have proved the almost sure convergence of the
exponents. Therefore, by the Lebesgue dominated convergence theorem we have

Bexp(i0¥i)} Efexp( | > Rt}

—E{exp( —792 Z azaj/ Ly (z) — Ly, (2))(Lt; (%) — Ly, (z))dz)} (3.5)
t,5=1
N

“E{exp(i004 Y 0i(Ze, — Zi, 1))

=1

when Z; = [, Li(x)W (dz).

3.1.2 Poissonian case d > 2

When d > 2, the local time does not exist, and to prove the convergence of the conditional variance
of X,,(t) given B, we need to calculate fourth moments. First, we define

nt
V, = B{Xn(1)2|B., s € 0,4} / / _ Bu)dsdu (3.6)
so that E{X,(¢)?} = E{V,}. The following two lemmas show that the conditional variance con-
verges in probability.
Lemma 3.3. E{V,,} — 02t as n — c0.

Lemma 3.4. E{V2} — ojt* as n — oo.

In the proofs, we deal with d = 2 and d > 3 in different ways. For the latter, we only use the
fact that R,(€)|¢|~2 is integrable and so the proof also applies in the degenerate case. Both R, ()
and R,(§) are even functions, a fact that we will use frequently in the proof.



Proof of Lemma 3.3. We first consider the case d = 2. For fixed x, by change of variables A = %,
we have

nt 2
E{V,} = / / [ Bpla) e e~ 5 dwduds
2

(27
) (3.7)
[ . [
R J 122 % |42
Since a(n) = (nlog n) by integrations by parts in A, we have
t 1 || 2ns o [
E nf = — “2ns | _ _)‘1 — .
.} logn/o [ LRa) (e g 1o +/;2@ og A\ | duds —+ LR,(0)  (38)
by the Lebesgue dominated convergence theorem.
Consider now the case d > 3. Then, a(n) = nz and by Fourier transform, we have
E{Vy} S / / R (€)e~ 2 sl gedsdu
2m)in Jiopyz Jra " (3.9)
4 [ By /t e at [ Ry(6) '
= 1-— ") dsd. d
it Jea 1P ST Gy o i
as n — oo. J
Proof of Lemma 3.4. By symmetry of R(z), we write
V2 = a(n)™ /[0 . FoBos = Bu)Ry(Bay = Bu)ds = S((0) + (i) + (i)
where
) 1
)= ot | (B = B Ry(Buy = Bu)ds. (310)
<81<82<83<854<n,
. 1
(i) = 7o /O< o BylBy = Bu)Ry(Bsy — Bu)ds (3.11)
51<83<82<84<N
1
i) = ot [ R(Bu = BuRy(B, - B (3.12)
51<583<854<89<n
We consider first the case d = 2.
) (i): for fixed z,y, by change of variables u; = 2, uz = *22, Ay = 2(5‘:71231)7/\4 = 2(57‘7253), we
ave
4_ -2
E 2 —Az)\z —A4
Y Rzmrd 2\y|d s ’
0<U1+u3<t,|2z>\| +|y| n(t_ul_u3)dl‘dyd>\2d)\4du1du§,.
We define
1 11y,
= —— — — 1 dXod)\
f(C) (10g7’L)2 /]Ri )\26 )\46 %gcn(t—ul—ug),‘”\l <en(t—u1—wu3) 28



for ¢ > 0. Using integrations by parts, f(¢) — 1 as n — oo as long as z,y # 0,u; + ug < t.

Moreover, f(c) S (14 |loge(t —ui —us)| + |log |z||)(1 + |logc(t — w1 — us3)| + |log|y||). On the
other hand, we note that

1 1 1 1
f(5) < / —e M —e ML,
2 R

N, dladXy < f(1
(logn)2 3_)\2 )\4 2)\2+| ‘ < (t ul_u3) 2 4 > f( ),

so by the Lebesgue dominated convergence theorem, we have E{(i)} — ;—R (0)2.

(73): by a similar change of variables as for (i), we have

E{(ii

p(@—2) Rp(y—2) 1 42 5 42 )
7A2 2)\2 4
R \x|d 2Ty agdt? © M

R4

0<u1+u3<t7‘212+‘y‘ n(t,ul,%)q”u:%(Z)da?dded)‘Qd)“lduld“&

By a change of variables and integration by parts in Ag, A4, we have

[E{ (i)}
n )’ lzI? 2u N
S <logn> /[O,t]Q R6 |[By(Vn(z = 2)) Ry (v(y = 2))laus () <€ v log 5 EE / ‘2 log Ae™ dA)

2u

2 2) o]
< ‘gL log| 1|L2 +/|2 log)\e’\d)\> dudusdxdydz.
Y

Note that e~ i log GE T [z log Ae™*d\ < 1+ |logu| + |log |z||. By Lemma A.1, we have

2u

_l=I? 2u o A
logn R2\ o (Vn(x z))|(e 2u log|x|2+/;l210g)\6 d)\> dx

1
Slogn (1+ |logu| + | log |2|| +logn1z|<¢zﬁ) :

The integral in y is controlled in the same way and we obtain

y 1 ?
IE{(i)} < /[Ot]2 /}R2 oz n)? (1 + | logu| + | log |2]| +logn1|z|<\/2ﬁ> Gus (z)dzdudus.

So |E{(éi)}| — 0 as n — oo.

(737): by a similar change of variables as for (i) and by symmetry of R(z), we have

E{ (i)} / / @—y+2) R (y) )\%7 (3*/\2)\%7267A4
R4 JR3d ||d—2 ly[*—2 4rd "2 *

0<u1+u3<t, \;;I +\2u\4 <n(t—ur— ug)Qnus (Z)dxdydzd)\zd)\4du1dU3.



After integrations by parts in Mg, A\g4, we have

[E{(zii) }]
n \* _ ,W 2u A
< <10gn> /[O,t]2 RS ’Rp(\/ﬁ(x y+ 2))Rp(\/ﬁy)‘qu3(z) ( log —5 |z |2 / ‘2 log Ae™"d A\

ly|? 2u
( e log| 2 [ : log Ae™ AdA) duduzdzdydz.

||
Note that e™ 2« log é% + [z log Ae™*d\ < 1+ |logu| + |log|z||. By applying Lemma A.1 to the
2w

integral in z, we have

n _lzl? 2u \
log 7t Jas |Ry(vn(z — (y — 2)))] <e logW—I—/22 log Ae ™ d)\> dzx
S’logn (1 + | logu| + |log |y — z|| —|—logn1y_z|<\/25) _
So
|E{(i19)}| < logn/[oﬂg /11@4 <1+ [logu| + [log |y — z[| +lognl, > > 1Ry (v/ny) | qus (2)

(1+ |logu| + |log|y||)dydzdugdu.
Since |Ry(v/ny)| S 1A [y/ny|~® for some a > 2, by Lemma A.1, we know E{(i7i)} — 0 as n — oo.

We now consider the case d > 3.

(7): after Fourier transform and changing of variables u; = s; —s;_1 for i = 1,2,3,4 with sy = 0,
we derive

SOy = mW/R A5t un (&) Rp(€)e 210 e 2l0l g dgydu
(3.13)

1
= 2nH / / 0 (61) Rp(€2) Lo<uy +us<tFr ( !§1|2, &%t — uy — ug)dérdéadu,
) R2 JR2d 2

where F),(a,b,t) := fRQ lo<stu<nte™** e Pdsdu for a > 0,b > 0. It is straightforward to check that
abF,(a,b,t) is umformly bounded and F,(a,b,t) — é as n — oo. Thus,

4
E{( 27T 5.2d /R2 / 52)10<u1+u;;<t’§ 25 Pd&d@duldu;;

_2f? R,(€)
~ (/R G d5>

(3.14)




(7i): similarly we have

E{(”)} (2 2d 2/ Z wi<nt p(él) p(§2)e—%\51|2u2€—%|€1+52\2u36—%|§2|2u4d§1d§2du
T n R4 R2d =17

—al &P rus gy de dey — 0
/R2d/ !51\2\52!2

(3.15)
as n — oQ.

(7i1): by the same change of variables, we obtain

E{(iii)} = (22 2/ Z ui<nt (fl) b(&2)e” lé1]Pu 26*%\51+€2|2u36*%|§1\2u4d51d§2du
™)°"n ]R4 R2d i=1""

Ry(&1) -
/ / u3+u4<nt (é‘l)Rp(éb)e_%\§1+€2|QU3€—%|§1\2u4du3du4d51d€2
RQd RQ

/de /Ra vatuasnt ‘(;1\3!5 ](2 )(’f + &2 + |6 [2)e 2t Pus e sl Pua gy de dey

<t/ // 2 2 )|5 + & [2e 261t us o= gl61Pnua gy gy de, des
R2d Ry |51| \§2|

—l—t/ / / 2 5 )|§ |2 -5 51|2u46 |£1+£2|2nu3dU4dU3dfldfg—)0
R2d Ry |§1| \5 |

(3.16)
as n — oQ.

To summarize, we have shown that E{V2} — ¢4t2. The proof is complete. [J
Remark 3.5. The proof of Lemma 3.4 only requires R(z) to be symmetric, bounded, and to satisfy

certain integrability condition. In particular, if R(z) is compactly supported, then the result holds.
This will be used in the proof of tightness.

The following lemma proves that those cross terms appearing in the conditional variance vanish
in the limit. When d > 3, as in the proof of Lemma 3.3 and 3.4, we use the Fourier transform and
the integrability of R2,(£)[£|~2 so that the proof also applies to the degenerate case.

Lemma 3.6. T n)Q f b fm] Rp(Bs — Bu)dsdu — 0 in probability when i # j.

Proof. Assume i > j,
||

Consider the case d = 2. For fixed x,u, by change of variables A = 5(s—a) Ve have

E{\R (Bs — By)|}dsdu

TLtl 1

ti—
1 IRy 4oy »
= 1 Ml 4 L A dAdudzx.
a(n)g /Rd /R?,_ (2n\$\2 ]2 )( ) (t]71,t])(u)2 d a3 2 € uax

(t;—u)’2n(t;_q—u) T2 |"r|

Recalling that a(n) = v/nlogn, an integration by parts leads to

/ 1( || 2 || 2 )()‘))‘7167/\(1)‘ 5 1+ logn + |10g(t1 - U)‘ + “Og(ti—l - ’LL)| + | IOg |x||7
R

2n(t; —u) ' 2n(t; _1—u)

10



and logn fR G (t|2 - BE ))(A))\*le*)‘d/\ — 0 as n — co. We apply the dominated convergence
2n —u n —1— u
theorem to conclude the proof.

Consider now the case d > 3 and

1
- /R4 131,82€[nti,1,nti]1u1,u2€[ntj,1,ntj]Rp<le - Bul)Rp(BSQ - BUQ)deu (317)

n2
+

(1) :=

We show E{(i)} — 0 so the cross term goes to zero in probability. Actually, we have (i) =
2((I)+ (1)), where

1
()= /4 Loty s <us<ur<nt;l<nt; 1 <ss<si<nt Bp(Bs; — Buy ) Rp(Bsy — Buy)dsdu, — (3.18)
R+
1
(II) = ﬁ /4 1ntj,1§u1§u2§ntj 1nti,1§52§31§ntiRp(Bs1 - Bu1)Rp(BSQ - BUZ)deu' (3'19)
R

+

For (I) we have

1 R .
]E{(I)} - (27_(_)%712/1%1 /Rlentj1<u2<u1<ntj1<nti1<52<51<ntiRp(€1)Rp(§2) (320)

e 3l6 ‘2(81_52)e_%‘51+52|2(82_“1)e_%‘52|2(“1_”2)d§1d§2dsdu,

which implies E{(1)} < (tj — tj-1) fgea i "} W —altel gy de dgy — 0 as n — oo.

Similarly, for (IT) we have

1 A A
E{(II)} = QTF)W/R%F /delntj—ﬁmﬁuzﬁntj1§nti_1§52§81§ntiRp(§l)Rp(§2) (3.21)

e*%\51|2(81*82)e*%|£1+§2|2(632*u2)e*%|£1IQ(U'rul)aggldédsdu7

SO

l M 2 L +&Pur — 36 2uz
E{(II)} 5 /[mj . /de |£1|2|§ ‘2 (&1 + &> + [&1*)e™ e dé1d&aduy dus

(&2) o sletel
t — t; 17rs2 "“dud d
i1 /R/ |51\2|52|2 12

Bp(§) Rp(&2) ey
t —t; U dndérdés — 0
- /RQd/ \51\2!§2|2 S1ds

asn — oo.

(3.22)

The two following propositions show the convergence in probability of [pa > pe, %(ZGFn(y))kdy
Proposition 3.7. fRd Fo(y)%dy — Zf\il a?ag(ti —ti—1) in probability.

Proposition 3.8. [p. > 7% 5 4 (i0F,(y))*dy — 0 in probability.

11



Proof of Proposition 3.7. Note that
) N 1 nt; nt;
F,(y)°dy = aa‘/ / R,(Bs — By)dsdu,
/Rd " 7:7],2_1 ‘ ja(n)2 nti—1 Jntj_1 b ° “

when ¢ = j, Lemma 3.3 and 3.4 lead to

1 nt; nt; 5
— R,(Bs — By)dsdu — o(ti — ti—1)
a(n)Q /ntil /ntil v ° “ i ’
in probability as n — oo.
When i # j, by Lemma 3.6, we have

1 /nti /ntj
R,(Bs — By)dsdu — 0 3.23
a(n)2 nt;—1 Jntj_1 p( ) ( )

in probability as n — co. The proof is complete. [J

Proof of Proposition 3.8. We will use C for possibly different constants in the following estimation.
Recall that Fp(y) = Yo/, cigly Joi | @(Bs — y)ds, so we have |Fy(y)| < Ol [0' 16(Bs — y)|ds,
and thus

k
1
EFnykdySC’k/ / E d(Bs, — y)|}dsdy. 3.24
L BRI o atat o BT 1005 =) (3:24)
From now on, we use RH S to denote the RHS of (3.24). By change of variables u; = s; — s;_; for
i=1,...,k with sg =0, and \; = % for i = 2,...,k when z; is fixed, we have
RHS

CFE| i k
o Y I R RE o SRR § AR

=2 i=1

Ol Gllazty) Aty P 1 g2
=Nk 1 . = A2 iduyd\dzdy.
a(n)k /]de /Ri w+r, %Sn‘é‘(y) 2242 |, 42 g o 2 2 ujdAdzdy

When d > 3, note that [pq|@|(y + z)|y[>~?dy is uniformly bounded in z, so after integration

in xg,...,T9,y and Ag,...,Ar, we have RHS < C*Ekln=5+! where the factor n comes from the
integration in ;. This leads to

1 > 1
B( [ |3 q0F. ) dyl) < Y 100 0
Rt =3 ™ k=3 nz
as n — oQ.
When d = 2, we have
RHS <+ : T 1 Lo\ drdd
<o [ ] W+ ) i+ 0 [T 5L, ey Ay

12



. . k —X\; k
By integration by parts, we have W lefl | %1/\2‘%‘2 )\%e AMdX < Ty (1 + | log |2i]])-
2.

2n
Since ¢ is compactly supported, we know that x;,¢ = .,k are uniformly bounded. After

k
2

-1
integration in zy, . .., xa,y, we have RHS < CFk! (10% . So

k
1, > logn\2 "
B [ pomtal <X lcof (1) 0
k=3 " k=3

as n — 0o. The proof is complete. [J

Remark 3.9. In (3.25), if we choose a(n) = n? instead of a(n) = (nlog n)%, by the same calculation

we still have
lo

© 1 . 0 gnk_l
B( [ |3 5i@F.) iy < 30 ICOFEE o, (3.26)
Re g ™ k=3 n2

and this could be used in the proof for the degenerate Poissonian case when d = 2.

Recall (3.2), by using Propositions 3.7 and 3.8 and the Lebesgue dominated convergence theo-
rem, we have proved

o0 N
Bexp(i0Y)} = Blesp( | 3 25 (0F 1)) dn)} ~Efexp(~30* 3 adodt — ti-1))
k=2 =1

N (3.27)
=E{exp(ifoq Y  oi(Wy, — Wi,_,))}
i=1
when W; is a standard Brownian motion.
3.1.3 Gaussian case
When d = 1, by Proposition 3.1, we have
1 N 1 nt; nt;
E{exp(ifYy)} =E{exp(—=6? Z aiaj2/ / Ry(Bs — By)dsdu)}
2 ij=1 a’(n) nti—1 Jntj_1
1 N
SE{exp(—50°R,(0) Y aiey /R (Liy(@) = Loy, (@))(Le, (0) — Ly, (2))dw)} (3.28)
i,j=1
N
=E{exp(ifoqy Z ai(Zy, — Z1, 1)) }s
i=1
when Z; = [ Li(z)W (dx).
When d > 2, by Proposition 3.7, we have
1 N 1 nt; nt;
Blesp(i8Yy)} E{exp(—38* 3 iy / / Ry(Bs — By)dsdu)}
S ’I’Lti_ ntj_
b=t e (3.29)

N N
1 .
—>E{exp(—§92 g 203 (t; —ti1))} = E{exp(ifoy E a;(Wy, = Wi )},

i=1 i=1
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when W; is a standard Brownian motion.

3.2 Tightness
Proposition 3.10. X, (t) is tight in C([0, 1]).
Proof. Since X,(t) = a(n)~! OntV(BS)ds, then X,,(0) = 0. To prove tightness of X, by [,
Theorem 12.3], we only need to show

E{|X,(t) — Xn(s)|°} < Ot — s[**° (3.30)
for some constant 5,C,d > 0.

Consider d = 1. E{|X,(t) — X,(s)]*} = n=3 f[o,n(t—s)P E{R(By, — Bu,)}duidug. Since R is
bounded and compactly supported, we have

n(t—s) prn(t—s)
B{1X(1) ~ Xa(5)} < / / Bu, — Buy| < C)duidus

)du1 dUQ

t—s t—s C
N / / BN < ——2
\/n\ul—qu

t—s t—s ‘2
—C/ / / _Wdl‘duldUQ
|lz|< —=——= W — ﬁ
t—s t—s
<C/ —————duiduy < C(t — s)%
0 lu1 — g

\/_

For the case d > 2, we calculate the 4—th moment of X,,(t) — X, (s). When V(z) = V() is
Gaussian, we have

E{|1X,(t) = Xn(s)|'} = / > E{Ry(Br, — Br,)Ry(Br, — Br,)}du.
a(n)! Jjon@—syt =1
{ri}={w:}
When V(z) = Vy(z) is Poissonian, by Lemma A.2, we have

1
B0 - X)) < o [ > E{e}(B — Bul)oh (1B — Bnl)}du.
a(n)t Jion(—s)s
{rit={u}

where ¢ is a bounded, compactly supported function. The proof of Lemma 3.4 applies to ¢z (|x|)
replacing R,(z) in light of Remark 3.5. Since E{V2} < Ct?, in both cases we have E{|X,,(t) —
Xa(s)'} < C(t — 9)°.

In (3.30), when d = 1, we choose 8 =2, = % while when d > 2, we choose 8 = 4,6 = 1. The
proof is complete. [

1=

4 Degenerate case when d = 1,2

Recall that in the degenerate case d = 1,2, X,,(t) = n"z (;n V(Bs)ds, where V is either Gaussian or
Poissonian, and we make the key assumption that R(€)|¢|2 is integrable. Our goal is to show that

Xn(t) = oW, in C([0,1]) for standard Brownian motion W; and o = \/4 2m)—d fIRd &)|&|2d€.
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4.1 Gaussian case

To consider the finite dimensional distributions, we define Yy = sz\; 1 i (Xn(ti) — Xy (ti—1)) for
O=ty<t1 <...<ty<landao; €R,i=1,...,N, so Yy has mean zero and conditional variance

E{YZ|B,,s € [0,1]} = Z o — / / — B,)dsdu. (4.1)
nti—1 Jntj_

1,7=1

The convergence of E{Y%|B} — Zl La?o?(t; — t;_1) in probability is given by the proof of the
case d > 3 in Lemmas 3.3, 3.4 and 3.6.

The proof of tightness in C([0, 1]) is the same as in the case d > 3 in Proposition 3.10 so the
proof of Gaussian case is complete.

4.2 Poissonian case

If we define F,(y) = ZN 1 an"2 f;;t ¢(Bs — y)ds as in the Gaussian case, we combine Lemmas
3.3, 3.4 and 3.6 to show that

N
Fo(y 2dy — a%aQ t; —ti—1). 4.2
[ Ftoay =+ 3 ao%t — i (12)

To prove the convergence of the finite dimensional distributions, it suffices to show

/ > 0 (y) dy = 0 (4.3)
Rd 3 .

in probability. However, it turns out that a direct proof of (4.3) also involves a tightness result.
Instead, we apply Kipnis-Varadhan’s approach involving solving a corrector equation and a mar-
tingale approximation. It turns out the results in [5] already contain our special case. We briefly
recall their results and prove the required assumption holds in our context.

The following Proposition comes from [5, Theorem 1.8, Corollary 1.9].

Proposition 4.1. Let y(t) be a Markov process, reversible with respect to a probability measure T,
and let us suppose that the reversible stationary process P with m as invariant measure is ergodic. Let
V be a function on the state space in L*(w) satisfying [, Vdr =0 and the condition (—L~'V,V) <
oo with ( ) denoting the inner product in L?(w) and L the infinitesimal generator of the process.

Let X(t fo ))ds, then \}X(nt) satisfies a functional central limit theorem relative to P

and the lzmu‘mg variance 0% = 2(—L71V, V).

In the following, we present a setup of Brownian motion in random scenery borrowed from [6,
Section 9.3], to which Proposition 4.1 can be applied.

Let (2, F,m) be a probability space associated with a group of measure-preserving transforma-
tions {7,z € R%}, i.e, o7, = 7 for all 2 € R%. Furthermore, its action is ergodic and stochastically
continuous, i.e.,

15



1. 7{A} =0 or 1 for any event A such that 7{A A 7,(A)} =0 for all z € R and

2. for any 6 > 0 and G bounded we have

lim m7{w : |G(Thw) — G(w)| > §} = 0. (4.4)
h—0
The probability space (€, F,m) satisfying the above assumption is called random medium.

For any f € L?*(n), let T,f(w) = f(rew). The family {T,,z € R?%} forms a d—parameter
group of unitary operators on L?(r), and stochastic continuity implies that the group is strongly
continuous. The generators of the group {7,z € R?} correspond to differentiation (in L?(r)) in
the canonical directions e and are denoted by {Dy,k=1,...,d}.

Since {T}, 2 € R4} is strongly continuous, by spectral theory we have
T, = / ST (de) (4.5)
Rd

with U(d€) the associated projection valued measure. Let L = %Zzzl D? and V € L?() satisfies
fQ Vdr =0 and (—L7'V,V) < co. By the spectral representation, we have

L 1=2 “2U(df). 4.6
[ vt (16)
Let Rv(f) be the power spectrum associated with V, i.e.,
Ry(§)d¢ = (2m) (U (d€)V, V), (4.7)
and we obtain that
2 R
(—-L7'V,V) / 1| 72U(dE)V, V) = Ok /Rd &"(f)dg. (4.8)

Therefore, the condition that (—L~1V,V) < oo is equivalent with the integrability of Ry(&)|¢]~2
On the other hand, by defining V(z) = V(7_,w), we obtain that

Ra) = BV(=a)VO} = (TV.V) = [ & 0@V.Y) = g7 | @ Re©de. (49

1
(2m)d
so R(€) = Ry(&).

Now if we consider a stationary ergodic random scenery V( ) = ( W), the Brownian motion
in random scenery with property scaling is X, ( f = % f (y¥)ds with
Ys = T_BWw, (4.10)

and we only have to prove the environment process y% satisfies the assumptions in Proposition
4.1 and the Poissonian random potential lives indeed on a random medium. In the following, we
denote the probability only with respect to Brownian motion by Pp.
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Lemma 4.2. y¥ is a stationary, ergodic Markov process taking values in €1, reversible with respect
to the invariant measure 7.

Proof. Since 7, is a group of transformations, we have 7_p,w = 7_(p,_p,)T-B,w, and by the
independence of increments of Brownian motion, y¥ is Markov.

Now we show y¥ is reversible with respect to m by proving

[ wdoPat € a2 = [ wdoPa(p < A (4.11)
A Az

for any Aq, Ay € F. Actually, we have
/ r(d)Pa(yY € Ay) = / / Lo Lr e nyqi(z)dom(dw), (4.12)
A1 Q JR4
/ m(dw)Pp(yy € A1) = / / loea,lr wea, qe(z)drm(dw). (4.13)
Ay Q JRrd

Using measure-preserving property of 7, and the fact that ¢;(z) = ¢;(—x), (4.11) is proved.

Since y¥ is reversible with respect to 7, 7 is an invariant measure. Furthermore, y% starts from
its invariant measure, so it is stationary.

For ergodicity, we only need to show that if A € F such that Pp(y¥ € A) = 1,e4 for all s >0,
then m(A) = 0 or 1. Actually, Pp(y¥ € A) = fRd 1 weaqs(z)dx = 1,c4 implies 17 _yea = lyea
for all z € R?, since ¢s(x) > 0,Vz € R%. By the ergodicity of 7., we have 7(A) = 0 or 1. [

The infinitesimal generator of y¥ is given by L. For detailed proof, we refer to [6, Proposition
9.8].
Next, we show that the Poissonian potential fits the framework of random medium.

Let w = w(dy) be a Poissonian field in R? with Lebesgue measure dy as its intensity, we can
write it as

wldy) = 3 0, (d) (414

where §,(dy) is the Dirac delta measure at z, {£;} is the Poisson point process with 7 being its law. If
w(A) denotes the number of points in {&;} that fall inside A, we have 7(w(A) = n) = e~ 14| A" (n!)~1
with |A| the Lebesgue measure of A.

The group of transformation {7,z € R?} acts on w = w(dy) € Q as

(r2t0)(dy) = Y Bove, (), (4.15)

and we have the following standard result:

Lemma 4.3. {7,z € R?} is measure-preserving, ergodic and stochastically continuous in the
following sense:

1. moty =7 for all x € RY, where 7o 7, is the law of Poisson point process {& + =}
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2. any f € L?(r) that satisfies f(mzw) = f(w) for all x € R has to be a contant.

3. for any 6 > 0 and G bounded, we have limy_,o 7(w : |G(Thw) — G(w)| > §) = 0.

Proof. For the measure-preserving property, since the Laplace functional characterize the Poisson
point process, for any positive smooth test function of compact support f, we consider

E{e™ Jad FW)(rew)(dy)y — exp(/ (e 7@ _ 1)dy) _exp(/ (=7 —1)dy)
R4 Rd (4.16)
—E{e” Jra f(y)w(dy)}7

SO MO T, =T.

For ergodicity, if AN B = ), w(A) and w(B) are independent, so mixing property implies
ergodicity.

For stochastic continuity, by approximation, we can assume that
Gw)=6(| "n@wldz),..., | on(z)w(dr))
R? R¢

for some test functions G, ¢;, hence we only need to show that [pq ¢i(z)(Thw)(dz) = [ga di(x)w(dx)
in L?(n), and this comes from the fact that

2
E{ </Rd ¢i(x)(Thw) (dz) — e ¢i($)w(d$)> t= /Rd(éf?i(:z +h) — ¢i(x))*dz — 0 (4.17)
as h — 0. O

To summarize, we could apply Proposition 4.1 to V(w) = [p4 ¢(—y)w(dy), which leads to
V(z) = V(T_pw) = [pa #(x — y)w(dy). We only need to recall (4.8) that

> o iy 4 Ry(§) ., 4 R(¢)
=L = o [ = G L e (4.18)

to complete the proof.

Remark 4.4. We point out that by martingale approximation, the results obtained in [5] is stronger
than annealed convergence. It is weak convergence in measure, see [5, Remark (1.10)].

Remark 4.5. When d = 2, by Remark 3.9, we could derive (4.3) and prove the convergence of the
finite dimensional distributions in the Poissonian case by the method of characteristic functions.
When d = 1, the estimation turns out to be more involved and our method does not lead to (4.3). In
both cases, the proof of tightness as in Proposition 3.10 fails to hold. To use the same fourth moment

method, for technical reasons we need the more restrictive condition that |$(€)||€]72 = / R(€)|€| 2
is integrable.

5 Conclusions and discussions

In this paper, we have proved an invariance principle for Brownian motion in a Gaussian or Poisso-
nian scenery in all dimension. The result is consistent with the discrete case [4, 2] and other types
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of potentials in the continuous case [9, 5. Our main contribution is the non-degenerate case d = 2,
where a logarithm scaling shows up and the functional central limit theorem for martingale can not
be applied as in [5]. It is natural to expect the invariance principle to hold as long as the random
scenery is sufficiently mixing, e.g. in our case, the covariance function R(x) is compactly supported.
In the non-degenerate case, when d = 1, the limit is of the form [, L;(x)W (dx) for Brownian local
time Li(z) and independent white noise W (dz), and when d > 2, the limit is Brownian motion.
However, as observed in [3], when the random scenery is long-range correlated, such convergence
does not hold and depending on the tail of covariance function, we need to choose different scaling
factors.

In the degenerate case, i.e., R(O) = 0 with I%({)\ﬂ_? integrable when d = 1,2, we have derived
the limits with scaling factor n~2. The results are essentially the same as in d > 3 and all
directly come from [5], since under the general assumption of stationarity and ergodicity, the only
requirement for their result to hold is the finiteness of asymptotic variance, i.e., integrability of
R(€)|€|72. Brownian motion turns out to be the limit for d = 1 as well.
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A Technical lemmas

Lemma A.1. Assume d = 2,a > 2,¢ > 0. Then we have the following inequalities

1 1
/ < |\/> |a> “Og|y‘|dy 5 E—i_alogn? (Al)

1 1 1
1A 1 dy < —+4—|1 —1 1 A2
L (18 m e ) oelullay %+ Mioglall+ Jhogntp, (A2
1 1 1
lo dy < —+ —|lo + —1 1 c, A3
/|,‘ glylldy S o+ lloglall + lognl, e, (A3
1 1 1 1
1A loglylldy < —+ —|log|z|| + —lognl_ _ 2, A4
[y, (1 T ) sttty 5 Cot Cioslel+ hogntcge, (8
/11 | ||<1A ) Hog uld
oglr—y og |yllay
R2 |\/> |a (A5)
1
<— —t logn—&-—]log\xH—F logn\log]wH—i— (log\x]) (logn)zl‘zkﬁ

Proof. For the first inequality, we have

1A log |y||dy = — /rlogrdr+/ log r|dr,
[ (18 e log ~ogr]
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and by integrations by parts, we have — fo rlogrdr <+ ~logn and . fi Lo logr|dr < 11+
n2 \/ﬁ T n
logn).

For the other inequalities, they are all in the form of convolutions and are proved in a similar
way. We only present the proof for the second one. We have

/( Vn(z — )I)“Og!y\ldy—() (1),

where

(1 = / | log ]|y,
lz—y|<—==

)
1 1
an = & / L loglyldy.
|z y|>% |$ _y|

Let p = |z[, and define B(z,r) = {y : [z —y[ <7}, (i) = {y : |y| < |y —=[} (@) = {y :
ly| > |y — z|}. We divide R? into three disjoint parts, A; = B(0,p) (i), A2 = B(z, p) (i), and
Az =R\ (A1 | As).

For (I), wheny € Ay, [y—x| > £,s0p < T and [, |loglylldy < J¢ Nog rlrdr = p?(3— 3 log p),
so we have fA1 |log |y||dy < l(1—|—10gn) <z . When y € Az, 2p > |y| > £, s0|log|y|| < 1+]logp],

thus [, |loglylldy < 5 (1 + [logpl). When | y € Az, p <yl <2ly—x| < 3, 50 [, [loglylldy <
2

n

fpﬁ r|logr|dr < %(1 + log nlpg%). Therefore, we have shown that

1

(I) < E(1+\logp\+logn1p<\2ﬁ).

For (II), by asimilar discussion, when y € Ay, |[z—y| > 2, s0if p > 1, =+ S —L=|log |y||dy <
2 n?2 Ay ‘x yl ~

Pr|logr|dr S X, else if p € (\f’ 1], we have ni%fAl ﬁ]logmﬂdy < (1 + |logp|), and
for the last case p < =, we have n—% Ja, ﬁ\ log |y||dy < f|y|<p\log lylldy < (1 +logn1p§%).
When y € Ay, [loglyl| < 1+ [logpl, so = [, ﬁ\leglylldy S (14 |logpl). When y € 43,
|log |y|| < 14 |log |z —yl||, so we only need to estlmate - —1 (1+ |logr|)dr. Following the

o0
s Jov s
same discussion as in Aj, and considering the dlﬁerent cases p>1,12>p> \/15 and f > p, we
can show ni% fpo\fﬁ —=1 (14 [logr|)dr < (1 + |log p| + log nlpgﬁ)' Therefore, we have obtained
that 1

(II) < ﬁ(l + | log p| + lognlpgﬁ).

The proof is complete. [

Lemma A.2. Let V(z) be a mean zero stationary random field with E{V (x)%} < oo satisfying the
mixing property (2.3) with positive, non-increasing mizing coefficient ¢. Then we have

E{V(@)V(@)V(@)V(@)} <C Y o2y — 1)ez(ys — wmDE{V(2)®}s.  (A6)
{yp}={=x}
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Thus, (A.6) holds for the Poissonian potential V(z) = [pa ¢(x — y)w(dy) — ¢, when ¢ is contin-
wous and compactly supported, and the mixing coefficient ¢ could be chosen as some continuous,
compactly supported function as well.

Proof. Let y; and yo be two points in {xj}i1<p<a such that d(yi,y2) > d(x;,x;) for all 1 <

i,j < 4 and such that d(y1,{y3,ya}) < d(y2,{y3,ya}), where {yr}1<r<a = {Tr}1<k<a. We assume
d(ys,y1) < d(ys,y1). Therefore by (2.3), we have

€ = [E{V (21)V (22)V (w3)V (24)} < (2lw1 — usD) ELV (1) 212 (B{(V (52)V (w3)V (a)*}) 2.

The last two terms are bounded by E{V(w)G}% and E{V(w)ﬁ}% respectively. Because o(r) is
decaying in (0,00), we have & < ¢(|ly1 — y3|)E{V(ac)6}%. On the other hand, if y4 is (one of) the
closest point(s) to y2, the same argument shows that £ < ¢(Jya — y4|)E{V(x)6}%. Otherwise, ys
is the closest point to ys, and we find € < p(2|y2 — y3’)E{V(I‘)6}§. However, by construction, we
have

[NIE

2 — yal < ly1 — w2l < ly1 —ysl + ly2 — s < 2ly2 —y3l,
so we still have & < ¢(|y2 — y4])E{V(x)6}%. To summarize, we have
1 1 2
€ < ¢2(ly1 — w3l (ly2 — ma)E{V (2)°}3,

and this completes the proof. [
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