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AN INVERSE BOUNDARY VALUE PROBLEM FOR
SCHRODINGER OPERATORS WITH VECTOR POTENTIALS

ZIQI SUN

ABSTRACT. We consider the Schrédinger operator for a magnetic potential A
and an electric potential ¢, which are supported in a bounded domain in R”
with n > 3. We prove that knowledge of the Dirichlet to Neumann map
associated to the Schrodinger operator determines the magnetic field rot(Ad)
and the electric potential ¢ simultaneously, provided rot(/f) is small in the
L°° topology.

1. INTRODUCTION

In this paper we consider the Schrodinger operator

n 2
.0
(1.1) HA‘,q=Z(_’5'—‘, +Aj(x)) +q(x),
j=1 *)
where x = (X1, X3,...,xy) € R", n > 2, i = v—1. The vector function
A=(A,, A2, ..., A,) is the magnetic potential and the scalar function g is the

electric potential. We assume that A4; € WhHeoRY, 1< j<n, ge L2R"),
and that they are real-valued.

Let Q be a bounded domain in R” with smooth boundary. If zero is not a
Dirichlet eigenvalue of (1.1) on Q, then for any boundary value f € H'/?(0Q)
there exists a unique solution u € H!(Q) which solves

(1.2) HA~yqu=O in and Ulpa = 1.

Variational principles show that the solution u in (1.2) can be obtained by
minimizing the functional

(1.3) 1A<,q(w)=/Q(Vu;vm(A”Z+q)wm+iA”-(wV‘w—EVw))dx

over functions w with w|yq = f in H'(Q). More precisely,

1.4 I (w)= 1inf I, (w).
(14) 7.4 weH'(Q) o)
who=r
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954 ZIQI SUN

In terms of boundary value f, the functional I i.q can be expressed also as
I; (0= | TA; (Nds,
a0

where the operator A; , mapping H'2(8Q) into H-1/2(8Q), is defined as

(1.5) Apf— ou +i(d-N)f, feH256Q),

ON|,q

with u solution of (1.2) and N the outer normal on 9Q.
The operator A ; , which is the main subject of this paper, is called the
Dirichlet to Neumann map of H; 4 on 0€Q. In this paper we assume that

suppA , suppg C Q. Thus in this case

(16) Ap(f)=o%

When Q is given, the Dirichlet to Neumann map A ; g is uniquely deter-

mined by H; , i.e., by potentials A and ¢. The problem under discussion
in this paper is whether the converse is true. More specifically, we ask whether
the potentials A4 and g are uniquely determined by A i A resolution to
this problem would have important applications to the problem of the inverse
scattering at fixed energy. On the other hand, inverse boundary value problems
for general elliptic operators are of independent interest. Our study is partly
devoted to understand exactly what the Dirichlet to Neumann map does deter-
mine if an elliptic operator involves a first-order term. One shall note that a
selfadjoint elliptic operator of second order with A as its principal symbol can
always be written as a Schrodinger operator with vector potentials.

In recent years significant progress has been made on this problem in the
case of A = 0. It has been shown that in dimension n > 3, an L potential
g is uniquely determined by the Dirichlet to Neumann map A, [NSU]. The
L>® hypothesis on g can even be relaxed to L* with s > n/2 [Ch] and to
L"/2 [LN], and the smoothness assumption on 9 can be relaxed to C!-!
[N]. It has also been shown that in dimension n =2, a W! > potential g is
uniquely determined by A, provided g is close to zero [SU-II] and close to
“most potentials” [SuU-I]. More recently, it has been shown that singularities
of an arbitrary two-dimensional potential ¢ are uniquely determined by A,
[SuU-II). We refer readers to [C, KV-I, KV-II, SU-I, A, I}, and [Su-I] for results
on the inverse isotropic conductivity problem which is closely related to the
problem discussed here and to [NH, N, R], and [W] for applications to inverse
scattering.

In the case of A # 0, however, there is an obstruction to umqueness In fact
a change of the magnetic potential A toits gauge equivalence A=A+ Vg for
some g € W with g =9g/8N =0 on 3Q would not change the Dirichlet
to Neumann map A i Indeed, it is a straightforward computation to show

that replacing A by A in (1.1) 1s equivalent to replacing the solution u in
(1.2) by ' = ue™'8. Since u’ carries the same boundary value and the normal

derivative as u, it follows that A 4 0= Ay .
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SCHRODINGER OPERATORS WITH VECTOR POTENTIALS 955

It is easy to see that the above gauge transformation A— A preserves the
rotation rot(A4) = rot(A4’), where

rot(4) = Z (% gi ) dxj Adx.

0x;
jil=1 J

Physically, rot(A*) is called the magnetic field induced by A. On the other hand,
one shows easily that if rot(A) = rot(A ) holds for two magnetic potentials A
and A’ satisfying our basic hypotheses and if € is simply connected, then A
and A are gauge equivalent and therefore A; =A;

The above analysis shows that in general the best one can expect in the case
of A4 # 0 is that A determlnes rot(A ) and g uniquely. The goal of this
paper is to show that 1n dimension » > 3, and under the a priori hypothe51s
that rot(A) is small in the L* topology, A i determines rot(A) and g
uniquely. In what follows we use W7 > to denote the space of functions f
in W™ (R") with supp f c Q.

Theorem. Let A_.j € Wé’“, qgj € L*(Q), j=1,2. Assume that zero is not a
Dirichlet eigenvalue of H o J=1 2. Then there exists a positive constant
14

e = &(QQ) such that if
Irot( Ao <&,  j=1,2,

and

then
rot(4,) = rot(Adz) and q = q.

In §2 we shall construct a special class of expotentially growing solutions in
the null space of (1.1), which are analogous to the special solutions constructed
by Sylvester and Uhlmann in [SU-I]. These solutions shall serve as a basic tool

in this paper. The presence of the magnetic potential A in (1.1) makes the
construction much more difficult especially when rot(A*) is not small. This
is the only reason which leads to the smallness assumption on rot(4) in the
theorem. If one converts the differential equation H M= 0 into an integral
equation using Faddeev’s Green’s function, one sees that the set of except10nal
points for that integral equation may not be bounded in C” when rot(A) is not
small [NH]. Therefore it remains as an open question whether such solutions
can still be constructed when rot(A4 ) is large.

Section 3 is devoted to establish an orthogonality identity which relates A
and g with A

Section 4 is the heart of the proof. The main difficulty, which one did not
encounter in the case of 4 =0 treated in [NSU], 1s that one has to determine
rot{ A 4) from a nonlinear integral functional rather than the Fourier transform
of rot(4). Once rot(A4 A) has been recovered from A i.q> Wecan go further to
recover ¢ using gauge invariant property of A qq and the method in [NSU].
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956 ZIQI SUN

We remark that this method does not apply in dimension 2. We shall study
the two-dimensional case in a forthcoming paper [Su-II].

2. CONSTRUCTION OF SOLUTIONS

Following the idea of the geometric optics construction of solutions to hyper-
bolic equations, we look for solutions of the form given below in the null space
of H: .

4,9

(2.1) u(x, &) = e 01+ w(x, &),

where ¢ € C" is a complex vector satisfying & - ¢ = 0 and the function
w(x, &) behaves like |€|~! as |¢| tends to co in an appropriate function space.
We shall show that it is always possible to construct such solutions provided
|| rot(A)|| Lo(q) is sufficiently small and |¢| is sufficiently large.

Substituting (2.1) into the equation H QM= 0 and equating coefficients of
powers of |&| to zero, we get two equations

(2.2) E-Vop=—iE- A,

(2.3) Aw+ 2+ Vo +id)-Vo-Gw=G,
where

(2.4) G=A2—iV-A+q-2iA-V$ V-V — Ad.

We divide the rest of the section into two parts, where ¢ and w will be
constructed separately. In what follows we assume

(2.5) =1, AdeWwg™, geL®R"), suppgcCQ.
2.1. Construction of ¢. Fourier transforming (2.2) gives
~i&n(n, &/1E)) = ~i& - Am),

where n = (m, M2, ..., nn) 1is the dual coordinates and A denotes the Fourier
transform with respect to x. We denote by Vv its inverse. We construct

EN_(EAMY Ly [ i (& A
20 ¢<"’|¢|)‘( o ) any [ e "( 3T )d”'

We shall show that the solution ¢(x, &) has the following three properties:
(2.7) I6C-, &/1ED w2~ < Clldlly2.

(2.8) IV + idll <@ < Clltot(d)]|L=(q) »

If £(s): (a, b) — C” is a differentiable map with &(s)-&(s) =0
(2.9) and |&(s)| > 1 for all s, then s — ¢(-, &(s)/|E(s)|) is differen-
tiable as a map from (a, b) to L*°(Q).

The constant C involved in (2.7)-(2.9) depends only on Q.
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SCHRODINGER OPERATORS WITH VECTOR POTENTIALS 957

Lemma 2.1. Let Q be a bounded domain in R*, n > 2. Then

)

2.10 L =27z"/e””’—,—d
(2.10) H=en" | (MW
defines a bounded map from W3 to W™ >(Q) for any nonnegative integer
m.
Proof. Rewriting (2.10) in terms of convolution respect to variable (x;, X3),
we get
(211) L(f)—_— f(xl-zl’x2_22’x3"~'3xn)dz dZ

) R2 Zy+izy ! 2
and thus
(2.12) IL( Moty < CllflLe@nr)
for any two-dimensional plane T that is parallel to (x;, x;)-plane. Therefore
(2.13) IL(NiLe@) < Cllf L=

This proves Lemma 2.1 in the case of m = 0. Differentiating both sides of
(2.11) and repeating using (2.13) yield desired results. O

Proof of (2.7). Without loss of generality, we assume that & = y; + iy,, where
1, 12 €R", |yl =y} =1, and y, -y, = 0. Making a rotation of coordinates
if necessary one can rewrite (2.6) in terms of convolution as follows:

-

x, é_l) _ §-Alx = (zin +22)’2))le dz,.

o e(ngg) - [FRERE

Clearly, (2.7) follows from Lemma 2.1. If &(s) = y,(s) + iy2(s) is differentiable
in s and |y,(s)| = |y2(s)| =1 for all s € (a, b), then for a fixed x € Q,

(2.15) o
¢( é): R2é'A(-x_(Zlyl+22y2))d21d22

x, = .
llq Z1 4125

+/ (z11 + 2272) - V(& - A?(X — (Zin + 7272)) dzidz,,
R? Z1+ 12y

where the dot means d/ds. Using Lemma 2.1 again and noting that supp Ac
Q, one sees that the right-hand side of (2.15) is a function in L>(Q). Hence
(2.8) follows.

By a change of coordinates we need only to prove (2.9) in the case that

y1=(1,0,...,0) and 7y, =(0, 1, ..., 0). In this case
~ ~ \
- Ay +iA4 o
Votid=|-in2tti in)
m+ i

We now compute explicitly the components of V¢ + iA. We have

~ —~ A\ -~ o~ o~ \%
("71(141+iA2) f) _ (—iﬂl(A1+iA2)+iAl(711+i?72))
At i) g =
(2.16)

m+in m+im
(04, o4
=k (3X1 8x2> ’
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958 ZIQI SUN

o~ —~ v —~ -~ —~ Vv
(—i'h(Al +idy) .A) _ (—im(A. +idy) + idy(my + inz))
— 2+ id,
(2.17)

m+in m+in
(04 a4
0xy 0x

and for 3<j<n,

~ ~ v ~ ~ L~ . v

(—i'?j(Al +i4;) n zAA) . (—iﬂj(Al + iA4p) + iA;(n + 1’72))
. J - .
(218) m + in m + in
04, 084; .. [0A; aAj)
=L (=2 -2 (22 -2,
L(axj Bxl) ! (an 9x;

Applying Lemma 2.1 to (2.16)—(2.18) we get (2.8).
2.2. Construction of w.

Proposition 2.2. Let A and q be potential Sfunctions satisfying (2.5). Then
there exist positive constants & = 6(Q) and K such that if || rot(A;)||L=q) < €
and |&| > K, then equation (2.3) has a solution w € H'(Q). Moreover,

(2.19) ol g < ClE|™!
and
(2.20) ||Vco|]Lz(g) <(C,

where K and C depend only on Q, ||/f||Wz.oo(Q), and ||q||L~@q) -
The proof of this proposition is based on the following two lemmas.

Lemma 2.3. Let L; = A+ 2, -V . Then the operator Ly admits a bounded
inverse L;': L*(Q) — H'(Q). If € L*(Q) and v =L;'(f) € H(Q), then

4
(2.21) vl L2 < C|€|_1||f||L2(Q) ,

(2.22) IVl < Cll 2 »
where C depends only on Q.

Proof. The existence of Lé‘l as well as the estimate (2.21) follows from a
fundamental result obtained by Sylvester and Uhlmann [SU-I]. (Also see [I] for
a more direct proof.) The estimate (2.22) was proven in the two dimensional
case [SU-II]. We now give a proof of (2.22) in the case of n > 3.

Extending f to be zero outside Q and letting ' be a bounded domain that
contains ) we can construct a solution v satisfying (2.21). We shall show that
the following estimate must hold:

(2.23) IVliZ ) < COUEPIVIZ ) + 11 20)

where C = (Q, Q). Clearly, the restriction of v to Q is a solution satisfying
(2.21) and (2.22).

Let x € C§°(€Y) so that x(x) =1 for x € Q and 0 < y(x) < 1 for
x € Q\Q. Let u= yv. It follows from an elliptic regularity theorem that u
is a H?(Q) solution of the equation

(2.24) Au+2E-Vu= fy +vAy +2VuVy + 20&-Vy.
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SCHRODINGER OPERATORS WITH VECTOR POTENTIALS 959
Multiplying # to both sides of (2.24) and integrating by parts we get
/ |Vu|*dx < 2/ (|7 - Vu| + | fuy + uy + uvAy + 2uvé - Vy|)dx
Q Q

(2.25) )

/ uvuVydx

=1 +1.
Denoting M = ||x|lc2) and using Schwartz’s inequality we get
I (e + MO +ER) [ uldx
QI

+1 |Vu|2dx+M(2/ |v|2dx+/ |f|2dx).
4 Jy N N

Using integration by parts one has

(2.26)

/ uvVoVudx = —/ v(UAy + VxVu)dx.
Hence

L < 2M/ (lva| + |[vVul)dx

(2.27) e |

§(M+4M2)/ |v|2dx+M/ |u|2a’x+—/ |Vul?dx.
o o 4 Jor

Combining (2.25) with (2.26) and (2.27) yields
1

SIV0Is < (RO +4) 4 20) [ Jul?dx

’

(2.28)
+(3M +4M%) | WwPdx+M | |ffdx.
Q o
Since u=v in Q and |u| < |v| in ', it follows from (2.28) that
IV0l32qy < 20E1(M + 4) + 5M + 4M)|0]32 g, + MU0
This leads to (2.23) immediately. O

We set G = Gy, and é = pxa, with G and ¢ as in (2.2) and (2.4), where
xq is the indicator function of Q. To solve (2.3) it suffices to solve

(2.29) (L

é‘A~—G)w=G,

where N . . -
Lé‘A-=L¢+(V¢+iA).V:A+2(f+v¢+iA)-V.

Lemma 2.4. If | rot A_‘”Loo(Q) is sufficiently small, then L, ; has a bounded in-
verse Lé"A.: L3(Q) — HY(Q). Moreover, if € L*(Q) and v = Lc_lA‘(f)’ then

(2.30) IvllL2) < CLETHI N2 »

(2.31) IVoll 20y < Clif e

where C depends only on Q and ||rotAq|[Lx(Q).
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960 ZIQI SUN
Proof. Applying Lgl to both sides of Lé U = [ yields an integral equation

(2.32) (I+2FRw=L;'f,

where
Fi=L;'o(Vé+id)oV,

where I denotes the identity operator and () denotes the multiplication oper-
ator.

From Lemma 2.3 one sees clearly that the right-hand side of (2.32) is in
H'(Q). Moreover,

(2.33) ||L¢_lf||L2(Q) < CEITMIS Mz gy

(2.34) ||L¢_lf||Hl(Q) < Cl g

From (2.8), (2.21), and (2.22) we have that F; maps H!(Q) into H'(Q) and
moreover,

(2.35) IFi | v < Clirot Al oo (g

where C depends only on Q. Thus, if we view (2.32) as an integral equation in
H'(Q) and use (2.34) and (2.35), we conclude that (2.32) has a unique solution
v € H'(Q) provided | rot A||r<(q) is sufficiently small and thus (2.31) follows.
Clearly,

v=L;'(f+(V+id)oVv).
Hence by (2.21),
vl 2y < CIET (11l 2 + Il rot A-]|LW(Q)I|VU||LZ(Q))~
This estimate together with (2.31) leads to (2.30). O

Proof of Proposition 2.2. Applying Lc“ 1A~ to both sides of (2.29) yields an integral
equation for w: ’

(2.36) (I+F)o=L; '4G),
where
—_ 71 =
Fr =L (G).
By Lemma 2.4 one sees clearly that the right-hand side of (2.36) isin H!(Q).
Moreover,
(2.37) IL; Gl ) < CIEIM G .
(2.38) IL; " Gl < ClIGIL@).

We view (2.36) as an integral equation in L?(Q). From (2.30) and (2.31) we
see clearly that 5> maps L%(Q) into L?(Q) and moreover,

(2.39) 1B2ll 2, 12 € ClIG w171,
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where C depends only on Q and ||r0t/f|| L=(@) - Therefore (2.36) has a unique

L? solution w provided || is large enough. Using (2.37) one sees that
satisfies (2.19). On the other hand (2.36) can be rewritten as

w= L;“A.(é(l + o).

Now it follows from (2.31) and (2.19) that the L? solution w is also a H*
solution of (2.36). Moreover,

ol < CHGllL=@)(1 + l|@llr2g) ,
from which (2.20) follows. O

3. AN IDENTITY

The main purpose of this section is to present an orthogonality identity which
relates potential functions 4 and ¢ to the Dirichlet to Neumann map A ; .

Proposition 3.1. Ler A_;‘ and q;, j = 1,2, be potential functions satisfying
(2.5). Then

l/(/fl - A_'z) . (u|Vﬁ2 —H2Vu1)dx + / (A_‘l2 — A"22 +4q — qz)ulﬁz dx
Q Q
= _/zjnﬁz(AA“‘q‘ “ Ay ds,

holds for arbitrary u; solution of HA’,,q, u;=0, j=1,2.
Proof. We have

(3.1) Auy +2iA, - Vu, - Quu; =0 in Q,
(3.2) ATl, — 2idy - Vil — Q,l, =0 in Q,
where

(3.3) Qi=A}—iV-Adj+q;, j=1,2

Multiplying (3.1) by %, and (3.2) by u; and then adding them, we get
/(ﬂzAul + u1Aup + 2iﬁ2/f1 Vu, — 2iu1A} -V - Q1 tuy — ézulﬂz) dx =0.
Inftzegrating by parts yields
(3.4)

—21'/914.(/1“1 - 4) -Vﬂzdx~/QuI(Q1 —éz)nzdx—zi/gv-[lulnzdx

+/BQ (%ﬂz — —g—u]\%ul + 2I(A_‘1 . N)ulﬁz> ds =0.

Exchanging positions of u#; and A-}-, J =1,2,1in (3.4) and then taking the
complex conjugate, we get
(3.5)

—Zi/ﬁz(/ﬁ —Adz)'VuldX-i-/ u1(Qh —§2>ﬂzdx+2i/ V- Az dx
Q Q e

oup_ ou Lo _
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Substracting (3.5) from (3.4) and using (3.3) we get

~i/ (A, — 45) - (1, Vi, — TV, dx — / (A2 — A2 + q1 — @) uyTa dx
Q Q

Bul_ 8u2

(3.6)
+/ (8—Nu2 —FN U + 21((A1 + Az) N)”Jz) ds=0.

Since (3 6) holds for any A and ¢;, j = 1,2, it holds in particular for
Al Az and g, = ¢». In this case (3.6) becomes

ou ov
(3.7) /m <6_N - SRut 4i(y - N)uv) ds =0,

where u and v satisfy

H: u=H; v=0 inQ,

A, qr Ar.q2
Vlpe = ualpa and ulsg = Uilsq.
Hence
(9142 ou _ [ —
. = U +4i(Ay- N .
(3.8) - aN udx /aQ <8Nu2+ i(4; )u1u2> ds

Using (3.8) and recalling (1.5) we find that the third integral in (3.6) is equal to

_ (0uy Ou — _
/an (u (6N 6N>+21((A1 Az)-N)u1u2> ds
N /BQ—IIZ(AA-' aq AA«Z.QZ)ul dS,

from which Proposition 3.1 follows. O

Corollary 3.2. Let A} and q;, j =1, 2, be potential functions satisfying (2.5).
Assume that AA’, "= A/;2 @ Then

(39) i [ (4 = &) (VT ~ TV dx + [ (47 - A + a1 - g dx =0
Q Q

holds for arbitrary u; solution of HA~/ o Ui = 0, j=1,2.

In the rest of this section we shall replace u; in (3.9) with the exponentially
growing solutions constructed in the previous section.

Let k, y1, and y, be three mutually orthogonal vectors in R” with |y;| =
fy2l=1. Let {, & € C" be given by

(3.10) {=n+in, E=s{+g(s, kn,
where s is a positive real parameter and

(3.11) g(s, k) = 27Vk|P((Jk|> + 45s)'/? + 45)7!
Let &, & € C" be given by

(3.12) & =ik/2+&, & =ik/2-¢&

One checks directly that

(3.13) b1 & =6-6=0, &+& =ik, & -& =2,
(3.14) Eifs =0, &)s——(, &ls—¢, as s — .
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Following the construction in §2 we can construct

(3.15) uj(x, &) = e X+ 8GN (] 4 w;(x, &)
solution of HA‘, ot = 0, j=1,2, where ¢; solves

(3.16) & Ve =—i&-A;,  j=1,2,
and w;, j=1, 2, satisfies

(3.17) lwjll2q) < Clg|™!

and

(3.18) IVl < C,

where C depends only on Q, ||,‘Tj||Wz,oo(Q) ,and ||gjll~@), J=1,2.
Substituting (3.15) into (3.9) yields

(319) FF+F=0,

where F, and F; are functions of s, k, 7, and y, and they are given by the
following formulas:

(3.20) F = _25/ elkxrdrthre (4 — dy)dx,
Q

k= ,-/Qeikx+¢1+$z((/f] —A3) - V($y— $1) — i(A] — A7 + @1 — @) dx
- 2i/§23ik"+¢‘+525 (A} = ) + By + 0 @Br) dx
(3.21) + i/Qe"kx+¢1+52(/fl — Ay) - (VB — Vo, + 0, V@, — GV, ) dx
+ iLeka+¢'+5z(A*1 — 4)) - (Vd, — V1 ) (@) + B+ 0,@3) dx

+ / eikx+d>|+¢2(A_'12 _ A_‘22 +q — @) o+ + wl‘a—)z)dx.
Q

If we fix k, v, and y,, view F; and F, as functions of s and apply (2.19)
and (2.20) to (3.20) and (3.21), then it is clear that

(3.22) F =0(s), FK=0(1), as s — oo.

Thus

(3.23) lim s~ Fy = -2 lim 5~ / elkxroithie (4, — Ay)dx = 0.
§—00 =00 Q

Since ¢; is continuous in &;/|¢;| (see (2.9)) and &;/|¢;] is continuous in s,
it follows from (3.10), (3.11), (3.14), and (3.23) that

(3.24) /Q ek T L L ()~ dy)dx =0,
where ¢ = ¢7(x, {) solves

(3.25) LoVt =—il A, (Vg =il A,
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and by (2.14)

. [ Aix = (2 + 1)
(3.26) Pi(x, §) = . s dzydz,,
—* _ [ e Aax = (27 + 227)
(3.27) %uxw-Az —oh dz dz.

We summarize the result of this section in the following proposition.

Propesition 3.3. Let /f, and q;, j = 1,2, be potential functions satisfying
(2.5). Assume that AA-] o= A Then (3.24) holds with ¢35, j=1,2, as
in (3.26) and (3.27).

ALg

4. PROOF OF THEOREM

We divide this section into two parts. In the first part we shall prove rot(Adl) =
rot(A4;) and in the second part we shall show q; = ¢, .

4.1. Proof of rot(A1) = rot(qu) . We shall assume throughout this subsection
that Q is a ball, i.e.,

(4.1) Q={xeR", x| <R}

for some R > 0. This additional assumption would have no influence to our
result. Suppose that Q is not a ball, then we can choose a ball Q' so that
Q c Q and extend 4; and g, to be zero in Q'\Q. Clearly, 4, and g; still
satisfy (2.5) with Q = Q' after the extension. Standard arguments show that
AA'.,ql = AA'z,qz on 9 implies AA‘,,q. = AA-W on O0€Y . Therefore it suffices
to prove the theorem with assumption (4.1). See [SU-I] for relevant arguments.

Adding two equations in (3.25) together gives

(4.2) L+ (A) - Ay) =il V(] + 6,).
Substituting (4.2) into (3.24) and noticing k& L { we have

/ ek e (4, — do)dx =i / kX (e +02) dx
Q

Q
= i/ { - V(eks+oi+d) dx.

Q
Then integrating by parts gives
(4.3) / k(L - YY) ds = 0,

aQ

where
(4.4) W(x, O) = ¢i(x, )+ dylx, O)-

We shall use (4.3) to prove our result. We divide the remaining proof into
three steps.

Step 1. Forany k e R*, { =y +iy; € C" with y, and 7, as in (3.10) and
integer m > 0,

(4.5) /me”“(g “N)(C-x)met S ds = 0.
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Proof. Fix { =y, +iy, in (4.3). Since (4.3) holds for any k£ L y, y,, it follows
by using the inverse Fourier transform that

(4.6) / (C-N)e¥*Odsr =0
aQnT

for any two-dimensional plane 7 that is parallel to y; and y,, where dsr is
the usual surface measure on QN T .

Given k, y,, and y,, three mutually orthgonal vectors in R" with k& # 0
and |yi| = |yl =1. We view {y,, y2, k} as a right-handed three-dimensional
frame in R”. Then

{r, 72, k}— / e*x (L NYe¥™:9 ds
a0

defines a map from the collection of all such frames to C. We shall prove (4.5)
by differentiating this map in certain directions.

We construct two families of such frames, {yil)(ﬁ), 7n(8), kV(6)} and
(72(0), 2(6), k®(0)}, depending smoothly on 6 € [0, n/4], as follows.
Define yé”(e) =y, forall @ and define y{"(8) and k)(8) to be the result-
ing position vectors after we rotate the (right-handed) two-dimensional frame
{y1, k} clockwise with an angle 6 in the plane spanned by y; and k. Sim-
ilarly, define 7\”(8) = y, for all 6 and define () and k@(9) to be the
resulting position vectors after we rotate the (right-handed) two-dimensional
frame {y,, k} clockwise with an angle 6 in the plane spanned by y, and k.
It is easy to show that

dkh dk?

(4.7) = |kly1, —| = lkly2,
do |, ! do |,_,
dy’| _ i a7y’ _ dy’
(4.8) deo de kI~ & do T 0.
6=0 6=0
If we define
(4.9) (0) = »(0) +iv(0), =12,
then (4.8) implies
de dr@ -
(410) Wg 0+176— —0

Next, we compute (d/d0)(¥(x, {1 (0)+i¥(x, {2(0)))|g—0 . Using formula
(3.26) we have

(4.11)
T _ () e
Wx, (V) ‘/ ¢u) Azx§l+tzj,(9%+2m5(0n)dzldn
for j=1, 2. Using (4.8), (4.10), and (4.11) we obtain
O, C(6) + ¥, T loco
(4.12) = [kI™" | k-V(C- (A - )X — (201 + 2272))d 21 d 23

R?

= k|7t - V/Rz<c (A1 = D))x = (2 + 2an))dzid .
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It is easy to see that the last integral in (4.12) is a function of x which is equal

to a constant on any two-dimensional plane that is parallel to y; and y,.
Finally, letting k = k)(9) and ¢ =(U)(6), j =1, 2, in (4.3), differentiat-

ing with respect to # and using (4.7) and (4.10), we get

(4.13)

_ d ik (8)x (1) . e )
0= </age (00) - Mye* ds -
a4 ik (8)x (£ (2) ¥(x, {2(6))
+la’0 (/ e (o) N

= Ikli [ R WL x) "0 ds

ds.
6=0

ikx X, i :
+ [ emrre Mt Tooe, C0(0) + ¥(x, C0))

By (4.6) and (4.12)

[ (@ Meed Lopx, c00) + ¥(x, £9(0))
aQNT

6=0

d / v
-N)e*>Odsr =0

de 60 BQOT(C ) T

for any two-dimensional plane T that is parallel to y; and p,. Therefore the
last integral in (4.13) must be equal to zero. This proves (4.5) with m = 1.
Repeating the above procedure gives (4.5) with arbitrary positive integer m. O

dST

(¥(x, {M(9)) + i¥(x, {P(6)))

Step 2. Let T be any two-dimensional plane that is parallel to y; and y,. Then
(4.14) [ @ o 0 dsr =0
aQNT

for any integer m > 1, where Nr is the outer normal of 0QNT in T.

Proof. Using the same argument as the one which gave (4.6) we obtain from
(4.5) that

(4.15) /amr(c CNY - x)meYx O dsr =0

for any integer m > 0.
Recall that Q = {x € R", |x| < R} is a ball and thus 0Q N T is a circle
with origin as its center in the plane 7' . Therefore

(4.16) {-N=(-Nr, {-x=R(-Nr)

for x € 8Q N T . Combining (4.15) with (4.16) yields

(4.17) / (- Npyme¥x-Odsr =0
oQNT

for any integer m > 1.
If we denote by 6, 0 < 6 < 2r, the angle between y; and Nr, then
(- Ny =e'%. Hence (4.17) can be rewritten as

2n
(4.18) / e/ ®) de =0, Vinteger m > 1,
0
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where f = W¥|sqnr. Equation (4.18) implies that there exists a holomorphic
function u defined on D = {x € R?; |x| < 1} such that u|sp = e/. By the
mapping property of the exponential function one sees that logu is well defined
on D. Since logu is also holomorphic in D and logu = f in 8D, we must
have

2n
(4.19) / e £(6)d =0, Vintegerm>1,
0

which leads to (4.17). O
Step 3. rot(/fl) = rot(A}) .
Proof. 1t suffices to show that

(4.20) R / e** (4 — Ay)dx =0
Q
for k and p; asin (3.10). From (4.2) and (4.4) we have
(4.21) i+ (dy — Ay) = —Im({ - V).
Multiplying both sides of (4.21) by ¢’** and integrating by parts we find that

(4.22) e /Q " (4 — Ay)dx = — / e X Im((¢ - N)¥(x, ) dx.

aQ

We now show that the right-hand side of (4.22) must be equal to zero. It suffices
to show that

(4.23) /a _Im((¢- N)¥(x, O)dsr =0

for any two-dimensional plane 7T that is parallel to y; and y,. Since this is
just a consequence of (4.14) (with m = 1), the proof is complete. O

Corollary 4.1. There exists p € Wl’oo sothat Ay — A»=Vp in Q.

Pr00f rot(Al) = rot(Az) implies that there exist p € W!-2(Q) so that A1
A> = Vp in Q. The fact of suppA cQ, j=1, 2, implies that p = constant
in Q. Hence, by substracting a constant we can adjust the function p so that
pewWy™. O

4.2. Proofof q; = ¢q,. From Corollary 4.1 and the fact that A ; g is invariant
under gauge transformations

A—A+Vp, peWwy™,
we deduce that
ALa = AA‘z,qz'
Then by the hypothesis we must have
Aa = AA_‘I 42"
Thus, we may assume without loss of generality that A, = A, = A4 € Wé’“ in
the rest of this section. Under this assumption (3.9) reads

(4.24) /Q (@1 — @)y dx = 0.
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Substituting the solution (3.15) into (4.24) gives

@25) [ elertttiq - g dx = [ eWX0(q) - )0y + T+ i) dx
Q Q

From (4.2) and the statement following (3.23) we see that
(4.26) P+, - ¢+, =0, inL2(Q) ass— .

Using this fact as well as (2.19) we deduce that the left-hand side of (2.25)
tends to (g, — ¢2)"(k) while the right-hand side tends to zero as s goes to oc.
Therefore ¢, = ¢, in Q. 0O
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