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Abstract—A novel sum-rate outer bound for the Gaussian
interference channel with a relay is presented. The outer bound
is obtained by adapting the genie-aided approach developed for
interference channels in [1]. The cut-set bound for this channel
is also derived and is shown to be much looser than the new
bound. The new bound is also compared to an achievable rate
region we introduced in previous work. We show that the inner
and outer bounds are close in the regime of strong interference
where receivers can decode both messages. The capacity region in
strong interference for the discrete memoryless degraded channel
is also presented.

I. INTRODUCTION

Cooperation via relays that forward information in wireless
networks improves the performance in terms of rate, coverage,
reliability and energy-efficiency. Cooperative strategies for the
single-relay channel have been developed in [2], [3], [4],
and further generalized to multi-relay channels. Relay channel
models consider one communicating pair and hence do not
capture cooperation for multiple source-destination pairs. And
yet, wireless applications typically involve simultaneous com-
munications from many sources to many destinations. Such
scenarios bring in new elements not encountered in the classic
relay channel: 1) the presence of interference caused by simul-
taneous transmissions from multiple sources; 2) the opportu-
nity for joint encoding of messages at a relay; 3) forwarding
information to one node in general increases interference to
other nodes. These elements impact the optimum ways of
relaying. The different aspects of relaying for multiple sources
can be captured by considering the smallest such network,
which we refer to as the interference channel with a relay
(ICR) (see Fig. 1). The ICR model contains elements of relay,
interference, broadcast and multiaccess channels and thus
determining its capacity and associated encoding/decoding
schemes is extremely challenging. We previously analyzed
ICR communication scenarios [5], [6], [7] by mainly focusing
on special cases. We derived inner bounds on the performance,
and obtained capacity in the special case of strong interference.
We showed that in some communication scenarios, there may
be more benefit from increasing interference at the intended
destination than in using the classic approach of forwarding
desired information.
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Fig. 1. Interference channel with a relay.

This paper presents a sum-rate outer bound on the capacity
of the Gaussian interference channel with a relay. For the
Gaussian interference channel, Kramer in [1] introduced the
idea of using a genie that provides a receiver with the
minimum information necessary to decode both messages.
This approach led to a new, improved outer bound for the
interference channel. In this work, we apply this idea to the
ICR setting. We propose a genie that gives the receiver a
noisy observation of the source and the relay channel inputs.
Unlike the interference channel in which the channel inputs
are independent, in ICRs, channel inputs of the relay and of
each encoder are dependent. In our approach, the maximum
entropy inequality will guarantee that the bound is maximized
by jointly Gaussian inputs. Our bound also applies to the
cognitive ICR, in which the relay knows a priori the messages
sent by the sources. For the cognitive ICR, two outer bounds
were developed in [8]. We show that the new bound presented
in this paper can be tighter than existing cognitive ICR outer
bounds. We also compare the new outer bound to an achievable
rate region we presented in [7]. For that encoding scheme, we
discuss strong interference conditions under which receivers
can decode both messages, in order to compare them to similar
conditions in the new outer bound. Generalizing our work
in [6], we also determine the capacity region of the discrete
memoryless degraded ICR in strong interference.

Related Work

Inner bounds to the ICR capacity were first presented in
[9]. We introduced the idea of interference forwarding and
demonstrated its gains in [5], and subsequently in [6], [7].
Works [8], [10] considered a similar channel model under



the assumption that the relay is cognitive, in the sense that
it knows a priori the messages to be sent by the two sources.
Strong interference conditions for the cognitive Gaussian case
were presented in [10]. ICRs with in-band and out-band
signaling to/from the relay were considered in [11]. A special
case of the ICR channel was considered in the context of
cellular networks with relays in [12].

The remainder of this paper is organized as follows. The
channel model is given in Section II. A new sum-rate outer
bound is presented in Section III. The cut-set bound for
the ICR is presented in Section IV. Numerical comparisons
between the new bound, the cut-set bound and an achievable
rate region are given in Section V. Section VI discusses the
strong interference regime for the ICR, and presents a capacity
result in strong interference. Section VII concludes the paper.

II. CHANNEL MODEL

The discrete interference channel with a relay consists
of three finite input alphabets X', X5, X3, three finite out-
put alphabets );,)s,)s, and a probability distribution
(Y1, Y2, ys|z1, x2, x3). Each encoder ¢, t = 1,2, wishes to
send a message W; € W; = {1,...,2"7%} to decoder
t,t = 1,2 (see Fig. 1). The channel is memoryless and time-
invariant in the sense that
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In most of the paper we will consider the Gaussian channel
described by the following input-output relationship:

Y1 = X1+ hioXo+ hisXs + 73
Yy = ho1 X1+ Xo + hos X3 + Z5
Y3 = h31 X1 + h3o Xo + Z3 2

where Z; ~ N[0,1], E[X?] < P,,t = 1,2,3, and N0, 02
denotes the normal distribution with zero mean and variance
0%, X, and X, are channel inputs at the sources and are
statistically independent.

An (R1, Ro,n) code for the ICR consists of two message
sets Wy = {1,...,2"%1} Wy = {1,...,2"F2} an encoding
function at each encoder, X{* = f1(W1), X3 = fo(W2),
an encoding function at the relay X3; = fg,i(}/}f*l), and
two decoding functions W, = g¢,(¥;"), t = 1,2. The
average error probability of the code is given by P, =
P[Wl#wlLJWQ#WQ}.

The capacity region of the ICR is the closure of the set
of rate pairs (R1, R2) for which receivers can decode their
messages with an arbitrarily small positive error probability.

III. A NEwW SUM-RATE OUTER BOUND
We let

Yig=di X1+ doXo +ds X3+ dsZy +dsZy 3)

where d;, i = 1,...,5 are real numbers, and Z; is zero-mean
Gaussian with unit variance, independent of other random

variables. The following theorem states the main result of our
paper.

Theorem 1: The capacity region of the ICR is contained in
the set of rate pairs (R1, R2) satisfying

Ry 4+ Ry < min (X1, X2, X3;Y1,Y1y) 4)
iti—1

where the mutual information is evaluated for Gaussian inputs
of the form p(z1)p(z2)p(xs|z1,z2) and parameters d;,i =
1,...,5 that satisfy

(1/h12 + B(ds — da/h12))? + (Bds)® < 1 (5)

ds = (has — ahi3)/B (6)

a=(1-pBdz)/h2 (7
for some real numbers o and G # 0.

Proof: We consider signalling at achievable rates
(R1, R2). Each receiver ¢, t = 1,2 can then reliably decode
its desired message W;. A genie gives receiver 1 the signal
Y1, given by (3).

Receiver 1 processes its channel output and the information
obtained from the genie in the same manner as in [1]: after
decoding W it forms:

Vi = aYi + Y1y + (ho1 — a — Bd1) X, (8

for some real numbers o and 3 # 0. This yields

Vi = ho1 X1 + (ahiz + Bd2) Xo + (ahs + Bds) X3
+ (o + Bd3) Zy + BdaZy. )
We choose:

ahiz + fBd2 =1 ahig + Bds = has
which yield conditions (6)-(7). Then, (9) becomes
Vi = ho1 X1 + Xo + hosXs + (o + Bd3) Z1 + BdaZy. (11)

Comparing (11) to the channel output at receiver 2 given by
(2), we conclude that when the equivalent noise variance in
(11) is smaller than the noise variance at receiver 2, i.e., when

(a+ Bds)* + (Bds)? <1 (12)

then, since receiver 2 can decode W, receiver 1 can decode
Wy as well. This conclusion holds regardless of what the relay
channel input is. By substituting the expression for a from (7)
into (12), we obtain (5), which is an equivalent condition to
the condition for the interference channel bound in [1].

Because receiver 1 can reliably decode both messages, we
can now bound the sum-rate using Fano’s inequality as

n(R1 + Ry)
S(a) I(Wh, Wa; YT, Yf;)

(10)

=> {H(Yu,Ylgi\Yf_lvYfg_l)_
1=1
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n
< Z [H(Y1i7Y1gi) - H(Y1i7Y1giD/11717Y119717 Wi, Wa)
-1
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where R(p(x1)p(a2)p
that satisfy

R1 S min{[(Xl,Xg;Y1|X2),
Rg S Inin{[(Xg,Xg;Y2|X1),

(z3|x122)) denotes the set of rate pairs

I(X1; Y1, Y31 X2, X3)} (16)
I(XQa }/27}/3|X1aX3)}

=0 Z [ Y117Y1g2 - H(YliaYlgi|Y1i_1vYlig_leerévXé) R1 + Rg < min{I(Xl,XQ,Xg;Yl,Y'Q),

n

=() Z [H(Yu,ylgi) - H(Y1¢,Y1g1|X1uX2i7X3¢)}

= I(Xui, X, Xai; Vi, Yigs) (13)

i=1
where (a) follows because receiver 1 can decode both mes-
sages; (b) follows by causality and (c) follows by the memo-
ryless property of the channel.

By introducing a time-sharing random variable in (13) as in
[13, Thm. 14.10.1], we obtain the sum-rate bound as

Ry + Ry < I(X1, X9, X3; Y1, Yy). (14)

It follows from the maximum entropy theorem [13,
Thm. 9.6.5] that Gaussian inputs maximize the mutual infor-
mation expression in (14). As the final step, we optimize this
bound over parameters d;, ¢ =1,...,5 subject to (10) and
(12). [ |
A corresponding sum-rate bound can be obtained having a
genie at the other receiver.

By minimizing the mutual information expression in (4)
with respect to d;, we obtain the optimum value of d; as

= [(P1 + higpisv/ PiP3)(hi12daPo + dshis Ps+
(hi2ds + hisda)pas/ PaPs + d3)
— dsp13/ PLP3(h3yPs + hi3Ps + hizpizy/PLPs

+ 2h12h13p23\/ PaP3 + 1)}
1

X .
P]_(h?Z.Pz + h%Spg =+ thghlgpgg\/ PQP — h%3p%3p3 + 1)

Remark 1: Evaluated for Gaussian inputs, the sum-rate
bound (14) will depend on the covariance matrix of source
and relay inputs.

Remark 2: The bound can be made more general by making
the signal given by the genie also dependent on the noise at
the relay. This would introduce one more parameter that can
be optimized in order to obtain a tighter sum-rate bound.

Remark 3: For P3 = 0, the bound reduces to the bound in

[1].
IV. THE CUT-SET BOUND FOR THE INTERFERENCE

CHANNEL WITH A RELAY

We next derive the cut-set bound [13, p. 445] for the ICR
and compare it to the sum-rate bound presented in Thm. 1.
Lemma 1: For the ICR, the cut-set bound is given by

R = U R(p(z1)p(x)p(w3|ri22))

p(x1)p(z2)p(z3|zizs)

(15)

I(X17X2;}/17Y255/3|X3)}

evaluated for a specified distribution p(z1)p(z2)p(z3|z122).
We observe that all terms in (16) are maximized by Gaussian
inputs [13].

Observe that, since the genie gives only the minimum
information that receiver 1 needs in order to decode both
messages (W7, Ws), this implies that the bound of Thm. 1
is always at least as tight as the first term in the sum-rate
of the cut-set bound, I (X1, X3, X3; Y1, Ys). We next compare
the two bounds numerically.

V. NUMERICAL RESULTS

Fig. 2 shows an improvement of the sum-rate bound over
the sum-rate cut-set bound for a specific choice of channel
gains and powers. Fig. 3 shows the comparison with the outer
bounds developed for the cognitive ICR in [8, Thm. 2 and
Thm. 3], as well as with the cut-set bound (16). In all plots, the
sum-rate bound (14) is evaluated together with the individual
cut-set bounds on R; and R given in (16).

Because the genie enables receivers to decode both mes-
sages, we expect the outer bound to be close to the achievable
rates in the regimes in which such decoding is actually possi-
ble, i.e., when the receivers experience strong interference.
This behavior is illustrated in Fig. 4. The achievable rate
region, originally presented in [7, Eq. (14)], is repeated in
(29). These rates are achieved by having the relay decode
both messages (W1, W) and then jointly encode them. Both
receiver jointly decode both messages.

The gap between the achievable rates and the outer bound
in this regime is due to constraint (6) imposed in the outer
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bound. This constraint may not be always necessary in order
to allow receivers to decode both messages. We analyze the
strong interference regime in the next section.

VI. STRONG INTERFERENCE

The following rate region was shown to be achievable in
[7, Thm. 1]. Rate pairs (R1, R2) that satisfy

Ry < I(X1, X3;Y1|Uz, X2) (17)
Ry < I(X2, X3;Ya|Uy, X1) (18)
R+ Ry < I(X1, X9, X35; Y1) (19)
Ry + Ry < I(X1, X2, X3;Y2) (20)
Ry < I(X1;Y3| X2, X3) (21)
Ry < I(X2;Y3|X1, X3) (22)
R+ Ry < I(X1, Xo; V3] X3) (23)
for any distribution
p(ur, x1)p(uz, x2)p(zs|ur, uz) (24)

are achievable.

We next show the following capacity result that generalizes
the result in [6]:

Theorem 2: Under strong interference conditions

I(X1, X3; Y1 X2) < I(X1, X3;Ya| X2)
I(Xs, X3; Y| Xy) < I(Xo, X3;Y1]X1)

(25)
(26)

satisfied for all distributions p(z1)p(z2)p(xs|x1,z2) and the
following degradedness condition:

p(y1, y2lys, x3, T1, 22) = p(Y1, Y2|ys, x3) (27)

the achievable rate region (17)-(23) is the ICR capacity region.

Proof: (Outline). Bounds (17) and (18) can be shown by
using the same approach as in [3, Sec. 3]. This approach will
also imply the chain (24). Bounds (21)-(23) can be shown
using similar steps as in [2, Lemma 4] and the degradedness
condition (27). Sum-rate bounds (19)-(20) can be shown using
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the same approach as in [6, Thm.2]. Details of the proof are

omitted. |
We next evaluate (17)-(23) for Gaussian inputs chosen as:
Ur ~ N[0, aPy], X190 ~N[0,aP1], X1 = X10+ Uy

Uy ~ N0, BP], Xa0 ~ N[0, BPy], Xo = Xo0 + Us. (28)

Thus, the encoders 1 and 2 split their power between sending
new information (respectively with aP; and (BP>) and between
cooperating with the relay. The power at the relay is split
between forwarding messages Wy, Wy as:

[7Ps [7Ps
Xs= /12U L2
3 abP; L BPs ?

where 0 < a, 3,7 < 1. Parameter v determines how the relay
splits its power for forwarding Wy, Ws. A higher  results in
more power dedicated for forwarding W.

The region (17)-(23) evaluates to [7, Eqn. (14)]:

Ry < C(Py + hizyPs + 2hnz\/a Py Ps)

Ry < C(Py + h249Ps + 2hos/BPay Ps)

Ri+ Ry < C(P1 + hiyPs + hisPs + 2hiz\/aPiyPs
+ 2h12h13\/ BPPs)

Ry + Ry < C(h%, Py + Py + h33Ps + 2ho1hos/aPyyPs
+ 2hos/BPoY Ps)

Ry < C(h3,aP)

Ry < C(h3,3P,)

Ry + Ry < C(h3,aP; + h2,5P) (29)

where C(z) = 0.5log(1 + z).

We next derive sufficient conditions that allow decoders
to decode both messages, when signalling with the above
inputs. When achievable rates (R, R2) are used for signaling,
receiver 1 can decode Wy, form UJ* (W), and with one block



delay (due to block Markov encoding) also form X j*(W7) in
order to evaluate:

N [~y P
Y1 = Y1 — Xl(l — h21) - P3 Ul(h13 - h23)~ (30)

From (2) and (30) we obtain:
P

X X
= ho1 X1 + h12Xo + hasy / PU1+h13 3P,

Yg_h21X1+X2+h23,/ U1+h231/ U2+Zg

€2))

—Us+ 73

By comparing Y7 and Y; in (31) we conclude that receiver 1
obtains a less noisy signal carrying Ws than receiver 2 if

Py+h339Ps + 2hos\/ By P2 Ps
< W3y Py + hisyPs + 2hiohiz\/BY P Ps.

Therefore, since decoder 2 can decode W, so can receiver 1.
Similarly, receiver 2 can decode W; when

Pi+h33vPs + 2h13\/ay P Ps
S h§1P1 + h%3’yP3 + 2h21h23\/ OC’YP1P3.

Conditions (32)-(33) have to be satisfied for all o, 3,y € [0, 1].
Evaluating the maximum of the left-hand side terms and the
minimum of the right hand side terms we obtain sufficient
conditions for (32)-(33) to hold as:

[hia] > |1+ hos/ P/ Ps|
|hot1]| > |1+ hiz/ P/ Py|.

Therefore, in this scenario receivers can decode each other’s
message under conditions (32)-(33) without the help of a
genie. In general, in the regime of strong interference there
will be a gap between the achievable rate region and our outer
bound because, in Thm. 1, constraint (6) does not allow for
£ =0, (i.e., to turn off the genie.)

(32)

(33)

(34

VII. CONCLUSIONS

We present a new outer bound for the interference channel
with a relay. The capacity region in strong interference for the
discrete memoryless degraded ICR is also presented. The outer
bound is obtained by adapting the approach developed for the
interference channels in [1]. The bound is significantly tighter
than the cut-set bound. One limitation of the bound is that it
requires a receiver to decode both messages. This requirement
could be relaxed by using the genie technique of [14] that
led to the sum-capacity of the interference channel in the low
interference regime [15], [16], [17]. The biggest difficulty of
this approach when applied in our scenario is in showing the
optimality of Gaussian inputs. This is one direction of our
future work. The other one is to apply the genie-approach
employed in this bound to larger networks.

REFERENCES

[1] G. Kramer, “Outer bounds on the capacity of Gaussian interference
channels,” IEEE Trans. Inf. Theory, vol. 50, no. 3, pp. 581-586, Mar.
2004.

[2] T. Cover and A. E. Gamal, “Capacity theorems for the relay channel,”
IEEE Trans. Inf. Theory, vol. 25, no. 5, pp. 572-584, Sep. 1979.

[3] F. M. J. Willems, “Informationtheoretical results for the discrete memo-
ryless multiple access channel,” Ph.D. dissertation, Katholieke Univer-
siteit Leuven, Belgium, Oct. 1982.

[4] A. B. Carleial, “Multiple-access channels with different generalized
feedback signals,” /IEEE Trans. Inf. Theory, vol. 28, no. 6, pp. 841—
850, Nov. 1982.

[5] R. Dabora, I. Maric,

interference-forwarding,”

May 2008.

1. Mari¢, R. Dabora, and A. Goldsmith, “On the capacity of the

interference channel with a relay,” in [EEE Int. Symp. Inf. Theory,

Toronto, Canada, Jul. 2008.

, “Generalized relaying in the presence of interference,” in Asilomar

Conference on Signals, Systems and Computers, Pacific Grove, CA, Oct.

2008.

S. Sridharan, S. Vishwanath, S. A. Jafar, and S. Shamai(Shitz), “On the

capacity of the cognitive relay assisted Gaussian interference channel,”

in [EEE Symp. Inf. Theory, Toronto, Canada, Jul. 2008.

O. Sahin and E. Erkip, “Achievable rates for the Gaussian interference

relay channel,” in 2007 GLOBECOM Communication Theory Sympo-

sium, Washington D.C., Nov. 2007.

, “Cognitive relaying with one-sided interference,” in Forty Second

Annual Asilomar Conference on Signals, Systems and Computers, Pacific

Grove, CA, Oct. 2008.

, “Interference channel with a relay: Models, relaying strategies,
bounds,” in Information Theory and Applications (ITA) Workshop, La
Jolla, CA, Feb. 2009.

[12] O. Simeone, O. Somekh, V. Poor, and S. Shamai, “Local base station
cooperation via finite-capacity links for the uplink of linear cellular
networks,” IEEE Trans. Inf. Theory, vol. 55, no. 1, pp. 295-304, Jan.

and A. Goldsmith, “Relay strategies for
in [EEE Inf. Th. Workshop, Porto, Portugal,

[6

—_

(7

8

=

[9

—

[10]

[11]

2009.
[13] T. Cover and J. Thomas, Elements of Information Theory. John Wiley
Sons, Inc., 1991.

[14] R. Etkin, D. Tse, and H. Wang, “Gaussian interference channel capacity
to within one bit,” IEEE Trans. Inf. Th., vol. 54, no. 12, pp. 5534-5562,
May 2008.

[15] X. Shang, G. Kramer, and B. Chen, “New outer bounds on the capacity
region of Gaussian interference channels,” in IEEE Int. Symp. Inf.
Theory, Toronto, Canada, July 2008.

[16] V. Annapureddy and V. Veeravalli, “Gaussian interference networks:
Sum capacity in the low interference regime,” in /[EEE Int. Symp. Inf.
Theory, Toronto, Canada, July 2008.

[17] A. Motahari and A. Khandani, “Capacity bounds for the Gaussian
interference channel,” in Proc. IEEE Int. Symp. Inf. Theory, Toronto,
Canada, July 2008.



