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SUMMARY 

An a lgor i thm f o r  op t imal  des ign  is  given which inco rpora t e s  several of t h e  
d e s i r a b l e  f e a t u r e s  of bo th  mathematical  programming and o p t i m a l i t y  c r i t e r i a ,  
w h i l e  avoid ing  some of the undes i r ab le  f e a t u r e s .  
approaching t h e  opt imal  s o l u t i o n  through t h e  s o l u t i o n s  of a n  a s s o c i a t e d  set of 
cons t r a ined  opt imal  des ign  problems. The s o l u t i o n s  of t h e  cons t ra ined  problems 
are recognized a t  each s t a g e  through t h e  a p p l i c a t i o n  of o p t i m a l i t y  c r i te r ia  
based on energy concepts.  
member s i z e  and layout  of a t r u s s  i s  p red ic t ed ,  given t h e  j o i n t  l o c a t i o n s  and 
loads .  

The a lgo r i thm proceeds by 

Two examples are descr ibed  i n  which t h e  opt imal  

INTRODUCTION 

I n  t h e  f i e l d  of op t imal  s t r u c t u r a l  design,  two gene ra l  t echniques  f o r  
f i n d i n g  t h e  optimum des ign  may be  d i s t ingu i shed :  mathematical  programming 
methods and t h e  use  of o p t i m a l i t y  cri teria.  In  t h e  p re sen t  paper ,  an a lgo r i thm 
i s  given which resembles a technique of mathematical  programming i n  t h a t  i t  
proceeds by s t a g e s ,  w i t h  a n  improved des ign  gene ra t ed la t  each s t age .  However, 
i n  c o n t r a s t  t o  most mathematical  programming methods, t h e  improved design is 
i d e n t i f i e d  a t  each s t a g e  by t h e  a p p l i c a t i o n  of o p t i m a l i t y  cr i ter ia ,  r a t h e r  than  
by a sea rch  technique.  I n  t h i s  way, the computat ional ly  expensive sea rch  pro- 
cedure i s  avo ided , ’ye t  t h e  p r i n c i p l e  of approaching t h e  optimum through a suc- 
c e s s i o n  of s m a l l  changes i s  preserved.  The a lgor i thm i s  explained and i l l u s -  
t r a t e d  by a p p l i c a t i o n  t o  t h e  opt imal  des ign  of a t r u s s ,  where member cross-  
s e c t i o n a l  areas are taken  as t h e  des ign  v a r i a b l e s .  

SYMBOLS 

A c ross - sec t iona l  area of t r u s s  member i 

3 s l a c k  f u n c t i o n  

l(p,S*) t r i a l  des ign  corresponding t o  p and S* 

i 

r 
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elastic modulus 

x and y components of e x t e r n a l  l o a d s  app l i ed  a t  nodes and 
numbered consecut ive ly  

augmented f u n c t i o n  

l e n g t h  of member i 

t o t a l  number of nodes 

t o t a l  number of t r u s s  members, assuming each node connected t o  
every o t h e r  node by a member 

p o t e n t i a l  energy 

v a l u e  of lower bound c o n s t r a i n t  

s p e c i f i e d  volume of material 

nodal  displacements ,  numbered corresponding t o  F 

s t r a i n  of  member i 
j 

Lagrange m u l t i p l i e r s  f o r  area c o n s t r a i n t s  

Lagrange m u l t i p l i e r  f o r  volume c o n s t r a i n t  ( a l s o  equa l  t o  s p e c i f i c  
s t r a i n  energy of f u l l y - s t r e s s e d  members) 

qkYqk(P,’) s p e c i f i c  s t r a i n  energy of member k, corresponding t o  
f u l l y - s t r e s s e d  set p and c o n s t r a i n t  va lue  S 

ENERGY FORMULATION 

Consider the problem of f i n d i n g  t h e  m a x i m u m  s t i f f n e s s  des ign  of a p l ana r  
t r u s s ,  given a s p e c i f i e d  t o t a l  volume of material t o  be a l l o c a t e d  t o  t h e  v a r i o u s  
members of t h e  t r u s s ,  and spec i fy ing  i n e q u a l i t y  c o n s t r a i n t s  on t h e  t r u s s  members’ 
c ros s - sec t iona l  areas. The connec t iv i ty  of t h e  t r u s s  i s  u n r e s t r i c t e d ;  however, 
l o c a t i o n s  of nodes are s p e c i f i e d  beforehand, and t h e  p o s s i b i l i t y  of member 
buckl ing is  ignored. Taylor ( r e f .  1 )  and Hiley ( r e f .  2) have shown how a 
problem of t h e  t y p e  j u s t  descr ibed  may be formulated by t h e  use  of t h e  p o t e n t i a l  
energy f u n c t i o n  of t h e  s t r u c t u r e .  
mulat ion w i l l  be  used. 

I n  t h e  p r e s e n t  paper a similar energy fo r -  
The p o t e n t i a l  energy of t h e  t r u s s  may be w r i t t e n  

n 

P = x B . A q  i i i  - 5 F.6 J j  (1) 
i=l j =1 

(See t h e  list of symbols f o r  d e f i n i t i o n s  of t h e  parameters.)  
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The s p e c i f i c  s t r a i n  energy n is  r e l a t e d  t o  t h e  s t r a i n  E by i i 

where E is  t h e  elastic modulus. 

The volume c o n s t r a i n t  i s  

n c Ail i  = V (3) 
i= 1 

where V i s  the s p e c i f i e d  volume of material. The i n e q u a l i t y  c o n s t r a i n t s  are 

Ai 2 S ( 4 )  

where S i s  t h e  s p e c i f i e d  lower bound c o n s t r a i n t .  

It can  be shown t h a t  t h e  problem of maximum s t i f f n e s s  des ign  is  equ iva len t  
t o  t h a t  of maximizing t h e  p o t e n t i a l  energy P ( r e f s .  l y 3 ) .  

The c o n s t r a i n t s  may b e  introduced d i r e c t l y  i n t o  t h e  problem formulat ion by 
de f in ing  t h e  s l a c k  f u n c t i o n s  a by r 

r = 1 y 2 y . . . y n  (5) 
2 

r r A - a  = S ,  

and in t roduc ing  Lagrange m u l t i p l i e r s  X and A t o  form the augmented func t ion  i 

n 

(6) 
2 ni(s - + ai> 

i=l 
L = P + X(V - 2 Aili) + 

i=l 

Ary and a t o  k’ r Requir ing t h e  f i r s t  d e r i v a t i v e s  of  L w i t h  r e s p e c t  t o  6 
van i sh  g i v e s  

n 

Fk = 0 (7) 
i- 1 
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= o  'rar 

whi l e  a p p l i c a t i o n  of t h e  Kuhn-Tucker theorem of  non-l inear  programming g ives  

These equat ions  can be shown t o  be  both necessary  and s u f f i c i e n t  f o r  
o p t i m a l i t y  ( r e f s .  1 , 4 , 5 ) .  

A b a s i c  assumption about t h e  opt imal  des ign  problem formulated above w i l l  
now be  made. It is  assumed t h a t  f o r  every v a l u e  of S i n  t h e  i n t e r v a l  ' 

O < S < V / ( z  - ti) an opt imal  des ign  e x i s t s .  
i= 1 

t o  be  a func t ion  of S. Furthermore, t h i s  f u n c t i o n  i s  assumed cont inuous.  

n 

That is, t h e  opt imal  des ign  is  assumed 

It i s  of i n t e r e s t  t o  n o t e  t h a t  a t  least one opt imal  des ign  can always be 
found e a s i l y  f o r  t h e  va lue  of t h e  lower bound c o n s t r a i n t  given by 

n 

i= 1 

For by equat ion  (4) a l l  admiss ib le  des igns  must s a t i s f y  

However t h e  str ict  i n e q u a l i t y  i n  equat ion  (12) cannot apply f o r  any j s i n c e  
t h i s  would v i o l a t e  t h e  volume c o n s t r a i n t  i n  equa t ion  ( 3 ) .  Thus t h e  opt imal  
des ign  f o r  t h e  va lue  of S i n  equat ion  (11) must be t h e  "equally-sized" des ign  

A = V / ( c  ti), n 

j = 1 ,2 , . . . , n  
i=l j 

OBSERVATIONS ON GOVERNING EQUATIONS 

Inspec t ion  of t h e  preceding set of governing equat ions  (3)-(10) l e a d s  t o  
several obse rva t ions  of  later u s e  i n  t h i s  paper.  
area A i n  t h e  opt imal  des ign  i s  s t r i c t l y  g r e a t e r  than  t h e  lower bound con- 
s t r a i d  v a l u e  s, then  t h e  corresponding slack f u n c t i o n  a # 0 by equat ion  (5) 
and hr = 0 

F i r s t  no te  t h a t  when a member 

r by equat ion  ( 9 ) ,  bu t  t hen  equat ion  (8) y i e l d s  
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= A  (13) "r 

Thus a l l  members w i t h  areas g r e a t e r  than  S are s t r e s s e d  t o  t h e  same level. 

Note that by equat ion  (2), equat ion  (13) may be w r i t t e n  as a l i n e a r  equa- 
t i o n  i n  t h e  s t r a i n  

Next cons ider  

E and hence l i n e a r  i n  t h e  nodal  r 

E = f d 2 X f E  r 

a member  t i n  t h e  opt imal  des ign  

displacements:  

(14) 

which i s  s t r e s s e d  below t h e  
level X (eqs. (8) and (10) exclude the p o s s i b i l i t y  t h a t  an element i n  t h e  
opt imal  des ign  is s t r e s s e d  above the level A . ) :  

< A  (15) rlt 

Then by equat ion  (8) A # 0 and so equat ions  (9) and (5) imply t 

At = S (16) 

The i m p l i c a t i o n  of equa t ions  (14) and (16) may be summarized by say ing  t h a t  
t h e  members of t h e  opt imal  des ign  may be divided i n t o  two groups: f u l l y -  
s t r e s s e d  members (" = X and A > S) and members a t  t h e  c o n s t r a i n t  (n  < A and 
At = S ) .  
b o r d e r l i n e  cases exist where a member i s  both f u l l y - s t r e s s e d  and a t  t h e  con- 
s t r a i n t .  

t A s  s h a l l  6e d i scussez  la ter  i n  t h i s  paper ,  under c e r t a i n  cond i t ions  

A second obse rva t ion  about  the governing equa t ions  f o r  t h e  opt imal  des ign  
problem can be made w i t h  t h e  he lp  of t h e  f u l l y - s t r e s s e d  cond i t ion ,  equat ion  
(14).  In t roduc ing  equa t ions  (14) and (2)  i n t o  the equ i l ib r ium r e l a t i o n s  (equa- 
t i o n  7)  y i e l d s  

Fk = 0 l / G x e & A  - a 
k t r r r a 6  r 

where t h e  f i r s t  summation is  over  t h e  set of f u l l y - s t r e s s e d  members, and t h e  
second summation is over  t h e  set of members a t  t h e  c o n s t r a i n t  (hence areas equal  
S) .  e i s  the s i g n  a s s o c i a t e d  w i t h  member r (compression o r  t e n s i o n ) .  r 

Equat ions (14) and (17) have been formulated f o r  t h e  problem of maximum 
s t i f f n e s s  des ign  f o r  a f i x e d  volume of material V. 
energy h i s  found as p a r t  of t h e  s o l u t i o n .  However, t h i s  problem may be shown 

The maximum s p e c i f i c  s t r a i n  
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( r e f .  6) t o  be equ iva len t  t o  the problem of minimum volume des ign  f o r  s p e c i f i e d  
A.  From now on i n  t h i s  paper  it w i l l  be assumed t h a t  a va lue  of A is  s p e c i f i e d .  
The s o l u t i o n  corresponding t o  th i s  v a l u e  of A may later be made t o  correspond t o  
some s p e c i f i e d  volume of material by mul t ip ly ing  a l l  r e s u l t s  by a common f a c t o r .  

With X s p e c i f i e d ,  equat ions  (14) and (17) become linear equat ions  i n  t h e  
remaining unknowns 6 and A . Thus once. i t  has  been determined which members 
are t o  be f u l l y - s t r e s s e d  i n  t h e  opt imal  design,  t h e  areas and nodal  d i sp l ace -  
ments may be c a l c u l a t e d  by so lv ing  a l i n e a r  system of equat ions .  

k r 

FULLY-STRESSED SET AND TRIAL DESIGN 

Suppose t h a t  a subse t  of the n members of t h e  t r u s s  have s p e c i f i c  s t r a i n  
energy A ,  as w e l l  as s p e c i f i e d  s i g n s ,  and do n o t  v i o l a t e  nodal  displacement 
compa t ib i l i t y .  These members w i l l  be  c a l l e d  a " fu l ly - s t r e s sed  set". 

Suppose t h a t  a f u l l y - s t r e s s e d  set p has  been des igna ted  and a va lue  of t h e  
lower bound c o n s t r a i n t  s p e c i f i e d ,  S = S*. I n  gene ra l ,  i t  is  not  known before-  
hand i f  p corresponds t o  a n  opt imal  des ign  f o r  S = S*. However, knowing p and 
S*, w e  can  n e v e r t h e l e s s  determine a corresponding set of areas and d i sp lace -  
ments by w r i t i n g  equa t ions  (17)  and (14) f o r  t h e  f u l l y - s t r e s s e d  set p and then  
so lv ing  t h e s e  equat ions .  

The set of areas and displacements  found i n  t h i s  way w i l l  be w r i t t e n  
D(p,S*) and w i l l  b e  c a l l e d  t h e  " t r ia l  des ign  corresponding t o  p and S*," 
t h a t  by assumption the t r i a l  des ign  i s  a continuous func t ion  of t h e  lower bound 
c o n s t r a i n t ,  f o r  f i x e d  p. 

Note 

Once a t r i a l  des ign  D(p,S*) has  been c a l c u l a t e d ,  equat ions  (10) and ( 4 )  
may be used t o  determine if t h e  t r i a l  des ign  i s  a l s o  an  opt imal  design.  I f  
D(p,S*) i s  opt imal ,  then  p w i l l  be  c a l l e d  t h e  "optimal f u l l y - s t r e s s e d  set cor- 
responding t o  S*. '' 

BASIS FOR ALGORITHM 

Using t h e  d e f i n i t i o n s  j u s t  introduced,  we can now d i s c u s s  t h e  b a s i s  f o r  an  
a lgor i thm f o r  f i n d i n g  t h e  opt imal  design.  

S t a r t i n g  w i t h  a f u l l y - s t r e s s e d  set r and a va lue  of S = S* such t h a t  
D(r,S*) i s  opt imal  ( f i n d i n g  such a s t a r t i n g  des ign  p r e s e n t s  no d i f f i c u l t i e s ,  as 
w a s  observed earlier), S i s  repea ted ly  reduced and D(r,S) r e c a l c u l a t e d  u n t i l  a 
va lue  of S i s  found f o r  which D(r,S) i s  non-optimal. Since t h e  cause of t h e  
non-optimality must l i e  i n  t h e  i n c o r r e c t  choice  of f u l l y - s t r e s s e d  members, a 
method is  needed f o r  i d e n t i f y i n g  those  members which must be added t o  o r  
de l e t ed  from t h e  opt imal  f u l l y - s t r e s s e d  set as S decreases .  Such a method may 
be  der ived  from a c l o s e  examination of t h e  opt imal  des igns  i n  t h e  neighborhood 
of a p o i n t  where t h e  opt imal  f u l l y - s t r e s s e d  set changes. 

526 



Consider t he  p a r t i c u l a r  case where a s i n g l e  member, f o r  example, j, is t o  
be added t o  t h e  optimal fu l ly-s t ressed  set. 
the  lower bound cons t r a in t  f o r  which ?7j f i r s t  equals t h e  cons t r a in t  value 
is  decreased from a va lue  S2 s l i g h t l y  above Sc t o  a va lue  S i  s l i g h t l y  below Sc. 
Note that, f o r  S = Scy member j is  an  example of a "borderline" case r e f e r r e d  
t o  earlier (A = Sc and q = A ) .  

S2 > S > S , then D(p,S) is non-optimal f o r  S 
la& tge fu l ly - s t r e s sed  member j. 

I n  f i g u r e  1, S = S, is t h e  value of 
as S 

j j 

If p denotes t h e  fu l ly-s t ressed  set f o r  which D(p,S) is  optimal f o r  
> S > Sly s ince  by hypothesis p - C 

Denote by q t h e  fu l ly-s t ressed  set obtained from p by adding member j 
and consider a member, f o r  example, k ,  which belongs t o  n e i t h e r  p nor q.  By 
hypothesis, 

Furthermore s i n c e  rl (p,S) and rl (q,S) are continuous functions of S, i t  k k follows t h a t  

nk(pYs) < A and nk(qYS) < 

f o r  S1 - < S < Sc. For t h e  same range of S, it must a l s o  be t r u e  t h a t  

s ince  D(p,S) has b e e l  assumed t o  be non-optimal. 
t o  t h e  fu l ly - s t r e s sed  set p t o  form t h e  optimal fu l ly-s t ressed  set q ( f o r  
S < S < S ) may be determined by examining t h e  non-optimal design D(p,S 1 - 1 tke-membercto be added i s  t h a t  member wi th  s p e c i f i c  s t r a i n  energy exceeding A .  
The s ign  associated with t h e  member j t o  be added is  i d e n t i c a l  t o  t h e  s ign  of 
member j i n  D(q,S ), as may be e s t ab l i shed  by a con t inu i ty  argument similar t o  
t h a t  given above. 

Thus t h e  member t o  be added 

1 

The preceding d iscuss ion  d e a l t  with t h e  procedure f o r  i den t i fy ing  t h e  
member t o  be added t o  t h e  optimal fu l ly - s t r e s sed  set as S decreases. An anal- 
ogous procedure can be developed f o r  i den t i fy ing  t h e  member t o  be de le ted  from 
t h e  optimal fu l ly - s t r e s sed  set. Proceeding as i n  t h e  previous paragraphs, i t  
can be shown t h a t  t h e  members of t h e  optimal fu l ly-s t ressed  set can be iden- 
t i f i e d  by inspec t ion  of a non-optimal design D(p,S ) - t h e  c r i t e r i o n  being t h a t  
t h e  member i n  p whose area i s  less than S i s  t o  &e de le ted  from p t o  form the  
optimal fu l ly - s t r e s sed  set. 1' 

A f i n a l  remark on t h e  algorithm should be added here. I n  developing t h e  
method f o r  adding o r  de l e t ing  fu l ly-s t ressed  members, t h e  assumption w a s  made 
t h a t  only one element a t  a t i m e  could be both fu l ly - s t r e s sed  and have area equal 
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t o  t h e  c o n s t r a i n t  va lue .  I n  c e r t a i n  problems, e s p e c i a l l y  where a h igh  degree 
of symmetry i s  p r e s e n t ,  t h i s  assumption may be v i o l a t e d .  
sen ted  above f o r  i d e n t i f y i n g  a d d i t i o n s  o r  d e l e t i o n s  t o  t h e  opt imal  f u l l y -  
s t r e s s e d  set i s  no longer  gene ra l ly  v a l i d .  
course  of t h i s  s tudy ,  several in s t ances  w e r e  observed where more than  one mem- 
b e r  w a s  f u l l y - s t r e s s e d  and a l s o  a t  t h e  c o n s t r a i n t  f o r  t h e  same va lue  of S. 
However, t h e  a lgo r i thm had no d i f f i c u l t y  i n  t h e s e  i n s t a n c e s  and found t h e  
opt imal  f u l l y - s t r e s s e d  set. The information gained by examining t h e  non- 
opt imal  des ign  i n  t h e  v i c i n i t y  of a change i n  t h e  f u l l y - s t r e s s e d  set w a s  a 
r e l i a b l e  guide  i n  determining t h e  elements t o  be  added o r  de l e t ed .  
l a c k  of t h e o r e t i c a l  j u s t i f i c a t i o n  f o r  t h e  a lgo r i thm i n  t h i s  s i t u a t i o n  does not  
appear t o  be s e r i o u s .  

The argument pre- 

In t h e  examples considered i n  t h e  

Thus t h e  

EXAMPLE PROBLEMS 

I n  f i g u r e  2 a n  example i s  p resen ted ,  involv ing  sixteen i n t e r i o r  nodes 
loaded as shown and a l s o  two support  nodes l o c a t e d  f a r  from t h e  i n t e r i o r  nodes 
and no t  shown i n  t h e  f i g u r e .  The opt imal  des ign  (shown i n  t h e  f i g u r e )  is  s e l f -  
e q u i l i b r a t e d .  I n  t h i s  example, t h e  a lgor i thm w a s  a b l e  t o  select t h e  appro- 
p r i a t e  s i x t e e n  members comprising t h e  opt imal  des ign  from among a l l  p o s s i b l e  
members. I n  achiev ing  t h i s  r e s u l t ,  no advantage w a s  taken of t h e  symmetry of 
t h e  problem. 

I n  f i g u r e  3 ,  seven i n t e r n a l  and f o u r  support  nodes are  s p e c i f i e d ,  and a 
s i n g l e  app l i ed  load  i s  t o  be c a r r i e d  by t h e  t r u s s .  The optimum des ign  is found 
t o  con ta in  t e n  members and i s  reminiscent  of 
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Figure 1.- Spec i f i c  energies near point where member j is  t o  be 
added t o  optimal fu l ly-s t ressed  set. 

Figure 2.- Optimal t r u s s ,  with s ix t een  i n t e r i o r  nodes. 
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Figure 3.- Optimal truss, with seven interior nodes and 
€our support nodes. 
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