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Mixing of liquids in tanks by means of a non-reacting gas-bubble plume was studied by using a tracer response
method. The circulation time was obtained from the period of a damping oscillation of the response curve. The
mixing time was defined as the time required to reduce the concentration variation to within 1%of the mixed mean
value and was measuredby an impulse response.
The results indicate that the induced liquid flow-rate varies as the first power of the submergence depth of the

nozzle and as the 1/3 power of both the gas flow rate and the horizontal cross-section of the tank. When the
circulating flow in the tank dominates the mixing, the ratio of mixing time to circulation time is nearly equal to that
of the liquid jet mixing, and increases with decreasing distance between nozzle and side wall of the tank. Whengas
is injected in a central region of the tank, the mixing time becomes larger with decreasing depth of liquid, due to an
effect of relative stagnation. Rapid mixing is achieved by injecting gas at a mid-radius of the tank, where the effects
of both tank wall and relative stagnation can be excluded.

Introduction

Mixing of liquids in open-top tanks by means of a
gas-bubble plume finds broad application in many
industrial mixing processes including metals process-
ing and biological (and chemical) water treatment
processes.

On application to prevention of ice formation in
lakes by raising warmbottom water to the surface,
Konovalov7) showed an approximate analysis of the
liquid flow induced by a two-dimensional air-bubble
plume from a line gas source submergedin water.
Hussain and Siegel3) proposed a two-phase axisym-

metric jet model in infinite surrounding liquid region.
They compared the analytical liquid flow with ex-
periments reported by Kobus,6) Baines2) and
Konovalov.7) Recent studies1'12* on batch mixing by
means of gas showed that rapid mixing with multiple
nozzle injections was accomplished by a certain asym-
metric arrangement of nozzles and that rapid mixing
with a single nozzle injection could be realized by
situating the nozzle near the side wall of the tank.
In this study, mixing characteristics were measured

by the impulse response method described in a pre-
vious paper.10) The mean circulation time was ob-
tained from the mean period of a damping oscillation
of the response curve. The mixing time was defined as
the time whenthe concentration dropped to within
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1%of the mixed mean value. For comparison of the
results with those of liquid jet mixing, characteristics
of mixing by use of a vertical liquid jet were also
measured since the reported data of liquid jet mix-
ing843) were confined to the case of a jet introduced
axisymmetrically.

Prior to discussing bubble-plume mixing, some
characteristics of vertical liquid-jet mixing will be
described briefly. For bubble-plume mixing, an em-
pirical correlation for induced liquid flow will be
proposed on the basis of the measured circulation
time. The mixing time will be discussed through
comparison of the results with those of vertical liquid-
jet mixing and through application of the two-
parameter modelfor relative stagnation.

1. Experimental

Impulse response experiments were conducted to
measure the mean circulation time and mixing time.
The apparatus used for bubble-plume mixing studies
is shown diagramatically in Fig. 1. Four cylindrical
tanks, 30, 56, 80 and 104cm in inside diameter, were
used. Gas was taken from a compressed air main. The
volumetric flow rate of air was varied from 1 to
104cm3/s. It was measured with an orifice meter and
expressed as the flow rate at atmospheric pressure. A
plastic pipe of 2.54-cm inner diameter was inserted
through the side wall of the tank near the bottom.
This horizontal piping allows a continuous change in
radial position of the injection nozzle. Three nozzles
were provided: two air orifices of 1 and 2.5 cm internal
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Fig. 1. Flow sheet of experimental apparatus for bubble-
plume mixing.

diameter and a 3-cm ID sintered porous-plate sparger
with a mean pore diameter of 100 fim. The opening of
the orifice faces towards the bottom of the tank so
that gas leaves the orifice steadily with negligible

upwardmomentum.Tapwater at roomtemperature
(10-28°C) was used as a test medium and con-
centrated (15wt%) NaCl solution as a tracer. The
tracer volume was 50-150cm3.
In the experiments, the tracer was instantaneously
added to the system, by dumping a cup of tracer on
the liquid surface or by puncturing a tracer-
containing small balloon with a pin at various depths
below the surface. The change in tracer concentration
with time was measured by using an electric con-
ductivity meter (M & S Instrument CD-35 Mil). The
conductivity probe was made from a platinum wire
1 mmdiameter.

In experiments for vertical liquid-jet mixing the
same tanks and nozzles as those for bubble-plume

mixing were used with the exception that the nozzle
opening faces towards the surface of the liquid. A
complete description of the experimental method has
been given in a previous paper.10)
2. Results and Discussion
2.1 Mixing by use of vertical liquid jet
Figure 2 shows an example of the impulse response.
An oscillation appears which dampsand disappears
within a short time comparedto the meanresidence
time. The meancirculation time was obtained from
the meanperiod of the oscillation. The results at
r/ro >0.1 showed that the mean circulation time was
independent of the radial position of injection. The
dimensionless mean circulation time (tc/tR)/(d/L) is
listed in Table 1. For the configuration of this study,
the jet axis-length L is equal to the submergence depth
of nozzle, (H-ht). The dimensionless mean circu-

lation time ranges from 0.8 to 1.8, in accordance with
that for horizontal or inclined jet mixing.10) This fact
indicates that as a representative length scale of tank
VOL 17 NO. 2 1984

Fig. 2. Typical example of impulse response for liquid-jet
mixing.

Table 1. Meancirculation time

H/D Mem] r/r0 tc [s] (tc/ tK)l(dlL)
1.0 13.5 0.96 16.7 1.28

1.0 13.5 0.90 17.2 1.32
1:0 13.5 0.84 18.3 1.40

1.0 13.5 0.81 15.1 1.16

0.8 13.5 0.96 19.7 1.43

0.8 13.5 0.90 18.1 1.31

0.6 13.5 0.96 ll.9 0.81
1.0 0 0.96 16.9 1.50

1.0 0 0.90 15.4 1.38

1.0 0 0.80 15.8 1.41

0.8 0 0.96 14.6 1.26

0.8 0 0.90 15.3 1.32

0.8 0 0.80 16.3 1.41

0.8 0 0.70 18.3 1.58
0.6 0 0.96 14.3 1.24

0.6 0 0.90 14.8 1.29

0.6 0 0.80 14.3 1.24
0.4 0 0.96 21.5 1.78

the jet axis length L is more suitable than the diameter
and depth of the tank.
To compare the mixing characteristics for various
conditions, the mixing time was defined as the time
from the start of mixing to the time whenthe vari-
ation of measured concentration dropped to within
1%of the mixed meanconcentration. Because of a
scatter of data (maximumdifference 20%) for each
set of system parameters, the mixing time was mea-
sured more than three times. An average of the

measurements was recorded as the final result. All the
dimensionless mixing time (tM/tR)/(d/L) in the circu-
lation flow regime (Re> 3 x 104)10) was independent
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Fig. 3. Dimensionless mixing time as a function of radial
position of nozzle and liquid depth.

of Re and the inner diameters of both nozzle and
tank. Figure 3 shows the dimensionless mixing time
plotted against dimensionless radial position of noz-
zle, r/r0. The dimensionless mixing time is nearly
constant, with a value of 3-6 at r/ro<0.5, increasing
with increasing r/r0 at r/ro>0.5. The increase can be
interpreted by the wall effect described in a previous
paper.10) The extent of the wall effect is expressed in a
unified manner by a cone in a tank as shown in Fig. 4;
the cone of vertical angle tc/6 rad is concentric to the
jet. Whenthe cone contacts the side wall of the tank
before the termination of the jet, the circular jet
evolves into a wall jet along the wall. Since the
spreading rate of the wall jet is 8.5 times greater
parallel to the wall than normal to the wall, the wall
jet spreads widely along the wall, inducing circu-
lations of small variance of circulation time.10) This is
reflected by the large mixing time and by the precise
damping oscillation on the response curve.
A nozzle position r/r0 between 0 and 0.5 is recom-
mended for rapid mixing irrespective of the level in
the tank. Whenliquid depth is small, horizontal or
inclined jet mixing10) is preferable to vertical jet
mixing because the dimensionless mixing time is
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Fig. 4. Cone of vertical angle tt/6 rad in tank.

Fig. 5. Typical example of impulse response for bubble-
plume mixing.

nearly equal to one another and consequently the

mixing time is inversely proportional to the jet axis
length L at the same values ofd and tR.
2.2 Response curve for bubble-plume mixing
Figure 5 shows an example of the impulse response.

Similarly to liquid-jet mixing, damping oscillation

appears when gas is injected near the side wall of the
tank. Figure 6 shows typical series of the decaying
amplitude as a function of time. The decay of ampli-
tude is independent of tracer-injection position and
measuring position, and can be correlated by an
exponential function. The solid line shows the ex-
pression of the recycle model5}:

^ =2exp (-27T2<7c2^c) (1)

with the dimensionless variance of the circulation
time, dc2, as a parameter.
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Fig. 6. Amplitude A as a function of time

2.3 Induced liquid circulation for bubble-plume
mixing

Figure 7 shows that the meancirculation time at
r/ro >0.6 is independent of the radial position of the
nozzle. In Fig. 8, the mean circulation time is plotted
against the volumetric flow rate of gas, Qg. It is
independent of liquid depth and nozzle diameter, and
is correlated well with a solid line for each tank
diameter. The variation of tc with Qg is essentially a
power function:

tcK Qg~113 (2)
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Fig. 7. Mean circulation time as a function of radial po-
sition of nozzle.

Fig. 8. Meancirculation time as a function offlow rate of
gas.

In general, the flow rate of circulating liquid in tank
is expressed as10):

Qi= V/tc (3)
Substituting Eq. (2) into Eq. (3) gives a bubble-
driven liquid circulation. Figure 9 shows the circu-
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Fig. 9. Volumetric flow rate of liquid as a function of

submergence depth of nozzle.

lation flow rate of liquid plotted as Qi/Qg1 3 against
the plume-axis length L. (For the configuration of this
study the length L is equal to the liquid depth H.) A
power function:

QikLQ/* (4)

correlates the results of this study and other in-
vestigators.2'4'6'7'11'140 (The other investigators who

used quite different measuring techniques have shown
clearly that the liquid flow rate Ql is independent of
r/r0 at 0<r/ro<1.) It is worth noting that Eq. (4) is
consistent with the results for two-dimensional bubble
plume from a line source of gas in a rectangular tank.
However, a proportional constant differs in each

correlation, indicating a dependence of Ql on tank
diameter. Figure 10 shows Qi/Qg1/3L plotted against
the horizontal cross-sectional area of the tank, S,
which is a representative horizontal dimension of
both circular and rectangular tanks. The results are
well correlated by:

Ql= 0230L(gSQg)113 ;

30cm<Z><104cm, 0<r/ro<l (5)

where g is gravitational acceleration. Figure 10 cor-
relates also the results of the other investigators4'11}

which point out a dependence of the liquid flow rate
on the cross-sectional area of the tank.
2.4 Mixing time for bubble-plume mixing
Whenthe gas injection is made in a central region
of the tank, no damping oscillation appears in the
response curve. Depending on tracer-injection po-

sition and measuring position, the concentration de-
creases (after an overshoot) or increases monotoni-
cally to the mixed mean value. This means that the
circulation flow is not dominant in the mixing and
that a relatively stagnant region occurs in the tank. To
compare the mixing characteristics for all injection
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Fig. 10. Volumetric flow rate of liquid as a function of

cross-sectional area of tank.

positions, the mixing time defined in section 2.1 was
utilized. For the system showing a relatively stagnant
region, the mixing time was measured more than five
times because of the large scatter of data (maximum
difference 30%). An average of measurementswas
recorded as the final result.
The measured mixing time showed the same de-

pendence on Qg as the circulation time at r/r0 >0.5, so
that the mixing time was normalized by dividing by
the circulation time which was calculated from Eqs.
(3) and (5). Figure ll shows the normalized mixing
time plotted against the gas-injection position for
various values of Qg and D. Similarly to that for
liquid-jet mixing (see Fig. 3), the results at r/ro >0.5
indicate a relatively large value, i.e., the retardation of
mixing due to the wall effect. However, the variation
of mixing time is not monotonic to r/r0 and H/D, and
consequently the extent of the wall effect cannot be
expressed solely by the cone shown in Fig. 4. Thus
there exists a difference in the wall effect between the
buoyant two-phase plume and the momentumjet.

On the other hand, the occurrence of a relative

stagnation is reflected by the large mixing time at
r/ro < 0.5. To interpret the results, the two-parameter
model9) was applied as follows. If the tank is assumed
to be divided by an imaginary plane into two com-
partments of an ideal stirred tank and an exchange
rate of liquid between the two compartments, v, is
finite, the dimensionless concentrations of tracer in

the two compartments resulting from a pulse input in
compartment 1 (volume fraction /) are expressed as:

C^l-expf- , ' 1 (7)

Thus the temporal increase or decrease in concen-
tration depends on the positions of tracer injection
and measurements. This fact is in accordance with
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Fig. ll. Ratio of mixing time to circulation time as a

function of radial position of nozzle and liquid depth.

experimental observation. The average mixing time is
obtained from:

'm =/'mi + (1 -/)'m2 (8)

where tM1 and tM2 are the mixing times for compart-
ments 1 and 2, respectively. Obtaining these values

from Eqs. (6) and (7), and substituting them into Eq.
(8) yield:
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Fig. 12. Predicted and experimental ratios of mixing time
to circulation time.

(tM/tc)/(QiM=J{1 -//4.605+/lnLjPj (9)
Hence, the normalized mixing time increases with
decreasing exchange rate v and decreasing difference
in volume fraction of the two compartments. Figure
12 shows the mixing time calculated from Eq. (9) with
assumptions: that v is proportional to Qx and H/D;
and that the imaginary plane including the plume axis
is situated at a distance r from the axis of the tank.
As can be seen, the calculation qualitatively shows
retardation of mixing. These results strongly sug-
gest that liquid exchange rate in the horizontal direc-
tion across the plume axis is small compared to that
of the vertical liquidjet at the same value of Qx or tc.
This is presumably due to the bubble-rich plume-
core region which makes the velocity fluctuations in
the transverse direction smaller than that of the

single-phase momentumjets.
For rapid mixing, the above-mentioned two effects
must be minimized. It is recommended that gas be
injected at r/r0 =0.5, where the mixing time shows the
minimumvalue irrespective of the liquid depth in the
tank.

Conclusion

The circulation flow rate induced by a gas-bubble
plume in a cylindrical tank is experimentally obtained
by a tracer response method. Anempirical equation
correlates the circulation flow rates of two- and three-
dimensional bubble plume in a unified manner. When
gas is injected near the side wall of the tank, the
mixing time normalized with the circulation time is
nearly equal to that for vertical liquid-jet mixing and
shows a retardation of mixing due to the wall effect.
Whengas is injected in the central region of the tank,
the mixing time increases with decreasing radial po-
sition of the injection and decreasing depth of the

contents. The increase in mixing time can be qualita-
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tively explained by the two-parameter model for the
system with a relative stagnation. For rapid mixing, it
is recommended that gas be injected at mid-radius of
the tank.

Nomenclature
A

C,, C2
D

d

f

g

H

K

K

L

Qg
Qi

Re

r
r0
S

t

tM
tR
V

v

Cc
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normalized amplitude of response signal
concentration of tracer in compartments

1 and2

internal diameter of tank
internal diameter of nozzle
volumefraction of compartment
acceleration of gravity
liquid depth in tank
height of nozzle from bottom of tank
height of suction pipe from bottom of

tank
jet- and plume-axis length in tank
volumetric flow rate of gas

[-]

[-]
[cm]
[cm]
[-]

cm/s2]
[cm]
[cm]

[cm]
[cm]

[cm3 /s]
volumetric flow rate of circulating liquid

[cm3/s]

Volumetric flow rate of liquid through nozzle
[cm3/s]

Reynolds number of liquid jet (=(4/n)(qd/v)) [-]
radial position of nozzle
internal radius of tank
horizontal cross-sectional area of tank
time from start of mixing
meancirculation time

mixing time
meanresidence time
volumeof liquid in tank

volumetric flow rate of liquid exchanging
between compartments

kinematic viscosity of liquid
dimensionless variance of circulation time

[cm]
[cm]

[cm2 ]
[s]
[s]
[s]
M

[cm3]

[cm3/s]

[cm2/s]
H
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