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Abstract: We propose an iterative scheme for the solutions of the TAP-equations in the
Sherrington—Kirkpatrick model which is shown to converge up to and including the de
Almeida—Thouless line. The main tool is a representation of the iterations which reveals
an interesting structure of them. This representation does not depend on the temperature
parameter, but for temperatures below the de Almeida—Thouless line, it contains a part
which does not converge to zero in the limit.

1. Introduction

The TAP equations [9] for the Sherrington—Kirkpatrick model describe the quenched
expectations of the spin variables in a large system.

The standard SK-model has the random Hamiltonian on Xy def (=1, 1}V, N e N,
def N
N
Hy phw (@) S —B z gi(j ) (@) 0j0; — hzm,
I<i<j<N i=l1

where 0 = (01,...,0y) € ZN, 8 >0, h > O,andwherethegi(jv),l <i<j<N,
arei.i.d. centered Gaussian random variables with variance 1/N, defined on a probability
space (£2, F, IP). We extend this matrix to a symmetric one, by putting g;; dof gji for

i > j,and g;; def 0. The quenched Gibbs measure on Xy is

1
ZN—W exp [—Hn.g.ho (0],

def
where Zy g 1.0 = ZG exp [—HN,/g’h’w ((7)].

*Supported by an SNF grant No 200020-125247, and by the Humboldt Society.
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We write (-} g 5.« for the expectation under this measure. We will often drop the
indices N, B, h, w if there is no danger of confusion. We set

def
m; = {oy).
The TAP equations state that
N
m; = tanh h+,82gijmj—,32(l—q)mi , (1.1)
j=1

which have to be understood in a limiting sense, as N — 00.g = g (B, h) is the solution
of the equation

g = / tanh? (h + B/q2) ¢ (d2) . (1.2)

where ¢ (dz) is the standard normal distribution. It is known that this equation has a
unique solution g > 0 forz > 0 (see [7, Prop. 1.3.8]). If h = 0, then g = 0 is the unique
solution if 8 < 1, and there are two other (symmetric) solutions when 8 > 1, which
are supposed to be the relevant ones. Mathematically, the validity of the TAP equations
has only been proved in the high temperature case, i.e. when f is small, although in the
physics literature, it is claimed that they are valid also at low temperature, but there they
have many solutions, and the Gibbs expectation has to be taken inside “pure states”. For
the best mathematical results, see [7, Chap. 1.7].

The appearance of the so-called Onsager term 8% (1 — ¢) m; is easy to understand.
From standard mean-field theory, one would expect an equation

N
m; = tanh h+ﬁ2g,~jmj ,
j=1
but one has to take into account the stochastic dependence between the random variables
mj and g;;. In fact, it turns out that the above equation should be correct when one
replaces m ; by m;’), where the latter is computed under a Gibbs average dropping the
interactions with the spin i. Therefore my) is independent of the gjx, 1 < k < N, and
one would get

N
m; =tanh | h + 8 Zgijm;') . (1.3)
Jj=1
The Onsager term is an Ito-type correction expanding the dependency of m j on g j; = gij,

and replacing my) on the right hand side by m ;. The correction term is non-vanishing

because of
IR
J

i.e. exactly for the same reason as in the It6-correction in stochastic calculus. We omit
the details which are explained in [5].
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In the present paper, there are no results about SK itself. We introduce an iterative
approximation scheme for solutions of the TAP equations which is shown to converge
below and at the de Almeida—Thouless line, i.e. under condition (2.1) below (see [3]).
This line is supposed to separate the high-temperature region from the low-temperature
one, but although the full Parisi formula for the free energy of the SK-model has been
proved by Talagrand [8], and with a different approach recently by Panchenko [6], there
is no proof yet that the AT line is the correct phase separation line.

The scheme we propose is defined as follows: Consider sequences m® =

{m}k)}l N k € N, of random variables by defining recursively
<i<N,

m©® def 0, m def Jql.

1 here the vector with coordinates all 1, and g = g (8, h) is the unique solution of (1.2).
Then, defining tanh componentwise, we set

m@D € ann (h +pgm® — g2 (1 —¢g) m(k_l)) . k=1

This iterative scheme reveals, we believe, an interesting structure of the dependence
of the m; on the family { 8ij }, even below the AT line. The main technical result, Propo-
sition 2.5 is proved at all temperatures, but beyond the AT-line, it does not give much
information.

It may be useful to sketch the first two steps: mgl) = /g and ml@ =

tanh (h + ﬂﬁéi(l)), where sl.(l) def Zj gij- Then by the law of large numbers,

N

1

v Zml@ o~ /tanh (h + By/qz) ¢ (dz) o Vi,
i=1

and

N
% Zml@z ~ /tanh2 (h+B/qz) ¢ (dz) = q.
i=1

The next step is more interesting, as there the Onsager correction appears:

3 2
ml():tanh h+ﬂ2gijm§»)—ﬁ2(l—61)\/c_1
J

In order to be able to compute inner products N~ Z,Icvzl m,((i) m,(cj ), we replace g by
a matrix g® which is independent of m®. As this latter vector depends on the g;;
only through the éi(l), we can obtain this by a linear procedure. The exact formula is
somewhat complicated, but the leading correction is easily described: The shift from g
to g which is independent of £ (1) essentially is:

2 _ 1 1
85,) ~gij— N~! (&i( ) +§; )).
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By the law of large numbers, this leads to a correction inside tanh of ml@)
- 1 1 2 1
NS (gl.( )+l )) m? = g +,8/xtanh (h+ B/gx) ¢ (dx)
J

=g+ AV (1),
which implies that

)~ tanh h+ﬂ2g(2) D+ gV

Using now the fact that g is independent of the ml@, Sl.(l), one can easily evaluate

inner products like N~ ZlN:] ml@ml@ in the N — oo limit.
More interesting features appear in the next iteration

= tanh h+ﬂzg,, — B> —q)ym?

As the m(3) no longer depend linearly on g, one first does the replacement from g to g,

@

and then one chooses g, conditionally on ), independent of the 3 ; 8ij (2). Fixing

S(l), the m'? are constant, and therefore, conditionally on S(l), m® depends linearly

on g® and one obtains g® by a “conditionally linear” transformation. After doing a
similar application of the LLN as above, the replacements lead to

4 3 3 1 2
ml( ) ~ tanh h+,32g§j)m§ ) +,33/1§,-( ) +/3)/2§~( ) )
J

with

m® _
(2) def @M —N
KRN
F 1
and some y, > 0, and again, in this form, itis not difficult to evaluate N -1 Z,ivzl m,((i)m,((j )
fori, j < 4and N — oo, by applying the law of large numbers, but in a conditional
version. The details of this are explained later.

In this way one can go on, and the outcome is a representation

k—2
~tanh [ h+ B Z gl Im T B> g ) (1.4)

r=1

The interesting structure is that at every step of the iteration, the additional dependency
between g and m*~1 is shifted into an additional term y_»& *~2) which is tractable. We
then prove that 8 is below or at the AT-line if and only if the first part Z g(k l)mg.k_l)
asymptotically vanishes as k — oo (in a way to be made precise) wh1ch leads to the

convergence of the iterative procedure.
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Our method of sequential conditioning used to prove Proposition 2.5 has been used
in other contexts by Bayati and Montanari [1] and Bayati et al. [2].

We finish the section by introducing some notations.

Ifx,y € RV, we write

N
1
(x,y) < v _§1xiyi, Ix) < /(x, x).
1=

As mentioned above, we suppress N in notations as far as possible, but this parameter
is present everywhere.
We also define the N x N-matrix X Qs y, X ® y, by

def XiYj

o (1.5)

x®y)i; = %( iYj+Xjyi), X®y

If A is an N x N-matrix and x € R", the vector Ax is defined in the usual way
(interpreting vectors in R" as column matrices). If f : R — Ris a function andx € RY
we simply write f (x) for the vector obtained by applying f to the coordinates.

g= (g,' j) is a Gaussian N x N-matrix where the g;; for i < j are independent cen-
tered Gaussians with variance 1/N, and where g;; = g;i, gi = 0. We will exclusively
reserve the notation g for such a Gaussian matrix.

We will use Z, Z', Zy, Z3, ... as generic standard Gaussians. Whenever several of
them appear in the same formula, they are assumed to be independent, without special
mentioning. We then write £ when taking expectations with respect to them. (This
notation is simply an outflow of the abhorrence probabilists have of using integral signs,
as John Westwater once put it).

If{Xy}, {Yn} are two sequences of real random variables, defined on (2, F, P), we
write

XN ~ YN,

provided there exists a constant C > 0 such that
P(Xy — Yyl 2 1) < Cexp[-2N/C]

forall N e N, 0 <t <1.

Clearly, if Xy >~ Yy, and X}, >~ Y}, then Xy + X}, = Yy + Y.
HXW>:(XW§

! i<N

in RN, we write XM ~ Y™ if

, YV = (Yl.(N ))' , e two sequences of random vectors
i<

N
1 Z (N) (N
i=1

We will use C > 0 as a generic positive constant, not necessarily the same at different
occurrences. It may depend on B, i, and on the level & of the approximation scheme
appearing in the next section, but on nothing else, unless stated otherwise.

In order to avoid endless repetitions of the parameters # and 8, we use the abbreviation

Th (x) = tanh (h + Bx) .
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We always assume i # 0, and as there is a symmetry between the signs, we assume
h > 0. g = q (B, h) will exclusively be used for the unique solution of (1.2). In the case
h =0, B > 1, there is a unique solution of (1.2) which is positive. Proposition 2.5 is
valid in this case, too, but this does not lead to a useful result. So, we stick to the &7 > 0
case.

Gaussian random variables are always assumed to be centered.

2. The Recursive Scheme for the Solutions of the TAP Equations
k will exclusively be used to number the level of the iteration. Our main result is
Theorem 2.1. Assume h > 0. If B > 0 is below the AT-line, i.e. if

B*Ecosh™ (h+B/qZ) < 1, (2.1)
then

N
lim limsupE Hm(k) —m®) ) =0.

k.k'—00 N0

If there is strict inequality in (2.1), then there exist 0 < A (B, h) < 1, and C > 0, such
that for all k,

2
limsup E Hm(k+1) —m® H < CAk,
N—o0

The theorem is a straightforward consequence of a computation of the inner products
(m®, m)). We explain that first. The actual computation of these inner products will

be quite involved and will depend on clarifying the structural dependence of m® on g.
As we assume & > 0, we have ¢ > 0. We define a function ¢ : [0, g] — R by

V) E ETh(Viz+Jg=12)Th (Viz+Vg=12"),

where Z, Z', Z”, as usual, are independent standard Gaussians. Remember that Th (x) =
tanh (h + Bx).

Leta € ETh(/G2) > 0.

Lemma 2.2.(a) ¥ satisfies 0 < ¥ (0) = o? < ¥ () = q, and is strictly increasing
and convex on [0, q].

(b)
¥’ (q) = B*Ecosh™ (h+ B/qZ) .

Proof. ¥ (0) = o, and ¥ (q) = q are evident by the definition of «, . We compute
the first two derivatives of i :

V' (1) = %E[ZTh’ (ﬂz+¢qu/) Th (\/;Zh/ﬁzﬁ)]

NG
! E[z/ T (ﬁz + ﬁz’) Th (JZZ + Jﬁz”) ]

Ji—1
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— ETh (J?Z + \/ﬁz/) Th (ﬁz + \/ﬁz’/)
+ETH (J?z + Wz/) T (ﬁz + Wz//)
—ETH (ﬁz + Jﬁz’) Th (ﬁz + Jﬁz”)

— ETH (ﬁz + Jﬁz’) T (ﬁz + \/ﬁz”) :

the second equality by Gaussian partial integration.
Differentiating once more, we get

() = E (Th” (ﬁz + \/ﬁz/) Th” (ﬁz + Wz”)) .

In both expressions, we can first integrate out Z’, Z”, getting
0 00 2
vo= [ (Vi i) @] swn o,
—oo LJ—o0

and the similar expression for 1" with Th’ replaced by Th”. So, we see that ¥ is
increasing and convex. Furthermore, as

Th (x) = B tanh’ (Bx +h) = B (1 — tanh? (Bx + h))

-
cosh? (Bx +h)’

we get
¥ (q) = ETW (JqZ)" = B*Ecosh™ (h+ /4 7).
O

Corollary 2.3. If (2.1) is satisfied, then q is the only fixed point of { in the interval
[0, g1. If (2.1) is not satisfied then there is a unique fixed point of W (t) = t inside the
interval (0, q).

We define sequences {0k }i>1, {Vk}x>1 recursively by y, def o, p1 def Y14/4, and for
k>2,

def

o= ¥ (1),
def ok — T2,

k =

—
\/q_rkfl

where
def ~ def
2 de z 2 2 de
Fm = '}/1, FO = 0.
j=1

In order for y; to be well defined, we have to prove recursively that F,%_ 1 <4.
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Lemma 2.4.(a) Forall k € N,
F,%_l < pk <¢q.
(b) If (2.1) is satisfied, then
Jm o= Jim T =g
(c) If there is strict inequality in (2.1) , then F,% and py converge to q exponentially fast.

Proof. (a) pr < g forall k is evident.
We prove by induction on k that p; > I‘,%_l. For k = 1, as p1 = y1./q, the
statement follows.
Assume that it is true for k. Then

2
o — T

Vk=—kzl <\/,0k—f',%,1,
\/‘I_Fk—1

ie. px > 1",%. As pr+1 > pk, the statement follows.
(b) Evidently limy_, » pr = ¢ if (2.1) is satisfied. The sequence {I‘,%} is increasing

and bounded (by ¢g). If ¢ o limy ;o0 I‘,% <g,thenlimy ook = /q—¢ >0,a
contradiction to the boundedness of {T'7}.
(c) Linearization of ¢y around ¢q easily shows that the convergence is exponentially fast

ify'(g) <1. O

Remark that by (a) of the above lemma, one has y; > 0 for all k.
Let IT; be the orthogonal projection in RV, with respect to the inner product (-, -,

onto span (m", ..., m")). Remember that the inner product is N ! times the standard
inner product in RY. We set

Mk 9k m, (m(k)) . j <k, (2.2)

and
M® L pkk=D 2.3)

Let
MK
(o der M7 (2.4)
M@

if [M®] # 0.1In case m® € span (m), ..., m*=D), we define p©) ¢ 1 to have

it defined everywhere, but we will see that this happens only with exponentially small
probability. Remark that ¢V = 1.
The key result is:

Proposition 2.5. Forallk e N

2
Hm(k) H ~gq, (2.5)
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andfor1l < j <k,
<m(~/), m(k)> >~ pj, (2.6)
<¢<i>, m(k)> ~y;. 2.7)

Proof of Theorem 2.1 from Proposition 2.5. As the variables m®) are bounded, (2.5)
implies
2
lim E Hm(k) H =gq,
N—o00

and for j < k,

lim E(m?, m®) = p;.

N—o0

Therefore, for k' < k,
, 2 2 .2 )
oo =55 o )

Taking the N — o0, this converges to 2g —2 p. From Lemma 2.4, the claim follows.
O

Remark 2.6. Proposition 2.5 is true for all temperatures. However, beyond the AT-line,
it does not give much information on the behavior of the m® for large k. If (2.1) is
not satisfied, then there exists a unique number ¢* € (0, g) with ¥ (¢*) = ¢™, and
from ¥', ¥"” > 0 it easily follows that limg_. oo px = g*. Therefore, it follows from
Proposition 2.5 that

, 2
fim gim E[m®) —m®|"=2(g - ¢%) > 0.

k,k'—o00 N—00

The main task is to prove Proposition 2.5. It follows by an involved induction argu-
ment.

Lemma 2.7. (2.7) is a consequence of (2.5) and (2.6).

Proof. We do induction on j.
For j = 1, we have ¢(1) =1, m® = +/q1, and therefore

<¢>(1),m(k)> — —<m(]),m(k)>: PL_ .

Jq NG,
Let j > 2. Then ¢ = MY/ [MU) |, and

2 » i 2
HMmH - HmmH _Z<m<j)’¢(‘v)> .

s=
As |<m(j ), ¢(S)>| is bounded, it follows from the induction hypothesis that with

5; < Jqg— r_/2>0, 2.8)
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one has
P(|mMP] <8;) = cexpl-n/cl,
and that
HMU) H ~ Jg -T2, (2.9)
If now k > j, then

(m® m) — 37~ m® ¢} (m), $®)
M|

)

<m(k), ¢<j)> _

and using (2.9), (2.6), and the induction hypothesis, we get

T2
<m(k>,¢</>>: A

=Vj-
2
\/q_rj_l

Definition 2.8. If J € N, we say that COND (J) holds if (2.5) and (2.6) are true for
k<J.

O

COND (1) is trivially true.
Remark 2.9. Assume COND (/J), and take §; as in (2.8),

J
def 6)) . )
Ay Q{HM!H>5,}, (2.10)

which then satisfies
P(Aj)>1—-Cyexp[—-N/Cy]. (2.11)

Furthermore, there exist constants ¢; > 0, depending only on J, which can be expressed
in terms of §;, j < J, such that ‘d)i(k) (a))‘ <cjforwe Aj,andall k < J, all N, and

all i < N. This is easily seen from (2.4) and ‘mgk) (a))) <1
The rest of the paper is the proof that
COND (J) = COND (J +1). (2.12)

In the course of the proof, we find the alternative representation of the m® (1.4),
precisely formulated in (5.13).

3. Iterative Modifications of the Interaction Variables

Let G be a sub-o-field of 7, and y = (yi;) 1<i,j<y D€ @ random matrix. We are only
interested in the case where y is symmetric and 0 on the diagonal, but this is not important
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for the moment. We assume that y is jointly Gaussian, conditioned on G, i.e. there is a
positive semidefinite, G-m.b. N 2 % N2-matrix I' such that

) 1
E | exp lzlk/ykj G| =exp ) Z tej Ukje jr i jr
k.j k.k'.j.j'

(We do not assume that y is Gaussian, unconditionally.) Consider a G-measurable random

vector X, and the linear space of random variables

def

N
L= [Zai (yx); rai,...,an G — measurable] .
i=1

We consider the linear projection 7, (y) of y onto £, which is defined to be the unique
matrix with components 7, (yi j) in £ which satisfy

E ({yij — 7z (yij)} UIG) =0, YU € L.

As y is assumed to be conditionally Gaussian, given G, it follows that y — 7z (y) is
conditionally independent of the variables in £, given G.
If y is symmetric, then clearly 7. (y) is symmetric, too.

Remark 3.1. If k is a G-measurable real-valued random variable then «y is conditionally
Gaussian as well and

ke (y) =g (ky) .

Remark also that

¥y =7 (V) x =yx—7mg (yx) =0, (3.1)

asyx € L.
Using this construction, we define a sequence g*), k > 1 of matrices, and a sequence

{F} of sub-o-fields of F, starting with g(l) def g,and F_1 = Fy def N, the set of P-null
sets. The construction is done in such a way that

(C1) g is conditionally Gaussian, given Fy_j.
(€2) m®, M® and ¢® are F;_;-measurable.

Using that we define

def
gl & o _ (gu«)), (3.2)

with

Lk def [Zai (g(k)M(k))' :a; ]-"k_l-measurable} ,
1

i=1

i.e. we perform the above construction with G = Fj_ and x = M®,
Furthermore, we define

Fin € o (fk, §(k+1)) ;
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where

OB IPIOMON

There is a “nicer” representation of Fj stated below in Remark 3.4, but the one given
above is more convenient for the moment.

In order that the construction is well defined, we have to inductively prove the prop-
erties (C1) and (C2). We actually prove a condition which is stronger than (C1):

(C1’) Conditionally on Fj_», g¥) is Gaussian, and conditionally independent of Fy_;.

(C1) implies that g® is conditionally Gaussian, given Fj_;, and the conditional
law, given F_1, is the same as given Fy_».

Inductive proof of (C1’) and (C2). The case k = 1 is trivial. We first prove (C2) for
k > 2, using (C1’), (C2) up to k — 1. We claim that

m® — Th (g(kfl)M(kfl) + R(kfz)) , (3.3)

where R*~2) stands for a generic F;_>-measurable random variable, not necessarily
the same at different occurrences.

As gt DME=D = |IM*=D | £®=D and M*~D is F_,-measurable, by the induc-
tion hypothesis, it follows from (3.3) that m® is Fj_;-measurable The statements for
M®  $®) are then trivial consequences.

We therefore have to prove (3.3). We prove by induction on j that

m® = Th (g<./>M(k—1,j—1) . R(k—2>) . (3.4)

The case j = 1 follows from the definition of m®), and the case j =k — 11is (3.3).
Assume that (3.4) is true for j < k— 1. Wereplace g'/) by g/*! through the recursive
definition

m® = Th (g(j+1)M(k—1,j—1> + g (g(j)) ML= 4 R(k—z))
— Th (g<j+1>M(k—1,j—1> + R(k—2>) ’
aswz; (gV))is Fj-measurable and therefore 7z, (g)) M®* =1/~ is F;_5-measurable.
Using (3.1), one gets g/+*DM) = 0, and therefore
GUHDN(-17=1) — gGHDp=1),

This proves (3.3), and therefore (C2) for k.
We next prove (C1°) for k,

k) def _(k—1 k—1
R (g( ))_

We condition on Fy_>. By (C2), M&=D g Fr_p-measurable. As g(k —D . conditioned
on Fj_3, is Gaussian, and independent of F;_», it has the same distribution also con-
ditioned on Fj_,. By the construction of g, this variable is conditioned on Fy_»,
independent of Fj_1, and conditionally Gaussian. O
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Lemma 3.2. For m < k one has
g(k) ¢(m) -0
Proof. The proof is by induction on k. For k = 1, there is nothing to prove.
Assume that the statement is proved up to k. We want to prove gk*Dp™ = 0 for

m < k. The case m = k is covered by (3.1). For m < k, it follows by Remark 3.1, as
¢(m) is Fj_1-measurable, that

ne, (&) 6 = e, (00,
and therefore
gkt pm — g®gm _ (g(k>) ™

=gWpm 7, (g(k>¢<m)) =0,

as g ¢ = 0 by the induction hypothesis. O

Lemma 3.3. If m < k, then
k
269%™ =0
i
Proof.

— Z¢(k) thk)d)(m)
_ Z¢<k> Z ®pm

for m < k, by the symmetry of g©) and the previous lemma. O

Remark 3.4. F has a more straightforward description in terms of the original random
variables:

Fr=o0 (gm(l), co gm(k)) .

Proof. We use induction on k. k = 1 is evident as m") = +/q1 and therefore gm') =

JaED.

We assume that the equation is correct for k > 1. gk+DM*+D = ”M(k“) | g®+b
p®*D = |[M**D || £®+D "and in the proof of (3.4), we have seen that g®*DM®*+D) =
gm®D L R® where R® is F;-measurable. Therefore

gm®*+D L RK — HM(k+1)

‘ s(k+l)‘
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IM®*D | is F;-measurable. Remember also that we had defined ¢**! = 1 on the
Fi-measurable event { [M**D || = 0}. From that it follows that

Fre1 =0 (fk, E(k+l)) =0 (fk, gm(k+l)),
which by the induction hypothesis for k proves

Fk+1 =0 (gm(l), ey gm(k+l)) .
O

Remark 3.5. The g®) can of course be expressed “explicitly” in terms of the g, but already
the expression for g is fairly involved. We haven’t found a structurally simple formula
for the g for general k. If it would exist, it would probably considerably simplify the
arguments in the next section, but we doubt that there is one.

4. Computation of the Conditional Covariances of g®)

We introduce some more notations.
We write O (N~") for a generic sequence {X ™)} of F-measurable non negative
random variables which satisfies

P (N’X(N) > K) < Cexp[-N/C],

for some K, C > 0. As usual, we don’t write N as an index in the random variables.
The constants C, K > 0 here may depend on %, 8, and the level k, and on the formula
where they appear, but on nothing else, in particular not on N, and any further indices.
For instance, if we write

Xij = Y,'j + Oy (N_S) s
we mean that there exists C (8, h, k), K (8, h, k) > 0 with

sup]P’(NS X — Y| > K) < Cexp[-N/C].
ij

Furthermore, in such a case, it is tacitly assumed that X;; — Y;; are F;-measurable.
Evidently, if X, Y are Oy (N™"), then X +Y is Ox (N"), and if X is O (N~"), and
Y is Oy (N7%), then XY is O (N7"7%).
We write [E; for the conditional expectation, given Fy.
We will finally prove the validity of the following relations:

Eiagl” = % + Or_2 (N ‘2) , 4.1)
k—1 ,(m) ,(m)
EragVe® = -3 % + 02 (N7), Ve £, (4.2)
m=1
a®
Biagl) gy =~ + Oca (N4, if )0l y =0, @43)
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where

l(jkgt Z z )»(k) (m)

m=1Ac{i,j,s,t}

with

(m) def H ¢(m)

ueA

The A( ) 'a are real numbers, not random variables, which depend on A only through
the type of subset which is taken with respect to the two subsets {7, j}, {s,?}. More
precisely, there is only one number for |A| = 4, one for |A| = 3, and one for |A| = 3,
but possibly two if |A| = 2, namely one for A = {i, j} or A = {s, ¢}, and one for the
other cases {i, s}, {i,t}, {j,s}, {J,}. So totally, for any k, m, there are five possible
A’s.

The main result of this section is:

Proposition 4.1. Let J € N, assume COND (J), and assume the validity of (4.1)-(4.3)
hold for k < J. Then they hold for k = J + 1.

The main point with assuming COND (J) is (2.11). On Ay, the variables ¢ are
bounded fork < J.

Lemma 4.2. Assume (4.1)—(4.3) for k = J, and (2.11). Then

(a)
_151-(1)2 =1+0, (Nfl) . @4
(b)
J—1
- %.(J)%.(J) ¢(J)¢(J) Zd,l_(’)(p;’) +0y_, (N‘z) ) 4.5)
r=1
(©)
¢(J)
E;_ glJ )E(J) T-'_O‘,_l (Niz). (4.6)
(d) Fors #1, j,
(J) J-1 ¢U)

J
E;- 1g, £ = N2 Z¢(m)¢(m)

Z¢("”¢<'">+OJ (V).

4.7
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Proof. (a) As qb(J )is F 7—1-measurable, and g(J ) is independent of F;_1, conditionally
on Fj_o, we get

2 J e J e
Elflgi( 2 = Z ¢S(J)¢;( By (g,-(s)gi(, )) = Z ¢X(J)¢;( 'Ey_» (gi(s)gf,))

S, tF£Q S, tF£i
J)2 J J J
= > 0% (857) + 3 606 B2 (5 s))
S S, t#0
st

Using (4.1), (4.2), and the boundedness of the ¢’s on A;, and Nl Zi q)l.(”z =1,
2. ¢,~(J)¢l~(m) =0form < J, we get

Ej—lfimz =1+0,- (Nfl) .

(b)
Nl J INC
Eige” = 3 00 B2 (a)).
s#LIFE]
We split the sum over (s,t) into the one summand s = j,t = i, in A =

{(s,8):s#1i,j}, B = {(j,t):t#1i,j}, C = {(s,i):s#1i,j}, and D =
{(s, 1) : {s,t} N{i, j} = @}. The one summand s = j,t = i gives d)l.(J)q);.J)/N +
0y-1 (N7?),

J—1 ¢(m)¢(m)
NIRE -
Z — Z ¢§J)2EJ_2 (gi(s)gﬁs)) — Z ¢§J)2 [_ Z i NZI +05-2 (N 3)]

A S#ELL ] S, J m=1
J—1 4 (m)  (m)
_ ¢ 9 -
= - ———+ 051 |N .
N
m=1
) () ) ()
2= 40" Er (gij &ji )
B 1A
J—=1 ,(m) ,(m)
R ¢ ¢ _
-S| S0 ()]
oy m=1

Because (¢, ™) = 0 for m < J, this is seen to be O;_; (N~2). The same applies

to > .

It remains to consider the last part > ,,. Here we have to use the expression for
Eya (85)8) where {i, j1 0 {s, 1) = @ given by (4.3),

J—1
1
J J —
S | T S e vora (v

s,t:{s,t}N{i, j}=0 m=1 Ac{i,j,s,t}
1

J—1
J J —
X T S e sors(vY)

s, t:{s, t}N{i, j}=0 m=1 AC{i,j,s,t}
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Take e.g. A = {i, j, s}. Then /\(J) = A(13 with no further dependence of this number
oni, j,s.So we get for this part for any summand on m withm < J,

1
()] J) () (m) , (m)
eI DR T
s s, t}0{i, j1=90
Using again (¢/), ™) = 0, we get that this is O;_; (N2). This applies in the same
way to all the parts. Therefore (b) follows.
()

@)
; _
Es-1g5 8" = > ¢ By (gf,”g,(f)) ——N +05-1 (N 2)

t#i
J— ]¢(m)¢(m)
J _
o34 |- o (v)
t#i,j m=1
[€))
¢
=——+0y_ (N_z) s
N J—1
due to the orthogonality of the ¢,
(d)
¥ J INe
Egz )S(J) Z(pf( )Eg( ) ( )
t#s
J N J D .
= ¢, Eg) o) + 0\ Eei 2 + 01 (N 3),
due again to (4.3). We therefore get
=
¥ J J _
Egfl 6 = ——5 " ¢ [#"8!" + 9 9] + 0,1 (V7).
m=1
O
Lemma 4.3. We assume the same as in Lemma 4.2. Put
(D) () (N () N
ket oy 9 & HOE URORE oy
i = i N +6;70; Z¢< g0,
Then
J+1 N/ J
g*) = g zxfj e, (4.8)

)

where the Fj_1-measurable coefficients X;; s satisfy

le(lqub(m) =0, Vi,j, Ym<J, (4.9)
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with
xih =0, (N7), seti g,
¥ N3 .o
xih =0, (V) s gt
)

Proof. The existence of F;_i-measurable coefficients x; /.5 comes from linear algebra.
Remark that .

Zss(l)(b(m) — Zd)s(m)gw )¢(J) Z¢(J) |:Z g§£)¢(m)i|
$ J

Therefore, we can replace the xl.(j ) by

J—-1

J J
-3 oo

m=1
which satisfy the desired property (4.9).
We keep i, j fixed for the moment and write x; for xi(jjz. The requirement for them

is that for all 7,
E (("(J) szg(l)) (-])) (410)

(see the definition of the g!/) in (3.2)).
From Lemma 4.2, we get

Ej- (g” )g(j)) =0y_i (Nfz),
and the same for E;_ (gu )S(])) Fort ¢ {i, j}, we have

¢(J)
E,_, (A(J)g(f)) _ N2 Z¢(M)¢(n1)

Z¢(m)¢(M) +0;_, (N—3)

¢(){ ) 1%()() ( 2)

68 — = > 6™ 4 0,y (N }

N N —

¢(J) 1

N { ¢( o N Z‘Pi(m)(l)z(m) +07-1 (N_z)}
m=1

1
J J z J
( )¢( ) 2 ¢(J)E]7]§£J)St( )
] J ] J ] J

J—1

Lo, J

+W¢f( 9 >Z¢£”H o — Z¢£’”)¢>§’”)
r#t m=1

+0j_q (N_3) .
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Due to the orthonormality of the ¢, one gets

LS (),

r#t

> 60 = 0,1 (v71).

r#t

So we get
(D) (J _
Ej_1 (g,(, g )) J—1 (N 3).
. def A() e () .
We write for the moment y; = E;_; (gl y & ) The equations (4.10) for {x;} are

J
sz]Elflsx(J)Et( ) = Yi, VI
s

Writing r;; for the O;_ (N~2) error term in (4.5), and for j = i, the O;_; (N~!) error
term in (4.4), we arrive at

J
sz { ¢(J)¢( ) Z ¢(m)¢(m) + rst} +x; (1 +7r1) = yr.
s#t

In the first summand, we sum now over all s, remarking that we have assumed that

D Xs ‘5’”) = 0 for m < J. The error for not summing over the single ¢ can be incorpo-
rated into r;;. We therefore arrive at

J
Xt +¢( ) ZX ¢(J) +zxsrvt =Vt-

Write @ for the matrix (N “1p) ¢;J)) and R for (r;;). Then we have to invert the
matrix (/ + ® + R). Remark that (I + ®)~! = I — & /2. Therefore

I—-P/2)({+P+R)=1+({ —DP/2)R.
We can develop the right hand side as a Neumann series:

I+®+R)U+Dd)=U+I - D/2)R)™!
=1 —(—-®/2)R+[(I—P/2)R)* —---

T (=3)R(-3)
I+d+R)'=1———(1—=)R(1-Z)+--.
2 2 2

As (Dy); = 051 (N_3), we get the desired conclusion. O



352 E. Bolthausen

Proof of Proposition 4.1.
E,_ (gl(jj+1)gs(tj+1)) —E,_ (gl(jjﬂ) s(z“l)) Zx By (su(J)gl(JJ))
NS ()
+fo]’; B (;;51)55’)). @.11)
The summands involving the x/) all only give contributions which enter the O _{-terms.
Take for instance s = j, ¢ # i, j. In that case, the claimed O _1-termis O;_; (N_3).

In the last summand of (4.11), there is one summand, namely u = v = j, where the
xY) are 0;_1 (N~2), so this summand is only O;_; (N~%),

) J) 5(D) D DD 4 D () 5()
Zx/tu]E - ("’&15 )gu ) /“JE (gi g,/ ) /I/E (5;‘ g” )
D (J) 5(J)
]t tE - ( gl] )

* Z xjEs- 1(5(”&(,]))- (4.12)

Ui, j,t

From Lemma 4.2, we get

E,_ (&-mg,(,])) —E, (S,-(”g,(,])) NV, (Ef”é}”)

_ N_I(ﬁ;-J)EJ_] (%-i(f)z)
N
+ ¢,-(J)¢§»])N72 Z dVE; (51-(])5(]))

r=1
~o ()

and similarly E; _ (g;’)gf]”) =0, (N7"),andE;_, ( ;”gf]’)) foru ¢ (i, j}. So
the sum in (4.12) is

o1 ()0 ()01 () 01 ()
40 (N—2) 0,1 (N_z) +NOy_ (N—3) 0,1 (N—z)
=0, (N_3) .

The other summands behave similarly. The third and fourth summand in (4.11) behave
similarly.

As another case, take {i, j} N {s, t} = @, where we have to get O;_; (N‘4) for the
second to fourth summand in (4.11),
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D wiuEi (5»5”&(,])) =2 2t 2
u

u=i,j u=s,t ué¢{i,j,s,t}

=0y (N_3) 051 (N_l)

+0y-1 (Nfz) 01 (N*Z)
+NOj_; (N_3) 0y_i (N—Z)
0j-1 (N_4) .

PIRIAR AT G I SR S S 3

u,v u=veli,j,s,t} u=vé{i,j,s,t} uefi,j}vels,t}

UD DI DINDY

ueli,jyvé{s,t},#u ve{s,t}ugfi,j},#v

22 2

u#v ug{i,j} vé{s,t}

0y (N7°) + N0y (N0)

+ 05 (N2) 051 (N2) 0,0 (V7))
103 () 011 (1) 011 ()
+ N0yt (N72) 051 (N7) 041 (N7)
+N20,1 (N7) 0y (N7) 0y (N7
=0, (N_S),

In order to prove (4.1)—(4.3), it therefore remains to investigate £y _ ( gz(]J +1)gs(tJ +1)) )
For (4.1):

Q. E . + Q- %‘ (Z) (Z)

)

which is better than required.

Using Lemma 4.2, one easily gets that anything except E;_ ( ()2 ) is Oy_1 (N _2).

Ej_1 (gl.j ) =E _2( ()2 ) from the conditional independence of g/) of F,_,

given F;_5. So the claim follows.
For (4.2):

() () () () ) (J)
o e 1 Ve gDy
A(J) 5 () ) i J i i J Nl
B, (858) = Ej_l[(gu < e I
u

(N () (N () ) (J)
J) ¢/ ét +¢t é/ ¢ ¢t ¢(J)é(.])
it~ N Z
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We write m x n for the summand, we get by multiplying the m™ summand in the
first bracket with the n'" in the second. By induction hypothesis, we get

¢(fﬂ) ¢(m) »
1x1=—z i +0;2(N7).
m=1
In the 1 x 2-term, only the multiplication of gi(jj) with fj(.]) counts, the other part giving
05 (N_3). Therefore
)

1x2= —%E _ g”)g( )+ 0y, (N_3)

() ()
AR _
= N2 +0y_1 (N 3) .

2 x 1 gives the same. In 2 x 2, again only the matching of 5;]) with EJ(J) counts, so we
get

) (J)
1x2=% % o, (N’3).
N2
The other parts are easily seen to give O _1 (N _3). We have proved that
J i (m) o (m)
¢ -
Ej_ (gfjj)gﬁf)) = - Z + 01 (N 3) .

m=

Finally for (4.3), we have here {i, j} N {s, t} = ¢,

D) D) (D) ()
() A (D) o PTETHeTET 979, S g0
]E]—l (g,] g_&t ) - E (gzj + 2 ¢I§ )glg )

N N2 4
Dol Dol DU
g9 e + o Vel N o o) )Z¢(1)‘§(1)
st N N2 - u u ’

The 1 x 1,1 x 2,2 x 1, and 2 x 2-terms are clearly of the desired form, either from
induction hypothesis or Lemma 4.2,

) ()
=28 S ().

For u = i we get for the expectation 4)1.( )¢>§.J)/N +05_ (N_z), so this is of the desired
form. The same applies to u = j. It therefore remains

) ()
s ¢ ¢ Z S VE,_, (g”)g(J))

u#i, j
o) o LS o [, 0 m 4
. _
=& #Z‘gbu _WZI% (6781 + 61 0™ |+ 0,1 (N4,
Ui, j m=

As Y, d ™ = 0, the whole expression is O;_; (N~*). The other cases are
handled similarly. O
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5. Proof of Proposition 2.5

Proof of the proposition. The proof is short given the results of two main lemmas which
are formulated and proved afterwards.

We assume COND (J), and (4.1)—(4.3) for k < J. By Proposition 4.1 of the last
section, this implies (4.1)—(4.3) for k < J + 1. Using this, we prove now (2.5) and (2.6)
for k = J + 1, so that we have proved COND (J + 1). Having achieved this, the proof
of Proposition 2.5 is complete.

We have to introduce some more notations:

For j < k, define X0 & o X&) & 577 3 60 and Xk L 5okl 400

V4~ i o®.

Remark that under COND (J),
m® ~ X0 (5.1)

for k < J.Indeed

k—1

Hm(k) -3 <m(k), ¢,<m>>¢<m>

m=1

¢(k)

k—1

—m® - <m<’<>, ¢(m>>¢<m>

m=1

k—1
~m® = 3y,

m=1

From g > F,%_l, by (2.5) and (2.6) for k < J, and the fact that the qb;k) are uniformly

bounded on A ;, we have
~./q— 1",%_1.

k—1
Hm(k) -3 <m<k>, ¢,(m)>¢<m>

m=1

So the claim (5.1) follows.
Wesetforl <s <k,

m%s %€y (g(s)M<k1,s1> + Si VED 1B —q) {Xufz,sfl) _ m(kz)})_
t=1
Remark that by Lemma 3.2, we have g®)M*~1s=1) = g®)m*=D _Evidently
m&D = m(k),
and we define
D M Jal, m® i G D S )
By Lemma 5.1 below COND (J) implies

m(J+1) ~ ﬁl(l+1). (52)
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AsCOND (J) implies trivially COND (J) for J/ < J, it follows that COND (J) implies

m® ~ m® forall k < J + 1. As the m;k) are uniformly bounded by 1, we get from
that

<m<1+1>’ m(j)> ~ <ﬁlu+1>’ ﬁ,u)) ’

forall j < J +1.
By Lemma 5.3 below, we also have

<ﬁ1(1+1)’ ,;,(j)> ~ p;
for j < J, and

2
@+ H ~

This implies COND (J + 1) which finishes the proof of Proposition 2.5. O

Unfortunately, there is a slight complication when proving (5.2), namely that we have
to extend the induction scheme by proving in parallel

<§<m>,m<k)> ~ <§(m)’ﬁl(k)>, Vi < k (5.3)

for k = J + 1 which is not evident from (5.2) as the Ei(m) are not bounded.

Lemma 5.1. Assume the validity of (2.5)—(2.7) and (5.3) for k < J. Then for s =
L....,J —1,

mU+L9) & mUHLs+D,
and (5.3) holds for k = J + 1. In particular,
mY*D ~ m*D follows.

Proof. We prove by inductionon s, 1 <s < J — 1, that

mU+L9) & mUHLs+D, (5.4)
and
<§(m)’ m(1+1,s)> ~ <$(m), m(1+1’5+1)>, m<J. (3.5)
We have
g0 = o) _£6) g ) 4 <§(s>, ¢<s>> (d)“’ ® ¢(s)) +e®,
where

(S) ()
DY
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see Lemma 4.3. Therefore

s—1
m+9) — Th (g(m)mu) +y+ Z yE®
=1

+B (=g XU — D), (5.6)
where
y & <¢(s>’ m<J>> £O) 4 <5(s>’ m<1)>¢(s> + <¢(s>’ m(l>> <¢<s), E(”> ¢ +c®Om)

We write

y(h &f <¢(s>, mm)g(s) + <§(s)’ m<1>>¢(s> + <¢(s>’ m<’)><¢®, E(”>¢(S),

y@ & <¢(s>’ m(1)> £O) 4 <§(s)’ m(’)>¢(5>,

yO E ys® 4 <5 ©, mm>¢“),

y® &l £ +<§<x>, ﬁl(f)>¢(3)’

vED+BA—q e ifs<J -1

ysEW+B(1—q) /g -T2 ¢ ifs=J—1

and then set ad hoc

5) def
MORC.

1 def n(+1s)

and define u(") where y is replaced by y(”), n=1,...,5 Remark that from (5.6),

M(S) — m(]+l,s+l).

We will prove
(n—1) %/J/(n)7 n = 1,..-,57 (57)

and
<g(m>, ,ﬁ"—l)) ~ <g:(m>, ,ﬁ’”), n=1,...,5. (5.8)

which prove the desired induction in s.
To switch from ,u(o) to /,L(l), we observe that by the estimates of Lemma 4.3, one has

L1 ,
© (D) 1w, 1 s)
‘(c m ),- <0, (1) N’éf +N2;‘éj

Therefore

Z‘“(O) (1)’ Os- 1(1) z ‘%-(s)
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and

2

1

0 1
éi(m) (Mf ) Mf >)‘

Ei(m) é_-i(s) Si(m ) Ei(S)

Os1 (D |1
LD ] )|

1 1
ty > N >
By choosing K large enough, we get for 1/+/N <t < 1 by Corollary A.2 (a),

1 K
2 (0) )] Z (5)

< Cexp[-N/C] < Cexp [—sz/c] .

>IN | +P (051 (1) = K)

For t < 1/+/N, the bound is trivial anyway. This proves (5.7) for n = 1. Equation (5.8)
follows in the same way using Corollary A.2 (b),

S - e oo

<C ‘<¢<s>75<1)>‘

on Aj;. Equation (5.7) for n = 2 then follows from Corollary A.2 (c). As for (5.8), we
remark that

%Z 6™ (1" = )| = c |6, 6D)| [0 ™) -

We can then again use Corollary A.2 (c) remarking thatexp [-Nt/C] < exp [—Ntz/C]
fort <1,

El‘(s )

TR N RED>
i i

Equation (5.7) for n = 3 follows from the induction hypothesis (2.7), and Corollary A.2
(). Similarly with (5.8) but here, one has to use part (b) of Corollary A.2,

1 3 4 A
St el )

1

on Ay, and one uses the induction hypothesis (5.3) for J to get (5.7) for n = 4. Remark
that actually, one has a bound uniform in i :

3 4 S
u® — >‘ <c ‘<E(S),m(]) _mm)’_

Therefore, one also gets (5.8) using Corollary A.2. Up to now, we have obtained

s
m7+9) ~ Th (g(s)M(kfl,sfl) + Z Yy E®

t=1

+<§(S)’I’h(-])>¢(s) +B(1—q) {X(J—l,s—l) _ m(]—l)})
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and

N
<§.(m)’ m(]+1,s)> ~ <E(m)’ Th (g(s)M(k—l,s—l) + Z NE®
=1

+<g(s)’ ﬁﬁ“)q&“) +8(—q) {XWLH) _ m(kl)} )>

By Lemma 5.3 (a) below, we have

B —q)ys fors < J —1

, (5.9)
Bl —q)/qg—T3 , fors=J—1

and we can therefore replace (§*), m/)) ¢®) on the right hand side, by B (1 — ) ;¢
fors < J—1lorB(1—¢q),/qg—T3 ¢~V fors = J — 1, which is the same as

replacing X/ ~15=D by X/~1.9) Therefore, the lemma is proved. O

<§<s)’ ﬁ,m> ~

Remark 5.2. ¥ still contains inside Th () the summand B (1—gq) (X*24=2 —m*=2))
which is & 0, according to (5.1). Therefore, if we define

k—2
m® & 1 (g(kl)M(kl”‘Z) +2 Vts(’)) ,
t=1
then we have
m® ~m® k<Js+1 (5.10)

under COND (J), but also
<€(’"), ﬁl(k)> ~ <€(’”), ﬁ(k>> (5.11)

form < k < J + 1. This last relation follows in the same way as (5.3) in the proof of
Lemma 5.1.

Lemma 5.3. We assume COND (J).

()
o —o) B —q)ys fors < J—1
£0, M) .
< B —q)Jqg—T3_, fors=J—1
(b)
<ﬁ<1+1),ﬁ<j>> ~ p;,
for j < J, and

<ﬁ“+1), ﬁ(J+1)> ~gq.
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Proof. (a) Consider first the case s = J — 1,

J=2
m) = Th(HM”‘“H LY m“),

N N =)

1 J-D)—(J 1 J-1 _ J-1

w2 m =y e [ )
i=1 i=1 t=1

We condition on F;_5. Then £~V is conditionally Gaussian with covariances given
in Lemma 4.2 (a), (b). We can therefore apply Lemma A.3 which gives, conditionally
on Fj_p,onanevent By_» € Fj_o which has probability > 1 — Cexp[-N/C],

1

N N J-2
I
—1)—i _
DI EZ,]Th( MUz, 4 yt?,-'i(t))
i=1

i=1 t=1

N B J=2

1

2o et 1m0 2o e
i=1 L _

N [ J=2
1
~ ﬁ,/q—f‘%_lﬁ > [1-ETh? (1/q—r§_1z,_1+§ y,sl.(’))} .
i=1 L

t=1

Applying now Lemma A.3 successively to £/=2) /=2 we get

N J=2
1 )
¥ S VmD ~p g -1 [1 — ETh? (,/q T2\ Zy+ ), y,Z,):|
i=1 =1
=pya—T7_;(1-q).

The case s < J — 1 uses a minor modification of the argument. One first uses
Lemma A.3 successively to get

t=s+

al N J—2 s—1

1 . 1 ‘ -

NE,éi(s)mz( ):NE é,-(f)ETh(HM” ”H Zii+ D nZi+yeE > yté,»%)’
i=1 i=1 | =

and then one argues as above to obtain

1 N

J=2
—(J —
v 3omt s sz (|| 2 s Sz

=

= By [1 — ETh (HM““ [z, +3 yfz,)] =By (1—q).

(b) This is proved with a modification of the reasoning in (a).
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Assume first j < J,

N N

J—1
1
Z A DHD ~ Z [E Th(HMu) H Zi+> yté,-(”)

j—2
x Th HM(j—l)H NS g
t=1

In the case j = J + 1, the outcome is similar, one only has to replace the second factor
by Th (|M©] 2, + 25! vig”).

The next observation is that by the induction hypothesis, one can replace H M) H by
Jq — F%_l and we get

N

N
Z D) 1 Z[ETh(/ 2 1ZJ+Z m%(z))

i=1 i=1
. j_2
th MO 6570+ 3 g ) ]
t=1

in the j < J case, and

N

N J—1
Z (2 ZEThZ( /q T2 7,4 Z J/téi(’))-
i=l1

t=1

The important point is that the factor before Z; is replaced by a constant, which
is due to the induction hypothesis. We can now proceed in the same way with /=1,
applying again Lemma A.3, conditioned on F;_j, and the induction hypothesis. The
final outcome is

N J-1 j-1
| o +h—(
szf W) ~ E|Th(\Jg -T2 2, +> iz + > 02
i=1 r=j r=l
j—2
xTh|\Jg—T?,Z;+> vZ ||,
r=I1

in the case j < J, and

J—1 j—1
J+1)2
Z e BT (g —T2 . Zi+ D> nZe+ D 0
r=j r=1

=

For the latter case, the right-hand side is simply q. For the case j < J, we can rewrite
the expression on the right-hand side as

ETh ( Jq—T2_,2" +y; 12 + FHZ) Th ( Jg—T2.,7'+ FHZ) . (5.12)
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We represent

Jag — F?_IZ” +yj-1Z =aZy+bZy,
lq — F?_ZZ’ =aZ +bZs.

Solving, we get a® + b> = q — FJZ._Z,

a’ = Vi—14/q — Fffz-

Using this, we get that (5.12) equals

and

ETh (Ij2Z +aZy +b7Z2) Th (T2 +aZy +b22) = v (1, +a?)

2 2 2
Fj—z +a° = l"j_2 +Vi-14/q — F?_z =pj-1-

Therefore, for j < J, we get

N

1 .

N nglﬂ)ml@) ~ (pj—l) =pj.
i=1

Remark 5.4. In a way, the key result of this paper is that
m® ~ m® (5.13)

holds for all k. This is correct for all 8. The key point with (2.1) is that the first summand

[M®&=D || £®=D disappears for k — oo as |[M*~D| ~ /g —T7_,, so that for large

k, m® stabilizes to Th (3, &), but above the AT-line ¢ — I'}_, does not converge
to 0. Therefore, above the AT-line, in every iteration, new conditionally independent
contributions appear.

Acknowledgements. 1 thank two anonymous referees for their careful reading and useful comments which
lead to a number of improvements.

A. Appendix

A

Lemma A.1. Let¢ = (§;);=;, . n beasequence of Gaussianvectors withsupy ; E ({iz)

00, andsupy ;i N |E (;,- §j)| < 0o. Thenthere exist K, C > 0, depending only on these
two suprema, such that

N
P(% > el = K) < Cexp[-N/C] (A1)

i=1

and

1 N
P(ﬁ ;;ﬁ > K) < Cexp[-N/C]. (A.2)
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Proof. We can multiply the ¢; by a fixed positive real number. Therefore, we may assume
that supy ;.; N |E (¢i¢;)| < 1/4, supy; E (¢7) < 1. Putey; ) (¢?), and choose
independent Gaussians U; with ]EUI.2 = o;. If we prove the statements (A.1) and (A.2)

for the sequence {¢; + U, }, then it follows for the ¢; itself, simply because (A.1) and (A.2)
hold for the U;. Therefore we may assume that E (¢?) = 1, and |E (¢;¢;)| < 1/4N for

i # j. Write X for the covariance matrix of {¢;}.X = I + &, where }8,-]-| < 1/4N.
Taking the symmetric square root

I+a=+1+¢,

then Sup; j<n |a,~j| < C/N. Therefore, we can represent the ¢; as
Gi =2 +Zaijzj,
J
where the Z; are i.i.d. standard Gaussians. Then
1 & 1 & 1 &
P(ﬁgw > K) < P(ﬁgw > K/2)+P(ﬁ§|zi| > W)

By choosing K appropriate, we get the desired estimate.
To prove (A.2), we use the same representation. As

IA
=
™M
N
"
=z
.MZ
™
2
N

1 N
N2
i=1

IA
=]
1 M=
N,
+
=z q
P
Mz
N
~——

and
| X
IP’(N > 7> K) < Cexp[—-N/C]
i=1
for large enough K, we get the desired conclusion. O

Corollary A.2. Assume COND (J) and k < J.

(a) For any m < k there exist C, K > 0 such that

P(%Z

gi"")‘ > K) < Cexp[—N/C].

(b) For any m, I, there exist C, K > 0 such that

P(%Z

1

gi(m)éi(l)‘ > K) < Cexp[-N/C].
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(o) If Y; are F,—1-measurable with
P (sup; |Y;| > K) < Cexp[—N/C]

for some K, then
IP’(‘<§(”‘),Y>‘ > t) < Cexp [—tzN/C], r<1.

Proof. Conditioned on F;,_1, £ is Gaussian with covariances given by Lemma 4.2.
On F,,,_1-measurable events By with P(By) > 1 — Cexp[—N/C], the variables
appearing in this lemma on the right hand sides are appropriately bounded. So, on By,
the Si(m) are Gaussians which satisfy the conditions of the previous lemma. So (a) follows
from that lemma. For (b), we estimate

1 1 1
(m) & (D) (m)2 02
> 6™ \s\/NEE,-’" /NE;- ,
i i

so that we see that it suffices to consider / = m. Then we apply the lemma, part (b).

As for (c), we have that the conditional distribution of VN (5 ) Y), given F,,_1, is
Gaussian, with bounded variance. So the statement follows. 0O

Lemma A.3. Let { ) } N be Gaussian vectors with O'i(jN
<

) — ]Enl.(N)n;N). We assume
that for some sequence juy > 0 with log uy being bounded, one has

(N)

—un| = C/N,

(r.N)

and there are vectors { M) } N { Vi , m fixed, which are bounded in all
<

}lfN, r<m
indices, such that

N N (V) (N

(N) i J i J
e

r=1

sup N?
i#j,N

Let also Fy i, i < N, be functions R — R, which are bounded and Lipshitz, uniformly
in N,i. Then

N N
NZFNJ (77,» ) ~ NZEFNJ (\/IJ«NZ)~
i=1 i=1
Proof. We leave out N in notations, as often as possible. Consider

def
n;;n, Z Z+\/_\/—_

The constant K > 0 will be specified below. Then
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‘ ™|

where L is a bound on the Lipshitz constants for the Fy ;, and c is a bound of the
As

P (|zr| > zﬁ) < Cexp [—t2N/C] , (A3)

1<,
P(N§|Zi| > t«/ﬁ) = Cexp|—?N/C],

we get
N
NZ N, (i) =~ ZFNz ;
i=1
m (r)2
2\ _ . i K
E(n,)—uzv+8,+zl R
r=
XiXj
E(n;r];):—N +rij, L #
where
def
8 = oii — 1N,
m r)  (r)
XiX; Vi ' Yi
V,'jdéfo‘ij— lJ+Z .

=

We choose K large enough such that the N x N-matrix I which is (ri.,‘) off diagonal,
and

m y(r)2
2t

r=1

x?

——l+5i
N

2|>§

on the diagonal is positive definite. This is possible as |rl-j| <CN~72.
Let {U;} be a Gaussian vector with covariance matrix I". Then

Xi
VUNZi + —Z + U;
VN

has the same distribution as {nl’} Here we assume that {U;} is independent of the Z’s.
So, we assume that the 7/ are presented in this way,

VN

We apply Lemma A.1 to the vector («/ N Ui)] - and (A.3) to the first summand on
=i=
the right-hand side, obtaining

N
|Z] 1
< CL—+LNZ;|Ui|.
1=

N N
1 1
N E Fy,i(nj) — N E Fn.i (VnZi)
iml i=1

| N
NZFNJ(i Z x/M_NZ)
i=1 i=1
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so we finally have

—ZFN, VENZi) ZEFN, (VAN Z).

i=l1 l—l

by standard Gaussian isoperimetry (see e.g. [4]). O
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