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Abstract. In this paper we study the system (1.1), (1.3), which describes the
stationary motion of a given amount of a compressible heat conducting, viscous
fluid in a bounded domain 2of R" n = 2. Here u(x) is the velocity field, p(x) is the
density of the fluid, {(x) is the absolute temperature, f(x) and h(x) are the assigned
external force field and heat sources per unit mass, and p(p, {) is the pressure. In
the physically significant case one has g = 0. We prove that for small data(f, g, h)
there exists a unique solution (u, p, {) of problem (1.1), (1.3), in a neighborhood of
(0,m,{,); for arbitrarily large data the stationary solution does not exist in
general (see Sect. 5). Moreover, we prove that (for barotropic flows) the
stationary solution of the Navier-Stokes equations (1.8) is the incompressible
limit of the stationary solutions of the compressible Navier-Stokes equations
(1.7), as the Mach number becomes small. Finally, in Sect. 5 we will study the
equilibrium solutions for system (4.1). For a more detailed explanation see the
introduction.

1. Introduction
In this paper we study the system
— pAu—vyVdivu+ Vp(p,{) = p[ f— (u-V)ul,
div(pu) =g,
— AL+, puVi+{pp,{)divu=ph+y(u,u), in 2,
ur=0,{= Lo, (L.

in a bounded open domain £2in R”, for arbitrarily large n > 2. It is assumed that Q
lies (locally) on one side of its boundary I', a C? manifold. Here,

~ . a . 2
1(21‘& 61’) + 7, (div u)?, (1.2)

J i
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n

and (v-Viu= ) v(0u/dx;). System (1.1) describes the stationary motion of a

i=

compressible, heat-conductive, viscous fluid (see Serrin [10]). In Eq. (1.1), u(x)=
(u1(x), uy(x), ..., u,(x)) is the velocity field, p(x) is the density of the fluid, {(x) is the
absolute temperature, f(x) and h(x) are the assigned external force field and heat
sources per unit mass, and p(p, {) is the pressure. In the physically significant case one
has g = 0; however, it is not without interest, from a mathematical point of view, to
study the general case.

In order to avoid technicalities, we will assume that the coefficients u>0,v >
-, x>0, ¢,, %o, X1, are constant. A dependence of those coefficients on u, p, {, as
well as the introduction in Eq. (1.1) of other kinds of non-linearities, does not give
rise to substantial difficulties. For the same reason, we assume that {, >0 is
constant.

Since the total mass of fluid is given, we impose the condition

1 , 1
ﬁizp(x)dx =m, or equivalently 0] Qa(x)dx =0, (1.3)

where m > 0 is given, and o(x) is defined by setting p(x) = m + a(x).
The function p(p, {) is defined, and has Lipschitz continuous first order partial
derivatives pj, and p; in a neighborhood [m —Lm 4[] x [{y —1;,{, + 1, ] of (m, {,),
where 0 <1 <m/2, 0 <], £{,/2. Consequently, we can write
{p;)(m_‘—o-aCO—{-a):k—‘—wl(o‘aa); (1 4)

prim+0,{ + o) = w,{o,a), '

where k = p(m,{,), @, (0,0)=0, and w,, w, are Lipschitz continuous in I{],],) =
[=L1}x[—1,1,]. We assume that k>0 (in fact, k#0 would be sufficient here).
By setting
p=m+o, (={+a,

we write system (1.1) in the equivalent form

—udu—vwWdivu+ kVo = F(f,u,0,a),

mdivu+u-Vo +odivu=yg,

—yAa=H(hu,o0,0), in Q,

ur=0, o,=0, (L.5)
where, by definition,

F(fiu,0,0) =(0 +m)[f — (uV)u] — w,(0, ) Vo — w,(0,x)Va,

{o+a

H(h,u,0,0) = (6 + mh — c,(m + o)u-Va + Y(u, u) + 2
m+a

W, (o, 0)(u-Vo — g).
(1.6)

Note that Eq. (1.5), is used in deducing the expression H.
Let p>n be fixed. We prove that problem (1.1), (1.3) has a unique solution
(u, p, )eW>P x WP x W2P in a neighborhood of (0,m,(,) provided the data
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(f,g,Wyel? x WP x I? belong to a suitable neighborhood of the origin. See
Theorem 3.1. This results can be generalized as follows:

Theorem 1.1. Let pell, + o[ and j = — 1, verify j + 2 > n/p. Assume that ['e C*>*4
and plp, HeC3 I 1)) If (f,g, e Wt 1P x Wit2P x Wit 1P perify the condition

(WA PR o (1] PR o ) PRS-

then there exists a unique solution (u, p,{)e W™ 37 x Wi*2:2 x Wi*37 of problem
(1.1), (1.3) in the ball

”u”j+3,p+ HP“‘m”jJrz,p‘*‘ ‘|C”‘£o“j+3,p§c/1~

In the above statement cj, ¢} are suitable positive constants depending only
on Q, n,pj, v, k,m (o, Con U %o b1y, Tiy S{i=1,2), where T,=sup|wio,a)| for
(o,2)el(l,1,), and S; is the norm of w;(c,«) in the space C**/(I(],1,)).

We recall that for the incompressible Navier—Stokes equations a corresponding
result is well known. In fact, for the linear Stokes problem (which is an elliptic
system) the result s classical (see [1,4]). For the nonlinear problem the result follows
immediately by using the estimates for the linear Stokes problem together with the
Schauder fixed point theorem.

The IP-theory enables us to treat the n-dimensional case by handling only
derivatives of order less than or equal to two (case j = — 1). Nevertheless, our proof
applies as well to the case j> — 1, without further difficulties or technical
calculations, as shown in the last part of Sect. 3; the details will be given in a
forthcoming note, by A. Defranceschi [ 14]. To be more specific, here we will concen-
trate our attention on the case j = — 1, since our proof turns out to be (slightly) more
complicated just for this case.

Section 4 is concerned with barotropic motions, described by system (4.1). The
main goal of this section is the study of the incompressible limit of a family of
compressible barotropic flows. We assume that p,(p) is a family of state functions
depending on a parameter 4, such that p’(m) - + o (i.e., the Mach number becomes
small)as A — + c0. Werefer to [5, 6] for the physical justification of the assumptions
done in Sect. 4. We will prove that the solution (u,, , m) of the incompressible Navier—
Stokes equations (1.8) is the limit of the solutions (u,,p;) of the compressible
Navier—Stokes systems of Eq. (1.7), as 4 — + oo. Moreover, p,(p;(x})) — n(x), as A —
+ co.

More precisely, we prove in Sect. 4 the following result:

Theorem 1.2. Let p > nbe fixed, and let the assumptions (done in Sect. 4) on the family
of state functions p,(p) hold. Then, there exist positive constants cg, ¢y, depending at
most on Q,n,p,p,v,m, 1l ¢, ko, such that if fel’,|f|,<cg, then the following
statements hold:

(i) for each A= Ay, the problem
—pAu, —yVdivu, + Vp,(0,) = p,[f — (u; Viu,],
div(p,u;)=0, in 0,
(ul)]]" = Oa ﬁl =m, (1 7)
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has a unique solution (u;,p,)eW? x WP in the ball |u,ll, , S 5, lp,—mil; , <
co/k;.

(ii) If imk; = + oo as A — + oo, then u, —u,, weakly in W5, divu, »0 weakly in
Wi®, p,—mstrongly in W2, Vp,(p,) — Vr weakly in L?, where (u,, V) is the unique
solution of the incompressible Navier—Stokes equations

—uAug + Vr(x)=mlf — (e V)ugJ,
divu,=0, in Q,
(uoo)il": 0 (18)

A similar result was proved forn £ 3, j=1,p = 2, in ref. 2. The proof given here
applies as well to the case WP, if j + 2 > n/p, e C3*J, p(p)e C*>*/. The details will be
given in the forthcoming note, referred to above,

Finally, in Sect. 5 we will study the existence of equilibrium solutions (solutions
such that u(x) = 0, Vxe£), for arbitrarily large external forces f = VF. In particular,
we will show that if p(p) = Rp?, R > 0,y > 0,7 # 1, the equilibrium solution does not
exists in general (even for a constant external force f). If y = 1, then the equilibrium
solution exists for every bounded potential F(x).

For small external forces, it was prove in [117] that the stationary solutions are
stable (for the equilibrium solutions this was proved in [7]). It would be interesting
to study the stability of the equilibrium solutions for large external forces, even if
n=1.

Some Considerations. It is worth noting that the core of this paper is the study of the
linear system (2.1); see Theorems 2.1 and 3.3. In this system the unknowns are u
and g, the vector field v being fixed. Due to the term v- Vo, system (2.1} is not an
elliptic system in the sense of Agmon, Douglis, and Nirenberg [1; part 1I], except
if v(x) vanishes identically in €. In fact (assume, for simplicity, that uy=k=m=1,
and v=0), consider in £ the system —Au+ Vo= F,divu+v-Vo+a(x)o=g. By
using the notations of [1; part IT] one has: L(x, &) = v(x)-&|E|*" if v(x) # 0; L(x, &)=
(1 + a(x))| E1*" if v(x) = 0. Consequently, the ellipticity condition (see [1], Eq. (1.5))
“L{x, &) # 0 for real & # 07, cannot be satisfied unless v(x) =0, for all xeQ.

If v =0 and if a is small enough (for instance, if |a|, < 1), the system is elliptic.
However, this last property cannot be used to treat the term v- Vo as a perturbation
term. In fact, by assuming that e W', the term v-Vo belongs just to L7, In this
situation, equation divu + v- Vo + a(x)o = ¢ yields divuel?, and equation — Au +
Vo = F givesue W1?, geI?. Hence, from the point of view of regularity, we loses one
derivative.

We also point out that the evolution problem is easier to solve due to the
presence of the term (d0/0t) + v-Vo in the evolution counterpart of Eq. (2.1),.

Let us briefly explain the main ideas utilized in the sequel (see also [2]) to solve
the linear system (2.1): By applying the divergence operator to both sides of Eq. (2.1},
one shows that (u + v)4 divu = kd o — div F, and by applying the Laplace operator
to both sides of Eq. (2.1), one gets

k
" A+ 0VA0=G(F,g,0), (1.9)
n+v
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where G(F, g, 0) is given by (2.5). In order to be able to solve Eq. (1.9) for Ao, we
replace G(F,g,0) by G(F,g,1), where te W'? is an arbitrary function. This yields
Eq.(2.4), where (heuristically) 4 should be regarded as Ao (actually A= Ao, ift=0
is a solution of (2.1)). Once 4 is known, we want to determine div u. By applying the
divergence operator to both sides of (2.1),, we get Eq. (2.10),, where (heuristically) 4
should be regarded as divu (we will show that 6 = divy, in the event that we have a
fixed point ¢ = 7). The remarkable property divu = 0 on I" ! suggest us to impose on
6 the boundary condition (2.10),. Once 8 is known, Eq. (2.1); gives u and o, by
solving the Stokes linear problem (2.13). In Eq. (2.13} we replace 0(x) by 0y(x) =
6(x) — 0, where @ is the mean value of 0(x), since the compatibility condition
8, =0 is required here.

For each fixed pair (F, g) the above sequence of maps define a map t — 0. We will
prove that this map is a contraction (in a suitable ball), and that the pair (i, o),
corresponding to the fixed point ¢ =1, is a solution of (2.11).

We end this section by calling the reader’s attention to the following papers, in
which results directly related with those of Sect. 3 can be found: M. Padula [§], A.
Valli [11], A. Valli and W. Zajaczkowski [13], H. Beirdo da Veiga [2], A. Valli [12].

The corresponding evolution problem has been studied by many authors.
Here, we mention only a sequence of papers by Matsumura and Nishida
(see [7], and references) and Valli’s paper [11].

To readers interested in the incompressible limit of compressible fluids, we
suggest papers by Klainerman and Majda 5], Majda [6], and Schochet [9].

2. The Linearized System

In this section we study the linear system
—pudAu—wWdivu + kVo = F(x),
mdivu+v-Vo+odivo=g, in £,
=0, (2.1

by adapting to the I”-case the method introduced in [2]. We start with some
notation. We denote by W/?, janinteger, 1 < p < + co, the Sobolev space W/*(£2),
endowed with the usual norm [ ||, ,,and by | [,,1<p < + oo, the usual norm in
IF=17(Q). Hence, | lo,=! |, For convenience, we also use the symbol W/? to
denote the space of vector fields v in 2 such that v,e W/?(2), i=1,2,...,n. This
convention applies to all the functional spaces and norms utilized here. For j = 1 we
define Wi? = {ve W/ P.p =0 on I" }. Note that Wi? = Wi* n W§?, is not the closure
of 2(2)=C§(Q). Furthermore, we set WiP={teWini=0}, Wjr=
WiPn WP, j=1, where in general ¢ denotes the mean value of ¢ (x) in Q.
Finally, for vector fields, we defined Wi% = {veWiP:dive=0on I'}, j=2.

With the only exception for Sect. 5, ¢,¢;,i =20, will denote positive constants
depending at most on ,n,p. The symbol ¢ may be utilized (even in the same
equation) to indicate distinct constants. In Sect. 5, ¢ will denote an integration
constant.

1 Equation (1.5), implies that every stationary solution u must verify the equation divu=0on I”
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We denote by g =p/(p— 1) the dual exponent of p, and by r* the Sobolev
embedding exponent r* = (n — r)/nr. Recall that W'? ¢ L®, if p > n, and WP g 7",
fl<p<n.

Now we state the main result in this section (see also Theorem 3.3):

Theorem 2.1. Let p > nbefixed, and let Fel?,ge WP, There exist positive constants
c and v,y defined by Eq. (2.22), such that if ve W25 verifies the assumption
”UHZ,pé’yka (2'2)

then there exists a unique solution (u,0)e W3% x WP of problem (2.1). Moreover,

m+ v H vl
#H““z,p‘i‘kllfflh,pé‘?(l-*— #+V)|F|p+c - Iglly,p (2.3)
Proof. Let te W'?, and consider the linear problem
mk
2t ovi= .
g +v-VA=G(F,g,7), 2.4)

where by definition
m
ptv

Here, Vu:V?t = ¥(0v,/0x;) (0°t/0x,0x,). Note that G is a linear map from I? x
WP x WP into W17 (the dual space of W9, and that

G(F,g,1)=A4g +

divF — [2V0:V2t + Av-Vr + A(r divo)]. (2.5)

m
1Gl-1,= llglll,p+—M~+—vlFlp+Cllvllz,pllflll,p« (2.6)
In [3] we prove that there exists a positive constant c; such that if ||, ,
< ¢, mk/(u + v), then there exists a linear continuous map L:W ™~ 1# - W~ !? such
that 4 = LG is a weak solution of Eq. (2.4), for every Ge W™ *?, Moreover
mk
— A1, =Gl -y, 2.7
/H_vil -1, =clGll-y, 2.7)

By a weak solution of (2.4) (see [3] for details), we mean a distribution Ae W ~1#
such that

<ﬂk—¢ — div (¢v),/1> =($,GD, VpeT(Q). 2.8)
nt+v

Here, {-,-> denotes the duality pairing between W-# and W~ #, The above result
yields

k
PRl LI gc(“:”_ IFly+ gl + uvnz,,,nﬂh,p). 29)

Now let fe WP be the solution of the Dirichlet problem

{(,u+v)A0=kl—divF in Q,

5 0 (2.10)
\r—*
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Clearly,
+v
(Ol , < clF|,+ C“m (gl + vl lTl ) (2.11)
Next, define
Bo(x) = 0(x) — 8. (2.12)

Since 8, =0, there exists a unique solution (u, a)e W2? x W'? of the linear
Stokes problem

—pAu+ kVo =F +vV8,,
[divu=90, in Q,
ur=0. (2.13)
Moreover (see [1,4])
wllully, +klolly, S cUFl,+ @+ 1vDIb ) (2.14)
Since (2.2) holds, and || 0,1/, , < c||8]l,, ,, one easily gets

w1yl B+ vl

k
uilulz,p+kllaHl,péiHTHLp*'C(l+ it

>|Ffp+02 g,y (2.15)

At this point, we call attention to the sequence of linear maps

(F,g,T)-*(F,G)—’(F,/l)—*(F,B)'—P(F,00)‘—)(14,0'),

v

where F is left unchanged, and the elements G, 4, 8, ,, (u, o), are defined by Egs. (2.5),
(2.4), (2.10), (2.12), and (2.13), respectively. The product map is linear and
continuous, by (2.15). Hence, if (4,,0,) is the solution corresponding to the data
(F,g,7,), it follows that (u —u,,0 — ;) is the solution corresponding to the data
(0,0,7 —,). Consequently, {6 — 0,1, ,<(1/2)|t—1,],,, and the map t—>o is a
contraction in W*'?. Hence, it has a (unique) fixed point ¢ = 1.

Now, we prove that the pair (4, ), corresponding to the fixed point 6 =711is a
solutions of (2.1). The main point is to prove (2.1),, since (2.1); and (2.1); follow
immediately from (2.13). From (2.10); we get

_pty

, . 1.
A p Adlvu-i-EdlvF, (2.16)

since A0 = A6, = Adivu. On the other hand, by applying the divergence operator
to both sides of Eq.(2.13),, and by using (2.13), and (2.16), we show that A = Ao.
Now, we replace 4 by the right-hand side of (2.16) in the first term on the left-hand
side of (2.8), and by A ¢ in the second term on the left-hand side of (2.8). This yields
{p,mA divu) — {div(¢v),46)
={¢p,Ag—2Vv:V*6 — Av-Vo — A(odivv)), VYVdeD(Q). (2.17)

We claim that
—{div(¢v), 40D +{$,2V0:V?0 + Av-Va) =P, A(v: Vo)),V pe (), (2.18)
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where the pairing on the right-hand side denotes the duality between Z(£2) and
2'(2). Let 6,eC3(Q),6,~0 in WH?(Q), as n— + co. The identity (2.18), for the
functions a,, follows from the formulae A4 (v-Va,) = v-VAag, + 2Vv:V? 6, + Av-Va,.
By passing to the limit as n— + oo, we prove (2.18), for o.

From (2.17) and (2.18) we get

Amdivu+mi+v-Vo+adive—g) =0, (2.19)
in . Assume that one has
mdivu +mb+v'Vo+odive—g=0 2.20)

in 2. Then, by integrating in £2 both sides of this equation, one easily concludes that
§ =0. Hence (2.1), holds, as desired. Let us prove (2.20)%. Set 2, = {zeQ:dist(z,I")
> ¢}, [, = {ze:dist(z, I') = ¢}, where & > 0 is assumed to be enough small so that
I, is a regular manifold. Let g,(x, y) be the Green’s function for the Dirichlet problem
in £, and let xeQ be fixed. We want to prove (2.20) at x. For £€]0, (1/2) dist(x, I"){
one has |Vg,(x, y)| £ K,Vyerl,, where K does not depend on ¢. Let U denote the
left-hand side of (2.20). Since U is harmonic in £,, one has U(x)=

f(ags(x y)/on,) U(y)dI'(y), where n, denotes the outward normal to I, at y.
Thls shows that |U(x)[<Kj[U(y)ldF (y). Consequently, if we show that

lim inf j U4l '(y)=0,ase—~ 0 it must be that U(x) = 0. Actually, it is sufficient to

verify trﬁat
liminfess | {v-Vo{dI, =0, (2.21)
&0 I,
since the function m div u + mf + ¢ divv — ge W§?(2) converges uniformly to 0 as
dist(y, ") 0.

Assume by contradiction, that there exist positive constants ¢, and J such that
the integral on the left-hand side of (2.21) is greater than §,for a.a. s€]0,6,[.
Denoting by K, the Lipschitz constant of v in £2, and recalling that v vanishes on I',
it follows that lea]dF£ = 6/(K,e), for almost all €30, e[ This contradicts the
estimate

{(JIValdIl)de= | |Valdy< + 0.
or, 20,

The existence part of Theorem 2.1 is completely proved. As in [2], Sect. 2,
we show that there exists a constant ¢, such that the solution of (2.1) is unique if
l0ll,p < (muok)/[eolpe + [v1)*], where po = min {u, u + v}.

For convenience, we set

y= min{ Cul " Mo } (2.22)

gAY 25+ V1) ol + v])?

2 In case that j = 0 (see Theorem 1.1) the proof of (2.20) is immediate, since the left-hand side of (2.20)
is harmonic in £ and vanishes on I'(since divu = — 8,0 =0, divo = g =0, on I'). However, if j = — 1,
this argument has to be carefully handled, since the function Ve has not a trace on I
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Then, inequality (2.2) includes all the assumptions on |v|[, , utilized in proving
Theorem 2.1.

Remark 2.2. Define the linear operator A4, by
A (u,0)=(—pAu—vwWdivu + kVo,mdivu + v-Va + a divv), (2.23)
where v is as in Theorem 2.1, and the domain of 4, is
D(A,) = {{u,0)eWiE x WP v-Voe WPl (2.24)
By endowing D(A,) with the norm
lullz, +lloll,+ v Vol . (2.25)

D(A,) becomes a Banach space. Theorem 2.1 proves that A, maps D(A,)
homeomorphically onto L? x W?,
Note that, in general, D(4,) # D(A,,), if v #w.

3. The Non-linear Problem

In this section we prove the existence and uniqueness Theorem 1.1 in case that j =
— 1,1.e. we prove Theorem 3.1 below. We close the Section by showing how to adapt
the proofs, in case that j > 0.
Recalling (1.4), we set
w (o, o) — w,(T,
T,= suployo.al, S, sup AED—dED]
15 1wy 1(0,0) — (g, B)]
Moreover, we set @, (t, s) = sup|w, (o,a)|, for |o| £ t,|a] £ 5. We denote by ¢ a
positive constant such that

It Scslitli,, [Blo=csllBly,, VieWh?, VpeWg?. €RY)

=12

For convenience, in this section we denote by ¢, c,i =0, positive constants
depending at most on £2,n, p, u, v, k,m, (o, ¢, ¥, Xo> %1, L 11, T;, S;. The symbol ¢’ may
be utilized, even in the same equation, to denote distinct constants.

One has the following result®:

Theorem 3.1. Let p>n be fixed. There exist constants cg,cy, such that if
fel?,geWS P hel?, and

|flp+ 1g 1., + 1, = b, (3.2)
there exists a unique solution (u, 6, 0)e Wi? x WP x W2 of problem (1.5) in the ball
lullyp + o, + oz, <cl. (3.3)

Hence, there exists a unique solution (u,p, De WP x W12 x W2F of problem (1.1),
(1.3), in the corresponding neighborhood of (0,m,{,).

3 We assume here that p(p,{) has Lipschitz continuous first order derivatives. However, Theorem 3.1
still holds if p(p, {) is only assumed to be continuously differentiable
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In order to prove Theorem 3.1 we state some auxiliary results. The verification of
the following statement is immediate, and is left to the reader:

Lemma 3.1. Let te W, BeWL*, verify the assumptions

I}
IehoS 0 1Bl <2, (3.4)

3 3

and let veW??, fel?,ge WP, hel?. Then
|F(f,0, 0, B, £ 3mIf1, +cllvl} ) + @1 tlw, 1Bl 1Tl ip + T2 Bllap
[H(h,v,7,B)l, < 3mlhi, +cemiv] 1811,

LT
m

o+ 2ol pllollz, +c ollzplely,+1iglp). (-5

Theorem 2.1, Lemma 3.1, and classical results for the Dirichlet problem (3.7),
yield the following statement:

Theorem 3.2. Let ve W3 verify (2.2), and assume that the hypotheses in Lemma 3.1
hold. Then, there exists a unique solution (u,6)e W3% x WP of problem

—pudu—wWdivu+ kVa=F(f,v,1, ),
{mdivu+v-Va+odivu=g, in Q, (3.6)

ur=0,

and a unique solution ac W2 of the problem

—xAa=H(h,v,p), in Q
{oﬂr:O' 7
Moreover,
il + k||crul,,,§c(1+“+'”'>[m1f|,,+nvui,,
u+v
40y (elas Bl Ty + Tl BT+ gy,
(3.8)
Xllallz,péclh!p+Ccvm”vnl,pnﬁl}l,p+C(XO+X1)”U”§,p
T.
+ECB (ol el +lgl,) (9)

In the sequel, the solution (u,o,a) of problems (3.6), (3.7) with data (v, 1, f} is
denoted by (u,0,0) = T(v, 7, f). Let us write (3.8), (3.9) in the abbreviated form

{ ullyp+ ol <A+ 1gl, + oI, + i, + 1813, + Bl
ollz, S AL+ Igl, + 1013, + 1TlE o + 1813 ,)-
(3.10)
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Set
mi k l I, % 1 1 T’
Fo= 5T s s s s .
o =M o\ S ) 256 5+ o) (3.11)
let re]0,r,], and assume that
flpsr? (hl, <02 gl sr3 (3.12)
and that
lolzp=r el Sr 181, S 5% (3.13)

Under these assumptions, the conditions (2.2), (3.4) are fulfilled. Consequently,
from (3.10) it follows that (u, o, ) = T(v, 7, ff) verifies

lulz, <7, Aol ,sr ol , <52 (3.14)

Consequently T(B,) = B,, where B, is the subset of W35 x W' x WZ*defined
by Egs. (3.13). In order to accomplish the proof of Theorem 3.1, we will show that T
is a contraction in B,, with respect to the norm W2 x I? x W{-2, if r is sufficiently
small. It follows then, by the contracting mapping principle, that T has a (unique)
fixed point (4, o, %) = (v, 7, ) in B, (we could also use Schauder’s fixed point theorem,
since B, is a convex and compact subset with respect to the W§? x 2 x W}-?
topology).

Let (u,a,a) = T(U’T’B)a(ulaals‘xl) = T(Ul’flsﬁl)aF = F(favaraﬂ)aFl = F(f,Ul,
1., 8,), H=H(h,v,7,B8), H, = H(h,v,,7,, ;). One has, in Q,

—puAw—u)—vwWdivlu—u,)+kV(c—0,)=F - F4,
mdiviu—u)+v,'Vie—a)+(@v—v,)Vo+o,divo—v,)+ (6 —0y)dive =0,

(3.15)

and
—yA(@—oa;)=H—H,. (3.16)
Here, we use the notation || |, ,=1 [, By multiplying both sides of Eq.

(3.15); by m(u —u,), both sides of Eq.(3.15), by k(o —g,), by integrating the
resulting equations in £2, and by adding them side by side, we show that

miu— VDIV —u)I§SmIF —Fll-ylu—u i,
+ekllayllyplo—villlo—allo+ckllvly,llo—oy 3. (3.17)

In proving (3.17) we utilize some well known Sobolev inequalities. Note that if
2% =2n/(n — 2), one has (1/2*)+ (1/2) + {/p) < .
Arguing as on proving Eq. (3.12) in reference [2], we show that

lu—u T+ sl = cslvlly o —allg<c o i lo—v [T+ IF—F)l2y.

(3.18)

Moreover,

le—oly S| H—-Hyll-y. (3.19)
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Straightforward calculations show that (see appendix)

VF—Fyll-y S (flp+ oz it =2l
+ (U4l ol + o lh ) o — vl

+ el + el g+ UBL, + B i)t =7 llo + 18— B1lo)  (3.20)
and that

IH—H |- 2ol + v+ lelo, + 181 v —olly
+chl+1gl, + B, + Il Mol A+ It + 1B,
i, 1B ol e —Tillo + < Uglp + ol el
+holiplitd, + ol 1B —Billo- (3.21)

By using (3.12), (3.13) it follows that the coefficients of v —v |, }T~7¢l0,
IB—B.ilo, in the right-hand sides of Egs. (3.20), (3.21) are polynomials on r,
vanishing for r =0, and with coefficients which are positive constants of type ¢'.
Similarly, the coefficients ¢s|vl, , and ¢'|lo ]}, (that appear in Eq. (3.18)) are
polynomials on r of the above type. Since the exact form of these polynomials is not
important here, we will denote them by the symbol ¢ = &(r).

By using the above notation, the estimates (3.18), (3.19), (3.20), (3.21), yield

lu—u i+ —ello—o [3=Zellv—v i +elr—1 15 +el B— B3,
(3.22)
lo—ayl3Selv—v i +ellr—7 I3 +el B~ B3 (3.23)
Hence,
fu—u i+ —elo—o 5+ la—all}
Sello—vli+elr—r g +elB— B3 (3.24)

Hence, for a sufficiently small value of r (depending only on Q,n,p,..., T,,S;), Tisa
contraction in B,, with respect to a suitable norm in W§'* x I? x W2, The proof of
Theorem 3.1 is accomplished.

Proof of Theorem 1.1. The changes to be made on the proof of Theorem 3.1, in order
to adapt it for all values of j, are quite obvious. We start by showing it for Theorem
2.1, which is the main tool in our proofs.

The proof of Theorem 2.1 was done by solving the sequence of linear problems
(2.5), (2.4), (2.10), (2.12), (2.13), and by getting suitable estimates for the correspond-
ing solutions. Let us show that the proof goes on, in case that j = 0, exactly as for
j=-1

Problem (2.5). The following estimate for the solution of problem (2.5) is easily
obtained by using Sobolev’s inequalities:

m
|G ||j,p <lg ”j+2,p +m“F “j+ ipT cllv |lj+3,p “T”j+2,p~

Problem (2.4). The following result is proved in [3]: There exist positive constants c

and c, (here the constants depend also onjj) such thatif [v| ;3 , < ¢, mk/(u + v), and

v=0 on I, then there exists a solution 4 of problem (2.4), moreover one has
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mk
g <cllG
s gy Ml 216,
Problem (2.10). For the solution 6 of the Dirichlet problem (2.10) the estimate
(VO 2p S Ul Fllje v+ kAL

is well known.

Problem (2.12). Obviously, the function §,, defined by Eq. (2.12), verifies the
estimate 0o ;2 , =012,

Problem (2.13). The solution (u, o) of this Stokes linear problem (see [1, 4]) verifies
the estimate

plulyssp+klolles, S el Flin,+w+vDI0l42,,)
By putting together the above estimates, one easily gets (cfr. (2.15))
plhulljes, +klollez,

u+ v

D |
| £ Hj+1,p+CZTHg“j+2.p'

<2 1<rs,+z,,+c<1+
w4+

By arguing as in Sect. 2 (recall footnote 1) one proves the following result:

Theorem 3.3. Let p,j and I be as in Theorem 1.1 and let FEW/ ™10 ge Wi 27,
Then, there exist positive constants ¢ = ¢(Q2,n, p, j), v = 7(2,n, p, j, 1, v, m), such that if
ve WiT7 verifies the condition |v|;, 5, <7k, then there exists a unique solution
(u, )eW§TP x WIit27 of problem (2.1). Moreover,

v ]
#“u”j+3,p+k”0H]+2p— <1+,u >” ”_/+lp CAm*HgHﬁz,,r

The rest of the proof of Theorem 1.1 (the “non-linear part”) closely follows the
proof of Theorem 3.1. For an arbitrary j= — 1, we define the set B, by the
inequalities (c.L.r. (3.13))

HUH]—FSpS’ HTH]+2psr Hﬁ|’j+2,p§c/”2,

and we prove that (for sufficiently small values of r) T(B,) = B,, and that T is a
contraction in B, with respect to the norm W2 x I2 x W2, The proofs of these
two statements in case that j > — 1, differ from the proofs given above only by the
particular Sobolev’s inequalities to be used.

Before ending this section we remark that in Theorem 1.1, if he W7 (instead of
heWi* 1) then Le W/ %7, and if he W/ T 2P then (e Wit#?,

4. The Incompressible Limit

In this section we study the system

—pAu—wWdivu +Vp(p)=p[ [ — (uV)ul,
div(pu)=0, in Q
=0, (4.1)
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describing the barotropic motion of a compressible, viscous fluid. Since we are
interested in studying the limit of the solution u when k=p,(m)— + o, it is
necessary to state an existence result for problem (4.1) in which: (i) the dependence of
some suitable structural constants of the state function p(p) in terms of k is given; (ii)
the dependence on k of the constants appearing on the estimates, is shown. This is
the aim of Theorem 4.2 below.

Let p(p) be continuously differentiable in [m — (I/k),m + (I/k)], where 0 <
I/k < m/2, and write p), in the form p,(m + 0) = k + w(s). We assume that there exists
a€]0, 1] such that

lw(o)| = Slol*, Voel —I/k I/k], 4.2)
and we denote by ¢ a positive constant for which
S pktte, 4.3)

Arguing as in proving Theorem 3.2, we show

Theorem 4.1. Let the above assumptions on the state function p(p) hold, let ve W35
verify (2.2}, and let

el S (44)
If fel?, there exists a unique solution (u,6)e W5 x W' of the problem
—pAu—vwWdivu+ kVo = F(f,v,1)
mdivu+v'Vo+odive=0, in £,

ur=0, 4.5)
where F(f,v,7)=(t + m)[ [ — (v-V)v] — w(t)V1. Moreover,
lully, + kol , < il S, +eallvli, + s lkelli e (4.6)

Here the positive constants ¢/, ¢, ¢y, depend at most on 2, n, p, i, v, m (and are
distinct from the constants ¢, ¢5, ¢4, in Sect. 3). Following Sect. 3, we denote by
(u, 6) = T(v, 1) the solution of system (4.5). Define

min< vk Lol 1 v 4.7
Fo= ~ = = , .
o 30 \36,4
and assume that fel? is fixed, and verifies
|f1, S7r/(3c)) (4.8)

One easily shows that T(B,) < B,, where B, is defined by the inequalities
ol skt , < (4.9)

Moreover, there exist positive constants ¢, ¢, ¢s, depending at most on
Q n,p, u,v,m, such that
fu—uy |1+ ca(t = cslioly, ) k(e — 6,113
S kol llo—v i+ F=Fli2y, (4.10)



Navier-Stokes Equations 243

where (u,,0,) = T(vy,1y), F = F(f,v,1), Fy = F(f, v, 7;). Inequality (4.10) is proved
as inequality (3.18). Straightforward calculations (see (3.20)) show that

HE=Filloyscfllr=tlo+ e+ el el , + ol e —villy
telvdhiple—rtillo +AdUk i, + Tkt 13 ) ITk(z = )llo. (4.11)

Arguing as in Sect. 3, one easily verifies that there exists a positive constant
ry =¥y, depending only on Q. n,p, u,v,m 1 ¢, ky, such that for r<r;, T is a
contraction in B,, with respect to the W§? x L? norm (for convenience, we denote
by k, a positive constant such that k = k). The above result proves the following
theorem:

Theorem 4.2. Let p > n be fixed, and let the above assumptions on the state function
plp) hold. Then, there exist positive constants cg, 5, depending only on
Q.n,p,pv,m L pandky, suchthatif fe 17 verifies| f|, < ci, then there exists a unique
solution (u, p)e W5? x W' of problem (4.1) (1.3),, inthe ball |ul|, , < ¢4, [lp—m|,
< cq/k.

Assumptions on the family p,(p). Here, p,(p) is a family of state functions depend-
ing on a parameter Ae[l,, + oc[, and such that k;,— + oo as A— + 0. Our
assumptions on p,(p) are the following:

Let p’i(p) denote the derivative dp,(p)/dp. We set k; = p’(m), we assume that
k;, = ko, >0, and we suppose that p,;(p) is defined and continuously differentiable
in the interval [m—I/k,,m+1/k;], where 0 <I<(k,m)/2. Moreover, we assume that
Ip3(p) — pi(m) £ S, p — m/*, for a fixed xe 0, 1]. Hence, by setting p,(m + o) =k, +
w, (o), one has w,(0)=0, and

w0 =Sl Voel —I/k;,l/k;]. (4.12)
We assume that there exists a positive constant ¢ such that

S, < Pklt% Viz . (4.13)

A =

These quite general assumptions contain the physically interesting cases
described by Klainerman and Majda in [5]. In particular, if k, « and S are the
parameters relative to a given state function p(p), and if we define p,(p) = 2%p(p), then
S, £(S/k)k;. Hence, S; < ¢ki** where ¢ = S/(A2%k' *7). In that example we may
view M = 1/ as the Mach number (see [5]).

Proof of Theorem 1.2. Part (i) follows from Theorem 4.2. Moreover, the estimates
show that there exists u, e W32? such that u, »u_, and p,—m, in the topologies
indicated in the statement. The convergence of all the sequence u, to u, follows from
the uniqueness of the solution of (4.15), which holds if ¢g is sufficiently small.

From Eq. (4.14),, one easily verifies that divu; —0in 7. Since |divu, |, , < cq,
one gets the weak convergence in W, Clearly, divu, =0.

Finally, we pass to the limit in Eq. (4.14),. One has Vp;(p,)— udu, +
ml f—(u,-Vu,], weakly in I”, since: Au, > Au, and —vVdivu,—0 weakly in
I7; p,—m strongly in Wh?; and p,(u;-Vu,—m(u,, Viu,,, strongly in I7. Obviously
the limit of the sequence Vp,(p,) must be of the form Va(x), for re Whr [ |
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5. The Equilibrium Solutions

The results described in this section are obtained by using very elementary methods.
The proofs are independent of the results of the preceding sections.

By an equilibrium solutions (e.s.) of system (4.1) [respectively (1.1)] we mean a
solution (u, p) [respectively (v, p,{)] such that u =0 in £, and

0 <essinfp(x), esssupp{x)< + 0. (5.1)
xe 2 xe 2

If h = g = O the two problems are equivalent (set p(p) = p(p, {,) in system (4.1)). In
the sequel we will consider the system (4.1). We call equilibrium solutions the
functions p(x), in the class (5.1), such that (0, p(x)) solves (4.1). It is easily shown that a
necessary condition for the existence of the equilibrium solution is that f= VF, for
some potential F. Moreover, the equilibrium solutions are the solutions of the
equation

Vplp(x)) = p(x)VF(x), xeQ. (5.2)

Here, we are interested in the study of the e.s. under the effect of arbitrarily large
external forces f = VF. We will present useful necessary and sufficient conditions for
the existence of the equilibrium solution for an arbitrary FeL® ().

In the sequel, p is a continuously differentiable real function defined on
R* ={seR:s> 0}, such that p'(s) >0, VseR*. We look for equilibrium solutions
verifying (5.1) and (1.3),, for a fixed m > 0. We define

n(s)= [t p(t)dt, VseR. (5.3)

We denote by ]a, b[ the range of 7, Ja,b[ = n{R*). One has — 0 La<0<b <
+ 00, since n(m) = 0. We define @ =z~ !. Clearly, @(Ja,b[) = R*. We set ®@(a) =0,
D(b)= + 0.

Let p and F be defined and measurable in £2, and let p verify the assumptions (5.1)
and (1.3);. Then p is said to be a weak-equilibrium solution if there exists a real
constant ¢ such that

m(p(x)) = F{x)+c¢, ae in €. (5.4)

Moreover, p is said to be a strong-equilibrium solutionif pe W*! and if (5.2) holds
ae. in 2. A weak-equilibrium solution is a strong e.s. if and only if peW!,
Furthermore, pe Wt if and only if Fe W1, Hence it is sufficient to take in account
the weak formulation (5.4). Note that Eq. (5.4) shows that p and F have the same
regularity, if p is sufficiently smooth. For the sake of convenience we will concentrate
here on the L* case.

Definition 5.1. Let FeL®. A function p is called an equilibrium solution of system (4.1)
if peL™ and if (5.4), (5.1) and (1.3), hold.

We set my=-essinfF in 2, M,=esssup F in £2. One has the following
result:

Theorem 5.2. Let FeL”, be given. There exists an equilibrium solution p(x) if and only
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if there exists a constant
cela—mg,b— Myl[, (5.5)

such that

|.Q|§d)c4-F( x))dx =m. (5.6)

If such a constant exists then the (unique) equilibrium solution is given by
p{x) = @(c + F(x)), ¥YxeQ. (5.7)

Proof. The condition (5.6) corresponds to condition (1.3),. Uniqueness is shown by
noting that the left-hand side of (5.6) is a continuous and increasing function of ¢ in
the interval (5.5). The details are left to the reader.

Theorem 5.3. Under the assumptions of Theorem 5.2, there exists an equilibrium
solution p(x) if and only if

a—my<b—M,, (5.8)

and

all j ®(a—my + F(x))dx <m <iai j &b — M, + F(x))dx. (5.9)

In this case the e.s. p(x) is given by (5.7), where c is the (unique) solution of (5.5), (5.6).

Proof. Condition (5.7) follows from (5.5). Moreover, (5.6) holds for some ce]a — m,,
b~ M,[ if and only if

lim — [ ®(c+ F(x))dx <m, (5.10)
c—{a—~mg) |Q|

lim ——f@(c+ F(x))dx>m. (5.11)

(b~ My) f-Q|

These two conditions are equivalent to (5.9), by a well known generalization of Beppo
Levi’s theorem to functions taking values in [0, + co]. Note in particularly that the
integral on the right-hand side of (5.9) is well defined, since 0 < @(b — My + F(x)) <
+ o0, a.e. in Q.

Corollary 54. Ifa= — oo [respectively b= + oo] then the conditions (5.8) and (5.9),
[respectively (5.9),] hold, for every FeL*. In particular, if la,b[ =] — o0, + o[ the
equilibrium solution exists for every Fel™.

Corollary 5.5. Let FeL®. Then, the equilibrium solution exists if
My —my<min{ —a,b}. (5.12)
In particular this holds if | F|,, <(1/2)min { —a, b}.

Proof. If (5.12) holds then a —mgy+ F(x) <0, and b — M, + F(x) >0, a.e. in Q.
Hence @(a —my + F(x)) <m < ®(b — M, + F(x)), and assumption (5.9) holds. W
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Remark 5.6. The lack of condition (5.9), [respectively (5.9),] corresponds to the
formation of vacuum [respectively points of infinite density]. If a = — o [respec-
tively b = + oo] the first [respectively second] phenomena does not occur, under
the effect of bounded pontentials F.

Let us now consider the one dimensional case 2 = ]0,I[, ] > 0, in the presence of
external forces feL!. The potential

F(x) = Ef(t) dr

is then an absolutely continuous function in [0,[]. Consequently, the equilibrium
solution p (if exists) belongs to W' and verifies (5.2). The sufficient condition (5.12)
can be written in the equivalent form

¥

[f@yde

X

<min{—a,b}, Vx,ye[0,I1]. (5.13)

Examples. As shown before, the existence of the equilibrium solution under a given
potential F, strongly depends on the values of a and b. It is of interest to consider the
classical case p(p) = Rp?, R > 0,y > 0. It follows immediately from our results that if
y > 1 [respectively y < 1], vacuum [respectively infinite densities ] may occur. On the
contrary, if y =1 the e.s. exists, for every bounded potential F.

Let us give an example, corresponding to the main case y > 1. For convenience,
we consider the one dimensional case 2=10,1[.Let m=1, y =2, R=1/2. Then
pp)=1/Qp2(p)=p—1, D(s)=1+s,a=—1, b=+ 0. In the light of
Corollary 5.4, we have only to check the first condition (5.9), which corresponds to the
formation of vacuum. By assuming that f(x) = §is constant, this conditionis| ] < 2.
Formulae (5.6) and (5.7) yield ¢ = — /2 and p(x) =1 + f(x — 1/2), respectively. If
B > 0, the forces act on the positive direction, and the point x = 0 is subject to the
largest decompression. For = 2 the vacuum is attained at the point x = 0, since

p(0)=0.

Appendix

For the reader’s convenience, we will prove here the estimate (3.21). The proof of
(3.20) is easier, and is left to the reader. Recall that under the assumptions made in
Sect. 3 one has lTIOO = l’lrl [oo § lalﬂ[oo é ll: !ﬂl @ é ll'

In the sequel we use freely the inequality

IIW1¢2W3”—1éc!'lllloo,ll//ZHOIlpillp’ (1)

which is easily proved by using Sobolev’s inequality |@|,« < cll @] ,, Y pe Wi 2. One
has
I H(h,v, 7, ) — H(h,vy, T4, B ) i SN —t)h -y + et —T,)0 VI -4
+lm+7)0—v) VBl -y + [(m+11)0 V(B— B -4
+ 1Y@, 0) =Y, o)l -y + 1B = B)m + 1) w0, (z, f) - VT — g | -,
+ 1o+ By = 1)m + 1) (m + 1) w,(z f) -V — g)ll -,
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+ (o + B1)m + Ti)il(wz(f,ﬂ)_wz(fl,ﬂ1))(U'VT—g)H—1
+ (o + Bi)m+ 71)A1w2(f1’ﬁ1)(9_ v) Vi
+ 1o + B )m + 71)_1w2(71»ﬂ1)v1'v(7 -ty )
By using adequately the inequality (1), one gets
IH—H,|_Sclhllt—1llo +ecc,lolli 1Bl It =7y llo
+em+ DBl lo—vllo+Ilm+1)0, V(B —B ) -
+clxo + 11)(“0”1,p+ ”D1 Hl,p) lv—uv, 1
+c2/mT(olly plitly, + 1gl) 18— Billo
+cllo + 1AM Ty(lo] plth, + gl it =14 llo
+ C((o + 11)(2/’”)(H UH1,p “77“1,1; + |g|p)S2(”T =t llo+ 18— ﬁl “o)
+ c(Co + 1,)2/m)T, HTHLPHU‘WHO
+ 1o+ B1)m+1,) T, (ty, By)oy VT —1y) | . G)
We remark that each term on the right-hand side of (2) is bounded by the term on
the right-hand side of (3) that occupies the same relative position. In order to

estimate the fourth and the last term on the right-hand side of (3) we will use the
estimate

Iw- V|, §C<IWIw+ZIDiwjlp>fll//llo- )

Here w is a vector field and y a scalar field in Q. This inequality is proved by
noting that

= c(ldivwip [[W ol @lox + Wl 1 Tl 1 D1 ).

L(W'W/)fbdx

By using inequality (4), one easily verifies that the fourth and the last term on the
right-hand side of (3) are bounded by c(m + I + [ty |y vy iy ,I18— By llo, and by

2 4
oo+l + 18, nl,,,>(—n; ol \|1,,,>(T2 + 8211l

S0 Bc ) lvsllpllT =1 llo,

respectively. By using these estimates together with (3), one gets (3.21).
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