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Abstract

The paper studies an inventory model for deteriorating items when demand for the item is dependent on the
selling price. Shortages are allowed and backlogged, and price inflation is taken into consideration. Further,
it is assumed that the supplier permits the inventory manager to settle his accounts within a given specified
time period. Numerical examples are cited to illustrate the model and to study the sensitivity of the model
to change in model parameters.
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1. Introduction

In classical inventory models it is generally assumed that the inventory manager settles
his account with the supplier as soon as the ordered quantity arrives. However, in today’s
business transactions it is frequently observed that the supplier allows his customer a
grace period within which he can repay his dues without having to pay any interest, or
may delay the payment beyond the permitted time in which case interest is charged.
Since, before settling the account with the supplier, the inventory manager can sell the
goods, accumulate revenue and earn interest, it makes economic sense for the manager to
delay the settlement of his account to the last day of the permissible settlement period.
Goyal (1985) first developed an EOQ model under the condition of permissible delay in
payments. Shinn et al. (1996) extended the model by considering quantity discount for
freight cost. Aggarwal and Jaggi (1995) and Hwang and Shinn (1997) extended Goyal’s
model to consider deterministic inventory model with constant rate of deterioration. Later
Jamal et al. (1997) extended Aggarwal and Jaggi’s model to allow for shortages. Pal and
Ghosh (2006, 2007) studied deterministic inventory models with quantity dependent
permissible delay period. Shah and Shah (1998) developed probabilistic inventory model
for deteriorating items when delay in payment is permitted. Ghosh (2008) investigated a
stochastic inventory model with stock dependent demand under conditions of permissible
delay in payments.
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The above models were developed under the assumption that inflation does not play a
significant role on the inventory policy. However, from financial point of view, one may
consider an inventory to be a capital investment, and, as such, it should compete with
other assets for an organization’s limited capital fund. It is, therefore, important to
investigate how time-value of money influences various inventory policies. The first
study in this direction has been reported by Buzacott (1975), who considered EOQ model
with inflation, subject to different types of pricing policies. Misra (1979) developed a
discounted-cost model and included internal (company) and external (general economy)
inflation rates for various costs associated with an inventory system. Sarker and Pan
(1994) surveyed the effects of inflation and the time value of money on order quantity
with finite replenishment rate. Some studies were also conducted with variable demand,
see, for example, Uthayakumar and Geetha (2009), Maity (2010), Vrat and Padmanabhan
(1990), Datta and Pal (1991), Hariga (1995), Hariga and Ben-Daya (1996) and Chung
(2003).

In this paper, we consider a dynamic inventory model for deteriorating items allowing
shortages and under inflation, when demand is price dependent and the inventory
manager enjoys a fixed permissible delay in payment. The paper is organized as follows.
In section 2, we analyze the model. In section 3, examples are cited and a sensitivity
analysis of the model is carried out. Finally, in section 4, a discussion on the model is
given.

2. The Mathematical Model and Its Analysis
The following notations have been used in the study:
H : The finite planning horizon

r : The constant inflation rate, 0 <r <1

p(®)  : The selling price at time ¢, p(0) =p

R(#)  : The price dependent demand rate at time ¢

0 : The constant deterioration rate

M : The permissible delay in payment

I, : The interest charged per unit of money per annum by the supplier

I, : The interest earned per unit of money per annum

T : Length of a replenishment cycle

T, . Time to exhaust stock within a replenishment cycle, 0 <7<T

A : The ordering cost per order at time ¢ =0

c : Purchase cost per unit at time =0

1 : Fraction of the purchase cost per unit defining the holding cost per unit per
annum

S : shortage cost per unit per annum at time ¢ =0
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The demand rate at time ¢ is given by

R(t)=a—bpe”, t< llog(iJ
r

bp
=0, for t > llog[i],
r bp

wherea,b > 0..

We take the length H of the planning horizon to be such that the demand rate at the end

of the planning horizon remains non-negative, that is, H < llog(bij. This may also be
r P

ensured by taking a ~>b .

We assume that the planning horizon is divided into # reorder intervals of length 7, so
that we have H =nT. Further, the costs and selling price during a reorder cycle is
assumed to remain the same as that at the beginning of the cycle. Thus, the price in the s”
cycle is given by pe’*™ | and hence the demand rate is

R(t)=a —bpe"(H)T,(s -DT <t<sT,1<s<n.

The inventory policy is to place an order at the beginning of each reorder interval, and the
order quantity is just sufficient to meet the backorders in the previous period and the
demand during the first 77 units of time in the current period.

Let, /,(¢) denote the inventory level at time point # in the s” cycle, 1<s<n. Since depletion
of stock occurs owing to demand and deterioration, the following differential equations
define transitions in inventory:

d ,(¢)

T+l913(t)=—a+bpe"(s_l)T, 0<t<T1<s<nm
¢
dl (¢
Sd;l()=—a+lwe’(s‘1)T,T1 <t<T1<s<n
¢

whereIS(Tl): 0, forl<s<n.

Solving the differential equations, we get
D o(1,~)
Is(t)z 7(1—e ! ) 0<t<T,I<s<nm
D,(t-T), T, <t<T]l<s<n,

where D, = —a + bpe’ 1T

The different costs incurred during the planning horizon are as follows:
(1) Total ordering cost:
Ay(T,T)= A+ Ae'T +-+ Ae’" T
rH
e —1

=4
e’ —1
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(i1) Total purchasing cost:

C,(T.T)=cl,(0)+ce” [11 (0)+

2 — N

T
(a—bp)dt]+...+06r(n—l)T (I,,_z (0)+J'(a_bper(n—l)T)dt]
c erH -1 eer -1 eVH—VT -1 leH—ZrT -1
:g(eﬂl —l(a T -bp er_JJFC(T_Tl{a T —bp T J
e e e

(ii1) Total holding cost:
T T
Ky (T.T) = Ic | 1,(0)dt + Iee'” [1,(e)dt +--+Ice”™™ T 1 (¢)dt
0 0

Ic ( o e -1 e -1
=?(e _HTI_I(aerT l_bpem—l

(iv) Total deterioration cost:

7 7 5
D, (T.T)) = 6c[1,(t)dt + bce’™ [1,(¢)dt +--+6ce’ " |1 (¢)dt
0 0 0

(v) Total shortage cost:
Sy (1.1 = =s(1y(T)+ e 1,(T) + -+ "1 (7))

erH _1 leH _1
:S(T_Tl{a o7 l_bp 2T _1

(v) Total selling price:
T

Py(T.T)) = p?(a —bp)dt + pe”T(I(a —bpe'” )dt—lo(T)J
0 0

T
et per(nl)T( I (a — bper(nil)T )dt - ]n72 (T)]

0

erH _1 leH _1 . erHﬂ’T _1 e2rH72rT _1
:pTl[a o7 —bp — — pe (T—T1 a e —bp e

-1 e’ -1

(vi) Total interest earned:

Since the inventory manager can earn revenue by selling his goods when M < T,, we have

IE(T, Ty) = total interest earned during (0, H)
T

7
= pl, [(a—bp T, —t)dt + pIe” f(a —bpe'” XTI —t)dt
0 0
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I
+ot p]eer(”_l)T j(a — bpe 1 XTI —t)dt, when M <T,
0

=0, when M >T,

T2 rH _1 2rH _1
:p]e#(aeﬁ 1 —bpem 1 ,when M <T,
e’ — e’ —

when M =1,

(vii) Total interest payable:

T T T
1P, (T,T) = eI, [1,(t)de + e [1,(e)dt + -+l "7 (1 (e)de
M M M

J rH 2rH
:%(ee(ﬂ—M) _g(T1 —M)—l{a Z’T 11—bp erT _ll}whenM <T

el [Zj(a b\, — ) + ;(a bp )M —t)dtj
+clre"T(?(a —bpe'” XTI —t)dt + j(a —bpe'” XM —t)dtj

7 M
+..t clrer(”_l)r [ jl(a B bper(”_l)r XTI —t)dt + j(a = bper("_l)r XM - t)dt]
0 i

rH 2rH 2 2
- -1\ T M -T,
:clr(aeT l—bpeZT 1J[L+u ],WhenMZTl.
e -1 e’ — 2

1)\ 2

Hence, the total profit made in the interval [0, H] is:

cM(r,1,)=CM(T,T;), for M <T,

=CY(T,T;), for M > T;,
where

2

€Y (1. 1) =10+ pl, 2= (e -, —1I - C)—ﬂ(e“”‘M’—H(TI -M)-1)

0> 60) 0
VH _1 2rH -1
1) e ) oo
e
eerrT -1 leH72rT -1 erH -1
T-T, — b - A
( )(C+p€ ( erT_l P leT_l j rT_l
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rH 2rH
e (00, b)) - 1)- S e ) 0
0 0 et

rH—rT 2rH-2rT rH
-1 e -1 e’ -1
—(T-T)c+pe’™| a -b

Lemma 1: Both CIM (T ,Tl) and Cé” (T ,Tl) are decreasing function of / and s, for fixed
T 1 and T.

Proof: We have,
M rH 2rH
AR e
e e’ —

ol o "= !
%}Tw”:_e_i(ﬂ T, —1{a Zi :; ~bp Zi: :DSO
and,

%:_(r—z){aij—bpii :330
%:_(T—Tl)(aii ::—bpirz ::jgo

Thus, the total profit decreases with increase in the inventory holding cost and the
shortage cost.

Lemma2: C} (7,7;) and C;!(T,T,) are both concave in T}, for given T.
Proof: We have

82C1M (T;,T)__(a erH _1 b eZVH _1

T2
oT? T_1 P57 ljﬁ(cem (I +2)+cl "™ —p]e)ﬁ 0, since
i e’ — e’ —

rH 2rH
(aeﬂ ll—bpezﬂ :)20 and (ceeT (I+2)+cl e’ "™ —p]e)z(),
e’ — e’ —

Hence C"(T;,T) is a concave function of T}, for given T.
Similarly it can be shown that C2* (7}, T is concave in T, for given T.

The optimal values of (7},T) are obtained so as to maximize C" (T1 ,T )

588 Pak.j.stat.oper.res. Vol. Vill No.3 2012 pp583-592



An Inventory Model for Deteriorating Items with Permissible Delayin Payment and Inflation Under ..........

It may be noted that the optimal values of (7;,7)maximizing C, (TI,T ) satisfy
oC (T,Ty) oC (T, 1)
o7, oT

=0and =0, which reduce to the following equations:

- erH—rT _1 leH—ZrT _1
c+pe’ ) a -b
( p )( erT -1 P leT -1 j

1
c(2+1re_9M +5)€HTI -pl, T, —(cl, +p+s)=

2.1)
. rH=rT | 1T 1)+ rH—rT -1 T rH—rT ( 2rT 1)+ 2rH-2rT -1 2rT

(T—T])(c+pe T{a e (e (erT) _(f)z )re —2rbpe (e (eZ)rT (_61)2 )e ]_
2

(o7, + L~ - e o, —1{é—§+§j—%(e9w) -6(T, - M)~1)-s(T-T;)

rH 1 2rH

_g(eﬂl - 1)] [a(:ﬂ—_l)zreﬂ bpﬁbﬁem} - (c + perT)x

rH—rT 2rH-2rT rH—-rT 2rH-2rT
e -1 e -1 , e -1 e -1
a—r ~bp—7 -preT(T—Tl a—, ~bp—7
e —1 e e -1

- 1 e
-1
erH -1 ) erH -1 leH -1

—A——re"]|a —bp =s. (2.2)

(e,T . 1)2 erT -1 leT -1

. . L " .. ocM(T,T)
Similarly, the optimal values of (7},7) maximizing C, (T1 , T )satlsfy —ar =0
1
M
andw =0, which reduce to the following equations:
p+s—cll, (M —1)—1—§]+CT1(1+0)—C€6T1 (2+é+1re_9Mj
(a T _bp p2H-2rT _ IJ
rT 2rT
-1 -1

) ¢ 2.3)
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2 2
[[dr[“—+w}(e% - s )+ 05 -00)-)

2 2 o2 0

+s(T - Tl)+%(e”1 - l)j[a(:’f—_l}re” —bp(:j:—_l}2remj —(c+ pe” )x

B )

o[ Tt e )
_A(ee:’__—llzrew](aii:ll—bpii ::J_l _s. 2.4)

4. Numerical Examples

Example 1: Suppose 4 = Rs. 250, c=Rs. 20, p=Rs. 24, s =Re 0.1, I= 0.1, [=.12, ,=.15,
r=.02, =.02, M =0.1 year, H =4 years, a=2000, b= 0.1.

Using the software MATLAB, we get the following output:

For M <T,,
Tiopi= 0.226, Top=0.433 and max CY (T,T)=28879.11
For M >T,,
Tiop = 0.098, Top=0.443 and max C (T, T) = 28060.3 .
Hence, the optimal solution is 77=0.226, 7= 0.433, and cM (T1 ,T) =28879.11.

Example 2: Suppose 4=250, c=Rs. 20, p=Rs. 25, s =Re 0.1, I= 0.1, I.=.12, [=.15, r =
0.15, 6= 0.4, M =0.1 year, H =2 years, a=2000, b= 0.1.

MATLAB output is:
For M <T,, Tiop= 0.01, Top=0.395 and max C,” (7,,T)=21067.82;

For M > T, Tiop= 0.002, Top=0.393 and max C.' (T},T)=21073.55.

Hence, the optimal solution is 7)=0.002, 7=0.393, and C" (T},T)=21073.55.
Example 3: The following tables show the change in the optimal values of 7} and 7 with

change in the model parameters H, M, r, p and 6. We take 4= Rs. 250, c= Rs. 20, s= Re
0.1, /=0.1, 1,=0.12, [,=.15, a=2000, b=0.1.
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Tablel: p=Rs.25, r=.02,0=.02.
H M=0.01 M=0.05 M=0.1 M=0.3 M=0.6
T T Profit T T Profit T, T Profit T T Profit T T Profit
0.8 1 0294 | 0.294 | 8413.3 | 0.298 | 0.298 | 8630.3 | 0.311 | 0.311 | 8857.7 | 0.423 | 0.423 | 9405.8 | 0.675 | 0.675 | 9730.6
1.0 | 0.294 | 0.294 | 8430.2 | 0.298 | 0.298 | 8647.6 | 0.311 | 0.311 | 8875.5 | 0.423 | 0.423 | 9424.7 | 0.675 | 0.675 | 9750.2
20 | 0271 | 0299 | 8522.5 | 0.298 | 0.298 | 8735.0 | 0.311 | 0.311 | 8965.2 | 0.423 | 0.423 | 9519.9 | 0.675 | 0.675 | 9848.7
4.0 | 0.165 | 0.394 | 9002.0 | 0.206 | 0.388 | 9100.9 | 0.256 | 0.379 | 9227.4 | 0.423 | 0423 | 97142 | 0.675 | 0.675 | 10050
6.0 | 0.124 | 0.513 | 9460.2 | 0.165 | 0.505 | 9517.2 | 0.217 | 0.495 | 9590.8 | 0.420 | 0.434 | 99142 | 0.675 | 0.675 | 10256
Table2: p=Rs. 25, H=2, M= 0.01
r 6=0.02 6=0.08 0=0.15 0=0.2 6=0.4
T, T Profit T T Profit T T Profit T, T Profit T T Profit
0.02 | 0.271 | 0.299 | 8522.5 | 0.132 | 0.265 | 8210.5 | 0.083 | 0.255 | 8090 0.065 | 0.251 | 8046 0.036 | 0.246 | 7968.8
0.05 | 0.217 | 0.309 | 8816.1 | 0.109 | 0.286 | 8615.9 | 0.069 | 0.278 | 8537.3 | 0.055 | 0.275 | 8508.5 | 0.030 | 0.271 | 8457.7
0.08 | 0.163 | 0.327 | 9201.4 | 0.084 | 0.312 | 9091.2 | 0.054 | 0.307 | 9047.4 | 0.043 | 0.305 | 9031.3 | 0.024 | 0.302 | 9002.8
0.10 | 0.125 | 0.344 | 9516.1 | 0.065 | 0.334 | 9452.7 | 0.042 | 0.330 | 9427.4 | 0.033 | 0.329 | 9418.1 | 0.018 | 0.326 | 9401.6
0.12 | 0.085 | 0.364 | 9882.4 | 0.045 | 0.357 | 9854.1 | 0.029 | 0.355 | 9842.7 | 0.023 | 0.354 | 9838.6 | 0.013 | 0.353 | 9831.1
0.15 | 0.019 | 0.396 | 10539 | 0.010 | 0.395 | 10538 | 0.010 | 0.395 | 10537 | 0.003 | 0.394 | 10537 | 0.002 | 0.393 | 10537
0.20 | 0.010 | 0.463 | 11850 | 0.004 | 0.460 | 11866 | 0.004 | 0.46 11866 | 0.004 | 0.460 | 11866 | 0.004 | 0.460 | 11866
Table 3: =.02, H=4,0 =.02
M P=22 P=24 P=26 P=28 P=30
T, T Profit T, T Profit T, T Profit T, T Profit T, T Profit
0.01 | 0.077 | 0.721 | 3359.0 | 0.137 | 0.446 | 7058.1 | 0.194 | 0.361 | 10985 | 0.260 | 0.326 | 15051 | 0.322 | 0.322 | 19241
0.05 | 0.114 | 0.717 | 3381.5 | 0.177 | 0.441 | 7129.5 | 0.236 | 0.355 | 11114 | 0.305 | 0.319 | 15246 | 0.327 | 0.327 | 19468
0.10 | 0.161 | 0.713 | 3408.8 | 0.226 | 0.433 | 7219.8 | 0.287 | 0.345 | 11280 | 0.328 | 0.328 | 15483 | 0.341 | 0.341 | 19709
0.30 | 0.350 | 0.706 | 3506.0 | 0.416 | 0.416 | 7591.6 | 0.430 | 0.430 | 11837 | 0.446 | 0.446 | 16085 | 0.464 | 0.464 | 20336
0.50 | 0.539 | 0.716 | 3583.4 | 0.576 | 0.576 | 7831.7 | 0.596 | 0.596 | 12111 | 0.618 | 0.618 | 16393 | 0.642 | 0.642 | 20680

From the above tables we have the following observations:

(1)
(i)

(iii)

(iv)
v)

As M increases T increases.

As H increases 7 decreases.

As fincreases, both 77 and T decrease.

As p increases, both 7} and 7 increase

Conclusion

As rincreases T decreases, but T increases.

The paper studies a dynamic inventory model for deteriorating items. The demand for the
item is dependent on the selling price and unmet demand is backlogged. The
replenishment source allows the inventory manager a certain fixed period of time to settle
his accounts. No interest is charged during this period, but beyond it the manager has to
pay an interest. The effect of inflation on various costs is also taken into consideration.
The optimum ordering policy is determined by maximizing the total profit over the
planning horizon.
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