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ABSTRACT Orthogonal frequency division multiplexing (OFDM) is an efficient multi-carrier modulation

technique that underliesmost of the current and probably future high-speedwireless communication systems.

However, the OFDM waveform is characterized by a high peak-to-average power ratio (PAPR), especially

when a large number of subcarriers are used. A high PAPR is a major waveform defect since it leads to

non-linear distortion when passing through the transmitter’s power amplifier. Most of the PAPR reduction

techniques found in the literature reduce the PAPR mainly at the cost of either excessive computational

complexity or degrading the transmission bit error rate (BER). We propose a low-complexity technique for

PAPR reduction based on linear scaling of a portion of signal coefficients by an optimal factor. This paper is

backed up by the extensive analysis of various performance metrics, which leads to optimal choices of key

parameters and hence maximum achievable gains. The analytic and simulated results show that the proposed

technique is capable of reducing the PAPR effectively with negligible effect on BER in return for a slight

reduction in data rate. For example, for 1024 subcarriers, the PAPR can be reduced from 13 dB to below 7.4 or

6.9 dB, in return for only 1% or 2% reduction in data rate, respectively. In addition, the achievable PAPR

varies very slightly in response to increasing the number of subcarriers. This offers a highly competitive and

flexible tradeoff compared with those provided by current techniques found in the literature. Therefore,

this technique has a very good potential for practical application in current and future OFDM-based

systems, especially those which employ a very large number of subcarriers, such as LTE, DVB-T2, and

5G systems.

INDEX TERMS Orthogonal frequency division multiplexing (OFDM), peak to average power ratio

(PAPR), optimization, 5G, distortionless techniques, signal distortion techniques, companding, peak clip-

ping, DVB-T2, LTE, low-complexity.

I. INTRODUCTION

The demand for new and improved wireless multimedia

services such as High Definition (HD) video streaming, tac-

tile internet, virtual reality and multiplayer gaming is grow-

ing higher everyday. This demand creates a vital need for

higher data rates, larger network capacity and lower latency.

In addition, higher energy efficiency has become a priority

since most user devices are currently battery operated [1].

The long awaited next generation 5G mobile network is

expected to achieve 100x higher speed and capacity com-

pared to the current 4G network, with network latency as

The associate editor coordinating the review of this manuscript and
approving it for publication was Emrecan Demirors.

low as 1 ms [2]–[4]. In addition, the network will support

Machine-Type-Communication (MTC) required by millions

of Internet-of-Things (IoT) devices that are expected to be

connected to the network [5], [6].

Orthogonal Frequency Division Multiplexing (OFDM)

is the current state-of-the art technique underlying most

of today’s wireless communication systems. To name a

few, Long-Term Evolution (LTE) [7], Worldwide Inter-

operability for Microwave Access (WiMAX) [8], IEEE

802.11 a/g/n/ac/ax [9], [10] and Digital Video Broadcast

(DVB-T1/2) [11], [12]. The major strengths of OFDM are

high spectral efficiency, bandwidth flexibility, ability to com-

bat multipath fading effects, and ability to coexist with other

systems sharing the same band [13], [14]. In addition, OFDM
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is highly compatible with Multiple-Input-Multiple-Output

(MIMO) systems, which is expected to play a central role

in 5G systems [15], [16].

OFDM and OFDM-based waveforms are expected to

continue to exist in 5G mobile systems [2], [17]–[19]. For

example, [20] proposed an OFDM-based scheme called Flex-

ible Configured OFDM (FC-OFDM) that is designed to

be optimum for multi-service environment, which is one

of the distinguishable properties of 5G networks. It offers

both very high-rate and very low-rate connectivity to devices

within the network. In addition, filtered OFDM (f-OFDM)

[19], [21], [22] waveform is a strong candidate for 5G appli-

cations, which relaxes stringent synchronization require-

ments in regular OFDM and maximizes spectrum utilization.

However, due to the fact that the OFDM signal is produced

by subjecting data symbols (arranged in the form of a set

of subcarriers) to an Inverse Fast Fourier Transform (IFFT),

there is a high possibility that a subset of these symbols

add up coherently, leading to the production of some large

peaks at the output. This phenomenon is usually quantified

in terms of Peak to Average Power Ratio (PAPR), which is

proportional to the number of subcarriers [23], [24]. High

PAPR signals are highly undesirable since large magnitude

spikes cause non-linear distortion when passed through the

power amplifier prior to transmission, which degrades system

performance. On the other hand, backing off the operating

point of the power amplifier to accommodate these spikes

within the linear region severely reduces the efficiency of

the amplifier, leading to low Signal-to-Noise Ratio (SNR)

at the receiver [25], [26]. Nevertheless, employing a power

amplifier with large dynamic range has a high cost.

The problem of high PAPR is even more significant in 5G

systems, since 5G systems are planned to rely on utilizing

mm-wave frequency ranges, to be able to satisfy the demand

for large bandwidth [27]–[29]. It was shown that mm-wave

power amplifiers perform poorly, and produce higher lev-

els of distortion upon operating in the saturation region

[1], [30], [31]. Therefore, PAPR minimization is highly cru-

cial in 5G OFDM-based systems.

Numerous techniques have been proposed for PAPR reduc-

tion over the past decade [26], [32], [33]. These methods will

be reviewed in more detail in the next section. In general,

there are three main performance criteria which any PAPR

reduction method makes a trade-off between them. These cri-

teria are the level of signal distortion, spectral efficiency and

computational complexity. Any PAPR reduction technique

would favor one or two criteria at the cost of the other/s.

The level of distortion caused by PAPR reduction is critical

since it impacts the overall transmission Bit Error Rate (BER)

of the system. On the other hand, some techniques rely on

transmitting side information bits to the receiver. These bits

carry information regarding the parameters used by the PAPR

reduction technique, which will help the receiver restore the

original OFDM waveform. Hence, transmitting these bits

alongside the original data diminishes the overall spectrum

efficiency of the system. Finally, techniques characterized

by high computational complexity require more expensive

computational hardware, and would consume more power,

which is unfavorable for battery-operated mobile devices.

In this paper, we propose a very low-complexity tech-

nique that minimizes the PAPR of the OFDM waveform

with minimum waveform distortion, at the expense of allo-

cating an arbitrarily small portion of the available band-

width for transmission of side information, which can be

controlled by the system designer. We show analytically and

numerically that the PAPR of the OFDM waveform can be

reduced to an arbitrarily small value regardless or the number

of sub-carriers or baseband modulation order. In order to

optimize the trade-off between PAPR reduction and distor-

tion, we introduce the notion of net gain of the proposed

technique, where we assess it not only in terms of PAPR

reduction, but also by incorporating the losses due to signal

distortion that occurs upon transmitting the signal over a

noisy channel. Therefore, a positive net gain implies actual

overall improvement in system performance. This enables

us to ensure the optimality of the selected parameters by

which they provide maximum net gain, rather than only

minimize PAPR. In addition, we perform a detailed analysis

of the number and type of computations required by our

technique, and derive an explicit expression of the number

of computations. We show that this technique has a linear

computational complexity at the transmitter and sub-linear

complexity at the receiver, relying almost entirely on basic

arithmetic operations such as addition, multiplications and

divisions.

The remainder of this paper is arranged as follows: in

Section II, we review the related literature on PAPR reduc-

tion techniques. We introduce our proposed technique in

section III, and then analyze its performance section IV

in terms of PAPR, distortion and spectral efficiency. In

Section V, we describe our approach for selection of opti-

mal values for different parameters relevant to the proposed

technique, which lead to the best achievable performance.

In Section VI, we describe the overall operation of the

proposed technique in the form of executable algorithms,

and analyze their computational complexity in detail. In

Section VII, we present simulated results comparing the pro-

posed technique to various techniques from related literature,

and discuss these results. Finally, we draw our conclusions in

section VIII.

FIGURE 1. Block diagram of OFDM transmitter and receiver.
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II. PAPR REDUCTION TECHNIQUES

Consider an OFDM system constructed with MQAM symbol

mapping, and N subcarriers, as shown in Fig. 1. The samples

of the baseband time-domain signal x[i], i = 0, 1, . . . ,N − 1

generated at the output of the IFFT block are expressed as

x[i] ,
1√
N

N−1
∑

k=0

X [k] exp

(

j
2π

N
ki

)

(1)

where X [k], k = 0, 1, . . . ,N − 1 is the vector of MQAM-

mapped data symbols. By definition, the PAPR of the base-

band signal x[i] is given by [24], [32]:

ρx :=
max
i

{|x[i]|2}

px
(2)

where max{|x[i]|2} is the is the maximum instantaneous

subcarrier power across the OFDM symbol, and px =
1
N

∑N−1
i=0 |x[i]|2 is the average instantaneous subcarrier power

within the OFDM symbol.

PAPR reduction techniques can be divided into two main

categories [24], [26]. The first is distortionless techniques,

which are applied prior to the IFFT stage. The second is

signal distortion techniques, which are applied after the IFFT

stage. Any PAPR technique presents a trade-off between a

set of main performance parameters, namely: PAPR, BER,

spectral efficiency and computational complexity.We discuss

the trade-offs associated with the most notable of those tech-

niques next.

1) DISTORTIONLESS TECHNIQUES

Several works proposed PAPR reduction by encoding the

input data of the OFDM modulator in a manner that ensures

avoiding codewords that cause high PAPR. Examples include

using simple odd parity code [34], where a parity-check bit is

used with group of information bits to create low PAPR code-

words. The smaller the number of information bits, the more

effective PAPR reduction, and the less spectral efficient the

system will become. Similarly, in complement block/sub-

block coding [35], [36], a complementary sequence of bits

inserted within each data block to reduce PAPR. Golay com-

plementary sequences were used in a similar manner in [37].

Although these methods can effectively reduce PAPR, they

have very low spectral efficiency due to insertion of redun-

dant bits or sequences. In addition, they introduce additional

complexity due to the decoding process at the receiver.

Selective Mapping (SLM) techniques are based on multi-

plying the input data to the IFFT block to a set of different

phase sequences, and then computing their IFFT simulta-

neously. The PAPR of each sequence is evaluated, and the

one with lowest PAPR is selected for transmission [38]–[41].

SLM has the advantage of not introducing any distortion

to the OFDM waveform, in addition to effectively reducing

PAPR by about 2-4 dB, depending on the number of phase

sequences used. However, it incurs added complexity due

to the extra IFFT and PAPR calculations incurred by each

phase sequence. In addition, the index of the selected phase

sequence must be transmitted as side information to the

receiver, which reduces spectral efficiency. In addition, due

to the extreme sensitivity of operation to the side information,

it is usually channel coded to ensure its reliability. This further

reduces spectral efficiency. Some attempts were made to

reduce SLM complexity [42]–[44], and to avoid using side

information [45]–[47].

Partial Transmit Sequence (PTS) technique can be con-

sidered as an extension of SLM, yet with higher PAPR

reduction capability [48], [49]. The technique is based on

dividing the input data sequence into a set of non-overlapping

sub-sequences, and apply IFFT to each of them indepen-

dently. The outputs are scaled and phase rotated by a set

of different values, and the combination that yields the least

PAPR is chosen for transmission. Clearly, the complexity of

PTS sequence increases drastically with the number of sub-

sequences. In addition, similar to SLM, transmission of side

information bits is required. A comparable method to SLM

and PTS is called Dummy Sequence Insertion (DSI) [50],

where a sequence is added to the input data to the IFFT block.

This sequence is designed to reduce the output PAPR. This

technique has closed loop feedback structure, where PAPR is

calculated and compared to a target value at the output, and if

it exceeds it, the process is repeated using another sequence.

This technique is less complex than PTS, yet performs worse

in terms of PAPR reduction.

Tone Reservation technique allocates a group of sub-

carriers (tones) from the OFDM system for PAPR reduc-

tion [51], [52]. Specialized algorithms are used to solve the

optimization problem of finding the values of these sub-

carriers that can minimize PAPR [53]. While the PAPR

reduction capability of this method is quite decent, a portion

of subcarriers is no more transmitting information, leading

to a considerable drop in data rate. In addition, calculat-

ing the optimum values carried by the reserved tones is

quite complicated, which adds a computational burden to the

transmitter [53], [54].

2) SIGNAL DISTORTION TECHNIQUES

Signal distortion techniques reduce PAPR by modifying sig-

nal shape post IFFT stage, which is far less complex than

distortion-less techniques. However, they introduce a con-

siderable drop in error performance. The most straightfor-

ward approach is clipping the peaks that exceed a certain

hard or soft threshold [55]. While this approach is highly

effective in PAPR reduction, it considerably increases trans-

mission BER due to the distortion caused to the signal,

in addition to the emergence of non-linear distortion caused

by clipping, which leads to out-of-band interference. Peak

windowing [56], adopts a similar approach by subjecting

the OFDM sequence to a correcting time-domain window

function such as Hamming, Kaiser and cosine windows. This

also leads to considerable reduction of PAPR, at the cost

of increased transmission error rate and out-of-band inter-

ference. Out-of-band interference is usually treated by post-

filtering, which leads to peak regrowth. Iterative clipping
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FIGURE 2. Block diagram of the OFDM transmitter and receiver incorporating the proposed technique.

and filtering performs several iterations of peak clipping

and filtering until a satisfactory PAPR is achieved [57]–[62].

However, this comes at the cost of increasing computational

complexity and implementation cost, besides the poor BER

performance.

Companding techniques [63] borrow algorithms that are

used in speech processing such as A-law and µ-law algo-

rithms for compressing the OFDM signal, which conse-

quently reduces its PAPR. The process is reversed at the

receiver by applying the inverse transformation (expand-

ing the signal) without the need for transmission of side

information. Companding methods use either linear trans-

forms or non-linear transforms [64]–[66]. Linear companding

has very low complexity with humble PAPR reduction capa-

bility. On the other hand, non-linear companding improves

PAPR reduction capability at the cost of increasing compu-

tational complexity, further degrading BER performance and

the emergence of out-of-band interference [26], [67]. In gen-

eral, companding techniques cause significant rise in trans-

mission error rate, which may not compensate for the PAPR

reduction achieved in most cases. Recently, optimization

techniques were used in [68] to design optimal companders

with improved out-of-band power rejection performance.

To sum up the previous discussion, signal distortion tech-

niques are effective in PAPR reduction and far less complex

than distortionless techniques. However, their main drawback

is that they have an upper bound on transmission error per-

formance, i.e. most techniques cannot reach arbitrarily low

BER at any SNR, which forces the system designer to limit

modulation order and/or use low-rate channel coding, even if

the channel SNRwas high. This ultimately results in reducing

the effective data transmission rate. In addition, due to the

complexity of transmission error analysis, most literature lack

a sufficiently rigorous error analysis, which hurdles efficient

design of the system and link budgeting.

On the other hand, the high computational complexity

of distortionless techniques represent a major disadvantage,

especially for future very-high speed systems that target very

high data rate, and employ very large FFT length such as LTE

which supports up to 2048 subcarriers [7], DVB-T2 which is

planned to support up to 32K subcarriers [12], and possibly

other 5G systems that will be based on OFDM [15], [16].

Consequently, this will imply a very large number of com-

putations that may add delays and contribute significantly to

overall system power consumption. In this paper, we aim to

introduce a very low complexity distortion PAPR reduction

technique that has minimal effect on BER performance, and

provides the designer with high flexibility to control the

trade-off between PAPR reduction and spectral efficiency,

according to system requirements and operation conditions.

III. PROPOSED TECHNIQUE

Based on our review of the PAPR reduction techniques in the

previous section, our design aims to control and optimize the

trade-off between the three main parameters involved in the

OFDM reduction process, namely, PAPR, level of distortion,

and the amount of side information sent from the transmitter

to the receiver. The main objective is to achieve a PAPR

reduction that can compensate for any distortion caused to

the OFDM waveform, and yet maintain a considerable over-

all gain. In addition, we aim to minimize computational

complexity, which is highly essential feature, especially for

battery operated and IoT devices.

Fig. 2 illustrates a block diagram of the OFDM transmitter

and receiver incorporating blocks relevant to the proposed

technique. The proposed technique is based on measuring the

magnitudes of the time-domain coefficients at the output of

the OFDM modulator, then replacing the coefficients whose

magnitudes exceed a certain threshold (a) by a scaled version

of themselves, where the scaling factor is b. The indices of the

scaled coefficients and b are transmitted to the receiver as side

information to enable the receiver to reverse the process and

restore the original coefficients. This process is designed in a

manner that achieves maximum achievable PAPR reduction,

and a controllable level of distortion in an AWGN channel,

as to be discussed in the forthcoming sections.

The first challenge to be addressed is how to select the

threshold and scaling factor in a manner that maintains an

VOLUME 7, 2019 16409
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optimal balance between minimizing PAPR, and minimizing

distortion that may be incurred due to scaling/descaling in

presence of additive noise. Suppose we subject the magni-

tudes of the entries of x[i] to a threshold a, where all entries

that exceed this threshold are linearly scaled by a factor b.

The outcome y[i] of this operation can be expressed as:

y[i] =
{

bx[i], |x[i]| > a

x[i], |x[i]| ≤ a
(3)

for i = 0, 1, . . . ,N − 1. The coefficients x[i] are gener-

ally modeled as iid zero-mean complex Gaussian random

variables [24]:

ℜ{x[i]} ∼ N

(

0,
σ 2
x

2

)

ℑ{x[i]} ∼ N

(

0,
σ 2
x

2

)

(4)

where σ 2
x is the variance of x[i] and it is equal to px

since it has a zero mean. The above model is accu-

rate for moderately large N (N ≥ 256), since the

central-limit theorem holds strongly. Therefore, |x[i]| =
√

ℜ{x[i]}2 + ℑ{x[i]}2 is Rayleigh-distributed with uniform

phase: |x[i]| ∼ Rayleigh(σx/
√
2) [39], [69]. To simplify

forthcoming analysis, let us define the following normalized

variable:

ui := |x[i]|
σx

(5)

Consequently, ui ∼ Rayleigh(1/
√
2) with the following

probability density function (pdf) and cumulative distribution

function (cdf) respectively:

f (ui) = 2uie
−u2i

F(ui) = 1 − e−u
2
i (6)

Define a set � that includes the indices of the coefficients to

be modified, and its complement set as follows:

� = {i : |x[i]| > a}, and �∁ = {i : |x[i]| ≤ a} (7)

The average number of elements in this set can hence be

expressed as

Na = E(|�|) = N Pr(|x[i]| > a) = Ne−α (8)

where

α = a2

σ 2
x

represents the normalized threshold, and

Pr(|x[i]| > a) = Pr(ui >
√

α) = 1 − F(
√

α) = e−α

Thus, we may define the following probabilities:

P� = Pr(i ∈ �) = e−α

P
�∁ = Pr(i ∈ �∁) = 1 − e−α (9)

Finally, the cyclic prefix is added to y[i], and fed to the

digital-to-analog converter to proceed for passband mod-

ulation, power amplification, then transmission, as illus-

trated in Fig. 2. After the threshold-based scaling process

described above, the indices of the scaled subcarriers are

binary encoded, modulated, and transmitted to the receiver

independently as side information, as to be discussed in the

next section.

At the receiver side, and assuming an AWGN channel,

the received baseband signal is expressed as follows:

ŷ[i] = y[i] + n[i] =
{

bx[i] + n[i], i ∈ �

x[i] + n[i], i ∈ �∁
(10)

We define the Transmission Signal to Noise Ratio (TSNR) at

the input of the receiver as:

γt :=
σ 2
y

σ 2
n

(11)

where σ 2
y and σ 2

n are the variances of y[i] and n[i] respectively.

In order to restore the original coefficients, the receiver uses

the received side information bits to generate the index set

�̂, which may not be exactly equal to the original �, due to

transmission errors. Based on �̂, the scaling process in (3) is

reversed to give:

x̂[i] =
{

b−1ŷ[i], i ∈ �̂

ŷ[i], i ∈ �̂∁
(12)

IV. PERFORMANCE ANALYSIS

The proposed technique is based on applying threshold-based

scaling to the entries of the time-domain signal x[i] at the

output of IFFT block. The entries of x[i] whose magnitude

exceed a threshold a are scaled by a factor b. The resulting

signal is y[i], which is modulated and transmitted instead

of x[i]. Finally, the indices of the scaled entries are binary-

encoded and transmitted to the receiver as side information.

In this section, we analyze the impact of applying this tech-

nique on the three main performance metrics; namely PAPR,

distortion and spectral efficiency.

A. PAPR ANALYSIS

Based on the above discussion, we start by calculating the

PAPR of y[i], which we define as follows:

ρy :=
max
i

{|y[i]|2}

σ 2
y

(13)

where σ 2
y = 1

N

∑N−1
i=0 |y[i]|2. The numerator of the above

fraction can be evaluated by referring to (3), yielding

max
i

{|y[i]|2} =







b2max
i

{|x[i]|2}, a ≤ b max
i

{|x[i]|}
a2, a > b max

i
{|x[i]|}

(14)
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On the other hand, by using (3), (5) and (8), the denominator

is evaluated as follows:

σ 2
y = 1

N



b2
∑

i∈�

|x[i]|2 +
∑

i∈�∁

|x[i]|2




= σ 2
x

N



b2
∑

i∈�

u2i +
∑

i∈�∁

u2i





= σ 2
x

[

b2 P�Ei∈�(u
2
i ) + P

�∁Ei∈�∁ (u
2
i )
]

= σ 2
x

[

b2 e−α
Ei∈�(u

2
i ) + (1 − e−α)E

i∈�∁ (u
2
i )
]

(15)

where Ei∈�(·) and E
i∈�∁ (·) denote the expectation over the

sets � and �∁ respectively, and are given by:

Ei∈�(u
2
i ) = 1 + α

E
i∈�∁ (u

2
i ) = 1 − e−α(1 + α)

1 − e−α
= 1 − c0

1 − e−α
(16)

where

c0 = e−α(1 + α)

The detailed derivation of the above expressions is given in

Appendix.

From the two above equations, and after some rearrange-

ment, we may write the ratio between σ 2
y and σ 2

x as follows:

λ =
σ 2
y

σ 2
x

= 1 − e−α(1 + α)(1 − b2) = 1 − c0(1 − b2) (17)

Therefore, by applying (2), (14) and (17) to (13), we may

express ρy in terms of α, b and ρx as follows:

ρy =











b2ρx

λ
, 0 < α ≤ b2ρx

α

λ
, α > b2ρx

(18)

B. DISTORTION ANALYSIS

In this section we aim to evaluate the error performance of the

proposed method in terms of the Normalized Mean-Squared

Error (NMSE) between the original modulated sequence x[i]

and the recovered sequence x̂[i]. The NMSE is defined as:

NMSE := E(|x[i] − x̂[i]|2)
σ 2
x

(19)

The recovery process at the receiver mainly relies on the

scaled coefficients’ indices transmitted via side information

bits, which are not expected to be received error-free. Thus,

we start by defining two sets of successfully estimated indices

as follows:

S1 = {i : i ∈ �̂∁ ∩ �∁}

S2 = {i : i ∈ �̂ ∩ �} (20)

On the other hand, for the case of erroneous transmission of

scaled indices, we define the two following sets:

E1 = {i : i ∈ �̂ ∩ �∁}
E2 = {i : i ∈ �̂∁ ∩ �} (21)

where E1 represents the set of indices originally in �∁, but

erroneously decided to be in �̂, and vice versa for E2. Thus,

coefficients in E1 will be erroneously scaled by b−1, while

those in E2 will not be scaled, although they actually should

be. Consequently, we can rewrite (12) as:

x̂[i] =



















x[i] + n[i], i ∈ S1

x[i] + b−1n[i], i ∈ S2

b−1x[i] + b−1n[i], i ∈ E1

bx[i] + n[i], i ∈ E2

(22)

Without loss of generality, we assume that the side infor-

mation bits are mapped by MQAM with order Ms with

no channel coding and transmitted independently from the

data payload. Thus, the symbol error probability over an

AWGN channel assuming a square constellation (i.e. Ms =
4, 16, 64, . . .) is given by [70]:

Ps = 1 −
(

1 − 2

√
Ms − 1√
Ms

Q

(
√

3γt

Ms − 1

))2

(23)

Consequently, since each scaled index is encoded into a

log2 N bits word, the worst-case probability of word error

(i.e. assuming one error per word) is given by:

Pw = Ps
log2(N )

log2(Ms)
(24)

where Q(m) = 1/
√
2π ·

∫∞
m exp(−r2/2)dr is the Q-function

of the standard normal distribution.

Each erroneous estimated index caused by a word error

may point to an index in�with probability P�, or point to an

index in �∁ with probability P
�∁ = 1 − P�. Consequently,

the probability that an index i falls in E1 is given by:

PE1 = Pr(i ∈ E1)

= Pr(i ∈ �∁ | i ∈ �̂) Pr(i ∈ �̂)

= PwP�∁P� = Pw(1 − e−α)e−α (25)

where in this case, an erroneous index pointed to an index

that originally belongs to �∁, which occurs with probability

PwP�∁ . On the other hand, the probability that an index i falls

in E2 is given by:

PE2 = Pr(i ∈ E2)

= Pr(i ∈ �̂∁ | i ∈ �) Pr(i ∈ �)

= PwP� = Pwe
−α (26)

where in this case, the index error led to missing a member

of �, which occurs inevitably whenever an index error takes

place. Hence, this event occurs with probability Pw. Since

the sets S1,S2, E1, E2 are mutually exclusive, and S1 +S2 +
E1 + E2 = {0, 1, . . . ,N − 1}, therefore the probabilities of

VOLUME 7, 2019 16411



A. M. Rateb, M. Labana: Optimal Low-Complexity PAPR Reduction Technique for Next Generation OFDM Systems

correctly identifying scaled and unscaled sub-carriers can be

written as:

PS1
= Pr(i ∈ S1) = P

�∁ − PE1

= (1 − e−α)(1 − Pwe
−α) (27)

and

PS2
= Pr(i ∈ S2) = P� − PE2

= e−α(1 − Pw) (28)

From the above analysis, we can express the mean squared

error between the transmitted signal x[i] and the recovered

signal at the receiver x̂[i] in (22) as follows:

E(|x[i] − x̂[i]|2)
= PS1

σ 2
n + PS2

b−2σ 2
n

+PE1

[

E
i∈�∁

(

(b−1 − 1)2 x2[i]
)

+ b−2σ 2
n

]

+PE2

[

Ei∈�

(

(b− 1)2x2[i]
)

+ σ 2
n

]

(29)

By applying (16) and (25) to (28), and performing some

simplifications and rearrangement, we reach:

E(|x[i] − x̂[i]|2)
= σ 2

x Pw

[

e−α(b−1 − 1)2(1 − c0) + c0(b− 1)2
]

+ σ 2
n

[

1 − e−α(1 − Pwe
−α)) + b−2e−α(1 − Pwe

−α)
]

= σ 2
x Pwe

−α(b−1 − 1)2(1 + c0(e
αb2 − 1))

+ σ 2
n

[

1 + e−α(b−2 − 1)(1 − Pwe
−α)

]

(30)

The above expression can be further simplified by observing

that the term Pwe
−α is negligible, since Pw ≪ 1 for any

moderate TSNR, and e−α ≪ 1 since it is expected that α > 3

for proper system operation, as to be deduced in Section V.

Thus the product of the two terms will be extremely small,

and can be safely omitted without any loss of precision.

Consequently, the NMSE defined in (19) can be expressed

as:

NMSE = Pwe
−α(b−1 − 1)2

(

1 + c0(e
αb2 − 1)

)

+ λ

γt

(

1 + e−α(b−2 − 1)
)

(31)

C. SPECTRAL EFFICIENCY

Transmission of side information will lead to either reducing

the transmission data rate if bandwidth is fixed, or requiring

extra bandwidth. Without loss of generality, we assume that

the system is assigned a fixed bandwidth, and hence trans-

mission of side information will reduce the data rate. Suppose

the original transmission symbol rate without transmission of

any side information is R = N/T , where T is the OFDM

symbol duration. On the other hand, upon transmission of

side information at a symbol rate Rs, data will be transmitted

at symbol rate Rd = R − Rs. We hence define the system

spectral efficiency as:

η := Rd

R
= 1 − Rs

R
(32)

From (8), we need to encode and transmit an average of

Na indices as side information for each OFDM symbol, i.e.

every T seconds. To simplify expressions, we neglect the bits

required to encode b, since they are very few compared to

those required for encoding the peak indices. Since encoding

each peak index requires log2 N bits, and assuming that side

information symbols are mapped by MQAM with order Ms,

then Rs can be expressed as:

Rs = Na

T

log2 N

log2Ms
= Re−α log2 N

log2Ms
(33)

Consequently, the spectral efficiency can be expressed as:

η = 1 − e−α log2 N

log2Ms
(34)

From (34), we can deduce that there is a strong dependency

between spectral efficiency, α andMs, which directly impacts

data rate. This dependency is illustrated graphically in Fig. 3.

This dependency and the trade-offs involved with it are dis-

cussed in the following section.

FIGURE 3. Spectral efficiency (η) versus normalized threshold (α) for
various values of Ms at N = 1024.

V. PARAMETER SELECTION AND OPTIMIZATION

A. PARAMETER SELECTION

In this section, we present our choices of the parameters α

and b, and discuss the resulting trade-off between PAPR,

NMSE and spectral efficiency. Initially, the system designer

selects an arbitrary target value of η that complies with system

specifications and operation conditions. Consequently, (34) is

used to determine the normalized threshold α as follows:

α∗ = log

(

log2 N

(1 − η) log2Ms

)

(35)

On the other hand, from (18), we deduce that the value of

the scaling factor b has a direct impact on PAPR. Therefore

it is highly desirable to select the optimum value of b that

minimizes ρy. By differentiating the expression of ρy given

in (18) with respect to b, we get:

∂ρy

∂b
=











2b(1 − c0)ρx

(c0b2 − c0 + 1)2
, b ≥ √

α/ρx

−2c0αb

(c0(b2 − 1) + 1)2
, 0 < b <

√
α/ρx

(36)
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Keeping in mind that 0 ≤ c0 ≤ 1 ∀ α ≥ 0, we can deduce that

for any value of b > 0, the gradient of ρy is strictly positive

for b ≥ √
α/ρx (i.e. ρy is monotonically increasing), and

strictly negative for 0 < b <
√

α/ρx (i.e. ρy is monotonically

decreasing). This implies that the optimum value of b that

minimizes ρy occurs at the intersection of both curves.

We graphically illustrate this observation by plotting ρy
expressed in (18) versus b, as shown in Fig. 4 for various

combinations of η and Ms. We observe that the inflection

point of the curves lies exactly at the optimum value of b

given by:

b∗ =
√

α

ρx
(37)

Consequently, ρy in (18) can be re-written as:

ρy = α

1 − c0(1 − α
ρx
)

(38)

where c0 = e−α(1 + α). In addition, we observe from

Fig. 4 that, as expected, higher spectral efficiency η results

in higher PAPR level. In addition, we observe that higher

side information modulation order has a significant impact on

reducing PAPR. However, before jumping to any conclusions

from these observations, we have to investigate the impact of

these parameters on signal distortion.

FIGURE 4. PAPR vs b for Ms = {4, 16, 64}, η = {90%, 99%}, and N = 1024.
The plots employ ρx = 9 dB, which is the average PAPR value calculated
from Monte Carlo simulations.

In order to make our discussion of signal distortion more

elaborate, we define Recovery SNR (RSNR) as follows:

γr := σ 2
x

E(|x[i] − x̂[i]|2) = 1

NMSE
(39)

By using (31), we compare the transmission SNR found at

the input of the receiver to the SNR achieved after descaling

the received coefficients ŷ[i] and recovering x̂[i]. This enables

us to quantify the distortion caused by applying our proposed

FIGURE 5. RSNR versus TSNR for various values of η and Ms at N = 1024.
(a) Ms = 4. (b) Ms = 16. (c) Ms = 64.

technique in the presence of additive noise. Fig. 5 illustrates

the RSNR versus TSNR at various target spectral efficiency

η = {85%, 90%, 95%, 99%} for three cases, namelyMs = 4,

Ms = 16 and Ms = 64. We first observe that smaller Ms

corresponds to better RSNR for all values of η, which is logic,

since smaller Ms result in a lower probability of error in side

information transmission. We also observe that for all values

of Ms, increasing η results in a better RSNR. This is due to

the fact that higher η implies larger threshold α and hence less

scaled subcarriers, which leads to a smaller drop in RSNR. By

comparing observations from Fig. 4 and Fig. 5, we find that

increasing η results in a worse PAPR, but better RSNR. The

same applies to decreasing Ms. Hence, we need to make the

best trade-off by making an optimal choice ofMs for a given

η that provide maximum overall performance improvement.

This can be achieved by employing an objective function that

considers both PAPR and RSNR, as to be discussed next.

B. METHOD GAIN

Previous works on signal distortion PAPR reduction tech-

niques such as peak clipping, windowing and companding

focused on the PAPR reduction aspect of their techniques,
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without rigorous analytic quantification of the performance

penalty due to distortion, which directly impacts BER per-

formance [57]–[66]. In Section IV, we have discussed the

impact of our proposed technique on reducing PAPR, and on

the level of distortion it may introduce due to the effect of

additive noise in terms of RSNR. In this section, we identify

the extent to which the proposed method is effective by eval-

uating the net gain it can achieve. Although PAPR reduction

enables shifting the operating point of the transmitter’s power

amplifier, and hence increasing the TSNR, distortion leads to

a drop in RSNR, which directly degrades BER. Therefore,

a portion of the SNR gain achieved by PAPR reduction will

be deducted in order to maintain the BER performance of

the original signal prior to applying PAPR reduction. This

concept can be applied for evaluating any PAPR reduction

technique. In mathematical terms, the net gain achieved by

our proposedmethod can be expressed in dB terms as follows:

(G)dB =
[

(ρx)dB − (ρy)dB
]

− [(γt )dB − (γr )dB] (40)

where (r)dB = 10 log10(r). Hence a PAPR reduction tech-

nique is considered effective if (G)dB > 0 dB. By switching

to ratio terms, and using (37), (38) and (39), we can rewrite

the above expression after some rearrangements as follows:

G = ρx

ρy
× γr

γt
= ρxλ

K
(41)

where

K = γt Pwe
−α(

√
ρx −

√
α)2(1 + c0(e

αα/ρx − 1))

+ λ(α + e−α(ρx − α))

Pw = log2(N )

log2(Ms)



1 −
(

1 − 2

√
Ms − 1√
Ms

Q

(
√

3γt

Ms − 1

))2




α = log

(

log2 N

(1 − η) log2 Ms

)

c0 = e−α(1 + α)

λ = 1 − e−α(1 + α)(1 − α/ρx)

We can deduce from the above expression that the net gain is

a function of a set of parameters; some of which are uncon-

trollable, namely TSNR (γt ), original data PAPR (ρx) and

OFDM symbol length (N ). On the other hand, controllable

parameters are the target spectral efficiency (η) and side

information modulation order (Ms). These two parameters

determine the value of the normalized threshold (α).

As discussed in the previous subsection, for a given value

of η, we have a trade-off between increasingMs to maximize

PAPR reduction, and decreasing Ms to minimize distortion.

Examining the net gain for various values of Ms enables us

to solve this trade-off. Fig. 6 illustrates the values of net

gain in dB versus TSNR for various values of Ms at η =
{90%, 95%, 99%}. We observe that the maximum net gain

is achieved at Ms = {8, 16}, Ms = 16 and Ms = 64 for

η = 90%, η = 95% and η = 99%, respectively. Hence,

wemay conclude that highermodulation order provide higher

net gain for high values of target spectral efficiency.

FIGURE 6. Net gain in dB versus TSNR in dB for various values of
modulation order Ms, and spectral efficiency η, at N = 1024. (a) η = 90%.
(b) η = 95%. (c) η = 99%.

To further investigate this issue, Fig. 7 illustrates the values

of (G)dB versus η at Ms = {16, 64}. We observe that higher

gain is achieved by Ms = 64 if η exceeds about 97%. In

addition, we observe that a higher TSNR results in a higher

net gain. In general, this figure provides us with an overview

of the net gain achievable at a given value of target η, and

provides a visual confirmation that the proposed technique is

capable of providing a considerable net gain for any value of

spectral efficiency, even if it was as high as 99%. Therefore,

(41) can be used by the system designer to optimize system

parameters in order to grant maximum achievable gain.

VI. MECHANISM OPERATION AND

COMPLEXITY ANALYSIS

The overall operation of the proposed method in implemen-

tation level is modeled in two algorithms shown in Fig. 8 for

the transmitter, and Fig. 8b for the receiver. We assume that

initially, the transmitter and receiver have agreed on a target

spectral efficiency η. The transmitter should store a lookup

table that includes the values of the normalized threshold:

α∗ calculated from (35) for given values of η, N and Ms.
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FIGURE 7. Net gain in dB versus target spectral efficiency for N = 1024,
Ms = {16, 64}.

FIGURE 8. An algorithmic description of the proposed technique at the
transmitter and receiver. (a) Transmitter algorithm. (b) Receiver algorithm.

Table 1 provides an exemplary look-up table to be used by

the transmitter for determining α∗.
The transmitter algorithm is composed of two main stages.

TABLE 1. List of values of α
∗ corresponding to different values of N , Ms

and η. This table represents an exemplary lookup table to be used by the
transmitter for calculating the appropriate value of α

∗.

In the first stage, after looking up α∗, the transmitter

calculates σ 2
x and xmax, and uses them to calculate a2 and

b. In the second stage, entries of the transmit data sequence

x[i] whose squared magnitudes exceed a2 are scaled by b.

We prefer to use the squared absolute value rather than

absolute value described in (3), to avoid unnecessary square-

root calculations. On the other hand, the receiver algorithm

is essentially simpler; it starts by calculating the reciprocal

of the scaling factor b, then calculating exactly Na = |�̂|
multiplications.

Based on the two algorithms described above, the computa-

tional complexity of the proposed technique can be calculated

in a straightforward manner. Step (1) in transmitter algorithm

is dominated by the calculation of average instantaneous

power σ 2
x , which requiresO(N ) computations. The remaining

calculations are constant-time calculations, i.e. require O(1)

computations. On the other hand, Step (2) of both algorithms

also requires O(N ) computations. Therefore, we may con-

clude that the proposed technique has a linear complexity in

terms of the number of subcarriers N .

Table 2 lists a detailed analysis of the number and type

of computations required by the proposed method for the

TABLE 2. A detailed analysis of the number of real arithmetic operations
required for the transmitter and receiver algorithms.
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transmitter and receiver. We highlight that since x[i] is

complex, hence calculating |x[i]|2 = ℜ{x[i]}2 + ℑ{x[i]}2
requires two real multiplications and one real addition. Con-

sequently, calculating σ 2
x at the transmitter or σ 2

y at the

receiver would require 2N − 1 additions, 2N multiplications

and one division, as shown in the tables. In addition, we high-

light that Step (2) in transmitter algorithm does not require

calculating |x[i]|2, since the values calculated in Step (1) can
be reused. Similarly, calculating x2max can be determined by

sequentially updating the maximum value of |x[i]|2. Hence,
calculating xmax will require only one square root operation.

By adding up all computations, and assuming N ≫ 1,

we can reach the following approximation of the upper bound

on the average number of real computations required by the

transmitter and receiver:

Number of TX computations ≈ (4 + 2Na)N

=
(

4 + 2
(1 − η) log2Ms

log2 N

)

N

≤
(

4 + 2
log2Ms

log2 N

)

N (42)

and similarly,

Number of RX computations ≤ 2
log2Ms

log2 N
N (43)

The above expressions confirm that the computational com-

plexity of our proposed technique is linear at the transmitter,

and shows that it is sub-linear at the receiver. We hence

may claim that the complexity of the proposed method is

minimal compared to most other methods in literature. For

example, the complexity analysis in [26] shows that clipping

an filtering technique requires O(NL) operations, where L

is the Finite Impulse Response (FIR) filter length. On the

other hand, SLM technique requires O(SN log2 N ) opera-

tions, where S is the number of phase sequences. Further-

more, PTS technique requires O(NP2) operations, where P

is the number of partial sequences.

VII. SIMULATION RESULTS AND DISCUSSION

In this section, we present simulated results for evaluating

and comparing the performance of the proposed technique

to other OFDM reduction techniques. Simulations are per-

formed on a baseband model of the OFDM transmitter and

receiver, which is based on the block diagram shown in Fig. 2.

Transmission takes place over an AWGN channel, and with-

out insertion of cyclic prefix. Randomly generated data bits

are mapped by MQAM with order Md = 16 and modulated

by OFDM with N = 1024 subcarriers and no oversampling.

Side information bits are similarly mapped by MQAM with

order Ms. For a selected value of spectral efficiency (η),

the values of α and b are calculated using (35) and (37)

respectively.

PAPR performance is most commonly evaluated by the

Complementary Cumulative Distribution Function (CCDF)

metric, which is defined as the probability that the OFDM

signal PAPR (ρ) exceeds a given threshold (ρ0). Hence, it can

be expressed as follows:

CCDF(ρ0) := Pr(ρ > ρ0) (44)

Fig. 9 illustrates the CCDF curves for the proposed technique

compared to that of the original signal and a selection of

other PAPR reduction techniques discussed in Section II.

The curves shown for the proposed technique comprise η =
{90%, 95%, 98%, 99%} and Ms = {16, 16, 64, 64} respec-

tively. On the other hand, we show results achieved by selec-

tive mapping technique with S = 8 phase sequences [39],

partial transmit sequence with P = 8 sub-sequences [49],

peak clipping technique with peak power threshold given by

2.8px [71], and linear companding technique with transform

function given by C(x) = 0.8x + 0.1 [67].

FIGURE 9. CCDF comparison for the proposed technique and various
other techniques at N = 1024.

Initially, we observe that the proposed technique achieves

significant reduction of PAPR compared to the original wave-

form, where PAPR does not exceed 6 dB for η = 90%,

6.5 dB for η = 95%, 6.9 dB for η = 98% and 7.4 dB

for η = 99%. These values agree with the analytic curves

in Fig. 4. As compared to other techniques, the proposed

technique outperforms all other examined techniques except

for peak clipping technique, which has an obvious advantage

in terms of PAPR reduction. However, this advantage does

not apply for BER performance as to be shown shortly.

The steepness of the CCDF curves in Fig. 9 indicates very

weak dependence of the PAPR of our proposed technique

on the original PAPR, and hence the number of subcarri-

ersN . This observation is predicted by the analytic expression

in (38). We may also verify this observation by studying the

curves shown in Fig. 10, which illustrate the CCDF curves

for the proposed technique at N = {256, 512, 1024, 2048}
and η = {90%, 95%, 99%}. We observe that the PAPR

values are very slightly affected by increasing N , while the

effect is more significant for the original waveform. This

is highly advantageous for current and future high-speed

wireless systems, which indeed seek maximizing the number

of subcarriers N . For example, LTE standard supports up to

2048 subcarriers [7], while DVB-T2 is planned to support

up to 32K subcarriers [12]. Keeping in mind the very low
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FIGURE 10. CCDF comparison for the proposed technique at
N = {256, 512, 1024, 2048} and η = {90%, 95%, 99%}.

FIGURE 11. BER comparison for the proposed technique and various
other techniques at N = 1024 and Md = 16.

complexity of our proposed technique, we may conclude that

the proposed technique could be ideal for such systems.

Fig. 11 compares BER performance versus SNR for the

same set of PAPR reduction techniques in Fig. 9. In order to

avoid cluttering the diagram, we omitted the curves of SLM

and PTS techniques, since distortionless techniques do not

impact BER by nature (assuming perfect side information

transmission for these techniques). We observe that while

the BER performance is minimally affected by applying our

technique for all cases of η shown, the performance of the

signal distortion techniques (peak clipping and companding

techniques) are significantly worse. This results in neutral-

izing the PAPR reduction advantage of these methods. For

example, in order to achieve BER of 10−5, peak clipping and

companding techniques require increasing the SNR by about

6.5 dB and 4.2 dB respectively, which counteracts the gain

achieved by PAPR reduction.

It is worth mentioning that distortionless techniques also

require transmission of side information, and that the over-

all performance of these techniques is very sensitive to the

integrity of side information [26], [33]. Consequently, these

data are usually protected by several layers of channel coding,

which further degrades their spectral efficiency. The results

shown in Fig. 11 for the technique were achieved while

the side information bits were transmitted unprotected over

the noisy channel. We may hence deduce that the proposed

technique has a clear advantage over distortionless techniques

in terms of robustness against noise, besides better PAPR

reduction and less complexity.

VIII. CONCLUSIONS

The PAPR reduction literature comprises numerous effec-

tive techniques. However, most commercial system imple-

mentations favor signal distortion techniques with affordable

complexity such as iterative clipping and filtering, despite

their negative impact on transmission BER [26], [71]. On

the other hand, distortionless techniques suffer unrealistic

computational complexity, especially upon employing a large

number of subcarriers.

In this paper, we presented a PAPR reduction technique

that maintains the effectiveness and simplicity of signal dis-

tortion techniques without degrading system BER. These

gains are achieved in return for a slight (and controllable)

reduction. However, we argue that although signal distortion

techniques do not send side information, their degraded BER

performance will probably entail applying channel coding

in order to preserve the integrity of data. Hence, effectively,

the data rate would be significantly reduced, in addition to

the impact on computational complexity associated with the

decoding process. On the other hand, we showed that the

proposed technique is capable of achieving significant PAPR

reduction, without BER degradation, even at 99% spectral

efficiency, and without applying channel coding neither to

data, nor to side information. Furthermore, since the proposed

technique is based on linear scaling of coefficients, it does

not suffer from the out-of-band interference caused by non-

linear signal shaping such as peak clipping and companding,

and hence it does not require any iterative shaping/filtering

processes.

Another main strength of this work is that it is supported by

detailed analysis of the major performance criteria involved

with the process. We showed via the notion of net gain,

that the proposed method achieves tangible and determinable

performance improvement, where not only PAPR reduction

was considered, but also the reduction in SNR due to applying

our technique. As a result, this provides an added advantage

for the system designer to tune the operating point of the

power amplifier in a manner that achieves maximum system

performance, relying on the stable and almost deterministic

behavior of the technique.

As for future extensions of this work, we consider fur-

ther performance and spectral efficiency enhancements by

employing compressed sensing in the process of side infor-

mation transmission [72], [73]. Compressed sensing enables

fast encoding of data into a highly compressed set of mea-

surements data. Therefore, we may be able to scale more

sub-carriers, and hence further reduce PAPR, without affect-

ing spectral efficiency. This approach is highly appealing

especially in the presence of recent fast compressed sensing
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decoding mechanisms [74], in addition to its ability to per-

form efficiently in a highly noisy environment [75], [76].

APPENDIX

In this appendix, we derive the expected values of the variable

u2i over the sets � and �∁, as given in (16). From (3),

the values of ui are truncated from above by
√

α. Thus, from

(6), this variable will follow a truncated Rayleigh distribution

with pdfs given by [69], [77]:

f (ui|i ∈ �) = f (ui)

1 − F(
√

α)
= 2uie

−u2i

e−α

f (ui|i ∈ �∁) = f (ui)

F(
√

α)
= 2uie

−u2i

1 − e−α

The above result can be used to evaluate Ei∈�(u
2
i ) as follows:

Ei∈�(u
2
i ) =

∫ ∞

√
α

u2i f (ui|i ∈ �)dui

= 2eα
∫ ∞

√
α

u3i e
−u2i dui

On the other hand, E
i∈�∁ (u

2
i ) can be evaluated as follows:

E
i∈�∁ (u

2
i ) =

∫

√
α

0

u2i f (ui|i ∈ �∁) dui

= 2

1 − e−α

∫

√
α

0

u3i e
−u2i dui

In order to evaluate the above integration, let s = u2i , and

using integration by parts, we get:
∫

u3i e
−u2i dui = 1

2

∫

se−sds = −1

2

[

e−s(s+ 1)
]

Consequently, we reach:

Ei∈�(u
2
i ) = 2eα × −1

2
(e−α(1 + α)) = 1 + α

and

E
i∈�∁ (u

2
i ) = 2

1 − e−α
× 1

2
(1 − e−α(1 + α))

= 1 − e−α(1 + α)

1 − e−α
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